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Abstract. There has been considerable interest in the design of muitidimensional (MD) filter banks. MD filter
banks find application in subband coding of images and video data. MD filter banks can be designed by cascading
one-dimensional (1D} filter banks in the form of a tree structure. In this case, the individual analysis and synthesis
filters are separable and the filter bank is called a separable filter bank. MD filter banks with nonseparable filters
offer more flexibility and usually provide better performance. Nonetheless, their design is considerably more
difficult than separable filter banks. The purpose of this paper is to provide an overview of developments in this
field on the design techniques for MD filter banks, mostly two-dimensional (2D) filter banks. In some image
coding applications, the 2D two-channel filter banks are of great importance, particularly the filter bank with
diamond-shaped filters. We will present several design techniques for the 2D two-channel nonseparable filter
banks. As the design of MD filters are not as tractable as that of 1D filters, we seek design techniques that do
not involve direct optimization of MD filters. To facilitate this, transformations that turn a separable MD filter
bank into a nonseparable one are developed. Also, transformations of 1D filter banks to MD filter banks are
investigated. We will review some designs of MD filter banks using transformations. In the context of 1D filter
bank design, the cosine modulated filter bank (CMFB) is well-known for its design and implementation efficiency.
All the analysis filters are cosine modulated versions of a prototype filter. The design cost of the filter bank is
equivalent to that of the prototype and the implementation complexity is comparable to that of the prototype plus a
low-complexity matrix. The success with 1D CMFB motivate the generalization to the 2D case. We will construct
the 2D CMFB by following a very close analogy of 1D case. It is well-known that the 1D lossless systems can
be characterized by state space description. In 1D, the connection between the losslessness of a transfer matrix
and the unitariness of the realization matrix is well-established. We will present the developments on the study
of 2D lossless systems. As in 1D case, the 2D FIR lossless systems can be characterized in terms of state space
realizations. We will review this, and then address the factorizability of 2D FIR lossless systems by using the
properties of state space realizations.

1. Introduction

One-dimensional (1D) filter banks have been shown to be very useful in subband coding
applications. The typical applications of 1D filter banks are in the coding of speech and
music [55]. For muitidimensional (MD) filter banks, applications include coding and
compression of images and video data. Consider the filter bank in Fig. 1.1. Two of the
basic building blocks are the decimator M and the expander M. In 1D systems, the M-fold
decimator keeps only the samples that are multiples of M. In D-dimensional systems, the
decimator M is a D x D nonsingular integer matrix. The decimation matrix M keeps those
samples that are on the lattice generated by M. The lattice generated by an integer matrix
M is the set of integer vectors of the form

Md, forsome D x 1 integer vector d.
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Figure 1.1. J(M)-channel maximally decimated filter bank, where J (M) = | detM]|.
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Figure 1.2. The lattice generated by Q, the quincunx lattice.

For example, let M be the quincunx matrix Q defined as

11
Q=(_l 1). (1.1)

The lattice of Q is as shown in Fig. 1.2 and is called the quincunx lattice. The output
of the decimator Q contains only the samples on the lattice of Q. Suppose the system in
Fig. 1.1 has input X (z), then the output of the filter bank X (z) consists of X (z)T (z) and
some aliasing terms. When the output is free from aliasing error, the system is LTI with
transfer function T (z), called the distortion function. If T (z) is a delay, the alias-free filter
barnk is said to have perfect reconstruction.

The simplest way to design MD filter banks is to cascade 1D filter banks in the form of
a tree structure. In these tree-structured filter banks, the decimation matrix M is diagonal
and data is processed in each dimension separately. This type of systems is referred to
as separable. For a D dimensional separable filter bank, design cost is equivalent to D
times that of 1D filter banks; complexity of design and implementation grows linearly
with the number of dimensions. However, in this case, the supports of the analysis and
synthesis filter are D-dimensional rectangles, e.g., rectangles in two-dimensional (2D)
case. In nonseparable filter banks, the supports of the analysis and synthesis filters could
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Figure 1.3, Two types of support configurations for separable two-channel filter banks.
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Figure 1.4. The support configuration of the diamond filter bank. (a) The lowpass analysis and synthesis filters.
(b) The highpass analysis and synthesis filters.

have a variety of shapes, e.g., parallelepipeds that are not rectangles. Usually different
support configurations are desired for different applications. For example, consider 2D
two-channel systems. If we use a separable system, the support configuration will be as
in Fig. 1.3(a) or Fig. 1.3(b) when the analysis and synthesis filters have real coefficients.
(The analysis and the synthesis filters typically have the same supports; only the supports
of the analysis filters are shown.) Because the human eye is less sensitive to high frequency
component, in some applications of image coding it is desired that one subband has as much
low frequency information as possible. For these applications, a support configuration as
shown in Fig. 1.4 might yield better results [7]. Due to the shapes of the lowpass filters,
this system is termed a diamond filter bank. In directional subband coding applications
[3], [30], where directional sensitivity of the filters is important, the use of quadrant filter
banks (Fig. 1.5) or filter banks with fan filters (Fig. 1.6) might be preferred. None of
these support configurations, diamond, quadrant or fan, can be achieved by separable filter
banks. Although nonseparable filter banks offer more flexibility and usually provide better
performance, in most cases their design is considerably more difficult than separable filter
banks, The implementation complexity of nonseparable filter banks is usually also higher.

Filter banks for the application of subband coding of speech were introduced in the 1970s
[12]. Since then, studies on filter banks and subband coding have been booming [1]-{14],
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Figure 1.5. The support configuration of the quadrant filter bank. (a) The support of Hy(w). (b) The support of
Hi(w).
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Figure 1.6. The filter bank with fan filters. (a) The support of Hy(w). (b) The support of H;(w).
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Figure 1.7. Four possible parallelogram supports of the two-channel filter bank.

[17}-{35], [37]-{39], [41]-[55]. Activities in the area of MD filter banks started in 1980s.
Some of the earliest contributions were due to Vetterli {52], and Woods and O’Neil [54].
The idea of lattice decimation and expansion is an indispensable aspect of MD multirate
systems. An introduction to MD sampling and signal processing can be found in [15]. A
more detailed treatment is given in [S0}. The theoretical aspects of MD systems are studied
in [5). An excellent tutorial of MD filter banks is given in [53]. Review of fundamentals of
MD filter banks can be found at [48], [7], [Chapter 12, 50]. Results on the commutativity
of MD decimators and expanders have been reported in [27], [22], [6], [17], [18]. Recently,
the relation between filter banks and discrete wavelet transform has been extended to MD
case [11], [28], and will not be elaborated in this paper.

L1. Scope and Overview

The purpose of this paper is to provide an overview of developments on the design of MD
filter banks, mostly 2D filter banks. Several design techniques for MD nonseparable filter
banks will be discussed in this paper. They are outlined as follows.

1. Two-dimensional two-channel filter banks (Sec. II)

Commonly used 2D two-channel filter banks. Many studies have been done on 2D two-
channel filter banks (Fig. 1.1 with |detM| = 2). In particular, the diamond filter bank
(Fig. 1.4), first introduced by Vetterli {52], is of special interest in some image coding
applications. The decimation matrix M for the diamond filter bank is usually the quincunx
matrix Q as in (1.1). There is also some interest in the filter bank with quadrant filters as
shown in Fig. 1.5, [3], [30], [45]. The support of Hy(z) is in quadrants I and III while the
support of H;(z) is in quadrants IT and I'V. Filter banks in which the filters have parallelogram
supports are of importance in some applications [3]. Several possible parallelogram supports
for the analysis and synthesis filters are shown in Fig. 1.7. The filter bank with fan filters
(Fig. 1.6) is closely related to the diamond filter bank. From Fig. 1.6, we see that the fan
filters can be obtained by shifting the diamond filters by (7 0)7 in frequency domain.
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Design techniques

Design of the diamond filter bank. Most of the design techniques for 2D two-channel
systems are developed for the diamond filter bank. For the two-channel systems, there are
only four filters, two analysis filters and two synthesis filters. So in some designs, two
(or three) of the four filters are chosen such that the system is alias free. The remaining
two (or one) filters are then optimized to achieve approximate reconstruction [3], [52]
or perfect reconstruction [1], [2], [24], [38], [45]. As 2D filters are considerably more
difficult to design than 1D filters, in many cases (approximate reconstruction or perfect
reconstruction) the 2D filters are obtained from 1D filters by appropriate mappings [1-
3], [24], [38], [45]. In [2], Ansari and Lau proposed a design technique for the perfect
reconstruction diamond filter bank. A polyphase mapping method is proposed therein to
design IIR analysis filters. For filter banks with FIR filters, several 1D to 2D transformations
have been considered. For example, the McClellan transformation is used in [1]. In [45],
a more general transformation is considered and the design technique can be used for the
diamond filter bank, the quadrant filter bank or filter banks with other types of supports.
More recently [24], [38], a polyphase mapping similar to that in [2] is used to design a
diamond filter bank. This technique allows the use of FIR or IIR filters, and moreover, in
the IIR case the filters are guaranteed to be causal and stable.

Design of other types of filter banks. The design of the other commonly used filter banks
is closely related to that of the diamond filter bank. The fan filters (Fig. 1.6) are shifted
versions of the diamond filters and hence can be obtained by first designing the diamond
filter bank. The filter banks in which the filters have parallelogram supports (Fig. 1.7) can
be derived from the diamond filter bank by using the so-called unimodular transformation.
This will be addressed in Sec. III. Some of the design techniques developed for the diamond
filter bank [24], [38], [45], can be applied to the quadrant filter bank (Fig. 1.5) with some
modifications.

In Sec. II, we will review two design techniques for the diamond filter bank. The first
one proceeds along the line of [1] and the second one proceeds along the line of [24], [38].
A design example of the diamond filter bank through the second approach is also given in
Sec. I, Although the design of quadrant filter banks (Fig. 1.5) is not mentioned in these
references, we will see that the generalization to quadrant filter banks can be achieved easily.

2. Designs of MD multiple channel filter banks using transformations (Sec. 111)

As MD nonseparable filter banks are considerably more difficult to design than 1D filter
banks, various 1D to MD transformations have been proposed for designing suboptimal
MD filter banks without actually optimizing MD filters. In the design of two-channel
2D filter banks (Sec. II), we will see such examples. For filter banks with more than two
channels, two types of transformation have been proposed. In [49], the so-called unimodular
transformation is developed. By use of the unimodular transformation, we can convert a
MD separable filter bank to a nonseparable one. Consider a D-dimensional M-channel
filter bank with separable filters, Applying unimodular transformation on the separable
system, the new filter bank is still D-dimensional and has M channels, but the new analysis
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Figure 1.8. Tree structured analysis filter bank. Splitting of the kth subband.

and synthesis filters are nonseparable. Using the unimodular transformation, we will see
that the 2D two-channel filter banks with parallelogram-supported filters (Fig. 1.7) can be
derived from the diamond filter bank. In [43], Shah and Kalker studied transformations
of 1D filter banks to D-dimensional filter banks. They proposed a 1D to D-dimensional
transformation that preserves perfect reconstruction. We will present a review of these two
transformations in Sec. IIL

3. Tree-structured filter banks (Sec. IV)

Given an analysis filter bank, suppose we take a particular subband and split it into fur-
ther subbands as shown in Fig. 1.8. By repeating this operation, we can actually build
up a tree structured analysis bank. The most common example of a 1D tree structured
filter bank is the one that results in a octave stacking of the passbands. In the 2D case,
tree structures based on simple two-channel modules can offer sophisticated band-splitting
schemes (sophisticated supports), especially if we combine the various configurations in
Fig. 1.4-Fig. 1.7 appropriately. The directional filter bank developed by Bamberger and
Smith (Fig. 1.9) is such an example [3]. We will review a number of tree structure examples
in Sec. IV.

4. Two-dimensional cosine modulated filter bank (Sec. V-VII)

The one-dimensional (1D) cosine modulated filter bank (CMFB) has been studied exten-
sively in the past [10], [41], [37], [39], [35], [26]. In the 1D CMFB, each analysis and
synthesis filter is a cosine modulated version of one or two prototype filters. The CMFB
has the advantages of low design cost and low implementation complexity. The success
with 1D CMFB motivates the construction of 2D CMFB [19], [20], [29], [32], [31]. The
separable 2D CMFB can always be obtained through concatenation of two 1D CMFB by
using a tree structure. Our interest here is in designing a nonseparable 2D CMFB. The
prototype filter is in general a nonseparable 2D FIR filter with a parallelogram support.
Each analysis and synthesis filter is a cosine modulated version of the prototype, and is also
nonseparable. In the separable 2D CMFB case, each individual filter consists of four shifts
of a separable 2D prototype. However, the real-coefficient constraint on the analysis filter
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Figure 1.9. Supports of the analysis filters in the directional filter bank.

requires only two copies of the prototype. We can conceive that in the more general 2D
CMFB the analysis filters can have two or four shifted copies of the prototype. So we will
consider two classes of 2D FIR paraunitary cosine modulated filter banks: the two-copy
CMFB and the four-copy CMEB. In the two-copy CMFB, each analysis filter contains
two copies of the prototype and in the four-copy CMFB, each analysis filter contains four
copies of the prototype. The filter bank will eventually be constrained to be paraunitary;
the synthesis filters have the same support as the corresponding analysis filters.

The construction of the two-copy CMFB is analogous to the construction of 1D CMFB.
For a filter bank with decimation matrix M, non-diagonal in general, we start from a uniform
2D DFT filter bank with twice the number of channels. All the filters in the DFT filter bank
is a shifted version of a prototype filter, which has a parallelogram support. The filters in the
DFT filter bank are shifted and then paired to obtain real-coefficient analysis filters. Each
analysis filter consists of two copies of the prototype and is a cosine modulated version of
the prototype. We then study how to cancel major aliasing and constrain the prototype to
ensure perfect reconstruction of the two-copy CMFB.

The four-copy CMFB will be constructed in a similar way. But in the four-copy case,
we start from a uniform DFT filter bank with four times the number of channels, Then
we shift the filters in the DFT filter bank and combine four shifted filters to obtain real-
coefficient analysis filters. Necessary conditions on the decimation matrix will be derived
for cancellation of major aliasing.

5. Two-dimensional FIR lossless systems (Sec. VIII)

In a M-channel paraunitary filter bank, the polyphase matrix of the analysis bank E(z)
is paraunitary, [50]. If in addition to being paraunitary, E(z) is causal and stable, we

14
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say E(z) is lossless. Lossless matrices play an important role in the study and design
of paraunitary systems. The 1D FIR lossless systems have been studied extensively in
the past. It is known that 1D causal rational systems can be described by state space
description. Moreover, the 1D FIR lossless systems can be characterized in terms of state
space realization. The connection between the losslessness of the transfer matrix and the
unitariness of the realization matrix is well-established [46], [50]. This connection also
forms the basis for the factorization result developed in {14]. It is shown therein that the
class of 1D FIR lossless systems can be factorized into some basic building blocks. To be
more specific, we need to introduce the notion of degree for causal systems. Let E(z) be a
causal system, then its degree is the minimum number of delay units (i.e., z7!) required to
implement E(z). It is shown in [14] that, all the 1D FIR lossless systems can be expressed
as a product of a unitary matrix and degree-one building blocks. Similar approach can be
attempted in the 2D case, but the details are more involved. An extensive study has been
made by Venkataraman and Levy [51] and independently by Basu, Chot, and Chiang [4].
In Sec. VIII we will review some of the resuits in {511, [4].

1.2. Paper Outline and Notations

Paper outline. This paper is organized as follows: Sec. Il is devoted to the designs of 2D
two-channel filter banks, particularly the diamond filter bank and the quadrant filter bank.
In Sec. III, we discuss the design of MD filter banks by using transformations. Some useful
special cases of tree-structured filter banks are given in Sec. IV. In Sec. V, we introduce
the two-copy CMFB and four-copy CMFB. Several issues that arise in the design of 2D
CMFB will also be addressed. Details of two-copy CMFB and four-copy CMFB are given
respectively in Sec. VI and VII. Developments in the study of 2D FIR lossless systems are
presented in Sec. VIII. We will see the characterization of 2D FIR lossless systems in terms
of state space realization. Factorizability of 2D FIR lossless systems will also be discussed
in Sec. VIIL Except for the results presented in Sec. 111, all the design techniques discussed
in this paper are developed for 2D systems.

Notations. Notations in this paper are as in [50]. In particular, we will use the following
notations.

{a) Boldfaced lower case letters are used to represent vectors and boldfaced upper case
letters are reserved for matrices. The notations AT, A*, and AT represent the transpose,
conjugate, and transpose-conjugate of A. The ‘tilde’ notation is defined as follows:
A(z) = At(1/z%).

(b) When a function has vector argument, e.g. P(z),z= (20 21 ... Zp_1)',wewill
use P(z)and P (zp zi ... 2zp-1)interchangeably.

{c) The notation I denotes a k x k identity matrix, and the subscript will be omitted when
it is clear from the context.
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1.3. Summary of Integer Matrices and Multirate Systems

Fundamentals of integer matrices and multirate systems can be found in [7], [48], [50],
{53]. A summary is given below.

1.3.1. Fundamentals of integer matrices

1.
2.

Unimodular matrix. An integer matrix U is unimodular if | det U] = 1.

The notations N(M), J(M) and SPD(M). Let M be a D x D nonsingular integer
matrix. The notation N'(M) is defined as the set of integer vectors of the form Mx,
where x € [0, )P, The number of elements in A'(M) is denoted by J(M), which
is equal to |detM|. In ID case D = 1, and N(M) = {0,1,2,...,M —1}. The
symmetric parallelepiped SP D(M) is defined as SPD(M) = {Mx, xe[-1,1)P } .

Division theorem for integer vectors, Let Mbea D x D matrix andnbea D x 1
integer vector. We can express n as n = ny + Mk, ny € A/(M). Moreover, ng and k
are unique. This relation is denoted by n = ny mod M.

Lattices. The lattice generated by an integer matrix M is denoted by LAT (M).

The Smith form. A D x D integer matrix M can always be factorized as M = UAY,
where U and V are unimodular integer matrices and A is a diagonal integer matrix.
Furthermore, we can always ensure that the diagonal elements [A];; of A are positive
integers and [A);; divides [Al;41 i+1. In this case, A is unique and is called the Smith
form of M.

1.3.2.  Basic notions in MD multirate systems

Fourier transform and Z-transform. Consider a D dimensional signal x(n), where n is
a D x 1 integer column vector. The Fourier transformation and Z-transform of x(n)
will be denoted respectively by X (w) and X (z); they will be distinguished by the given
argument, w for Fourier transform and z for Z-transform. The Fourier transform of
x(n) is defined as

Xw) =Y xme ™™,
NeN

where wisa D x 1 vector withw = (wp w1 ... Wp-1 YT and N is the set of all
D x 1 integer vectors. The Z-transform of x(n), where it converges, is given by

X(z) = Z x(mz ™",
NeN
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Figure 1.10. (a) The decimation matrix M, (b) the expansion matrix M and (c¢) the decimator followed by expander.

where z = (zo 21 ...Zp-1 ). A vector raised to a vector power, as in z™2 above,
gives a scalar quantity defined as

n no_n np_y T
z =ZOOZII.-.ZD_1, n={(ny Ny ... Ap=1 ) .

2. A filter H(z) is called Nyquist(M) if #{Mn) has only one nonzero coefficient. In 1D
case, if M = 2, H(z) is called a halfband filter.

3. Decimators and expanders. For an M-fold decimator (1.10(a)), the input x (n) and the
output y(n) are related by y(n) = x(Mmn). In the frequency domain, the relation is

1
Y(W) = ~— XM T(w—27k)).
™) = 735 keNZ(MT) M7 (w - 27k))

Given an M-fold expander (Fig. 1.10(b)), the input x(n) and the output y(n) are related
by

_ xM™'n), ne LAT(M)
y(m) = [ 0, otherwise.

In the frequency domain, the relation is ¥(w) = X(M7”w), or equivalently Y (z) =
X (zM), where zZM is defined as

M = (M0 g Moo yT

with m; denoting the ith column of M.

4. Decimation followed by expansion. Consider the concatenation of the M-fold decimator
and the M-fold expander in Fig. 1.10(c). The input x(n) and the output y(n) are related
by

_ [ xm), ne LAT(M)
ym) = { 0, otherwise.
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Figure 1.11. Noble identities for multidimensional decimators and expanders.

In the frequency domain, the relation becomes

1
Y(W) = —— Z X(w—27MTk).
J(M) kenv (M)

The output Y (w) contains X (w) and J(M) — 1 shifted versions X(w — 27M~7k)
(images of X {(w)).

5. Noble identities. Fig. 1.11 shows two useful multirate identities for multidimensional
systems. These allow the movement of muitirate building blocks across transfer func-
tions under some conditions.

6. Perfect reconstruction MD filter bank. Consider the MD filter bank in Fig. 1.1. Let

NMD) = K }fz(%jb—l and the vector ko = 0. The output X (w) is given by

R JM)-1
Xw)y=TwWX(w)+ Z A (W)X (w — 27M~Tk;), (1.2)

i=1

where T(w) is the distortion function and A;(w) is the ith aliasing transfer function.
The distortion function 7 (w) is defined as

JMD) -1

T(w) = Y Hu(W)Fn(w).
m=0

J (M)

The ith aliasing transfer function A;(w) is defined as

JM)y—1

A; (W) > Ha(w—27M k) F (w).

)

The MD filter bank is free from aliasing if A;(w) =0, fori = 1,2,.--, J(M) — 1.
The filter bank has perfect reconstruction if it is free from aliasing and the distortion
function 7' (w) is a delay. In this case, X(w) is a scaled and delayed version of X (w).
As in 1D filter banks, the perfect reconstruction condition can be interpreted in terms

18
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Figure 2.1. Two-dimensional two-channel filter bank, where M is a 2 by 2 integer matrix with | det M{=2.

of the polyphase matrices. Using polyphase decomposition, the analysis and synthesis
filters have the form

HaW= Y EnM'we ™™ m=01,...,JM-1,
n;eN (VD

FuWw)= > RimM'w)e/™™, m=01,..J0M -1
neN (VD
The J(M) x J (M) matrices E(w) and R(w) with [E(wW)1,, ; = E,, ;(w)and [R(W)],, ; =
R, ;(w) are respectively called the polyphase matrices for the analysis bank and the
synthesis bank. The MD filter bank has perfect reconstruction if R(w)E(w) =L

2. Two-Dimensional Two-Channel Filter Banks

Consider the 2D two-channel filter bank in Fig. 2.1, where the decimation matrix M is a
2 x 2 integer matrix with | det M| = 2. For the diamond filter bank, the decimation matrix
is usually the quincunx matrix Q as defined in (1.1). The supports of the analysis filters
are shown in Fig. 1.4. As there are only four filters in the filter bank, two analysis and two
synthesis filters, it is possible to design perfect reconstruction diamond filter bank without
direct optimization of 2D filters. The design can be first reduced to that of two 2D filters,
which can be further reduced to the design of 1D filters. More precisely, we can design the
diamond filter bank by the following two steps.

1.

Reducing the design of the diamond filter bank to that of two 2D filters [1]. If we choose
Hi(z) and Fy(z) appropriately, we can reduce the design of the diamond filter bank to
that of Hy(z) and Fyp(z). In this case, the filter bank has perfect reconstruction if and
only if Hy(z) Fo(z) is Nyquist(Q). (The definition of a Nyquist(Q) filter is as given in
Sec. 1.3.2.) So the design of the diamond filter bank is reduced to the design of 2D
filters Hy(z) and Fy(z).

Design of Hy(z) and Fy(z) such that Hy(z) Fy(z) is Nyquist(M). Two approaches can be
used to carry out this step. Both design techniques involve only the design of 1D filters;
no 2D optimization is required. In the first approach [1], the McClellan transformation
is employed to convert the 2D filter design problem to a similar 1D problem. In the
second approach [24], [38], we will use a Nyquist(M) approach to further simplify the
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design of Hp(z) and Fy(z) to the design of a Nyquist(Q) filter Hy(z) only. After this,
we use the so-called polyphase mapping [24], [38] to design the 2D filter Hy(z) from
a 1D filter.

We will see that the above design procedures can be applied to the quadrant filter bank
(Fig. 1.5) with some modifications.

2.1. Design of the Diamond Filter Bank
2.L1. Reducing the filter bank design problem to a constrained 2D filter-design problem

Consider the filter bank in Fig. 2.1 with decimation matrix M = Q, where Q is as defined
in (1.1). With this c{x\oice of M, it can be verified from (1.2) that the output X (z) and input
X (z) are related by X (z) = A(@)X(—2z)+ T(z)X (z), where A(z) and T (z) are respectively
the alias transfer function and the distortion function given by

1
Az) = 'Z'(Ho(~Z)Fo(Z)+Hl(—Z)Fl(Z))

1
T@ = '2'(HO(Z)FO(Z)+H1(Z)F1(Z))- 2.1

The system is alias free if the alias transfer function A(z) = 0. The system has perfect
reconstruction if it is alias free and the distortion function T(z) is a delay. For alias
cancellation, we choose the following highpass analysis and synthesis filters

Hi(z) = z5' Fo(—2),  Fi(2) = z0Ho(-2). 2.2)

With this choice, the alias cancellation condition A(z) = 0 is satisfied. Furthermore, H,(z)
and F,(z) will have the desired support if Hy(z) and Fp(z) have the desired support of the
lowpass filters in Fig. 1.4. In this case the distortion function is

1
T(2) = 5 (Ho(@) Fo(z) + Ho(=2) Fo(~2)) ,

which is a delay if and only if Hy(z) Fo(z) is a Nyquist(Q) filter.
So the design of perfect reconstruction diamond filter bank reduces to the design of
diamond-shaped Hy(z) and Fy(z) such that Hy(z) Fo(z) is a Nyquist(Q) filter.

2.1.2. Design of Hy(z) and Fy(z) such that Hy(z) Fo(z) is Nyquist(Q): method 1

In method 1, we will use the McClellan transformation to simplify the design problem of
2D filters Hy(z) and Fy(z). In particular, we can convert the design of Hy(z) and Fo(z) into
a similar 1D problem: design of 1D filters H(z) and F(z) such that H(z) F(z) is halfband
(i.e., Nyquist(2)). The analysis and synthesis filters in this case are FIR and linear-phase.
McClellan transformation. This transformation was proposed by McClellan in 1976
and has been since a popular method in designing 2D filters [15], [36]. It converts a
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AE

-n/2 n/2

Figure 2.2. The desired response of H(w).

1D zero phase filter into a 2D zero phase filter. The procedure of applying McClellan
transformation on a 1D zero phase filter P(2) is as follows. Any 1D zero phase fiiter P(z)
with real coefficients can be expressed in the form P(z) = Z,I;o pn)(z +z71)", where
p(n)isreal. Thus P(z) = P (z+z71), where P (x) is the polynomial P (x) = Zf:o p{nyx™,
Given such a 1D filter P(z), consider the 2D filter defined from the underlying polynomial
P (x) as follows

Po(zo.71) = P(M(z0,21)), where
M(zo,21) = ao+ai(zo +25") + @z +27)
+a3(zozy " + 25" 21) + aa(zozt + 2527 Y. (2.3)

With different choice of g;, the 2D filter Py(z) has different frequency response.
For our purpose, the appropriate choice of M(zg, 21) is M4(20, 21), where

1 _
My(z0,21) = -2-(z0+zg‘ +z+z7h. 2.4)

If the 1D filter P(z) is lowpass as shown in Fig. 2.2, then Py(z) has a diamond-shaped
support as shown in Fig. 1.4(a). Furthermore, it can be verified that if the 1D filter P(z) is
half-band, then the 2D filter Py(z) is Nyquist(Q).

The two steps involved in designing the analysis bank { Hy(z), Fo(z)} are:

1. Design 1D zero-phase filters H(z) and F(z) such that D(z) = H(z) F(2) is halfband.

2. Apply the McClellan transformation M,;(z) on H(z) and F (z) to get the 2D filters Hy(z)
and Fy(z).

If the 1D filters H(z) and F(z) are lowpass as in Fig. 2.2, the 2D filters Hy(z) and
Fy(z) have the desired diamond support shown in Fig. 1.4(a). As H(z)F(z) is halfband,
the product filter Hy(z) Fp(z) is Nyquist(Q); perfect reconstruction is guaranteed. Because
the 2D filters designed through the McClellan transformation are FIR and linear-phase, all
the analysis and synthesis filters are FIR and linear-phase. We observe that the remaining
nontrivial part of this technique is the design of 1D zero-phase filters H(z) and F(z) such
that H(z)F(z) is halfband. The design of such H(z) and F(z) is discussed next.
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Design of 1D zero-phase filters Hy(z) and Fy(z) such that Hy(z) Fy(z) is halfband

We will discuss two approaches for this. These two approaches are elaborated below.

1. Factorization approeach [1]. We can first design a zero-phase halfband D(z) and
then factorize D(z) into linear phase H(z) and F(z). The technique described in [47] can
be used to design linear-phase halfband D(z). We can also choose D(z) to be a Lagrange
filter [45], which is a well-known class of zero-phase halfband filters that can be expressed
in closed form. However, this design of H(z) and F(z) involves factorization of D(z). We
will see that the Nyquist(2) approach to be introduced next requires no factorization.

2. Nyquist(2) approach [25], [38]. Suppose H(z) itself is a Nyquist(2) (i.e., halfband)
filter. It can be verified if H (z) F(z) has to be halfband, then F(z) is necessarily of the form
F(z) = 1+ 2y(z) — 1)H(~2), for some halfband filter y(z). Conversely, H(z)F(z} is
a halfband filter for any choice of halfband H(z) and y(z). For simplicity, let us choose
y{z) = H(z). Then

F@) =1+ Q2H(x) - DH(=2).

It follows that if H(z) is lowpass, F(z) is also lowpass. Zero-phase property of H{(z)
implies zero-phase property of F(z). Through this approach, we only need to design H (z),
which can be easily done using any design technique for linear phase halfband filters. This
Nyquist(2) approach can be extended to 2D case and the 2D extension will be the first step
for the second design method of Hy(z) and Fy(z).

2.1.3. Design of Hy(z) and Fy(z) such that Hy(z) Fo(z) is Nyquist(Q): method 2

This method can be described by the following two steps, [24], [38].

Step 1. Use a Nyquist(Q) approach to simplify the design of Hy(z) and Fy(z) to only
the design of a Nyquist(Q) filter Hy(z). Step 2. Design a Nyquist(Q) filter Ho(z) with a
diamond support.

The resulting filter bank has some very attractive properties. The individual filters can be
FIR or IIR. Detailed discussion will be given in Sec. 2.3.

Step 1. Nyquist(Q) approach. Let Hy(z) be aNyquist(Q) filter and Ho(z)+ Ho(—2z) = 1.
We can verify that if Hy(z) Fy(z) is also Nyquist(Q), then Fy(z) is necessarily of the form
Fy(z) = 1+ 2y (z) — 1) Hy(—z), for some Nyquist(Q) filter y (z). For simplicity, we can
choose y(z) = Hy(z), then

Fo(z) = 1 + (2Ho(z) — 1) Ho(—2).

For this choice of Fy(z), the product filter Hy(z) Fo(z) is Nyquist(Q) if Ho(z) is Nyquist(Q).
So perfect reconstruction of the diamond filter bank is guaranteed if Ho(z) is Nyquist(Q). As
Nyquist(Q) is the only condition on Hy(z), