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Abstract. We consider a pendulum subjected to linear feedback control with periodic desired motions. The
pendulum is assumed to be driven by a servo-motor with small time constant, so that the feedback control system
can be approximated by a periodically forced oscillator. It was previously shown by Melnikov’s method that
transverse homoclinic and heteroclinic orbits exist and chaos may occur in certain parameter regions. Here we
study local bifurcations of harmonics and subharmonics using the second-order averaging method and Melnikov’s
method. The Melnikov analysis was performed by numerically computing the Melnikov functions. Numerical
simulations and experimental measurements are also given and are compared with the previous and present
theoretical predictions. Sustained chaotic motions which result from homoclinic and heteroclinic tangles for not
only single but also multiple hyperbolic periodic orbits are observed. Fairly good agreement is found between
numerical simulation and experimental results.

Key words: Bifurcation, chaos, pendulum, feedback control, second-order averaging, Melnikov method, experi-
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1. Introduction

In this paper we consider a pendulum subjected to linear feedback control with periodic desired
motions. The pendulum is assumed to be driven by a servo-motor with small time constant, so
that the feedback control system can be approximated by a periodically forced oscillator. In
an earlier paper [1] we showed that chaotic motions may exist for certain parameter regions
using Melnikov’s method [2, 3]. The chaotic motions result from transverse intersection
between the stable and unstable manifolds of not only single but also multiple hyperbolic
periodic orbits. Here we study bifurcations of harmonics and second-order subharmonics
using the second-order averaging method and Melnikov’s method. Numerical simulations
and experimental measurements are also given and compared with the previous and present
theoretical predictions for periodic and chaotic motions.

Second-order averaging and Melnikov analyses for a large class of periodically forced
oscillators were performed in [4]. The second-order averaging analysis suggests that there
exist common structures of bifurcation sets near the primary, subharmonic and superharmonic
resonances in different systems. We will see that this conjecture is true in our case.

Chaotic motions resulting from homoclinic and heteroclinic tangles for multiple hyperbolic
periodic orbits were also experimentally studied by Li and Moon [5]. They used a magnetically
buckled beam to demonstrate the existence of chaos in a periodically forced single-degree-
of-freedom system with three-well potential. However, in some respects, their experimental
observations were considerably different from numerical simulation results for the single-
degree-of-freedom model, perhaps mainly because of vibrations in higher modes of the beam.
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Figure 1. The feedback system. (a) The pendulum; (b) the block diagram.

In our model, we will find a good agreement between numerical simulations and experimental
measurements in strange attractors, power spectra of chaotic orbits and parameter regions for
the existence of sustained chaos.

This paper is organized as follows. Theoretical results for bifurcations of harmonics and
subharmonics are given in Section 2. The second-order averaging analysis for the primary
and subharmonic resonances is briefly reviewed. Melnikov’s method for subharmonics is
then applied and the Melnikov functions are numerically computed. Numerical simulation
and experimental results are given in Sections 3 and 4, respectively. Bifurcation sets for
harmonics and second-order subharmonics and parameter regions for the existence of steady
state chaos are obtained and compared with the theoretical predictions. Sustained chaotic
motions which result from homoclinic and heteroclinic tangles for not only single but also
multiple hyperbolic periodic orbits are observed. In Section 5 we conclude with a summary
and some comments.

2. Theory
2.1. EQUATION OF MOTION

We consider a feedback control system in Figure 1. A physical pendulum with mass myg
and inertial moment J is driven by a servo-motor with resistance R, inductance L, back-
electromotive constant Ky, torque constant K7, and negligible inertia. Electromotive force
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proportional to the difference between the prescribed motion 64(t) and the pendulum position
6, Kq.(04(t) — ), is applied to the servo-motor. We take 04(¢t) = ajcosQt + agp so that
the pendulum should swing about § = ao with amplitude a; and angular frequency 2. The
pendulum is also assumed to be subjected to damping force proportional to the velocity, D8,
resulting from servo-motor friction and so on.

Let w,, be the natural frequency of the pendulum, i.e., w, = /mogl/J with g the grav-
itational acceleration and ! the distance between the rotational axis and the center of gravity
of the pendulum. We assume that the time constant L /R of the servo-motor is much smaller
than the period 27 /wy, for small oscillations of the pendulum, i.e., w, L /R < 1. Change time
variable t — wy,t and let x = # and y = 6. Then the pendulum motion is approximately
governed by

T =y,

§ = —sinx — oz + § — 8y + Jcoswt, 1
where

oz:g:g];;, w:u—%, 8 =aay, J=aa, gzwfjan:fO{gI;go. )
See [1] for derivation of equation (1).

