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On a problem of Chern-Akivis-Shelekhov on hexagonal three-webs 

P. O. MIKHEEV 

Summary. In the following we discuss the infinitesimal theory of analytic multidimensional hexagonal 
three-webs. It is known that the structure of any such three-web in a neighborhood of an arbitrary point 
is uniquely determined by four tensor values at the given point. We prove that three of them are 
sufficient and we analyze the corresponding integrability conditions. 

There are four well known classes o f  mult idimensional  differentiable three-webs 
generally at tr ibuted correspondingly to Thomsen ,  Reidemeister ,  Moufang  and  Bol. 
Hexagonal  three-webs form the fifth one. Three-webs  of the first four  classes and 
their differentiable local (coordinate)  loops were largely investigated [1-8].  I t  is 
known abou t  differentiable hexagonal  three-webs [1], [9] tha t  a given three-web is 
locally hexagonal  if and only if 

b'¢ ,kJ~ = 0. 

Here bS-kr is a curvature  tensor field on the mani fo ld  of  the  web and the round  
brackets  denote the symmetr izat ion with respect to the indices j, k, l. The structure 
of  any analytic hexagonal  three-web in a ne ighborhood o f  an arbi t rary  point  is 
uniquely determined by the values of  torsion a~k, curvature  bjkt and covarient  
derivatives (with respect to Chern connection) ej-kt,. = D~ b~k~ and d}kl.~ = D~ bjk~ at a 
given point  (Shelekhov 's  theorem, [4], [10]). The  problem o f  finding integrability 

condit ions for the pointwise tensors ajk, b}k/, eS'ktm, d}ktm (defining relations of  
algebras tangent to hexagonal  three-webs) remains open. 

In what  follows we deduce algebraic expressions for tensor  fields Cj-ktm and djktm 
i of  a hexagonal  three-web in terms o f  a}k, bjkt, d[jlklll.,, where  the square brackets  
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2 P . o .  M I K H E E V  A E Q .  M A T H .  

denote anti-symmetrization with respect to inserted indices. In this way we formu- 
late a more economic version of Shelekhov's theorem and we make some progress 
in investigation of the corresponding integrability conditions. 

An explicit description of the whole collection of  integrability conditions and 
their interpretation in terms of the theory of Lie algebras (in the spirit of [5], [6]) 
remains an open problem. Its solution could conclude the series of infinitesimal 
theories corresponding to the five classical varieties of three-webs and could allow 
to describe the variety of analytic hexagonal three-webs. As far as we know the 
progress in this matter is reduced to separate examples. In this connection let us 
mention the Griffits' conjecture [11] on representation of hexagonal three-webs of 
dimension k in R 2k by cubic hypersurfaces in projective space PR 2~+ 1, see [2] for 
counter-examples. 

Let us remark that analytic hexagonal three-webs allow an algebraic 
treatment [4] via analytic local loops ( Q , ' ,  \ , / ,  e) satisfying the following 
identity: 

( x / a ) ( b \ ( ( x / a ) ( b \ x ) ) )  = ( ( ( x / a ) ( b \ x ) ) / a ) ( b \ x ) .  

Thus the above considerations have an interpretation in terms of the general 
theory of differentiable composition laws with identities. For the algebraic inter- 
pretation of tensors a)k,' b}k/, dLil~10mi see [12]. 

The proofs of propositions 1-6 are omitted in the present note. They are 
calculational and were executed via a system of analytic calculus. 

Let M be an analytic manifold of dimension 2N equipped with analytic 
foliations f,,f2,f3 of dimension N such that every point of M belongs to exactly 
one leaf of each foliation and the tangent spaces of the leaves through every point 
of M are in general position. Then (M,f~,f2,f3) is called a (multidimensional) 
three-web [ 1-8]. 

Let us introduce on M co-frames (f~{, f~{)i,j= 1 .. . . .  N such that the foliations 
f~,f2,f3, correspond to the following system of Pfaffian equations 

Then the following structure equations of the three-web M hold [1-4]: 

d ~  = ~ A flj + ajk ~ ^ 
i i " 8 ~  = ~ ^ ~ j  - ajk ~2  ^ f*2 k J' 

a g  = ~ A ~ + bS,,n, ~ ^ n'~. 

(1) 

(2) 
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Here  the tensor fields ajk, bj.kt ( i , j ,  k ,  l = 1 . . . . .  N )  are called the torsion and the 
curvature  of  the three-web, respectively. Obviously the torsion satisfies the condi- 

tion 

al jk~ = 0. (3 )  

Throughou t  this note we assume that  the following hexagonal  condit ion 

b l / k l ,  = 0 (4) 

is satisfied. (Hereaf ter  the round  brackets  denote  symmetr iza t ion with respect to 
inserted indices and the square brackets  denote ant i -symmetr izat ion.)  Fo r  geometric  
characterizat ion of  hexagonal  three-webs see [1-4].  

By differentiation of  (1) we get [2] 

bljm I 2 p i i , = ~(ayk a~r + ~a) ,k  + ~ a~j), (5) 

D) a~-k = bljl,lk 1, D~ a~.k = bljkl,. (6) 

Here  (D 1, D 2) is the canonical  connect ion in the space of  the three-web M (called 
Chern connect ion [1]) defined by the rule: 

D l (I)( ~2 q D 2 (I)( ~ q  
q J 1 • • • J m  I + q ,! I - - J m  2 

=d@),  .. ,., +~)7, ...;ran;, - -O~  ,. f2~j, . . . . .  O), ...ef~'s,~, 

for tensor  fields *D~....;,,, i, j l  . . . . .  j , ,  = 1 . . . . .  N ,  on the manifold  M. Differential 
opera tors  D j and D 2 satisfy the following commuta t i on  relations 

[D),, Dlq]O~, . .s., = - 2 D ~  O;., ...s a;,q, 

[De e, D21@~ = 9 n :  @' ' 
q a J I • " J m  - - ~  t .l l . • -gin a p q  , 

[De 1 , D2]O ' = ~ !  ' ~ , . . . . .  ~ ,  , q a  , l l  - - J m  Y l  . . . J m b t p q  - - ~ t  . j m b ; l p q  .11 . . t b j m P q "  (7) 

Note  that  the pair  of  identities ( 4 ) - ( 5 )  is equivalent  to the following: 

aj1,A b~,l - 2~k a~l) = 0, (8) 

where a~kt denotes the cyclic sum with respect to indices j, k, I. 
We introduce on M tensor fields 

e~kt,,~ = D ~  b~k~, d)m m = D~, b)k,. (9) 
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Then  we get the integrabfl i ty  condi t ions  for the system ( 1 ) - ( 3 ) ,  ( 6 ) - ( 8 )  in the 

fol lowing fo rm [91 

dj'ktZm] = --b~kp ~ . , ,  

i t l t i trjkz(C)~z,~ -- 2bt4,.l~ ] aa -- 2a)k bplmlO) = O, 

i t i - 2b~l , .  aa - 2a)~bM,~) = O. @3kl( d~lm t i 

(lO) 

( l l )  

( 1 2 )  

(13) 

(14) 

The identities ( 10 ) - (14 )  allow a part ial  solut ion.  More  precisely, the fo l lowing 
propos i t ion  holds.  

