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I. Kotlarski [2] showed that, for three independent random variables X,, X,
X, the distribution of the random vector

Y=(X,-X3,X,-X;) (1)

determines the distributions of X, X, and X, up to a change of the location if
the characteristic function y of Y does not vanish. In [5], P.G. Miller proved
that the statement remains true if X,, X,, X; are n-dimensional random
vectors and the requirement that iy does not vanish is replaced by the require-
ment that X, X, and X, have analytic characteristic functions.

For results concerning random variables with values in linear topological
spaces or in locally compact Abelian groups see [3] and [6], respectively.

Paper [9] contains generalizations of the results of 1. Kotlarski and P.G.
Miller in the case, where the random variables X ,, X, and X; have the same
distribution. Moreover, examples are given, where the distribution of Y does
not determine the distributions of X' |, X, and X .

In this paper we generalize some results of [9] without the assumption that
X, X,, X, are identically distributed. In Sect. 3 we give new examples, where
the distribution of Y does not determine the distributions of X, X, and X,.
The word “support” of a function is used for the set of points where the
function is not zero.

1. Preliminaries

Throughout this note S, will denote the support of a function f on R". In the
case n=1 we set
(87 0(0,1))

S§T=5,n(0,0) and nf(t)z——~t———, >0,
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where 4 denotes the Lebesgue measure on R. For the algebraic sum of the sets
A, B R" we shall use the notation 4+ B.
In the proof of Theorem 1 we need the following simple fact.

Lemmal. Let A and B be Lebesgue measurable subsets of the interval (0,1),
t>0. If 1(A)+ A(B)>1t, then there exist acA and beB such that

t=a-+b.

Proof. Since t —A<(0,t) and A(t —A)=A(A4), we have A(t—A)+ A(B)>r=Ai(0,1).
Therefore (t —A)NB=0, that is, there exist ac4 and beB such that t—a=b
and thus t=a+b. Q.E.D.

2. The Case where X, X, and X; are not Supposed
to be Identically Distributed

Theorem 1. Let X, X,, X; be independent random variables with characteristic
Sfunctions f, g and h, respectively. If the inequalities

np(t)+n,(1)>1,
np(t)+n,()>1, 2)
n () +n,()>1

hold for every t>0, then the distribution of (1) determines the distributions of
X,, X, and X5 up to a change of the location.

Proof. Denote the characteristic function of Y=(X, —X;, X, —X;) by ¥(t,,1,).
We have

Yty 1) =Eexp(i(t (X, —X3)+1,(X, —X3))
=E(exp(it, X ) exp(it, X ) exp(i(—t, —15) X5))
=Eexp(it, X,)Eexp(it, X)) Eexp(i(—t, —t,) X )
=f(t) gt h(—1t1 —1,).
Let X}, X, X5 another three independent random variables, having character-
istic functions f°, g’, k', respectively. The random vectors Y=(X,-X,, X,

—X3) and Y'=(X’| — X7, X, — X7) have the same distribution if and only if the
functional equation

) gt h(—ty —1)=f"(t) g (L) W (=1, —1,) &)

holds for every t,, t,€R.
We shall show that (2) and (3) imply

SO=cxpliat) f(1). g()=expliat)g(r), R ()=expliat)h() (4)

for all teR, where a is a real number.
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Using (3) and a well-known result of the theory of functional equations, it
can be shown [5] that (4) holds in some neighborhood of 0.
Let
K, =sup{TeR:f'(t)=exp(iat) f(t)for all te[ - T, T]},

and define K, and K, similarly.

Suppose first that K, <K, and K, <K . We want to show that K,=K,=K,
=o00. If this were not true, we would have for every integer n>1 a number
t,eR such that

1
K, < tn<Kh+‘r; and h'(t,)Fexpliat,)h(t,).

Setting in (2) t=K, and using Lemma ! we see that there exist real
numbers ¢S} and t,eS; such that

Ky=t,+t,.
From this we conclude that K, is in the open set
0=[0,K,))nSF1+[0,K;) S ] (5)
For a sufficiently large n we have t,€0. Applying (5) we obtain
t,=t,+i,

where £,.€(0, K,) NS} and 7,€(0,K,)nS; .
Since ;<K and #, <K, by substituing ¢, =f, and ¢, =%, in (3) we obtain

f@,)g@)h(—t)=expliat,) f(y)exp(iat) g(E) b (—1,).
Using the fact that f(Z,)#0 and g(¢,)#0, we have

h(—t,)=exp(i(ai,+at ) W' (—t,)=exp(iat,)h'(—1,)
and so
W (t,)=expliat,) h(z,).

This contradiction establishes that K, = co. Hence we have also K =K, = 0.
Let us now suppose that K, <K, and K ,<K,. Substituing —¢t, —t,=x and
t,=y in (3) we obtain

f=x—y»gWh(x)=f"(—x—y)g'(Mh'(x) for every x,yeR.

Therefore, we can repeat the above argument with the roles of f and h
interchanged. In the case K, <K, K,<K, we substitute —t, —f,=x and ¢,
=y. Q.E.D.

From Theorem 1 we obtain immediately the following generalization of the
above mentioned results of I. Kotlarski and P.G. Miller.