When § = 4 = 0, equation (1) becomes

T =y,

y = —sinz —az+ f. 3

Equation (3) corresponds to the non-damping, constant input case and is a Hamiltonian system
with a Hamiltonian function

1 1
H(x,y)=§y2—cosx+§a$2—ﬂm. 4)

The phase space of equation (3) is shown in Figure 2 for two pairs of o and . There are
centers and saddles with homoclinic orbits. Inside and outside the homoclinic loops there exist
one-parameter families of periodic orbits. For some parameter values equation (3) also has
heteroclinic orbits. The phase space of equation (3) thus has a great variety depending on the
values of o and 3. See [1] for the details.

A large class of nonlinear oscillators containing equation (1) were studied in [4]. The
second-order averaging and Melnikov methods were used there to describe saddle-node,
period-doubling, homoclinic and heteroclinic bifurcations and the results of the second-order
averaging and Melnikov analyses for saddle-node bifurcations were compared. In the follow-
ing we give some results of [4] in the context of equation (1).

2.2. SECOND-ORDER AVERAGING ANALYSIS

Let (z9,0) be a center of equation (3), i.e.,

—sing —~azr+5=0, coszg+a>0. 5
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Figure 2. Phase planes of the unperturbed system (3). (@) « = 0.5and 3 = 1.6; (b) « = 0.15and § = 1.

The frequencies of periodic orbits near the center are approximately given by

wo = +/cosxg + a.

If the ratio of w to wy is close to a rational number, then resonance behavior may occur in
equation (1). Here the results of the second-order averaging analysis for the primary and
second-order subharmonic resonances in equation (1) are briefly reviewed. See [4] for details
and other resonance behavior in more general systems.
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We begin with the case of primary resonance w = wyp. Introduce a small parameter €
such that 0 < ¢ < 1 and replace 6 and 4 by €6 and e/ 2, respectively. We assume that
w? — w = O(e) and set €Q = w? — w2, Let

a1 =CO0STo + @, ap= —5 sinzg, a3 = —gcosxo, ©)
and let z = x( + /€z. Then equation (1) can be rewritten as

54 wiz = —vfeayz? + elycoswt — a3z’ — 63] + O(/?). @)
We use the van der Pol transformation

1
° coswt ——sinwt p
_ w
(?J) B 1 <»’3>’ ®

—sinwt ——w-coswt
w

and carry out averaging up to second order, so that equation (7) becomes

U = 2%}()[—5600” + Qu — bo(u? + v?)v],

v = i[—Qu — Swov + bo(u? + v*)u — 4], %)
2(4)0
where
9aya3 — 10a3 3acoszg + 2sin g + 3
by = = — (10)
124, 24(cos zp + )

Note that by < 0 for 0 < o < 1. Analyzing fixed points of equation (9), which correspond
to harmonics of equation (7) and hence equation (1), we can show supercritical saddle-node
bifurcations of harmonics occur near the curve

- 2002 + 982w3) — 2(Q% — 36%wd)/Q2 — 362w

11
v 275, (11)
and subcritical saddle-node bifurcations near the curve
o 2Q(07 + 96%w]) + 2(Q* — 36%w3)4 /N2 — 3623 12

27by

in the parameter space (€2, 7). The two curves (11) and (12) meet at
(Q,7) = <—\/§6w0,\/8\/§(6w0)3/9|b0|>

Below the curve (11) there exists a stable harmonic orbit. Two harmonics appear on the
curve (11), and one of them is stable and the other unstable above the curve (11). The unstable
harmonic and one of the two stable harmonics disappear on the curve (12) and the other stable
harmonic still exists above the curve (12).

