Aequationes Mathematicae 51 (1996) 1-11 0001-9054/96/020001-11 $1.50 + 0.20/0
University of Waterloo © 1996 Birkhduser Verlag, Basel

Research Papers

On a problem of Chern—Akivis—Shelekhov on hexagonal three-webs

P. O. MIKHEEV

Summary. In the following we discuss the infinitesimal theory of analytic multidimensional hexagonal
three-webs. It is known that the structure of any such three-web in a neighborhood of an arbitrary point
is uniquely determined by four tensor values at the given point. We prove that three of them are
sufficient and we analyze the corresponding integrability conditions.

There are four well known classes of multidimensional differentiable three-webs
generally attributed correspondingly to Thomsen, Reidemeister, Moufang and Bol.
Hexagonal three-webs form the fifth one. Three-webs of the first four classes and
their differentiable local (coordinate) loops were largely investigated [1-8]. It is
known about differentiable hexagonal three-webs [1], [9] that a given three-web is
locally hexagonal if and only if

bi]kl) = 0

Here bj, is a curvature tensor field on the manifold of the web and the round
brackets denote the symmetrization with respect to the indices j, k, /. The structure
of any analytic hexagonal three-web in a neighborhood of an arbitrary point is
uniquely determined by the values of torsion aj, curvature b, and covarient
derivatives (with respect to Chern connection) ¢}, = D, bi, and d,,, =D, b, at a
given point (Shelekhov’s theorem, [4], [10]). The problem of finding integrability
conditions for the pointwise tensors aj, bj,, €., dy,, (defining relations of
algebras tangent to hexagonal three-webs) remains open.

In what follows we deduce algebraic expressions for tensor fields ¢, and dj,,

of a hexagonal three-web in terms of ajy., bjy, d,u m> Where the square brackets
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denote anti-symmetrization with respect to inserted indices. In this way we formu-
late a more economic version of Shelekhov’s theorem and we make some progress
in investigation of the corresponding integrability conditions.

An explicit description of the whole collection of integrability conditions and
their interpretation in terms of the theory of Lie algebras (in the spirit of [5], {6])
remains an open problem. Its solution could conclude the series of infinitesimal
theories corresponding to the five classical varieties of three-webs and could allow
to describe the variety of analytic hexagonal three-webs. As far as we know the
progress in this matter is reduced to separate examples. In this connection let us
mention the Griffits’ conjecture [11] on representation of hexagonal three-webs of
dimension k in R* by cubic hypersurfaces in projective space PR* ™!, see [2] for
counter-examples.

Let us remark that analytic hexagonal three-webs allow an algebraic
treatment [4] via analytic local loops (Q,-*,\,/,e) satisfying the following
identity:

(x/a)(b\((x/a)(b\x))) = ((x/a)(b\x))/a)(b\x).

Thus the above considerations have an interpretation in terms of the general
theory of differentiable composition laws with identities. For the algebraic inter-
pretation of tensors aj, bjy,, df;xn. see [12].

The proofs of propositions 1-6 are omitted in the present note. They are
calculational and were executed via a system of analytic calculus.

Let M be an analytic manifold of dimension 2N equipped with analytic
foliations f,, f>, f; of dimension N such that every point of M belongs to exactly
one leaf of each foliation and the tangent spaces of the leaves through every point
of M are in general position. Then (M, f}, f5,f3) is called a (multidimensional)
three-web [1-8].

Let us introduce on M co-frames (Qf, Q5), ;-1 ~ such that the foliations
f1,f. 13, correspond to the following system of Pfaffian equations

Q=0 Q=0 Q+0Q=0, i=1,...,N.
Then the following structure equations of the three-web M hold [1-4]:

inzﬂfl/\Q}—ka}kaiAQ’f] M

0= AQ—al, Qb A

dQ) = QF A QL + b, 05 A Q. (2
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Here the tensor fields aj,, by, (i,j, k,{=1,..., N) are called the torsion and the
curvature of the three-web, respectively. Obviously the torsion satisfies the condi-
tion

Throughout this note we assume that the following hexagonal condition
bé ki) = 0 (4)

is satisfied. (Hereafter the round brackets denote symmetrization with respect to
inserted indices and the square brackets denote anti-symmetrization.) For geometric
characterization of hexagonal three-webs see [1-4].

