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1. Introduction

In this paper, the term ‘branching process’ will mean a Markov chain whose
states are the nonnegative integers and whose transition probabilities are given by

(L.1) P;; == coefficient of 27 in f(x)?,

where f(x) = > pz* is the generating function of a set of probabilities {p}.
=0

These basic probabilities can be interpreted as governing the humber of ‘offspring’
which an individual in a population will contribute to the following ‘generation’.
Thus (1.1) expresses the idea that if the n’th generation contains ¢ individuals,
the n - 1’st generation will consist of the sum of ¢ independent random variables
representing their immediate descendents, each variable having distribution {pz}.
Background on these simple branching or ‘Galton-Watson’ processes is given in
chapter 1 of [4]. In particular, we will repeatedly need the fact that

(1.2) P = coefficient of 27 in f, (z)?,

where f,, is the n’th functional iterate of the basic generating function f(x) = f1 (x).

In a previous paper [6] the following situation was examined: Let {Z,} denote
the random variables of a branching process governed by certain fixed pro-
babilities {pz}. Let us suppose that the processes

(1.3) N = @b—:—% , where Zg=c¢,,

converge as r — oo to a limiting random process {z;}. Iere the ¢, are positive
integers — oo, b, > 0 and a, are normalizing constants, and ‘converge’ means
that the finite-dimensional joint distributions of {z{"} converge to those of {x;}
in the usual (weak) sense. The problem is to determine all the possible limit
processes which can arise under various choices of {pz}, ar, by, and ¢,. It was
shown in [6] that in case there is no centering (a, = 0), the limiting processes form,
apart from scaling, only a one-parameter family. The most familiar example oc-
curs when {pz} has mean one (always a necessary condition) and finite variance.
The choices by = ¢, = r then result in a limiting diffusion process on [0, co) whose
backward equation is of the form

ou fzx 0%
(14) =2 @ P>0.

* This research was in part supported by the (U.S.) National Science Foundation.
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This is the only diffusion in the family; the other limiting processes are also
martingales but do not have continuous paths. When nontrivial centering
(ar/by = oo} is allowed, however, it was only shown that any limiting process
must have independent increments; the precise class which arises was not de-
termined in this case. If the variance of {p;} is finite, the limit is the Brownian
motion process.

The above situation does not include all known examples of limits for branch-
ing processes. If the set-up in (1.3) is generalized by allowing the basic prob-
abilities {pz} to depend on r, essentially different cases arise. For example, in [2]
W. FELLER considers a limit with scaling and without centering, where the
distribution {pz} has a fixed (finite) variance, but its mean is of the form
1 + «fr. He then obtains a limiting diffusion corresponding to the (backward)
equation

ou Bz 0% ou
(1.5) T2 e T

(See also [7] for some related. discussions.) Unless « = 0, processes satisfying
(1.5) cannot occur as limits when {pz} is held fixed during the limiting process.
Another relevant example, of a quite different sort involving centering but no
scaling, was discussed by StraTTON and TUCKER in [8]. (But see the remark at
the end of section 3 below.)

The purpose of the present paper is to study the possible limiting processes
for a sequence {#{’} under these more general conditions (that is, when {pz}
may depend on r), and we will succeed in obtaining a deseription of the class of
limits {#;} which can occur. The limiting processes are of quite different sorts in
the two cases a, = 0, ¢ = by, and ay/by — oo, ar = ¢,. (We will see that no
others need be considered.) In the first case, {x;} retains essentially the character
of a branching process but has the nonnegative reals, rather than the integers,
as its state-space. Such processes were introduced and studied in their own right
by M. Jikixa in [5]. In the second case, with nontrivial centering, {x;} must be
an additive process whose canonical (Lévy) measure is supported on [0, co). (There
is an exception to the last statement, in case b — 0.} Conversely, in each case
we will see that every process of the sort indicated does in fact arise as the limit
of a suitable sequence of normalized branching processes {z7}.

The plan of the paper is as follows: In section 2 we define and discuss the
‘continuous state branching processes’ (C.B. processes) which form the class of
limits in case one above. A deeper study of this interesting class is planned for
a future publicationl. Next, in section 3 we formulate all of the limit
theorems, for both ease one and case two (that is, both without and with
nontrivial centering). The proofs follow in sections 4 and 5 for the two situations
respectively.

One preliminary remark may as well be located here. It would apparently be
possible to generalize (1.3) further by using Zj; in place of Z,,;, where d, could
be any sequence tending to -+ oco. However, it will be quite clear from the proofs
of Theorems 1 and 3 that these results, which characterize the limiting processes,

1 An announeement of some of the results will appear shortly in Bull. Amer. Math. Soc.
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are still valid without change in this situation. Theorems 2 and 4, moreover, are
formally stronger with the specific choice d, = r than if stated for arbitrary d,.
Hence in order to simplify our already sufficiently cumbersome notation, and
with no real loss, we will keep to the choice d, = r throughout.

2. Continuous State Branching Processes

We will consider a class of functions Pi(x, E) as follows:

(1) Pi(z, E) is defined for ¢t =0, # = 0, and E a Borel subset of the half
line [0, o).