We turn to the case of second-order subharmonic resonance w ~ 2wg and set e} =
(w? — 4wd)/4. Replace § and 7 by €8 and ey (0 < € < 1), respectively. Letting

T = x0 + ez — el coswt, (13)
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where I' = «v/3a;, we can rewrite equation (1) as

i+ wgz = —Jear2® + €[2a2Tz cos wt — a3z’ — 6z] + 0(63/2). (14)
Again, we use the van der Pol transformation
cOos wi 2 sin wt
(-2 o
U . wi 2 cos wit 2’
2w 2
and carry out averaging up to second order, so that equation (14) becomes
% = L[-(Sw()u + (Q = aD)v — bo(u? + v*)v],
2w0
v = i[(—ﬂ — apl)u — bwov + bo(u2 + vz)u]. (16)
0

Analyzing fixed points of equation (16), which correspond to harmonics or second-order
subharmonics of equation (14) and hence equation (1), we can show that in the (£, v)-space
supercritical saddle-node bifurcations of second-order subharmonics occur near the curve

9 2
= % sl <0, a7
2

and period-doubling bifurcations of harmonics occur near the curve
2
7= (27 + 8u), (18)

which are supercritical if Q2 > 0 and subcritical if {2 < 0.

When © < 0, i.e., w < 2wy, there exists a stable harmonic orbit below the curve (17),
and stable and unstable second-order subharmonics appear at a supercritical saddle-node
bifurcation on the curve (17). Moreover, the harmonic becomes unstable and the unstable
subharmonic disappears at a subcritical period-doubling bifurcation on the curve (18). For
Q > 0, ie., w > 2w, there exists a stable harmonic below the curve (18), the harmonic
becomes unstable and a stable second-order subharmonic appears at a supercritical period-
doubling bifurcation on the curve (18). In both cases a stable second-order subharmonic
continues to exist above the curve (18).

2.3. MELNIKOV ANALYSIS

In [1] homoclinic and heteroclinic bifurcations in equation (1) were discussed using Mel-
nikov’s method. So we give the Melnikov analysis for saddle-node bifurcations of subhar-
monics in equation (1) here. See also [2, 3] for general information on Melnikov’s method.

Consider a one-parameter family of periodic orbits, ¢*(t) = (z*(t),y"(¢)) with & €
(K1, K2), where 1 and x, are constants. Let ¢"(t) be a periodic orbit of period 27m /nw with
m and n relatively prime. The Melnikov function for ¢”(t) is given by

2rmfw

M) =[O0y () + yeosw(t + )]
0
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= y[C™™a, B,w) coswty — S™™ (e, B, w) sinwto] — EB™™ (v, B, w)
= yA™"(q, B,w) coslwty + O™ ™(w)] — 6B™™ (e, B,w), (19)

where

2rmfw
Cm/”(a,ﬁ,w) :/ y*(t) cos wt dt,
0
2rmfw
S™M(a, B, w) :/ y"*(t) sinwt dt,
0

2rmjw
B, 8,w) = / ()] dt > 0,
0

AT (0, B,w) = \JIC™™ @, Byw)? + (ST, B, W),

S™ (e, B,w) )

cmin(a, B,w) 20)

@m/”(a,ﬂ,w) = arctan(

Note that B™/™ also depend on w as well as C™/™ and S™/™. We can show that M™/"(t)
can have simple zeros only if n == 1 (see [4]).

We assume that n = 1 and set M™(ty) = M™(ty), A™(a, B,w) = A™(q, B,w)
and B™(qa, B,w) = B™(a, B,w). If /6 > B™a, B,w)/A™(a, B,w) = R™(a, B,w),
then M™ () has simple zeros and there exist subharmonics of period 2rm/w. Moreover, a
supercritical saddle-node bifurcation at which a pair of m-th order subharmonics are created
occurs at

v/6 = R™(a, B,w) + O(e). @n

2.4, NUMERICAL COMPUTATION OF THE MELNIKOV FUNCTIONS

Equation (21) represents approximate saddle-node bifurcation sets for subharmonics in equa-
tion (1). However, it is difficult to obtain analytical expressions for the periodic orbits in the
unperturbed system (3), and so numerical computations of the integrals in equation (20) are
required. In [1] such an approach was performed for the homoclinic bifurcation case using
the method proposed by Bruhn and Koch [6]. We now extend their method to the saddle-node
bifurcation case.

Let H" be the Hamiltonian energy for ¢*(t¢). We assume that y*(0) = 0 and y*(¢) > 0 for
0 <t < T*/2, where T* is the period of ¢”(t). From equation (4) we have

dz
E:\/2H’“+2cosx—aa:2+26x, (22)

on g"(t) for 0 < t < T%/2. Let (x,0) and (z,,0) (z; < z7) be two points at which g"*(t)
crosses the z-axis in the phase plane (cf. Figure 3). Then 2*(0) = z1, 2"*(T*/2) = z, and
y"(t) is an odd function of ¢. Rearranging equation (22) and integrating it, we obtain

- ds
J V2HE +2cos€ — af? + 25

(23)
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Figure 3. A periodic orbit.

for 0 < ¢t < T*/2. Hence,

z
T”:Z/ do .
V2H® + 2cosz — ax? + 2z
T

(24)

By the resonance relationship, we also have

2
e = 2 (25)
w

Substituting equations (22) and (23) into the third and fourth equations of (20) and using the
fact that y*(t) is odd, we obtain

Am(a7/8?w) - 2

z3 . z df
/ml S (w . \/2H"+2cos£—a§2-|—2ﬁ£> dm"

B™(a, B,w) = 2/ " \2H* +2cosz — aa? + 28z da. (26)
T

We can numerically estimate condition (21) for a periodic orbit ¢*(¢) passing through
(z1,0) as follows.
(a) x1 and m are given.

(b) Compute H* = —cosz + %aw% — Bz.
(¢) Numerically solve the transcendent equation
—2cosx + ax2 —28x = 2H" 7

to obtain x5 (> x1).
(d) Numerically integrate equation (24) to obtain T".
(e) Obtain w from equation (25).
(f) Carry out the integrations in equation (26) numerically to obtain A™(«, 8, w) and B™ (¢, 3, w).
(g) Compute condition (21).
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The integration of A™(«a, 8,w) is performed by changing the lower and upper limits of
integration from x; and z; to 1 + Az and z; — Az, respectively, where Az is a small
positive constant since the integrand is singular near these point.

2.5. NUMERICAL EXAMPLES

We give numerical examples for the following two cases:

(i) a=0.5and 5 = 1.6,

(i) «a =0.15and § = 1.
The damping constant was fixed as 6 = 0.12 while the input amplitude 7 and the frequency w
were varied. The unperturbed system (3) has one saddle and two centers for case (i); and two
saddles and three centers for cases (ii). See Figure 2 for the phase space of the unperturbed
system (3) with these parameter values. For these two cases, homoclinic bifurcation sets given
by Melnikov’s method were obtained and the stable and unstable manifolds of hyperbolic
periodic orbits were numerically computed to verify the theoretical results in [1].

Figure 4 shows the saddle-node and homoclinic bifurcation sets for case (i). The bifur-
cation sets near the primary resonance are depicted in Figure 4(a), and the bifurcation sets
near the second-order subharmonic resonance in Figure 4(b). The dotted and broken curves
represent the bifurcation sets given by the second-order averaging analysis for harmonics or
second-order subharmonics near the left and right unperturbed centers, respectively, while
the dashed-and-dotted curve represents the saddle-node bifurcation set given by the Melnikov
analysis for harmonics outside the unperturbed homoclinic loops. Supercritical and subcritical
saddle-node bifurcations of harmonics or subharmonics are denoted by sn and sn’, respec-
tively, and supercritical and subcritical period-doubling bifurcations of harmonics by pd and
pd’, respectively. The solid curves with R and Rfr, respectively, represent the homoclinic
bifurcation sets obtained by Melnikov’s method for the left and right homoclinic loops [1].
Above these curves the stable and unstable manifolds of a hyperbolic periodic orbit near
the unperturbed saddle intersect transversely. Saddle-node bifurcation sets obtained by Mel-
nikov’s method for harmonics and subharmonics inside the homoclinic loops are not given
since the Melnikov analysis gives less information than the second-order averaging analysis
on these bifurcation sets near the primary and second-order subharmonic resonances (see [4]).
We see that the saddle-node bifurcation curve for harmonics outside the homoclinic loops has
two values of %, say 41 < ¥, for some values of w. This implies that there exist two periodic
orbits outside the homoclinic loops for 4 > 4, at such values of w.

Figure 5 shows a similar result near the primary resonance for case (ii). The dotted, broken
and dashed curves represent the bifurcation sets given by the second-order averaging analysis
for harmonics near the left, middle and right unperturbed centers, respectively, while the
dashed-and-dotted and dashed-dotted-and-dotted curves, respectively, represent the saddle-
node bifurcation sets given by the Melnikov analysis for harmonics outside the homoclinic
loops for the left and right unperturbed saddles. The solid curves with Rli and Rit, respectively,
represent the homoclinic bifurcation sets obtained by Melnikov’s method for the homoclinic
orbits of the left and right saddles [1]. The others are the same as in Figure 4.

3. Numerical Simulation

Numerical simulations of equation (1) were performed using the Runge—Kutta-Gill method
[7] with 128 steps per period 27 /w of the reference signal. As in Section 2.5, the following
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Figure 4. Bifurcation sets given by the second-order averaging and Melnikov analyses in case (i). (a) Near the
primary resonance; (b) near the second-order subharmonic resonance.

two cases with 6 = 0.12 were considered: (i) « = 0.5and 8 = 1.6; (i) « = 0.15and 8 = 1.
The input amplitude 4 and the frequency w were varied.

Figure 6 shows a bifurcation diagram for w = 0.75 in case (i) and Figure 7 several
examples of phase plane motions in (z, y). For 4 small, there exists one stable harmonic near
each center in the unperturbed system (3) (cf. Figure 7(a)). As ¥ increases, the harmonics near
the left and right centers disappear in subcritical saddle-node bifurcations at ¥ ~ 0.092 and
7 = 0.134, respectively. Other stable harmonics near the left and right centers (cf. Figure 7(b))
appear in supercritical saddle-node bifurcations at ¥ =~ 0.080 and 7 ~ 0.096, respectively. A
supercritical period-doubling bifurcation in which the harmonic near the left center becomes
unstable and a stable second-order subharmonic (cf. Figure 7(c)) appears occur at 5 =~ 0.156.
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Figure 5. Bifurcation sets given by the second-order averaging and Melnikov analyses near the primary resonance
in case (ii).

Figure 6. A bifurcation diagram for w == 0.75 in case (i).

Further period-doubling bifurcations occur and accumulate to chaos at ¥ =~ 0.170. The chaotic
attractor suddenly disappears at 4 = 0.171. The harmonic near the right center undergoes a
period-doubling bifurcation and a stable second-order subharmonic (cf. Figure 7(d)) appears
aty =~ 0.164. A sequence of period-doubling bifurcations also occur and accumulate to chaos
at ¥ = 0.177. The size of the chaotic attractor suddenly changes and a chaotic orbit such as
shown in Figure 7(e) appears at 5 ~ (.180.

Figure 8 shows an orbit of the Poincaré map and a power spectrum of 2(t) for the chaotic
attractor. Figure 8(a) was produced by sampling z(t) and y(¢) for a numerical solution of
(1) when the phase of the input equals zero, i.e., wt = 0 mod 27. To produce Figure 8(b),
power spectra for 16 samples of duration 512 x 27 /w, each containing 4096 data points,
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Figure 7. Phase plane motions in (z,y) for w = 0.75 in case (i). (a) ¥ = 0.08; (b) ¥ = 0.15; (¢) ¥ = 0.165;
Dy =03+5=0.57, 7y =0.15.
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Figure 8. A chaotic motion for ¥ = 0.3 and w = 0.75 in case (i). (a) An orbit of the Poincaré map; (b) a power
spectrum of z(t).

were obtained by a fast Fourier transform program and then averaged. The strange attractor in
Figure 8(a) seems to be the closure of the unstable manifold of a saddle point of the Poincaré
map in Figure 10(c) of [1]. The sustained chaotic motion is thus considered to result from
homoclinic tangles for single hyperbolic periodic orbit.

As 7 continues to increase, chaotic motions were observed till ¥ ~ 0.456. They coexist with
stable harmonics and subharmonics in some regions while only stable periodic motions were
observed in other regions, which correspond to windows of periodic orbits in the bifurcation
diagram of Figure 6. For relatively high values of ¥ there exist two large stable harmonics
(cf. Figure 7(e)) outside the homoclinic loops in the unperturbed system (3). One appears at
7 = 0.378 and disappears at 7 = 0.575, and the other appears at =~ 0.562.

Figure 9 shows bifurcation sets for harmonics and regions for the existence of sustained
chaos near the primary resonance in case (i). The dotted and broken curves represent the
bifurcation sets for harmonics near the left and right centers, respectively, while the dashed-
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Figure 9. Bifurcation sets for harmonics and regions for the existence of sustained chaos near the primary resonance
in case (i).

and-dotted curves represent the bifurcation sets for large harmonics outside the unperturbed
homoclinic loops. Supercritical and subcritical saddle-node bifurcations of harmonics are
denoted by sr and sn’, respectively, while supercritical period-doubling bifurcations of har-
monics are denoted by pd. The solid curves represent the boundaries of a region for sustained
chaos. In some parts of the region, which are too complicated to be drawn in Figure 9, only
stable periodic motions were observed. Some of these regions correspond to windows of
periodic orbits in bifurcation diagrams of Figure 6. Very narrow regions for the existence of
sustained chaos are also not drawn in Figure 9. The bifurcation structures near the left and
right centers are very similar to those near centers in other forced oscillators with single- and
double-well potential [8—12]. The supercritical and subcritical saddle-node bifurcation curves
are in good agreement with the theoretical predictions of Figure 4(a) while the theories of
Section 2 said nothing about supercritical period-doubling bifurcations of harmonics.

Figure 10 shows a bifurcation diagram for w = 1.75 in case (i). Again, there exists one
stable harmonic near each center in the unperturbed system (3) for 5 small. As 7 increases,
the harmonic near the left center becomes unstable and a stable second-order subharmonic
appears in a supercritical period-doubling bifurcation at 4y ~ 0.506. The harmonic near the
right center suddenly disappears at 4 ~ 0.592. This implies that a subcritical period-doubling
bifurcation, at which the stable harmonic becomes unstable and an unstable second-order
subharmonic disappears, occurs as stated in Section 2.2, A stable second-order subharmonic
near the right center appears in a supercritical saddle-node bifurcation at ¥ =~ 0.526 and
undergoes a period-doubling bifurcation at 5 & 1.320. Further period-doubling bifurcations
occur and accumulate to chaos at ¥ ~ 1.470. The chaotic attractor suddenly disappears at
¥ = 1.484. A stable third-order subharmonic also appears in a saddle-node bifurcation at
7 =~ 0.871.

Figure 11 shows bifurcation sets for harmonics and second-order subharmonics and regions
for sustained chaos near the second-order subharmonic resonance in case (i). Supercritical
saddle-node bifurcations of second-order subharmonics are denoted by sn, and supercritical
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Figure 11. Bifurcation sets for barmonics and subharmonics and regions for the existence of sustained chaos near
the second-order subharmonic resonance in case (i).

period-doubling bifurcations of harmonics are denoted by pd. The curves labeled pd’ represent
subcritical period-doubling bifurcations of harmonics and the curves labeled pd” supercritical
period-doubling bifurcations of second-order subharmonics. The others are the same as in
Figure 9. Again, very narrow regions for sustained chaos are not drawn in Figure 11. The
bifurcation structures near the left and right centers are very similar to those near centers
in the Duffing oscillator with double-well potential [12]. The supercritical and subcritical
period-doubling bifurcation curves for harmonics and supercritical saddle-node bifurcation
curves for second-order subharmonics are qualitatively in good agreement with the theoretical
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Figure 12. Bifurcation sets for harmonics and regions for the existence of sustained chaos near the primary
resonance in case (ii).

predictions of Figure 4(b) although supercritical period-doubling bifurcations of second-order
subharmonics were not predicted theoretically in Section 2.

Figure 12 shows bifurcation sets for harmonics and regions for sustained chaos near the
primary resonance in case (ii). The dotted, broken and dashed curves represent the bifurcation
sets for harmonics near the left, middle and right centers in the unperturbed system (3),
respectively. The others are the same as in Figure 9. Figure 13 shows phase plane motions
in (z,y). For 7 small, there exists one stable harmonic near each unperturbed center (cf.
Figure 13(a)). As in case (i), when ¥ increases, saddle-node and period-doubling bifurcations
occur near each center and sustained chaotic motions exist for some regions (cf. Figure 13(b)).
The bifurcation structures near the three centers are very similar to those near the two centers
in case (i) and even to those near centers in other single- and double-well oscillators. The
supercritical and subcritical saddle-node bifurcation curves for harmonics near each center
are in good agreement with the theoretical predictions of Figure 5. However, large stable
harmonics enclosing the homoclinic loops of the left saddle in the unperturbed system (3) (cf.
Figure 13(c)) were observed only for much higher values of 7 than the theoretical predictions.
Moreover, no stable harmonics enclosing only the homoclinic loops of the right unperturbed
saddle was observed.

Figure 14 shows an orbit of the Poincaré map and a power spectrum for the chaotic motion
of Figure 13(b). The strange attractor in Figure 14(a) also seems to be the union of closures
of the unstable manifolds of two saddle points of the Poincaré map in Figures 11(d) of [1].
The sustained chaotic motion is thus considered to result from homoclinic and heteroclinic
tangles for two hyperbolic periodic orbits.

The parameter regions for the existence of sustained chaos are very different from the
theoretical predictions by the Melnikov analysis (see Figure 15). This is because Melnikov’s
method only permits us to predict transverse intersection between the stable and unstable
manifolds of hyperbolic periodic orbits, which does not always imply the occurrence of
sustained chaos. However, if there are two or more attractors, transverse intersection between
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(©) ¥ = 0.95 and w = 0.55.

® 4 = 07and w = 0.8;
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Figure 14. A chaotic motion for ¥ = 0.7 and w = 0.8 in case (ii). (a) An orbit of the Poincaré map; (b) a power
spectrum of z(¢).

the stable and unstable manifolds may yield fractal basin boundaries for the attractors [13].
Figure 16 shows an example of such fractal basin boundaries for ¥ = 0.15 and w = 0.75 in
case (i). Orbits with black and gray marked initial conditions of (z,y) at ¢ = 0 converge to
harmonics near the left and right centers shown in Figures 7(b), respectively, while orbits with
white marked initial conditions converge to a third-order subharmonic near the right center
shown in Figure 7(f).

4. Experiment

4.1. EXPERIMENTAL MODEL

The experimental apparatus is shown in Figure 17. A pendulum was driven by a servo-motor
to which electromotive force proportional to the difference between the desired position
0a(t) = a1 cos Qt + ag and the pendulum position 8, K,(6,(t) — 6), was applied.
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Simulation

Simulation

Figure 15. Comparison between the theoretical predictions and numerical simulation results for the existence of
chaos (cf. Figures 4 and 5). (2) Near the primary resonance in case (i); (b) near the second-order subharmonic
resonance in case (i); (c) near the primary resonance in case (ii). Note that the chaotic motions predicted by the
Melnikov theory are not necessarily in steady states.
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Figure 16. Fractal basin boundaries for 5 = 0.15 and w = 0.75 in case (i). This figure was produced using the
software “Dynamics” [14].

As shown in Figure 17(a), the pendulum consists of a brass rod 120(mm) long with a
10(mm) diameter circular cross-section, and a 36(mm) diameter brass disk 16(mm) thick with
a 5(mm) diameter hole, which was attached to the shaft of the servo-motor. The mass and
inertial moment of the pendulum are mgo = 0.22(kg) and J = 6.1 x 10~*(kgm?), respectively,
and the distance between the rotational axis and the center of gravity of the pendulum is
[ = 29(mm). The natural angular frequency for small oscillations of the pendulum is given by
wn = v/mogl/J = 10.1(rad/s). The pendulum position # was measured with a potentiometer
attached to the shaft of the servo-motor. The output voltage of the potentiometer was V;, =
1.25(V) when 6 = O(rad), and the increase of the voltage per unit angular AV = 0.328(V/rad).

As shown in Figure 17(b), the output signal of the potentiometer was electronically subtract-
ed from the reference signal produced by a signal generator. The resulting signal was amplified
through a power amplifier and then sent to the servo-motor. Letting V;(t) = Vi cosQt + Vp
be the reference signal and K the amplification factor of the power amplifier, we have

v V-V

K, = KAV, a] = A—Vv", ag AV

(28)

The nominal resistance and inductance of the servo-motor were 4.9(2) (containing the leads)
and 1.6(mH) so that w,L/R =~ 3.3 x 1073, Thus, the time constant of the servo-motor was
expected to be much smaller than the natural period of the pendulum.

To measure the velocity of the pendulum the output signal of the potentiometer was
differentiated with an electronic differentiation circuit. The displacement and velocity signals
were passed through low-pass filters with 50 Hz cut-off frequencies and then fed to a spectrum
analyzer, which produced power spectra and stored data at constant or external sampling rates.
The Poincaré map was obtained using a pulse synchronous with the reference signal as the
sampling trigger signal: the displacement and velocity of the pendulum were displayed at a
periodic time interval. See Figure 17(b).
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Figure 17. The experimental apparatus. (a) The pendulum; (b) the block diagram.

To estimate the damping constant, we rearranged the experimental setup so that the pen-
dulum could rotate horizontally. In this case the nonlinear term ‘sinz’ in equation (1) must
be neglected. From time histories of the pendulum for constant reference signals (7 = 0), the
damping constant § = 0.12 was obtained. Moreover, we experimentally obtained the relation
a = 0.498K from the damped natural frequencies (cf. equation (2)).

4.2. EXPERIMENTAL RESULTS

As in Sections 2.5 and 3, the parameters « and [ were fixed as follows: (i) o = 0.5 and
B = 1.6; and (ii) @ = 0.15 and § = 1. The input amplitude 7 and the frequency w were
varied.
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Figure 18 shows experimentally obtained bifurcation sets for harmonics and second-order
subharmonics and regions for the existence of sustained chaos. The experimental measure-
ments near the primary and second-order subharmonic resonances in case (i) are shown in
Figures 18(a) and (b), respectively, and the experimental measurements near the primary
resonance in case (ii) are shown in Figure 18(c). Supercritical and subcritical saddle-node
bifurcations of harmonics or subharmonics are denoted by sn and sn’, respectively, while
supercritical and subcritical period-doubling bifurcations of harmonics denoted by pd and pd’,
respectively, and supercritical period-doubling bifurcations of second-order subharmonics by
pd". In Figures 18(a) and (b) the bifurcation sets for harmonics or second-order subharmonics
near the left and right unperturbed centers are plotted as open circles and triangles, respective-
ly, while the bifurcation sets for large harmonics outside the unperturbed homoclinic loops are
plotted as diamonds. In Figure 18(c) the bifurcation sets for harmonics or second-order subhar-
monics near the left, middle and right centers are plotted as open circles, triangles and squares,
respectively. In the three figures the boundaries of regions for sustained chaos are plotted as
solid circles. We should point out that in some parts above or inside the boundary curves for
sustained chaos only stable periodic motions were observed. The experimental results are (at
least qualitatively) in good agreement with the corresponding numerical simulation results of
Figures 9, 11 and 12.

Experimentally obtained chaotic orbits of the Poincaré map and power spectra of the orbits
with ¥ = 0.30 and w = 0.75 for case (i) and ¥ = 0.82 and w = 0.75 for case (ii) are
shown in Figures 19 and 20, respectively. In each figures, figure (a) shows an orbit of the
Poincaré map and figure (b) an averaged power spectrum of the displacement for 8 samples of
duration 160(s), each containing 2048 data points. These experimental results are in excellent
agreement with the corresponding numerical simulation results of Figures 8 and 14.

5. Conclusions

In this paper we have studied theoretically and experimentally the nonlinear dynamics of a
pendulum subjected to linear feedback control with periodic desired motions. Saddle-node
bifurcations of harmonics and second-order subharmonics and period-doubling bifurcations of
harmonics were detected using the second-order averaging method and Melnikov’s method.
The Melnikov analysis was performed by numerically computing the Melnikov functions.
Numerical simulations and experimental measurements were also given and compared with
the theoretical predictions. Other bifurcations were found besides theoretically predicted
ones. Sustained chaotic motions resulting from homoclinic and heteroclinic tangles for not
only single but also multiple saddle-type periodic orbits were observed. Fairly good agreement
was also found between numerical simulation and experimental results.

Some experiments have been performed for periodically forced beams to experimentally
confirm the occurrence of chaos in periodically forced single-degree-of-freedom mechanical
systems (e.g., [5, 15-19]). However, it was difficult in these experiments to study chaotic
motions in the pure single-mode dynamics because of vibrations of higher modes (cf., [19]).
In some cases the effect of higher modes may be considerable, and this seems to be true in
the experiment of Li and Moon [5]. Our experimental model is good for illustrating chaotic
dynamics of single-degree-of-freedom systems since there is little effect of other modes
and chaotic motions are bounded, while pendulums without position feedback can rotate
unboundedly. We can also experimentally observe in this model chaotic motions resulting
from very complicated homoclinic and heteroclinic tangles.
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Figure 19. A chaotic motion for % = 0.30 and w = 0.75 in case (i). (a) An orbit of the Poincaré map; (b) a power
spectrum of the angular displacement.

Our second-averaging analysis predicted that bifurcation structures near the primary and
second-order subharmonic resonances in the pendulum with feedback control are similar to
those in other forced nonlinear oscillators, for example, the Duffing oscillator with double
well potential. The numerical simulations and experimental measurements given here also
support this prediction. We may become inclined to say that there exist common structures of
bifurcations near the primary, subharmonic and superharmonic resonances in a large class of
forced nonlinear oscillators. Further work on this conjecture will be reported.
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