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Abstract. We investigate holographic scattering processes
in BaTiO; pumped by two coherent copropagating
waves. Four lines are observed on a screen behind the
sample. The experimental results are well described by
a model taking into account parametric mixing of four
copropagating waves and limitations of optically induced
space charge fields because of the finite trap density.

PACS: 42.40; 42.65; 42.70

In the last decade many interesting light-induced scattering
phenomena have been observed in photorefractive crystals
[1-8]. In principle all nonlinear scattering nearly degener-
ate in frequency results from the same effect: A variety of
“noisy” volume phase grating are recorded by incident
light waves and waves scattered from volume or surface
imperfections of the crystal. Subsequently, the scattered
light is amplified because of direct coupling of two beams
by a shifted grating [9] or as a result of parametric mixing
of more than two waves [10, 117. It was shown [7, 8] that
two types of parametric processes occur, 4 and B, which
are defined by the phase matching conditions

kpl + kPZ = ksl + ksZ: (13.)
kpl - kp2 = ksl - ksZ- (lb)

Here k1, k,, denote the wave vectors of the two pump
waves and ky; and k,,, the wave vectors of a pair of
parametrically coupled scattered waves. The gain factor
for the scattering critically depends on these phase-match-
ing conditions. As a result, the scattered light propagates
in limited angular windows with characteristic intensity
distributions. For copropagating pump waves the A-pro-
cesses manifest themselves in scattering rings and the
B-processes in unclosed, slightly curved lines on a viewing
screen behind the sample. In uniaxial crystals there exist
two types of optical eigenmodes different in polarization,
ordinary (o) and extraordinary (e) waves. Applying this
fact to (1), nine different elementary A- and 10 B-processes
are obtained [12].

Of particular interest are scattering effects in photoref-
ractive BaTiO; because of its very large electrooptic coef-
ficients. Here different scattering rings [1-5] and lines
[6, 131 have been discovered. In [13] we reported on
a B-process in BaTiO; pumped by two ordinary co-
propagating waves which yields four scattering lines on
a screen behind the sample. If counterpropagating pump
waves meeting the same phase-matching conditions are
introduced, too, mirrorless oscillation occurs.

In the present paper we perform an extended analysis
of this parametric process. Additionally we consider extra-
ordinarily polarized pump waves. First we describe the
basic experimental observations and then we present
a model of this nonlinear mixing of coherent light waves.
The scattering geometry and the steady-state gain factor
are investigated in detail. Finally we report on further
experiments supporting our model.

1 Basic experimental observations

We use single domain BaTiOj; crystals grown in the crys-
tal-growth laboratory of the physics department of the
University of Osnabriick. Most experiments are per-
formed with a sample of dimensions 4.2 mm x 5.0 mm x
4.8 mm (a x b x ¢) cut along the principal crystal axes and
containing an effective trap number N = 4 x 1022 m 3,
as determined by beam-coupling measurements (see, e.g.,
[14]).

The experimental arrangement for our investigations
is shown schematically in Fig. 1. Two light beams of an
Ar*-ion laser (TEMg, mode, wavelength A = 514.5 nm,
intensity I = 7000 W/m?) impinge upon a BaTiOj; crystal
symmetrically. The unexpanded pump beams form an
angle of 20, (in air) in the plane of incidence, which is
chosen to be perpendicular to the c-axis of the sample.
A phase retarder (4/2 plate) is used to obtain ordinary or
extraordinary polarization of the pump waves. The scat-
tering patterns are observed with the help of a screen
placed about 1 m behind the crystal.

At the very beginning of exposure only the two spots
marking the positions of the pump waves are visible on
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screen

Fig. 1. Experimental arrangement; k,; and k,, denote the wave
vectors of the pump waves, p and ¢ the polar coordinates on the
screen, O, is the scattering angle and 6, the pump angle

a)

b)

Fig. 2a,b. Intensity distribution on a screen behind the crystal for
(a) ordinarily and (b) extraordinarily polarized pump beams

the screen. Then, during continuous illumination with
ordinarily polarized pump waves, we observe the develop-
ment of four scattering lines (Fig. 2a). The light scattered
into the outer lines has also ordinary polarization, where-
as the light scattered into the inner lines is extraordinarily
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Fig. 3a,b. Scattering angles 8¢ and 6? of the inner and outer scatter-
ing lines in the plane of incidence vs pump angle 8, (all angles in air).
(b) Deviations p/p, from straight lines at an azimuth angle ¢ = 45°
as a function of pump angle 8,,.. The full lines are calculated (no free
parameter) from (2) and (3), and the squares are measured values.
For comparison the dashed line showing the relation
p/po = 1/cos45° is also included

polarized. When we change the polarization of the pump
waves to extraordinary polarization, we observe dark
inner lines inside the scattered noise and very weak (barely
visible), extraordinarily polarized outer lines (Fig. 2b). In
addition, scattering rings are found which will not be
considered in the following. For both polarizations the
intensity of the scattering pattern is symmetric with re-
spect to the plane defined by the e-axis and the bisector of
the two pump waves.

The measured scattering angles 85 and 67 of the inner
and outer lines in the plane of incidence are shown in
Iig. 3a as a function of the pump angle 0, The solid
curves represent the calculated dependences (see Sect. 2).
The scattered lines on the screen are not perfectly parallel
straight lines. The deviation can be expressed by the
quantity p/p, as a function of the pump angle 0, and the
azimuth angle ¢ (see Fig. 1). Fig. 3b represents the meas-
ured dependence of p/py at ¢ = 45° fitting well to the
calculated dependences (Sect. 2). Both, scattering angles
and the deviation from straight lines, are the same for
ordinarily and extraordinarily polarized pump beams.



2 Theory
2.1 Description of the model

For BaTiO; we can neglect grating recording via the
photovoltaic effect in comparison to recording via diffu-
sion. The gratings are written by pairs consisting of two
waves with the same polarization and the gratings are
phase-shifted by =/2 with respect to the interference
fringes. Furthermore, electrooptic tensor coeflicients
involved in anisotropic diffraction (ry3; =r13; =~
1300 pm/V) are much larger than that for isotropic dif-
fraction (ry;3 = 8 pm/V and r335 ~ 103 pm/V) [15]. For
this reason mainly anisotropic diffraction is of import-
ance.

We propose the phase matching conditions (1b) and
the wave vector diagrams of Fig. 4 to describe the experi-
mental observations. In the following we shall mark the
pump and scattered waves by the subscripts p and s, and
ordinary and extraordinary polarization by the super-
scripts o and e.

When the pump waves are ordinarily polarized, para-
metric amplification occurs as follows (Fig. 4a): The inci-
dent pump wave with kp; and the scattered wave with kg,
record the grating with K,. The second incident pump
wave kj, is diffracted from this grating to enhance the
scattered wave k&,. Then k¢, is diffracted from the strong
grating K, recorded by the two pump waves, into kg;.
Because of the n/2-phase shift of the gratings with respect
to the interference pattern, there is no phase shift between
the initially scattered wave kg; and the wave diffracted
twice, resulting from k3, — kS, — k; (see Section. 2.2.1).

Fig. 4a,b. Phase-matching conditions in the space of wave vectors
for (a) ordinarily and (b) extraordinarily polarized pump beams.
The subscripts p and s denote pump and scattered waves, and the
superscripts o and ¢ ordinary and extraordinary polarization
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This leads to a constructive interference and amplification
of k¢;. In this way the four waves k3, kj,, kg, and kS, are
coupled parametrically. Analogously, the four waves k3,

02, kg3 and kg, are coupled via the gratings K; and K;.
Anisotropically written gratings, e.g., K, or K}, in Fig. 4a,
are not considered in our model as mentioned at the
beginning of this section.

For extraordinary pump wave polarization no para-
metric amplification can occur (Fig. 4b): In this case the
incident pump wave kg, and the scattered wave with kg,
record the grating with K. The other incident pump wave
k;, is diffracted from this grating to enhance the scattered
wave k2;. Then kg, is diffracted from the strong grating K,
recorded by the two pump waves, into k¢,. In contrast to
ordinarily polarized pump waves the wave diffracted
twice, resulting from k;; — k2, — k¢,, is phase shifted by
7 with respect to the initially scattered wave kg, (see Sect.
2.2.2). This results in a destructive interference and attenu-
ation of k$,. For this reason dark inner lines are observed
in the scattered noise (see Fig. 2b).

To check our model we calculate the dependence of
the scattering angles 8¢ and 67 (in air) of the inner and
outer lines in the plane of incidence (Fig. 4) from (1b). We
obtain

. .. n2 —n?
65 = arcsin { sin 0, — —— ,
4sinf,

nZ —n?
69 = arcsin | sin 0, + ————=), 2
: < P 4sinb, @)
where n,, n. are the refractive indices of the ordinary and
extraordinary waves, respectively. In addition, we use (1b)
to calculate the deviations from the straight lines for the
outer and inner lines. Considering refraction at the output
face of the sample and the fact that the extraordinary
refractive index n.(¢) decreases when the azimuth angle
¢ (see Fig. 1) increases, we obtain the relations

<£>e_ cot B (¢ = 0)
Po /F 4sinf,cosp |

| 4sin° 0, —nZ +nl(p) |

(£)° B cot 82(¢p = 0) 3
Po \/" 4 sin 6, cos @ 72_1

| 4sin” 0, +nZ — nZ(o) |

for the inner (e) and outer (o) scattering lines, respectively.
The solid lines in Fig. 3a and b represent the relations
calculated from (2) and (3) with the values n, = 2.491 and
n. = 2.425 [16]. Good agreement with the experimentally
determined dependences in obvious and confirms our
model. Equations (2) and (3) are valid for ordinary as well
as for extraordinarily polarized pump beams. For the
smallest possible grating vector K;, |K;|=4n=
Ho — Ne = 28100, i, (Fig. 4), we find the minimum pump
angle 0, i, = 2°. For smaller pump angles the phase-
matching conditions cannot be fulfilled at A = 514.5 nm in
BaTiO;. Furthermore, the outer and inner scattering lines
cannot be observed outside the crystal because of total
internal reflection at the outputface of the sample for
pump angles 0, smaller than 5° and 4.5°, respectively.
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2.2 Coupled wave equations

The calculation of the output intensities and phases of the
scattered waves is based on the solution of the set of
coupled wave equations for slowly varying complex am-
plitudes Ay, As, Ay and Ay, of the four interacting
waves. This technique is widely used in nonlinear optics
and also well adapted for photorefractive materials (see,
e.g., [4]). If the intensity of the scattered light is small in
comparison to the intensity of the pump beams, the un-
depleted pump approximation (0A,;/0x =0, 0A,,/0x
= 0) may be used and the set of four equations will reduce
to only two equations for the amplitudes A, and A,,. One
should also keep in mind that the photorefractive nonlin-
earity is strongly degenerate in frequency.

2.2.1 Ordinary pump wave polarization. For ordinarily
polarized pump waves we derive the following set of
equations:

0A, K
6x1 - I, cos HS,mBlesz’
6:34;2 - Io coi 0% in Boida )
with
Biz = (Eajg, 1 * 951)(%1 : epZ)Apl A::z:
By1 = — (Egsgr, 1 esl)(epl ' epz)A§1 Ap2
+ (Eair, 2 * €p2) (€51 * €1) Ap1 Apa- ®)

Here Iy =|Ay|* + |Ay,|* is the total intensity of the
pump waves, Kk = Tngnr131/4 the coupling constant, r; 3
the electrooptic coefficient involved, e,;, €,,, €1, €, are
the polarization unit vectors of the pump and scattered
waves and Eg 1, Eqir o the diffusion fields for the grat-
ings with the wave vectors K; and Kj:

e _kT K
diff, 1 — e 1 + |K1|2/K52
ke T K,

Eqitr, 2 e 1L+ [K2|2/K52 (6)

where kg denotes the Boltzmann constant. T the absolute

temperature, K, = /e N g/seokg T the Debeye screening
factor, e the absolute value of electron charge and N the

effective number of traps. The subscript in stands for
angles inside the sample. By using the boundary condi-
tions A (x = 0) = Ay and Agy(x = 0) = Agyo we devel-
op solution for the amplitudes of the scattered waves in
the steady state:

/B
Aqg = Ag1o cosh(I'x) + Agzo B—lzsinh(Fx)
21

/B
Ay, = Agro cosh(Ix) + Agpo B—“sinh(rx) (7)
12

with the gain factor

K
S «/BIZBZI‘ (8)

IO COs es.in

The expression under the square root is real and the gain
factor I is purely imaginary or real. For large real gain
(I'x> 1) the scattered light is amplified exponentially. For
imaginary gain I' = i|I'| the hyperbolic functions in (7)
become trigonometric (sin | I'|x, cos |} x). No steady-state
amplification occurs in this case, only the phases of the
transmitted seed waves change with increasing |I'| x.

For real gain and exponential amplification the in-
equality B;,B,; > 0 has to be fulfilled. This can be written
as

[Eaier, 1] < [Eaier. 2] &)

From {(6) one can see that this inequality strongly depends
on the pump angle 6, and the effective number N of
traps. Equal diffusion fields are obtained for |K;| = |K,]
which yields the pump angle 6, = 12°, independent of
N Figure 5 shows the calculated dependences of the
gain factor I' on the pump angle 6, and the effective trap
number N Note that for N > 13.5x10*2m ™3 ex-
ponential amplification is possible only for pump angles
0, < 12°, whereas for N g < 13.5x 102 m ™3 exponential
amplification can be observed only for 6, > 12°. For
6, > 12° and N < 13.5x 102 m™~? the gain factor I’ in-
creases with decreasing N because of increasing differ-
ence |Egir, 2| — |Eaitr, 1|, and decreases because of decreas-
ing |Egg 1) This leads to a maximum of I' for
Neff =7x%x102m 3.

The steady-state intensities of the scattered wave for
e 1 and Ayqo> Agzo read:

|Asl|2 = %|A510[2 eZFx’

lAsz|2 =%|As1oize”x|321/312|- (10)
2.2.2 Extraordinary pump wave polarization. For extra-
ordinarily polarized pump waves we obtain the same set

of equations (4) (previous subsection) as for. ordinarily
polarized pump waves, but with different factors:

By, = (Ediff, 1°€1 + Egir 2 esl)(epl : esl)AplA;kb
By = (Eaier,1* esl)A;JklApZ‘ (11)

The important result is that the inequality for exponential
amplification, B{,B,; > 0, cannot be fulfilled under any
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Fig. 5. Calculated gain factor I' versus pump angle 6, for various
effective trap densities N according to (8). The numbers are the
values of Ne/1022 m ™2



conditions. No steady-state amplification occurs in this
case.

3 Additional experiments

In the following we present additional experiments sup-
porting our model. To detect the involved gratings we
measure the angles for Bragg diffraction at the different
wavelength A = 633 nm (see, e.g., [17]) during continuous
illumination with both pump beams of wavelength
/= 514.5 nm. If a grating with a vector K indeed exists in
the crystal, it may be read by a wave of different
wavelength. From Bragg’s condition

K =k% — k& (12)

(where the subscript rd denotes reading) we can deduce
relations between the pump angle ¢, and the angles 674
and 6;; of the incident and diffracted readout beam. In
Fig. 6 these relations for the gratings K; and K, are
compared with the measured values. The angular depend-
ence expected for the grating K, (see Fig. 4) is also in-
cluded in Fig. 6. Note that for two-step diffraction such
a readout of K, = K; — K, is impossible, because the
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Fig. 6a,b. Dependences of the anisotropic readout angles 85° on
the pump angle 0, (readout wavelength 1= 633 nm, pump
wavelength 4 = 514.5 nm) for the gratings (a) K, and (b) K,. The full
lines represent the calculated dependences; the squares and the dots
are the experimental values. The dashed lines in (b) are calculated for
the anisotropically written grating K, (see also Fig. 4a)
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Bragg condition at the changed wavelength cannot be met
simultaneously for two different grating vectors K, and
K. Thus the result of this experiment clearly indicates the
existence of the gratings with the vectors K; and K, in the
sample, whereas we do not succeed to detect gratings with
the vectors K, and Ki,.

The study of the scattering dynamics reveals a signifi-
cant difference for illumination with two pump beams
after total erasure of all gratings, and after the crystal is
pre-illuminated with one pump beam (Fig. 7a and b). In
the first case we observe the usual temporal development
of the scattered light intensity as observed for other para-
metric scattering processes in BaTiO; (see, ¢.g. [4]). In the
steady state the intensity of the outer scattering line (kg;) is
nearly two times higher than the intensity of the inner
scattering line (k$,). This experimental result is well de-
scribed by the ratio I /I, = |B,1/B;,| = 2, which follows
from (10) and (5) for a pump angle 6, = 16° and a crystal
with an effective trap number N4 =4x102*m™3.
Switching on the second pump beam kj, after pre-illu-
mination of the sample with only pump beam kp;, we
observe a different behaviour of the light scattered into the
inner line k,, whereas the light scattered into the other
lines (k3y, kés, k2,) shows the same time dependence as
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Fig. 7a,b. Temporal dependences of the intensity of the light scat-

tered into the inner and outer lines (a) after all gratings were erased

and (b) after the crystal was pre-illuminated with the pump beam
51. At t = 0s the two pump beams are switched on
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Fig. 8. Intensity (arbitrary units) of the light scattered into the inner
lines as a function of the pump angle 6, The measurements are
performed using three BaTiO; crystals with different effective trap
numbers N given in the figure. The solid and dashed curves are
guides to the eye

described above (Fig. 7b). For the line k¢, a sharp transi-
ent peak of scattered intensity appears, followed by the
usual temporal behaviour. When only the pump beam ki,
impinges upon the sample, it records the grating K, with
the initially scattered wave k¢; and the grating K; with
a wave scattered into the direction of the pump beam k3,
For this reason the phase of the grating K, is different
compared to the case of two incident pump waves. When
the second pump beam k) is switched on, this beam is
diffracted from the grating K, and causes the strong
transient peak in Fig. 7b. At the same time the grating K
is overwritten with a different phase by the intensive pump
beams. The increase of K; diminishes the wave kg,, be-
cause this wave is diffracted into k;. Then the usual
behaviour of scattered intensity arises.

In further experiments we measure the intensity scat-
tered into the inner line k$, as a function of the pump
angle for different N values. To vary N we use differ-
ent BaTiOj crystals. The values of N are determined by
beam coupling experiments and given in Fig. 8. The scat-
tered intensity is qualitatively well described by the calcu-
lations (see also Fig. 5). For all used crystals exponential
amplification is observed only for pump angles 0 > 12°
(in air), in agreement with the results of chapter 2b.

4 Summary and conclusions

We investigate parametric scattering processes in BaTiO4
pumped by two coherent copropagating waves. Four lines
are observed on a screen behind the sample. The results of
our model describe the experimental data given in the
Sects. 1 and 3. First, the polarization and geometric prop-
erties of the scattering lines observed experimentally agree
very well with the predictions. In addition, the necessary
gratings K; and K, are present in the crystal, whereas no
anisotropically written gratings K, or K}, are detected.

This supports that diffusion is mainly responsible for the
light-induced charge transport.

Taking into account the effective trap number N we
can explain further experimental observations:

« In the steady state the scattering lines are observed only
for pump angle 0, > 12°.

+ The intensity of the scattering lines increases with in-
creasing 0, and remains approximately constant for
0, > 15° (see Figs. 5 and 8, N < 13 x 1022 m™3).

. The intensity of the outer scattering lines may exceed
the intensity of the inner scattering lines. The observed
intensity ratio I,,/I; = I3/, is in agreement with (10).

Finally, no parametric amplification is observed for
extraordinarily polarized pump waves as predicted by our
model.

A similar scattering process meeting the same phase-
matching conditions (1b) has been discovered earlier in
LiNbO;:Fe [8]. But in this case the gratings are recorded
by photovoltaic charge transport yielding a different ex-
ponential gain factor. Furthermore, only the inner lines
are observed.

Finally we want to emphazise that the considered
parametric mixing process of four copropagating waves
can be used for efficient amplification of any ordinary
input wave obeying the phase-matching conditions (1b)
and also for the generation of an orthogonally polarized
extraordinary replica of the ordinary input wave.
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