PROPOSITION 1. The fo l lowing are true: 

t i i i ~ i 3C~ko. = 3C[~r],~ - 6e]jk,.]t + 3C[jt,~]~ + 3e[kZml/-- 4Ck[tlJlm] + 4C)[klZl,.] 

t ~ l 1 i l -I- 4¢,n[jlklq 4- 2c~,1,~1,,¢1z ] + 2¢/[klJl., l 4- 2C,bl~lZ ] + 2¢,n[jltlk ] 4- 2Cl[mlkp] 

: : i i 
- -  4ci~,.?~ J 4- 4C[:.~l~k + 2CtkZl~,. + 2C[jklmi, (15) 

where 

Cfi[kplm ] = b~pz a~k,~, 

c~;k],~ = ai,l~l~j, + ~ h ~ ,  - a~  ~ ,  - a;, ~m,,  

3d~kl,,, i i i t i i ' = 3db~tlm -- 6dtj,.j3k + 3dt~,.klt + 3dtZmklj -- 4dtj[km] + 4d~ktt.q 

l l i i i 
+ 4d'.,tEjk I + 2d~,.pk I + 2dkjit,~ i + 2dzmuk] + 2dmkut] + 2dkt[mjl 

- -  4dlkltl,. U + 4d~jlkl..] z + 2dlzlj[k],~ 4- 2d[jlmrZ]k, (16) 

and  where 

d~ j k l ]  m 2 s = ~,rj,~,(t~.,.k>,, ~ ,  + ~,, b~,,~,,,), 

d),l,,,, 1 = - b ~  ~ . , .  
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The proof  is done by direct computation.  [] 

The identities (15)-(16)  will be considered as the algebraic expressions of  
the tensor fields ej.~z,, and d~-kt~ in terms of  basic vector fields a~.k, bjkt and 

PROPOSITION 2. The identities (10)-(14)  are reduced, in virtue of(3) ,  (8), (15) 
and (16), to the following identities: 

,rj:,.(di:t~l:],,, + b:~ a';'~) = O, 

@jk,( dl/ Ik l t ]~ - -  2b~j/dm a~, - -  2 ~ k  b[p,],,, = O. 

(17) 

( 1 8 )  
[] 

As a result of  these considerations we state the following theorem. 

THEOREM A. The integrability conditions o f  the system (3), (6), (8), (9), (15) -  
(16) are reduced to (17)-(18).  [] 

We pass to an analysis of the system of  equations (3), (6), (8), (9), (15)-(18).  
For  that we introduce on the manifold M tensor fields 

1 1 1 D. cj~,,, = Xjklmn, 

2 ~ t D n C~.~,,, = Yjklmn, 

l 1 t D. d~k,,. = U)k,,.~, 
2 t 

D n  d~kl m i ~ -  Z ~ k l m  n • (19) 

Tensor fields X, U, Y, Z satisfy the following relations (commutat ion relations (7) 
applied to bjk:): 

X~kllm,,l = C~klp aem., 

Z~k,lo,.l = --d:~,~., 
U/k,.., = Y;k,m,, + ~ktb~.,. -- b'pkzb'::,.. - b':'et~m.~ - b;kph~Imn. 

(20) 

(21) 

(22) 

The following identities are derived f rom (10)-(14)  by applying D ~- and 
D2-derivatives: 

i 3x)~:m,, l i t i i i i = D.(3c[:l]m - -  6Cljkml ! -}- 3Cut,~]k + 3Ctkl,,,lj -- 4Ck[tljl,~ l + 4¢)lk1~1,. 1 

i i i t t i 
+ 4CmUIklZl + 2C)[klmlZ l + 2Ct[klJl.,] + 2CkUImlt I + 2C,,,Ultlk I + 2CtlmlklJ 1 

i i i i 4el:talk j + 4CUmlik + 2Clkqm~ -- + 2Cfjklml), (23) 
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where  

1 ~r 2 i i 
= , b[plml0), O n C[jkl]m ~%kl(~jlm[k] n a~ + ~k C[pl.,,It],, + b~j[mlk ] b[pl~lq + b~jl,,Ik] i 

°1. ~t~l,l..~ = C~p,. ~ . .  + b)~ bf~l,,l~ ~, 

u;~t,..~. = - c ~ .  ¢ . .  - b ; ~  t~inl, .  ~, ( 2 4 )  

a:z(U~t,, , .  - 2c~l , .n a~, - 2 ~  Clp~m. -- 2b~lm b[pl~lq -- 2b~j.l.l~ ~ blp:lm = O, (25) 