Corollary 1. If two of the characteristic functions f, g and h are analytic or have
no zeros, then the distribution of (1) determines the distributions of X, X, and
X5 up to a change of the location.
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Remark 1. In view of condition (2) it is natural to ask, how might the support
or the set of zeros of a characteristic function look. A L Iljinskij gave in [1] the
following characterization.

A closed set Z<R is the set of zeros of a characteristic function if and only
if Z=—Z and 0¢Z.

Let X be a random variable and f its characteristic function. In [8] the set
of zeros of f is characterised in the following three cases:

a) all moments of f exist,

b) X is a lattice random variable,

¢) X is discret.
Remark 2. If the supports S, S,, S, are bounded, for example, S, S, S,
<(—1,1), then (2) is not satisfied and the distribution of (1) does not determine
the distributions of X ;, X, and X, up to a change of the location.

In fact, let A" be a characteristic function having the properties h'(t)=h(t)
for |t|<2 and KW £h. For the construction of such characteristic functions see
[7]. Setting f'=f and g'=g we have

S&) gt h(—t, —t)=1"(t,) g (t,) W' (—1; —1,),
but there is no aeR for which #'(t)=exp(iat) h(?).

Remark 3. If we only require that two of the inequalities in (2) are satisfied,
then the statement of Theorem 1 becomes false. To see this, let f, g, ', g’ be as
in Remark 2. We choose the characteristic functions h and ' so that h>0,
h#£h" and h(t)=h(t) for [t|<2. (We can find simple examples of & and b’ if we
choose convex characteristic functions.) Then we have (3) and two inequalities
in (2) are satisfied but there is no aeR for which #'(t)=exp(iat) h(t).

Remark 4. As the example in [9] shows, “>1" cannot be replaced by “>1” in
2.

Remark 5. Suppose that we know the characteristic function y of the random
variable Y=(X, —X;, X, —X,). Generally ¢ does not determine the supports
Sy, Sg Sy, uniquely. However, if we set

S¥={t,eR: Y(t,,t,)*0 for some t,eR},

S%={t,eR: Y(t,,t,)*0 for some t,eR},

S%={teR: y(t,,t,)+0 for some t,, t,eR with t, +t,=t},
then we have $Y<S,, S§<S,, ${=S,. Therefore, setting

_MSEN(0,1)
t

e (t)

for k=1,2,3 and t >0, we get

nfO=n (6),  nyO=n(0),  n§©)=n,)
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Thus we have

Theorem 1'. Let  be the characteristic function of the random vector (1) and
suppose that the inequalities

(@) +n(1)> 1,
nd () +nh(1)>1, (2)
() +nb()>1

hold for every t>0. Then the distribution of (1) determines the distributions of
X, X,, X, up to a change of the location.

We now give another generalization of the results of 1. Kotlarski and P.G.
Miller.

Theorem 2. Let \ be the characteristic function of the random vector (1). If
5,=R* ©)

then the distribution of (1) determines the distributions of X, X,, X5 up to a
change of the location.
(By A we denote the closure of the set A4.)

Proof. Denote by f, g, h the characteristic functions of X,, X, and Xj,
respectively. From (6) if follows that

S;=R, §,=R and S§,=R. (7
Let t>0 and define
A=0,0)nS,, B=(0,)nS, and C=(0,5)nS§,.

The set t — A is open and we have t —A =(0, ). From B=[0,] it follows that (¢
—A)ynB3§. Thus there exist ac A and beB such that t —A=b, and so,

t=a+b. (8)

The same argument can be used to prove that there exist a’'e 4, b’eB, ¢/, ¢’eC
such that
t=a +¢ and t=b"+c". 9

We can now repeat the proof of Theorem 1, if we use (8) and (9) instead of
Lemma 1. Q.E.D.

Remark 6. Theorem 2 can be easily generalized in the case where X, X, and
X 5 are n-dimensional random vectors.

Remark 7. It is easy to see that (8) and (9) remain true if we only require that
two of the equalities in (7) are satisfied. Thus we obtain the following general-
ization of Corollary 1.

Corollary 2. If two of the sets S, S,, S, are dense in R then the distribution of
(1) determines the distributions of X |, X, and X, up to a change of the location.
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3. The Identically Distributed Case

Let C,, p>0, denote the family of characteristic functions f on R satisfying the
following conditions:

a) f(t)=+0 for |ti<p,

b) f(t)=0 for |t| = p.

By C, ., 0<p=gq, we denote the family of functions g satisfying

a) g is periodic of period 2¢,

b) there exists fe C, such that g(t)= () for {t|<g.

P. Lévy [4] has shown that geC,  implies that g is a characteristic
function. We give now a generalization of Theorem 1 in [9].

Theorem 3. Let X,, X,, X be independent identically distributed random vari-
ables having the common characteristic function feC, ,. The distribution of (1)
determine the distribution of X, X, and X, up to a change of the location if
and only if

p>3q.

Proof. Since X, X, and X, are identically distributed we have the functional
equation

JEf @ (=t =) =f" @) () f (=t —15),  13,1,€R (10)

instead of (3).
In [9] it was proved that (10) has nontrivial solutions if and only if p<3q.
In the case p<2q the solution of (10) was to be shown in the form

fl()=crexpliat) f(t), te(Rk—1)q, (k+1)q), k=0,+1,+2,...,

where acR and c is a complex number with |¢|=1. We have only to show that
f' is a characteristic function. Now, this fact follows from Remark § in
[7]. Q.E.D.
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