(ii) For fixed ¢ and x, Pg(x, -} is a probability measure on the Borel sets of
[0, o0), and for fixed B, P(z, E) is jointly measurable in z and &.

(ii) The Chapman-Kolmogorov equation holds:

(2.1) TPt (u, B) Py(z, du) = Pirs(w, E).
0

(iv) For each z, y, t = 0, P; satisfies
(2.2) : Py +y,") = Ps(@, )% Pi(y, "),

where the symbol “+* denotes convolution.
(v) There exist £ > 0 and « > 0 such that P;(x, {0}) << 1.

Definition. A function P; satisfying (i) to (v} above will be called a ‘C.B.
function’; a Markov process with such a function for its transition probabilities
will be a ‘C.B. process’.

Remark 1. It is evident that conditions (i) to (iii) are simply the definition
of a Markov transition function on a certain state space. Postulate (iv) is a special
condition representing the ‘branching property’. Indeed, if the states were the
nonnegative integers instead of the whole of [0, oo), then (2.2) would be the
characteristic property of ‘Markov branching processes’ in the usual sense [4].
Condition (v) simply rules out an undesirable trivial case.

Remark 2. Continuous branching processes were introduced by M. JTRINA in
[5]. His definition was more general than ours, in that time homogeneity was not
assumed and the dimension of the state space could exceed one. However, the
analysis in [5], when dealing with the continuous parameter case, was confined
to processes of the ‘purely discontinuous’ type, and we will not want such a
restriction.

If Pi(z, E) is a C.B. function, it is clear from (2.2) that the distributions
Py(x, -) are infinitely divisible. It also follows, arguing in the usual way, that
their Laplace transforms can be written in the form
(2.3) [ 29 Py(w, dy) = e-avd) (A=0).

0
Using (2.3) it is easy to translate the Chapman-Kolmogorov equation (2.1) into
the equivalent condition that

(2.4) Yers = PeiPs(4)} -
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This is analogous to the functional iteration property of the generating functions
of a Galton-Watson process.

We will now establish several facts of a technical nature for future use. The
first of these is an easy consequence of the definition and we state it without proof:

Lemma 2.1, 4 C. B. function satisfies
(2.5) Pi(x,{0}) <1 forall t,2>0; Py0,{0})=1.

Lemma 2.2, If P;is a C. B. function, the operators
(2.6) Tif (@) = [1(y) Py(x, dy)
0

define a contraction semigroup on the space Og of all continuous functions on [0, co)
which vanish at oo.

Proof. It is only necessary to show that T'; takes Cp into itself. For finite z
this is an immediate consequence of (2.3) (and so of (2.2)). Indeed, the right
hand side of (2.3) is certainly continuous in z, and by the continuity theorem for
Laplace-Stieltges transforms this fact — the continuity of Tf in the special cases
f(x) = e~4 — implies continuity for any f € Co. It remains to see that T';f (o) = 0.
But from Lemma 2.1 it follows that y;(4) > 0 for each 1 > 0, so that as x — oo
the Laplace transform of P;(xz,-) tends to 0 for 1 > 0. This implies that the
measure Py(z, <) tends to have its mass ‘at oo’, and hence T:f(x) — 0 and the
proof is complete.

Lemma 2.3. 4 C.B. function is stochastically continuous.

Proof. ‘Stochastic continuity’ means that, for each #, the measures P;(x, *)
converge weakly to a unit mass at z when ¢ —> 0-}-. We begin with the remark
that, because of (ii), the function

g(t) = ﬁu (x);ff () Pe(a, dy)

is measurable in ¢ > 0 for any finite Borel signed measure g on [0, o) and any
fe Oy This is equivalent to the assertion that the semigroup 7' is ‘weakly
measurable’. It is well known that weak measurability implies that T is in fact
strongly continuous for ¢ > 0. (See, for instance, p. 35 of [1].)

Specializing to the case f(z) = e=4%, } > 0, strong continuity of T'; implies
that the function y;(4) is continuous in ¢ > 0 for each (fixed) 1. Using (2.4) this
can be written as

Hm ya (pe(2)) = pi(4)

h—0+
for each ¢ >0, 1 > 0. In other words,

lim pp (u) =
A0+
for each number u which can be represented as y;(4) for some #, 1. But because
of (2.3) and (2.5) the set of such u certainly contains some interval [0, a], @ > 0.
Thus for each x and each A &[0, a], the Laplace transform of Pp(2, -) converges
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as b —0-+ to e~%4, and that is sufficient for the continuity theorem to apply
and yield the desired conclusion.

The rest of this section will be devoted to some examples and further elemen-
tary facts concerning C.B. processes; what follows is not logically necessary for
the sequel. We begin with the observation that (2.3) and (2.4) can be used to
compute moments of the process, if they exist. For example, since ;(0) = 0
we have from (2.3) that

27) [y Prle, dy) =y (0+),
where the prime means differentiation with respect to . But differentiating (2.4)
yields the functional equation

Pers(0F) =910 H) 9s(0+),

and so z/); (0 -1), if finite, must be of the form e for some constant «. As a result,
we have

(2.8) [y Py, dy) = wext.
6
The second moment can be evaluated similarly if it exists. From (2.4) and the
result above we obtain
(2.9) Prrs(0+) = 9 (0-+) €20 1 (0+) e,

If & = 0 the functional equation (2.9) has only the solution u; (0--) = f¢. When
o = 0, we note that interchanging s and ¢ in (2.9) and subtracting yields

1,02'(0 +) (g8 — g2e5) = TP;' (0 +) (et — e2ar),
Upon setting s = 1 this takes the form

y, (0+) = :‘ﬁ (€22t — ety B = constant.
In view of the fact that
(2.10) (92 Pyl dy) = a29;(0+)% — zy; (0+)
0

we finally obtain the formula

x2 4 Bat if a=0,
B

2.11 T _
@-11) Ofy P(w, dy) aeat + (et —ext) if a0,

where the constant o« is that appearing in (2.8).
If both (2.8) and (2.11) hold, it is very easy to obtain

(2.12) lim ¢~ 1f — ) Pe(z, dy) = oz,
t—0

(2.13) lim t‘lj' y — )2 Py(x, dy) = fx.
t—0 0

This strongly suggests that ¢f the C.B. function P; is the transition probability
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of a diffusion process, it must be one with the backward equation (1.5). We will
prove this in the future paper which was promised in the introduction.

The transition probability function for the diffusion processes satisfying (1.5)
was given explicitly in [2]. The Laplace transform (2.3) can be obtained from that
formula, although it is simpler to get it directly by solving (1.5). In any case the
result is

A
— if o=0
7 ! ’
1+ﬁ;.
(2.14) pi(A) = 2yt
—————— if a*0.
B2 w
RETA

It is trivial to verify directly that (2.4) is satisfied. From (2.14) it is easy to derive
many facts about the process, such. as the value of Pi(x, {0}) and that ultimate
absorption at « = 0 is certain if and only if « < 0.

As discussed in [6], when « = 0 there is a class of examples with infinite
variance which are related to (2.14). Their transforms are

2.15) pi(d) = g 0<p=1.
[l—i-t?)m

1/p >

There are also solutions of (2.4} which are similarly related to (2.14) when « + 0:

Aeat/p

(2.16) (A= , 0<p=1l.
Ve [ _ % 1— emt)]l/p

An interpretation for the processes whose transition functions satisfy (2.16), ex-
plaining their relation to stable laws, will be given in the forthcoming paper
already mentioned.

We conclude this section with a brief summary of the relevant results in [5].
Suppose that in addition to being a C.B. function (i.e., to satisfying (i) to (v)),
P; also is the transition function of a purely discontinuous process. This is taken
to mean the existence of the limits

2.17) lim w@ — n(z, E)
t—

for all # = 0 and Borel sets E c [0, co); Xg is the indicator function of E. J IRINA
shows that because of (iv) we have

(2.18) a(x, B)=x2n(l,l —x+1)
and
(2.19) 7wz, [0,2)) =0 forall #>0.

The first of these conditions implies that the expected waiting time before jumping
from z is inversely proportional to # and that the magnitude of the jump, when
it occurs, has a distribution not depending on . The second condition implies
that the process cannot move to the left.
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JIRINA also considers the converse question of constructing the most general
C. B. process satisfying (2.17). It is easy to find the corresponding =; it must
have the form

(2.20) a@ B =azuB—z+1) (@>0),

where y is a set function determined by combining any Borel probability measure
on (1, o) with a point mass of value —1 at z = 1. The minimal transition
probability determined by (2.20) and (2.17) then satisfies all the requirements for
a C. B. function except that P¢(x, [0, c0)) << 1 can occur (the process may ‘ex-
plode’). These facts are analogous to those for the discrete state Markov branching
process [4]. Setting

2.21) P = Jetdu(o),

a necessary and sufficient condition that P;(z, [0, c0)) = 1 for all { = 0 is
s

(2.22) f%:—-oo, 50,
0

It is sufficient but not necessary that the probability measure from which u is
constructed have a finite mean. These results allow the construction of a great
variety of C. B. processes, and show decisively that this class is far wider than
the family of limiting processes found in [6] whose transforms were given in
example (2.15) above.

One final remark. Any C. B. process with the property that absorption at 0
is possible (i.e., such that P;(z, {0}) > 0 for some £, z > 0) obviously is able to
move to the left. Hence no such process can be of the purely discontinuous type.
In particular, the examples determined by (2.14), (2.15) and (2.16) have this
property, as does any C. B. function such that Ps(z, -} is a compound Poisson law.

3. Statement of Limit Theorems

We consider a sequence of processes {z{"} defined as in (1.3); for each r, {Zn}
is a branching process governed by probabilities {pz}, with generating function
f(x). These may depend on r, but this dependence will not be explicitly indicated
in order to avoid complicating the notation. Our basic assumption is that there
exists a stochastic process {z;}, = 0, which is the limit of {2{"} as r — oo in
the sense that the finite-dimensional joint distributions of {#{”} converge to
those of {;}. To be specific, this means that for every finite set 0 =g <<t <+ <ip,

limP(xg) = Yo, ey xg) = yn)
= P(xlo éyo: "‘;xth g yh)

in the usual sense of weak convergence of measures on R#+1,

We first take up the case a, = 0 for all r. It will be required that ¢, — oo, for
if this is not done any continuous-time, discrete-state Markov branching process
{21} can be trivially obtained as a limit by setting b, = ¢, = 1 and Z, = Znjr
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Theorem 1. Suppose that (3.1) holds with &, = 0, ¢, — oo, and P(x; = 0) < 1
for some t > 0. Then {xs} is a C. B. process in the sense of section 2.

Remark. It would actually be possible to state the result under the weaker
assumptions that the limiting distribution functions
(3.2) lim P (2" < y) = G4(y)

¥—>co

exist for each § = 0, with G¢(0 +) < 1 for some ¢t > 0. Then, as the proof will
show, ¢,[b, tends to a finite, positive limit ¢, and there is a C. B. process {z;} with
xg = ¢ such that P(x; = ) = G¢(y). The stronger convergence (3.1) must then
hold as well. A similar formal generalization applies to Theorem 3 below, but
we shall not bother to state it in detail.

The converse is perhaps more surprising than the result above.

Theorem 2. Let {x;} be any C. B. process with zo = ¢ > 0. Then there exists a
sequence of branching proceses {Zy} and of positive infegers ¢y —> oo such that (3.1)
holds when {x{"} is defined by (1.3) using ar =0 and by = c;/c.

Next we remove the assumption that a, = 0. It is evident, looking at (1.3),
that if a,/b, tends to a finite limit we are really still in the above situation, and the
limit process will be simply a translate of a C. B. process. If even a subse-
quence of ar/b, has a limit the same conclusion holds. (Recall the remark at
the end of section 1.) Hence these cases must be avoided if we are to obtain
anything new.

Theorem 3. Suppose again that (3.1) holds, where now it is assumed that a,[by —
-+ oo. Then {w;} is @ process with (stationary) independent increments. If by — oo,
the canonical measure governing the distribution of the increments of {xs} has support
contained in [0, o). If by —f oo, however, the canonical measure is supporied on the
set {nfb: n = —1,1,2,3, ...} for some positive b, and so the law of x; is of the
compound- Poisson type. There is no translation term in this case.

Theorem 4. Let {x;:} be any additive process with xo = 0 and with distributions
of either form described in Theorem 3. Then there exists a sequence of branching
processes {Zy}, of integers ¢y — co, and of constants by > 0 such that (3.1) holds
when {27} is defined by (1.3) using ar = c;.

Remark. The example of SrrarroN and TuckEr mentioned in the intro-
duction does not quite fit into our scheme as it stands, for they assume a continuous
parameter for {Z,} and do not contract the time scale while passing to the limit.
Also, they consider processes which do not necessarily have stationary transition
probabilities. However, in the stationary case it is easy to recast their limiting
set-up into our form by first expanding the time axis, and so it is no accident
that their limiting processes are of the sort described in Theorem 3 (the last case).

4, Proof of Theorems 1 and 2
In particular, the assumptions of Theorem 1 imply the existence of the limiting
(one-dimensional) distributions

(4.1) lim P (Zyy < yby | Zo = ¢r) = Ge(y)

7F-—>00
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for all ¢ = 0, where for some ¢ > 0,G;(y) = P(x: = y) does not have all its mass
at the origin. We will first show that a limit like (4.1) must still hold when ¢,
is replaced by [xc¢,], # > 0. In fact, (4.1) is equivalent to
4.2) lim E (e~ *4nlbr | Zo = ¢) = @p(4) ,

r—>

where @; is the Laplace-Stieltjes transform of G;. (From now on we will always
write Z; in place of Z,;.) But because {Z,} is a branching process (specifically,
because of (1.2)), we know that

(4.3) E(e—/lzra/br [ ZO — Cr) — f[ﬂ] (e—l/by)m- .
It is clear from (4.2) and (4.3) that
(4.4) lim B (¢~ 44010 | Zg = [we,]) = py(A)®

F—>00
for each z > 0; the distribution G; is of course infinitely divisible. It is obvious
that the convergence holds for z = 0 as well, and that it is uniform in x for each
fixed A.
Next we consider the relation between b, and ¢,. From (4.1) with ¢ = 0 it is
immediate that

(4.5) lime, /b, = ¢ exists, 0=c< oo,
¥—>00
We will show that ¢ > 0 unless, contrary to assumption, G4(0 4-) = 1 for every
t>0.
Choose a t > 0 such that G4(0 4) < 1; accordingly ¢;(4) <1 for all 1> 0.
By (4.2) and the Markov property of {Z,} we can write

@2:(2) = lim B (¢ 420l | Zo — ¢,)
= lim [ (e~ *2nfor

r—>co

Zo = ¢ Y) AP (Zys = cryy | Zo = cr) .

But the integrand converges to @;(2)? uniformly in y, and this passage to the
limit can be interchanged with the integration:

p2(A) =lim (@AY dP(Zn < oy |Zo= o)

4.7) r—>c0 0
= lim E (exp[log @ (1) Zys/er] | Zo = o) .
00

In other words, the Laplace transform of the distribution of Zy/c,, given Zy = ¢y,
has a limit for each number § of the form § = — log @;(1). Because these values
fill up an interval [0, £] (we use here the nondegeneracy of @;), the distribution
of Zys/cr must be convergent by the continuity theorem. The limiting transform
is continuous as § — 0 -, so the limiting distribution has total variation 1. But
Ziyi/by also has a limiting distribution — one which is not concentrated at the
origin — and these facts combined show that ¢,/b, — 0 is impossible.
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It is now clear that we can assume ¢, = ¢b, without any change in the limiting
distributions, and so we can set

(4.8) lim P(Zy; < yby|Zo = [xb,]) = Py(x,[0,9]) .

r—>00

We will show that P; (more accurately, the extension of P; to a measure) is a
C. B. function, and that the joint distributions which it generates, taking ¢ as
the initial state, are those of the limiting process {z;}. Properties (i), (ii), and (v)
of the definition are already evident. As we have seen, (4.8) is equivalent to
4.9) Him B (¢~ 4nib | Zg = [2by]) = @i (A)¥° = e~ov4h

r—>c0
(this expression defines y;(4)}, and property (iv) is apparent from the fact that
x appears as an exponent.

To complete the proof, we will show that P; satisfies the Chapman-Kolmogorov
equation and that the two-dimensional laws of {x;} are those generated by P;.
(The verification for dimensions exceeding two is easy and will be omitted.) We
attack the latter in its Laplace transformed version; it is required to prove that

(4.10) B (gm0 = j.'ofooPt (¢, du) e=4% Py (u, dv) e=0v .
But since 0

(4.11) I'OP,; (x, dy) e=*Y = ¢ WdD

we easily obtain ’

4.12) OTDTPt (c, du) e=2% Pg(u, dv) e6? = g ovd+vsd)

If (4.10) holds, then, putting A = 0 and using (4.12) yields
(4.13) g Ves(®) — gV (wel®) |

which, as we have remarked in section 2, is the transform of the Chapman-Kol-
mogorov equation in this case.
It remains to prove (4.10). By definition and (4.5) the left side is

(4.14) lim E (exp [— (A Zys + 6Zr(t+5))/br] !ZO =cby),

r—>o0

and the expectation in question can be written as
{4.15) j'E(e“’Z””" | Zo = aby) e 42 dP(Zyy < by | Zo = ¢by) .
0

Arguing as before we can replace the integrand by its limit, namely
exp[— wys(0) — Ax],

and then use (4.9) to obtain finally

(4.16) B (e 7m0y — e Cvews(8)+7) |

Because of (4.12) this is the same as (4.10) and so completes the proof. The joint
laws of more than two variables can be handled in a very similar way.
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We turn now to the converse, Theorem 2, in which it is required to construct
a branching process such that {z{"} converges to a given C.B. process {z}.
We begin with

Lemma 4.1. Any infinitely divisible distribution on [0, co) is the weak limit
of a sequence of distributions of the form

4.17) Fy(z) =GP (xd),

where d is a positive integer, Gg is a distribution concentrated on the nonnegative
integers, and the ‘exponent’ means convolution.

Proof. 1t is well known that any infinitely divisible law can be approximated
by compound-Poisson distributions; that is, by distributions of the form

N
(4.18) H(x):P(Engx),
i=1
where N, X1, X», ... are independent, the X; have a common distribution and N

is a Poisson random variable. Perhaps the simplest way to actually construct
such an approximation is to let the law of X; be the n’th root of the original law,
and to choose E (N) = n; then it is easy to see using characteristic functions that
H tends to the given law as n — oo. (See [3], chapter X VII, for a particularly
nice discussion.) This method has the advantage that X; is supported in [0, oo)
if the given law has the same property.
Now let d be a positive integer, and define the ‘discretized’ random variables
and the distribution function
ok J
(4.19) X;.d):max{E:?ng}; Fd(x):P<ZX§.d)§m>. .
i=1
It is easy to see that as d — oo the distribution Fg4(z) tends to H, and so Fg can
also be made an arbitrarily good approximation to the original i.d. law. Moreover,
Fg is of the form (4.17). To see this, note that Fg has a ‘d’th root’ given by

M
(4.20) FUD () = P( >XP < x) ,
j=1
where M is a Poisson variable independent of the X; with mean equal to E (N)/d.
But since the sum of any number of X(® is still supported on the set {k/d}, the
distribution F{/®(x/d) is concentrated on the nonnegative integers and so can
serve as (g in (4.17). This completes the proof.

Suppose the i.d. distribution of Lemma 4.1 has Laplace transform e-%(*, and
that the distribution G4 has generating function g (z) (depending on d, of course).
Then the conclusion of the lemma is equivalent, by the continuity theorem, to
(4.21) limg(e M) =evW, 1=0.

d—>c0

Lemma 4.2, If (4.21) holds, so does
(4.22) lim g (g (¢~ H2))2 = e—v(w(A) |

d-—>c0
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as well as the corresponding statements for more than two iterations of the functions
g and .

Proof. From (4.21) we have

(4.23) g(e-M8) — exp [;W@Jt')_(ﬂ] ’
and so

— d
(4.24) ga(e-H8)2 = g (exp { _;d%i o(l). D .

But the convergence in (4.21) is necessarily uniform in 4, and so applying (4.21)
to (4.24) we obtain (4.22). The extension to more than two iterations by means
of mathematical induction is routine.

We are ready to prove Theorem 2. Let P; denote the (C. B.) transition function
of {x;}, and fix an integer r. The distribution Py (1, ) is infinitely divisible, and
so can be approximated by a sequence of laws of the form (4.17). By Lemma 4.2
and the continuity theorem, the laws obtained as in (4.22) upon iterating the
generating function of G4 & times converge to Py (1,-). For any fixed number,
say 72, we can choose Gy to make the approximation hold to within the distance
¢ = 1r in the Lévy metric? for each k < r2.

Let {pz} be probabilities corresponding to the distribution G4 on the non-
negative integers chosen as above, and let {Z,} denote the branching process
having {px} for its basic distribution. Let b, be the number d of (4.17) for the
approximating distribution we have taken. Then our construction yields

(4.25) LLP Ty < by Zo=1y); Py(1,[0,)]} < 1fr

for t =0, 1)r, 2/r, ..., ¥2/r, where ‘¥’ denotes the Lévy distance between distri-
bution functions. We can construct such a{Z,} for each r, and it only remains
to see that (4.25) does imply the desired convergence (3.1).

The last step is easy. Fix ¢, and let § be the largest integer such that jjr < ¢.
Since Zy; is constant in the time interval (j/r, {) we have for all large r

(4.26) LAP(Zry S wbr | Zo =1y); Pi(1,[0,2])} <

é 1/7’ + a?{-P]'/T(l, [03 .’L’]), Pt(l, [07 x])} s
using (4.25) and the triangle inequality for .Z. But for each ¢ the last term tends
to 0 with r because §/r —t and P; is stochastically continuous by Lemma 2.3.
This proves (4.1) with G¢(y) = P:(1, [0, ¥]) and ¢ = b,. As we have seen in the

proof of Theorem 1, the extension to ¢, = ¢b, and the convergence of the joint
distributions now follow automatically. This completes the proof of Theorem 2.

5. Proof of Theorems 3 and 4

From the hypotheses of Theorem 3 we have in particular that the weak limits
(6.1) lim P (Zy; — ar < ybr|Zo = ¢) = Hy(y)

F—> 00

2 The argument to follow uses only the fact that the topology of weak convergence for
distribution functions can be metrized; it does not matter how it is done.
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exist for each t = 0 with H;(y) = P(%: < y) a probability distribution, and
ar/by —> -+ oo. Setting { = 0 we see at once that

ar

(5.2) Em %~

r—> 00 br

exists, and that ¢ = zy. Clearly, adding o(b,) to @, has no effect on the limits,
while adding a multiple of b, simply represents a translation of the limiting
process. It follows that there is no loss of generality in assuming a, = ¢, and
we will do so below; consequently, of course, we always have xy = 0.

The proof that {x;} has independent increments is very similar to that of
Theorem 5.1 in [6]; the assumption made throughout that paper that {ps} is
independent of r played no role in the case of that theorem. However, both be-
cause one point in that proof was treated with insufficient care and because we
wish to go further, a complete discussion here seems in order. Expressing (5.1} in
terms of characteristic functions, and writing the characteristic function of Z, in
terms of f(x), we obtain
(5.3) @t (A) = B (6") = lim e~ %elbr fi, (tH0ryer,

7—> 00

This can at once be recast in the form

6-4) fir (€7%) = &4 [ge(3) + o ()]s
since ¢; is an infinitely divisible characteristic function the meaning of
log[:(2) 4-o(1)]

is uniquely determined for large r in the usual way.
We will need (as in [6]) a simple extension of (5.4), namely

exp [1 L Slog ) o) |

by Cr

(5.5) fon (o2 [ 5+ 42]) =

where d, is any sequence of complex numbers with nonpositive real parts3 which
tend to a limit §. Assuming this for the moment, we will verify that

(5.6) limE(eXp [M(Z”— ¢r) + 16 (Zr(grs) —“Zrt)] IZO — Cr) = @1(2) ¢s(0).

r—>00 bf bT

A corresponding formula is similarly derived for the joint distributions of more
than two variables, and the result shows that the limiting process «; is indeed an
additive one. To obtain (5.6) we express the left side in terms of the generating
function f using the fact, readily obtained from (1.2), that

(6.7) E (@Fny?m| Lo = §) = fu(@fm @)} .
The result is
(5.8)  E(exp[iAzt + i 0 (s — p)]) = lim e ¥erlbrfr ) (eF=0Nr i (golbry yor,

3 The condition Re(d,) < 0 was inadvertently omitted from the discussion in [6], and
the proof there of the analogue of (5.5) was incomplete.
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But replacing f,) by its expression in (5.4), letting
dr = log B (exp[i 2a{"]) = log[p:(2) + o(1)]

and using (5.5), the limit is easily seen to be just the right hand side of (5.6).
We omit details of the extension to the higher dimensional distributions.

We will obtain formula (5.5), among other things, using the following lemma,
whose straightforward proof is omitted.

Lemma 5.1. Suppose that, for each n, a pair (A4, By) of (possibly dependent)
random variables is defined on some probability space. Suppose too that A, is real,
that for each real A

(5.9) lim B (¢#47) = g (1)

H—>00

exists, @ a characteristic function, that Re(B,) < M a. s. for all n, and that By, — 0
in distribution. Then

(5.10) lim B (e*4ntBn) = @ (1).

n—o0
To derive (5.5) from Lemma 5.1, set

_ Zipt — er

(5.11) Ay =

Zipt — o

b, ’ -BT = 61‘ or s

where Z,, is the r’th branching process with Zy = ¢,. The convergence (5.1) (with
ay = ¢y) then yields (5.9), as well as the fact that B, — 0 in distribution. (We
use here the assumption that c¢,/bp — o0.) Finally, Z,; =0 and 6, > with
Re(dy) =< 0 mean that Re(B;) is bounded above uniformly in r. It follows, then,
that (5.10) holds for the choices (5.11) with @;(4) in the role of ¢ (), and this
almost immediately implies that

(5.12) lim & (exp [M Inr g, O ]

7-—>00 Cr

Zo = cr> = el q(2).

Expressing the expectation in terms of the generating funetion f, (5.12) can be
transformed into (5.5) in the same way that (5.3) became (5.4). This completes
the proof that {x:} is an additive process; as yet the question of whether or not
by — oo has played no role.

Supose next that by — oo does hold. To study the laws of the process {z;} it
is only necessary to consider one value of ¢, say { = 1. We know that

(5.13) Pe1 <) = lim P(Zr — ¢y = yby| %o = ¢)
P—>00
. < X;—1
:ThmP<z —7—br— g y) R
—> 0 j=1

where the X; are independent variables representing the number of individuals
in the r'th generation of the process {Z,} who are ‘descended’ from each of the
¢r original ‘ancestors’. From the theory of limit laws for triangular arrays of
random variables (for which now the most convenient source is [3]), a necessary
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condition for (5.13) is the ‘proper’ convergence

(6.14) lim ¢, 22 Gy (dx) = M (dz),
r—>oo

where G, is the common distribution of (X; — 1)/b, and M is Feller’s form of
canonical measure for the limit law. But ¢,22G, (dz) has no mass whatever to the
left of 1/b,, and so if by —> oo it is obvious that M must vanish on (— oo, 0).
(Although M is not the same as Khintchine’s or Lévy’s canonical measure, the
fact of vanishing on the negative axis is equivalent for the three forms.)

Finally, suppose that by —f— oo, and select a subsequence converging to b.
Clearly b = 0 is impossible if the limit in (5.13) is a probability distribution except
in the degenerate case, which we now exclude. But then the measures ¢, 22G, (dz)
have support {—1/bs, 1/b;, 2/b,, ...} and so the limit M must have support
{k/b: b= —1,1,2,3,...}; the limit law must, accordingly, be of the compound
Poisson type. It is also clear, looking at the subsequence such that b, — b, that
the limit laws P(x; < y) have support on {k/b: k =0, 41, 42, ...} for all ¢,
so there can be no steady drift term. This completes the proof of Theorem 3.

We turn to the converse, Theorem 4; the pattern of the proof will resemble
that for Theorem 2. We begin with two lemmas which jointly will play a role
analogous to that of Lemma 4.1.

Lemma 5.2. Let F be any infinitely divisible law with its canonical measure sup-
ported on [0, 00). Then F is the weak limit of a sequence of laws of the form

(5.15) Fa(@) = 6P (baz + ),

where bg > 0, d is a positive integer, djbg —> oo, and Gy is a distribution concentrated
on the nonnegative infegers.

Proof. The characteristic function of F can be written in the form

o2 A2 we“-z —1—14sinz
2 + a2

(5.16) log p(4) = iai — dM (z),

o+
o0
where the measure M is finite on finite intervals, and satisfies [z~2dM < oo [3].
1

The right side of (5.16) can be approximated arbitrarily well by extending the
integral only from ¢ > 0 to co. In that case, the approximating characteristic
function is the product of a normal part (having variance o2 and mean y =

(=]

a— fx-z sin x dM) with a compound Poisson part. Therefore ¥ is the limit of

distributions of the form

N
(5.17) K(z) = P( >X< x>*®m(x),
i=1
where “” means convolution, X; and N are as in (4.18), and @, , is the normal
distribution function.
Choose a ‘large’ constant b > 0. The first factor in (5.17) — the compound
Poisson part — can be ‘discretized’ just as in the proof of Lemma 4.1. We write
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the result

N
(5.18) Hy(x) = P( >XP < x),

j=1
and note that Hp is supported on the set {k/b: k = 0} and that Hy has a d’th
root of the same form as itself for any d. Hence H{/®(z/b) = G4(z) is a dis-
tribution on the nonnegative integers with the property that G (bx) is a good
approximation to the first factor of K (z).

Next we approximate @ by a binomial distribution. We choose one which
can be thought of as the law of the sum of 4 independent random variables taking
the values 4 1/b. The number d and the probabilities with which each variable
chooses 4+ or — are then taken in such a way that the mean and variance of the
sum tend to u and o2 respectively; this can always be done and entails d/b — oo
as b — co. We denote by Go(x) the distribution function of one of the summands
multiplied by b and translated so that its range becomes {0, 2}. The binomial
which approximates @ can then be written as G (bx + d).

Finally we set Gy % G2 = Gg; since both Gy and G5 are supported on the non-
negative integers, G4 has the same property. But

(5.19) GPbx 4 d) =GP bx)%*GP bx + d),

and the two factors approximate respectively the factors of K in (5.17). Since
convolution is continuous, Fy(x) = GP bz + d) approximates K which in turn
is close to F'; this proves the lemma,

Lemma 5.3. Let F be a compound Poisson law of the form (4.18), where the
variables X; take values {—1,1,2,3,...}. Then F is the weak limit of a sequence
of laws of the form
(5.20) Fy(@) =GP (x4 d),

where Gg ts concentrated on the nonnegative integers and d — co.

Proof. The characteristic function of F is of the form

n=-—1

(5.21) log @(A) = y[ i einia, — 1},

where yu = E(N) and a, are probabilities with ag = 0. On the other hand, the
characteristic function of a law of the form Fy must satisfy

(5.22) log g4 (2) = dlog ya(d),

where pg (1) = z eindy, is the characteristic function of Gg(x + 1). Let us choose
nt
on = pan)d for n+0; ag=1— 2 an. (When d is large ap >0, so g is a charac-
n*0
teristic function of the desired form.) We then have

dlya(d) — 1] = ,u{ i e ay, — 1],

Ne=—1
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and because log y4(4) is asymptotic to p4(4) — 1 as d — oo it follows that (5.22)
converges to (5.21). This proves the lemma.
The next step is to obtain a suitable replacement for Lemma 4.2,

Lemma 5.4. Suppose that, for each r, X; are independent random variables taking
tnteger values =0 and having a common generating function f(x). Suppose also that
for some sequences by > 0, ¢r — co With ¢y/by — oo,

PR

(5.23) lim E\exp |34 5, || =9@

T=—>00

exists, @ a characteristic function. Let Y; be independent variables with generating
function fy(x) for any k= 1. Then

Cr

(5.24) limE \ exp | i2—3— | |=@(A)*.
r—>o0
Proof. We will consider the case £ = 2; the extension by induction is easy.
Suppose that 6, — §, where Re(d;) = 0. Then using Lemma 5.1 and arguing
exactly as in the proof of (5.5) we can extend (5.23) to

CZ (X5 —1) CZ X;
i=1

(5.25) lim B | exp [i2 5 + 8, 1= ey

Cr
Tr—>0co

This result can be written in terms of f as
0 +logg(4) + o(1)

Cr

But in terms of f the expectation on the left in (5.24) (with k = 2) becomes

(5.26) f(¢iHbr gorler) = gtlbr exp

(5'27) e—i}.cr/brf (f (ei)./bf) )cr ,

and expressing first the inner function and then the outer by means of (5.26),
with d, = 0 and §, = log @ (1) 4 o(1) in the two cases respectively, it is very
easy to see that the limit (5.24) is ¢ (4)2.

Finally we come to Theorem 4 itself. The rest of the argument is entirely
similar to the proof of Theorem 2, and will only be sketched. Let H;(x) be the
law of the position at time ¢ of any additive process {«;} which has zy = 0 and
satisfies either of the two conditions on its canonical measure which were specified
in Theorem 3. (In the second case let & = 1.) Fix a ‘large’ integer r, and ap-
proximate H,, by the sort of distribution provided in either Lemma 5.2 or 5.3,
whichever is applicable. Then use the distribution G of the lemma as the basic
distribution in constructing a branching process {Z,}. By Lemma 5.4 the branch-
ing approximation, if made good enough at ¢ = 1/r, will be good at 2/r, ..., r2/r
as well. Since an additive process is stochastically continuous, the convergence

(5.28) lim P (Zy; — ¢r = yby | Zo = ¢r) = Hy(y)

r—>00

20 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 7
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follows for all ¢ by the same reasoning as before. Finally we only need remark
that, by the proof of Theorem 3, (5.28) is enough to establish automatically that
the joint distributions of {2{”} converge to those of {x:}. This completes the proof
of the theorem.
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