' - -  3C[ktm]y 4C~[~l:lml + 4e)[~[zl,~l - D.(3c[>~],,, 6c[:~,,,i: + 3C[jt,,.lk + 3Y~klm n __ 2 i ~ i i ~ i 

t t t i i i + 4Cm[jl~l: ] + 2CjI~l,~lq + 2e4~ljlml + 2ektJlml/] ÷ 2em[Jl:l~l + 2C/[mlklj] 
i t i i - 4cindy,: + 4ct~-.,,~ + 2clk~ly m ÷ 2ct jk~) ,  (26) 

where  

D] e~jk,l,., = ]~r:,(d~jl,~lkl. a~: + a~k dlplml,l,, + b~jl,.,:l blp:l. + b~jkl,, blpjm[:]), 

D 2  Cljk]lm : Z i , lmlk] ln  ~- b~jk]n hpml - -  blpk]n ~jml - -  bljp]n b~mt "~ a~jk dipmln 

- apk ¢~ , .  - a;. ~m, . ,  

3Zj~#,,,, = D](3d[:kllm - 6d[j~, v, + 3d[jmkV + 3d[,mklj -- 4d~Ak,~ + 4dj/.~tml 

i ~ i i i " + 4d.,tE:l + 2dj.~tz.i + 2d~jtrml + 2dtmtjkl + 2dmktjq + 2d~ttmjl) 

i l i i -- 4Zi~ll[,.ljn ÷ 4ZlYlklmy. ÷ 2Z[/Ijiklm,, + 2Z[Jlml/llcn 

a n d  where  

(27) 

2 J 2 i i i = + I~:ln btmm), dtpt>,,~ + b~j~l,,, bte0n D~dtjkzl., ~a/,z(d~mm,,ap~ + ~k 

9 2  d;k[[m] = --d~kpn ~lm - -  I)~kp I~lr~,]n, 

• j k l (Z l j l k l l ]mn  - -  2 l~jk]mn ar /  - -  2a~j k d[pqm n - -  b~jk] m blpl] n - b~jk] n blpl]m) = 0 ,  ( 2 8 )  

aytm(Z[Jlkl,lm. + d~kp. ~,~ + b~ke I~mj.) = 0. (29) 

In  vir tue o f  (22), (23), (26) and  (27), the tensor  fields X, Y, Z and  U will be 
cons idered  as algebraic  combina t ions  o f  tensor  fields a~k, bjkt, d~YlklZ]m, Z~jlklqmn. By 
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a pa r t i a l  s o l u t i o n  o f  the  s y s t e m  o f  e q u a t i o n s  (20),  (21) ,  (24) ,  (25) ,  (28)  a n d  (29)  we  
get  t he  f o l l o w i n g  e x p r e s s i o n  fo r  ZfjEkttl..~ : 

i i t ~ i t 6Zt./iklt],~ ~ = 6ZlmknllJq + 4 Z D I m j k ] [ # l  - -  6Z~, ,k~[ f l ]  - -  6Z[.,j.lk~ + 3Z[mJkl~ + 3Z[njklml 
i i ~ i l i 

+ 6 Z [ m l n l k j  - -  3 Z [ m v c l n j  - -  3Zlnt.~]ra j - -  4 Z n m [ k j ] r  + 4 Z m k [ n A l  + 4Zj ; , [ , , , ~ l [  

Aft i t i i i i 4 Z n m [ k l l  i - -  4Z,~ktnq i - -  4Zt.tmkl ~ + 2 Z m j D k ] t  + 2Zkm[njlt 2Z.j[mkv 

i i t i 2Zmttn~l/ 2Z~,.I.I ~ --  2Z~t, .klr  - -  2Zlk~m~, .4- + 2Z}~..~ v , - -  __ 2 Z k n l j m l  t 

i i i t i -- 2Zk~[tml/-- 8Z[kl,qjl[mt l .4- 16ZFmtklYltnt ] + 4Zf,.iA,,l[kz I .4- 8Z[kt~ltlt.,jl 

_ 16Zir.,lklll[,~l i , 8Z]ki/ml n * "  i - 4Zt~ltl,,~r~q .4- 8Z,,~j~l .  4., - -  8Zlk[jm] n 

i i i i i + 2Z~jvmlk .4- 2Zot,~.~k + 2Zmj[nqk --  2ZmUmlk -- 2Z~,t[m,,lk -- 2Z'oapu] k 

i i l i 
- -  4 Z [ j t n l l l [ m k  I .4- 6 Z f m f l l n k  4 -  6 Z u n t ] m a . . 4 -  4 Z [ A k l j ] [ , ~  1 + 2 Z ~ m t U k  1 

i i i i 
- -  2 Z n m j f l k ]  .4- 2 Z ~ n m D l l k  .4- - -  2Z~m[nl]  k 6 Z [ n k j l l  m - -  2 Z k j n l l m  I -4- 2Zk~.[jm ] 

i i i i i i 
- -  6 Z [ n k l t m ,  + 2 Z ~ i k D n ]  - -  2 Z ~ l k [ ~ m ]  + + + 2Z~m.,Vkl 2Zt,,,[.jl~ 8Z[kl,,],~?uq 

i i 2Zrm~tjkl + 2Z~[kqm i ' 2Zt~tkjl., + 2Zjkt~Zl,. i t - - - 2Z~kt~jlm + 2Znk[tj]m 
i i i i i 

+ 2 Z ~ t o l , .  - 4 (Y~ml .~z  - -  Z f ~ ] k l m ] n l )  .4- 4 ( Y [ k m l ~  ~ - -  Z l k l n } m l i l )  

.4- i i i i ~ t 4(Y~tml.k~ -- Z~tt~ I '~J ) - -  4(YIe~V"Y - ZI~t~ I'~0 ) + 2(YMx. ,~  -- ZI.  I" 1~1~) 

i i t 
2(Yf.ll~my Z[.tmtq~) 

2(Yt~lmZ ~ --  Zt~iZl~l.v) + 3(Y~,u,,,~ ' --  ' ' - -  Uk.j~.~) + 3(Y~mm: ; - U ~ m )  

i i i i i i 6Ukn[jllm + 3Yt~,,yl,.~ -- 6Y[knmlj t + + -- 3Ytgi.,lnt 3Yt~:m>~ -- 3Y[km]mj 

.4- i i l i i 6Yr~,,,l~y - 3Y[k~mlny --  3Yi.,t,,,l~ --  4Y,,[J[klm]~ + 4Yk[,,[,[,.l~ 

+ i i 4v~ av~ , 4Ym[klnlJlt + 4Y"[/Ikl't~ -- "k[~l~l"l/--  ~ ~tmikl<& + 2Y~t-I,<Al 
i i i i i + 2Y~-[,qklm v + 2Y,,N,<y v .4- 2Y,,~I~I. v - 2YkM.<tp - 2Ya~iktm p 

-- 2Y~[klmlqi --  2Y~t<t l -1 /+  2g~'[,~l,,tk]t -- 2Y~mlol~t~, (30)  

w h e r e  the  t e n s o r  f ields Zf~.~Zl.,~, Z}~I~.,~.. Zj~I,.~? , (Yfj~Vm,,--Zf~tml~lt~) , 
(Yj'~,.,, - -U~¢.m) ,  U~l~m v, YI~ , I ,~ ,  Y}l~l,lml~ are  e x p r e s s e d  in  t e r m s  o f  a~ ,  b}~z a n d  
dfjt~lZl., ( see  a b o v e ) .  A s  a resu l t  o f  these  c o n s i d e r a t i o n s  we  s t a t e  t he  f o l l o w i n g  
t h e o r e m .  

THEOREM B. Equat ions  (3) ,  (6) ,  (8) ,  (9) ,  (15) ,  (16) ,  (22) ,  (23) ,  (26) ,  (27) ,  and  
(30)  f o r m  a Pfaff ian sys tem defining structure tensor r i d &  ajk and  bj.kz o f  the 
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hexagonal three-web. Any solution of  the system in a neighborhood of  an arbitrary 
point 0 is uniquely determined by the initial values, i.e., by the values of  a~(0), b~.~t(0) 
and d{jlklqm(O ) at that point. [] 

This theorem was proved by A. M. Shelekhov [4], [10]. In Shelekhov's formula- 
tion the local structure of a hexagonal three-web is uniquely determined by initial 
values ajk(0), bj~;(0), c}kj,.(0) and d~krm(0). 

Expressions (15)-(16),  discussed above, allow us to formulate a more economic 
version of the theorem and to make some progress in the investigation of  the 
integrability conduction of  this system of  structure equations (see below). 

The following propositions hold: 

PROPOSITION 3. Equations (21), (24), (25) are algebraic corollaries of the system 
of  equations (3), (8), (22), (23), (26), (27), (30) and (17), (18), (20), (28), (29). [] 

PROPOSITION 4. Equath~ns (28) and (29) are equivalent in virtue of(3) ,  (8), (17), 
(18), (30) to the following identity: 

ajk; {[ - 6~kl.q;l. a;~; ; ' i i p ' -- 6(d[kl~lZlp -- 6(d[,.iO3 ~ + dt~l~l/lp)~k + dtklPl/1.)a/m 

+ 3 ~ m o ( - b i ~ l ,  + b [ . ~ )  + 3b~m,,,b;Ej~ ~ + 3bf~,~ b;.~, 

- 3b~E~,~ b'n,: - 3~1 , . I ,~  b ~  - 3W~E~, j b j ; .  - 3b~mt~,~ b'~., - 3bf,~,~ b ' ~ .  

+ ~k a~..( -- 12b~., - 6b~/, + 6bltr~l) + 4ark ap, b~/ml,, + 3~k a'n b;~v,f, 1 

_~_ i t t t t ~k a,.,( --2b~.t -- 2b~.p - 4bp/. + 3b~pn) - 6a),j a,~k ~. ,  + 6aj,j a , . t~ . ,  

+ 6~ , .  a~,.(b}p, - b},p)] + [m ~ n] } = 0, (31) 

where [m ~ n] denotes the expression obtained by the permutation of  the indices m 
and n in the expression into the square brackets. [] 

PROPOSITION 5. Under conditions of  (3), (8), (17), (18), (22), (23), (26), (27), 
(28), (29), (30) equation (20) is equivalent to equation (32) by 

{[apj(2~.~lkl.V -- ~,.Irl~lk) -- a~;~,Ol-lk + 2a~m d~lnlJ ~ + 3~d~mtpl.lk 

+ i , 2am. d[jlklllp dtpl~lJl k + apjamn(ir~u~ + ig[kt) _ p i 2~,~(dtklnlpV + dlkl.ltip) + 2~m ; ; ' 
_{_ i t -- -- apja~,k(bmm + bml,~) - ~bf.kj,) + ~b~nt] k i t t aj,j a~l(21~k,,, l + ~ . k  + ~ k .  2b~., s 8 

+ i t 20  4 t 
a p j  a t l  ) (  b m n  k -t- b m k n  ) a.pjak,,~(4b~nl,]+Tb~t~ll+sb~l,l,~)+(a~oa~_ i v , 

1 i l t g t t t bJ~.) aa( -- lObt.kpl 2b.,p + 5a)t~m(bj,. - b}.k) -- aem~(3bj.k + _{_ a~j m , t _ + b ; . k  
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t 8 t 8 t 4 t 4 t + b~k. + ~b[.klo + 5b[.pl~) + a',m ~n( - 12b~ptkl + gblptlk + 5b[pkll) 

i t 2 a t 2 t + ~ ja ) .~ (  12b~kt~ t -- b~.k) + ~ .  a)~(3bf~. l / -  51~.0k + b~.l) 