By differentiation of (1) we get [2]

. s . .
e = 5(a% 2, +afa, +afa), (5)
1 i i 2 i

D; a; = b, D7 aj, =bj 4. (6)

Here (D', D?) is the canonical connection in the space of the three-web M (called
Chern connection [1]) defined by the rule:

-Jm

:dq);l Im +(Df1~»lmQIP —(D;’ fmgj?l - _q)jl:IH-I’S!fm’

for tensor fields d)}l g baJise- s jm=1,..., N, on the manifold M. Differential
operators D' and D? satisfy the following commutation relations

l

[D;, D},](D}l b T “ZD: (D;] cJmBpgs
[Dlzn Dczl]d)}] cdm 2D12 (D;] e Jm a;"l’
[D},, Dg]q);l i =P, Dy =@ b= =@ b (N

Note that the pair of identities (4)-(5) is equivalent to the following:
O'jkl(b/i’kl - 235’1( a;z/) =0, (8

where 6, denotes the cyclic sum with respect to indices j, &, L.
We introduce on M tensor fields

P NI i T W
Cikim =D, ikl iim =D, ikl 9
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Then we get the integrability conditions for the system (1)-(3), (6)-(8) in the
following form [9]

S|}y = bl 8, (10)
Gy = — By, 85,1, (11)
< am — b jjmpprr = 8 Doy — A 05y — 2, WL, (12)
Sl Cim — 2B i Ay — 284 Bfy i) =0, (13)
0'jk1(d}k1m ~ 2b ay, —2a, b)) =0. (14)

The identities (10)-(14) allow a partial solution. More precisely, the following
proposition holds.

PROPOSITION 1. The following are true:

3Ckim = 3¢{ jrym — 6 sy + 3¢ s + 3C{xim1r — A€kt + 41k
+ 4¢ ki + 2C i + 2Cx i + 26k i 260106 + 2C0mpe

~ AC{pgic; + A g + 2 rum + 2¢) s (15)
where

 ikim = 368000 mii Apt + B (1)

ikl = 01 ¥

g = A iy + A By — A 05, — 2, DL,

3d1“k1m = 3dfﬂd]m - 6df/ml}k + 3df gkt + 3df/mk1, - 4d5j[km] + 4d}k[lm]
+ A g+ 25 + 2 + 20+ 2+ 2

~ Ay s + 440 s 291k 280 ks (16)
and where

i 2
df Jkllm = Sd'jkl(bfjk]m a;l + afk bf,;/]m)a

d_;:k[/m] = _bjlkp aj,,.
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The proof is done by direct computation. O

The identities (15)—(16) will be considered as the algebraic expressions of

the tensor fields ¢, and dj,, in terms of basic vector fields aj, b, and

i
i1y

PROPOSITION 2. The identities (10)—(14) are reduced, in virtue of (3), (8), (15)
and (16), to the following identities:

ajlm(diﬂk‘l]m + bjl:kp a!;m) = 09 ( 17)
O'jkl(df;1k|1]m - bejk]m a;;[ - 235'7/( bfp/]m =0. (18)
Ol

As a result of these considerations we state the following theorem.

THEOREM A. The integrability conditions of the system (3), (6), (8), (9), (15)-
(16) are reduced to (17)—(18). O

We pass to an analysis of the system of equations (3), (6), (8), (9), (15)—(18).
For that we introduce on the manifold M tensor fields

T — Y! 1 q: — 0
Dn c]klm - Xjk[mna Dn djklm - Ujklmn’

2 i — V! 2 — i
Dn Cjklm - ij[mn s Dn djlklm - _;klmn . ( 19)

Tensor fields X, U, Y, Z satisfy the following relations (commutation relations (7)
applied to by,):
in'kl[mnl = cj’k[p a‘r’nn’ (20)
ijl[nm] = —d;klp a,, (21)
Ujl:khzm = Yl:klmn + b]pk[ b;l;mn - b;;kl b;'mn - b_]’p/ men - b,l:kp bymn . (22)

7

The following identities are derived from (10)-(14) by applying D!- and
D’-derivatives:
3X i = D3¢ i — Oy + 3¢ e + 3Ckimy; — 4C;c[l| ) 4c}[k|/1m]
+ 46 1kin + 2€umin + 2€0k m + 28 min + 201000 + 2€Tmpk

— Ay + 4 e + 2€0rym + 26 s (23)
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where

D, ¢l ixtim = 30k i1 8ot + B Ll + B mias Bipfafiy + BEapia Bpimin):
D, ikt = ipin B + Bpi i
D, ¢t g = Ul jimpaiin + B, a1i Boms — Bl aja Wit = 011 57 Dt
+ % Chpn — Aoy gy — 25,40
Ulttiman = —Cicpn ¥ = Biap Dipapns (24)
8kt (Ut — 260 sin B — 285 Sty — 251 D 117 — 250 a1ag By = 0, (25)

3V = D236 — 66 sy + 3 e + 3kttt — 4401y + 4501

+ €5 ik in + 2€pmin + 21im + 2k min T 26010 + 2C7mpk)

— AC{i; + A€ e+ 2€0ks1im + 260 ) (26)

where

D} ¢{xnm = k/(df,|m4k]n 2+ 8% 10 B Do + B jin B jmin)s
D; Cj[kmm] = dpln em 1 bjpl bfirins
D ¢ jim = Zlem\k]ln + B s Dt — B pign U — B o1 Vs + 2,
ie @ — A &,
3Z’k,mn Dﬁ(3dfjk,]m —6d; . + 3y + 3dimy — 4d§,[km] + 4d! i)
+ 4d) g + 245, 0 24, g + 20 24500 + 2d5sp,0)

- 4ka|/[mljn + 4ij|k|m]1n + 2ZEI{j|k]mn + 2ij\m|l]kn (27)

and where

2 2 i i i 1
D7 d jiin = 505 (8 sgpan Bps + 25 A prinn + B it B + 0F 0, b7 13),
D d jk[Im} = djl'kpn a‘I)m - b;kp I)flm]n s

ajkI(ij|k|l]mn - 2d‘ij]mn apl 2af d[p[]mn - bfjk]m bfpl]n - ijk]n bfp/]m) = O, (28)
aj[m(ij|k|I]mn + d_;:kpn afm + b}kp bflm]n) =0. (29)

In virtue of (22), (23), (26) and (27), the tensor fields X, Y, Z and U will be
considered as algebraic combinations of tensor fields aj, bj;, &{;jm> Z{jixjnma- BY
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a partial solution of the system of equations (20), (21), (24), (25), (28) and (29) we
get the following expression for Z{ ) pm :

6Z 11w = 6Zimtent 1) + AZLimppti ity — Znio i1 — 6 Zipmpmis + 3Lt + 3Ly

+ OZ e — 3Z{m£’klnj ~ 34y — 4Z§tm{kj]{ +A4Z, iy ALy

+4Z, iy — ity — Yoimiyy + 2Lty + 2Lty — 22, ikl

+ 225t — 2Zotgs; — 2Liemntty — 2Lttty — 2Lty + 2Lt oy

= 2Ziiimj ~ 8Linistomny + 16Zbaji i) + 4L i + 8Zftl 1)

= 16Z 111 = Hdoni s + 8Lt e + 8Zfiginin — BLixg e

+ 27, e + 2 e + 2 e — 2L e = 28t — 2Lt i

— AZ i tmis + 6Zbnjtye + O juirric + L4 ity + 2L

~ 22+ 2L e O i — 27, ity + 2L il = 2t

= 62t + 2L gty — 22y + 2Z}i + 8ka1n;m3{ i+ 2L

=~ 2Lt 1 + 2L iyn — 2Ly + 22, ktntim — 2Linsim + 2Lkitim

+ 2Zicasjyn = A ¥ it = Zi iyt + 3 ¥ Gt = i)

+ 4(Yimmini; = Litiicimins) — 3 X temins — Ziinpotty) + 2 bt — L {mlTkt)

= 2(Y bty = Zinpmlrye) — 2 fayjr — L)

= 20Y {tnomty — Zigitjupmy) + 3(Yiym — Ul + 3( Yinimj — Ufmijm)

= 6Ulg 1 + 3wyt = Y fnmpit + 3Y i jmpr + 3Y i — 3Yikntims

+ 6 Yy — 3Yamns = 3¥hutmaies — Yot ittt + 4 Y knp e

+ 4 e impin + Aoy — A kg tmts — AY by + 2Y i

+ 2Y iy + ZYn{&;m{ vt 2Y e — 2Yk(n;mgrx, = 2Y ey

= 2Yoik ity = 2oty + 2 ettt — 2Y ity (30)
where the tensor fields  Z{aipmns  Lingimins Ly XL it — Zf Sl )s
(Y: jk,m,, — Jk,nm), Jk[,,m],, Y[ et X tklgmy: are expressed in terms of a k, bjk, and

df Jiipm (see above). As a result of these considerations we state the following
theorem.

THEOREM B. Eguations (3), (6), (8), (9), (15), (16), (22), (23) (26), (27), and
(30) form a Pfaffian system defining structure tensor fields ajy and by, of the
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hexagonal three-web. Any solution of the system in a neighborhood of an arbitrary
point 0 is uniquely determined by the initial values, i.e., by the values of a3 (0), b}, (0)
and & ;jn,,(0) at that point. |

This theorem was proved by A. M. Shelekhov [4], [10]. In Shelekhov’s formula-
tion the local structure of a hexagonal three-web is uniquely determined by initial
values a4 (0), b%,(0), ¢y,,(0) and dj,,(0).

Expressions (15)—(16), discussed above, allow us to formulate a more economic
version of the theorem and to make some progress in the investigation of the
integrability conduction of this system of structure equations (see below).

The following propositions hold:

PROPOSITION 3. Eguations (21), (24), (25) are algebraic corollaries of the system
of equations (3), (8), (22), (23), (26), (27), (30) and (17), (18), (20), (28), (29). O

PROPOSITION 4. Eguations (28) and (29) are equivalent in virtue of (3), (8), (17),
(18), (30) to the following identity:
0 it {1 — 68 ey By — 613 + Loy ) Wi — 6(dis 1y + i) A
+ 305, ( =iy, +bip) + 300 B + 3y
~ 3620 B = 36mr Bl — 3oy B — 300 B, — 301D
+aha,,(— 12bj,, — 6b,, + 6by,;) + 4af a; by, + 3a5 a; b,
+ af a], (—2b,, —2bj,, —4b;,, + 3b),,) — 6a,,a,, b, + 6a, a,, bf,,
+ 6a,, ai, (b, —bi,)] +[m o n]} =0, (31)

where [m < n] denotes the expression obiained by the permutation of the indices m
and n in the expression into the square brackets. (|

PROPOSITION 5. Under conditions of (3), (8), (17), (18), (22), (23), (26), (27),
(28), (29), (30) equation (20) is equivalent to equation (32) by
{[a;j(zdfm\kh]l - dfm|/|n]k) - a;ia/dfmmn]k + Zaj;m dfllnmk + 3aﬁdfanplnlk
+ 285, (A oy + Qi) + 285, 40510 + 2580, (B + D5 — 200, di ),
+ a;a,,(2bf. + Wy + b, — 2b%,, -3 el -3 ) + abal (bl +bly,)
+ a2, (4bfug + 30y +3bg.) + (a3, — Ay al)(bl +bl,)
+ L8, 8, (e — Be) — Ay, 3 (3bs + b, + 85, 80— 10byey — 2Bl + Ble
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+ by, + + $bfipp + 3 ) + AL, 20 (— 120,y + 3b{ s + 30 piy))
+ aj, a5(4bl, . — by, — b)) +al,a), b5, + a7, a, bi,
a%a, (12bj,, —bj,) +al,a, (%bfkn]f - %bfnz]k + D)
+al, a;;( +12bfy — 26} — bip) + a5, (g + by, — by, — biy)
a, (b, + b, + ab, a,(+15bj,,, + 3b;,, + 3b,, —b.,,)
+ af, 2, (+ 13bf,; — bi,y + by + bi) + afa),, (bl — 3B — bi,,)
), a) (—bi,, — b}, —by,) +a5;a,(12bf,,, —bl,.)
+ ab, aL, (11bf,,; — 3by, +3bi, +bl, —bi )
+ &, a;,(14bt . — 2b},, + b, +biy,)
+a),,a, (—3bj, — bl + bl — 3bi, + 2bi,,) —al,, a),(2b}, + Sbt/k)
+ 387, a0, (b —bio) +5(bf,, W — bl b7, — by, By + b, 10)
- %(bf?pm b+ b, b + b, b)) + %bfmsp] b, — %b{mnp] b7,
—3b2,, b, + L e+ Do bl + 4bf/nm] ok 4bflmn] ikcp
= B, Oy — bjpm b + bﬁk/bfn,p + o b+ 307 (B, — b))
+ Blopi (b, — 3b5,) — b, e+ 3Dk Vonp LA b
+ B (3B, + %bﬁnpf + %b}km) + 3b{y Bl — b1 Bfiiy
+ b+ b}p; +%b§1'p = %b;)fj) + b2 it — 4 i +3b; Vipt — lbllg)
— B (5Dl + 3b05) = 3DFmn By + 3154, b1 1
+ b W ] = [ o 1]} + ok} =0, (32)

where [m < n] denotes the expression obtained by the permutation of the indices m
and n in the expression into the square brackets {j «» k } —analogically. |

PROPOSITION 6. Equation (31) is an algebraic corollary of equations (3), (8),
(17), (18), (32).

(The operator of cyclic summation with respect to indices j, k, / must be applied
to {32) in order to prove the proposition. The resulting identity is equivalent to
(31). a
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Finally, we have the following theorem.

THEOREM C. The integrability conditions of the system (3), (6), (8), (9), (15),
(16), (22), (23), (26), (27), (30) are reduced to (17), (18), (32). O

Concluding remarks

In order to get the differentiable extension of system (3), (6), (8), (9), (15), (16),
(17), (18), (22), (23), (26), (27), (30), (32) one has to consider the commutation
relations (7) applied to df;;;;,, and D'-, D*derivatives of equation (32). Three of
these five equations follow from the following:

1 . .
Dp(le'k[[mn] — Cess a,,) =0,

1 i 2 Y T¢ — A i 4 {4 ] 1
Dp Z[j|k|1]mn - Dn Ufj|k\1]mp - d[jlk]l]m b;pn - d{r\kmm bjpn - dEle]m bkpn

- dfj|k!t]m b;pn - dij|l(|l]1 bﬁnpn' (33)

Thus further analysis of the system is reduced to the computation of equations (33)
and an investigation of their independence from (3), (8), (17), (18), (32).

The author thanks the Department of Mathematics of the University Paul
Sabatier (Toulouse, France) for its hospitality during the period when this work
was accomplished.
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