+ i t 2 '  , i i ' a{'.,~ am( + 12brkl,, 3 b , ~ / - -  b~k,~) -- -- -- + ~)am~(bw~. + bk.tp b~p, i 

+ ~a~,k (bL,.~ + bL, . )  + a~m a ~ (  + 15bl,p,, 1 + 3b~,,p + 3b~,,p - b~,.)  

p , i i ~" i ' ' 3b.,k - -  bikm) + a)m a),k( + 13bE~ m -- b,.l + b~z~ + bin,) + a~j:ta~,~(bta,,, 1 _ i 

+ ~.~ apj( --  blt/,,1 - b~,, - b ~ , )  + a ~ j a ; , (  121~,:,,1 --  b~k)  

+ a~i.~ a~:,,( 11 b~,o,l , i  , ,  - -  ~ b&, + ~bl~p + b~a _ bw/)i 

~L ai,~( 14blp,~, J - 2 b ~ . p  + b~pj, + b'~kp) 

-- ~bl,k + bdk -- ~blkt + 2b~,r) ' " + a p  apj( 3bltkt I ~ i , i i 3 i ' - -  - aPm, a~,(2bj.tk + ~b,jk) 

• + 5 (b/,,,n ~ . ~  i 

1 i 
+ ~b~m~p~ - ~btm~pl ~,~ 

3 ~ 1 ~ ~ b i  . 3 k u  i 9 t 

t 3 1 t 

+ 5 b ~  / + 5b};,,~) + 3b~:,,l bjpm ~h ,  kn 
- -  2 ~ '[mpj]  ~'fklnl 

, , 4"o,: + abt/p - 5b~,v) + ~e,,,(zb~,:: _ ab:,,p, ~ + ab~p~s, -4±b'po: ~ 

l t 3 i ~ 3 i - N . . . ( ~ b ~  + ~b~p) - 3bf~.,.1E . ,  + 5N~,,, bt:,~ 

9 
+ 5bf.~.~ b~:,,,tl - [ m  ~ n]} + {j *-~ k} = 0, (32) 

where [m ~ n] denotes the expression obtained by the permutation o f  the indices m 
and n m the expression into the square brackets {j ~ k }--analogically.  ~2 

P R O P O S m O N  6. Equation (31) is an algebraic corollary o f  equations (3), (8).  
(17), (18), (32). 

( T h e  o p e r a t o r  o f  cyclic s u m m a t i o n  with  respec t  to  indices  j ,  k, l m u s t  be app l i ed  
to  (32) in o rde r  to p r o v e  the  p r o p o s i t i o n .  T h e  resul t ing  ident i ty  is equ iva l en t  to 
(31)).  E1 
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Finally, we have the following theorem. 

THEOREM C. The integrability conditions o f  the system (3), (6), (8), (9), (15), 
(16), (22), (23), (26), (27), (30) are reduced to (17), (18), (32). [] 

Concluding remarks 

In order to get the differentiable extension of system (3), (6), (8), (9), (15), (16), 
(17), (18), (22), (23), (26), (27), (30), (32) one has to consider the commutation 

i relations (7) applied to duikltl m and D ~-, DZ-derivatives of equation (32). Three of 
these five equations follow from the following: 

De1 (X~ktE,~,l -- e~kz, a~n) = 0, 

] i 2 i D; ZlJlkl0mn -- D, UEjlklqm p = d[jlkltl,nt bte~i _ ~tlkltl,~,e b~pnt _ dtjltltl m e  bkpn* 

(33) 

Thus further analysis of the system is reduced to the computation of equations (33) 
and an investigation of their independence from (3), (8), (17), (18), (32). 

The author thanks the Department of Mathematics of the University Paul 
Sabatier (Toulouse, France) for its hospitality during the period when this work 
was accomplished. 
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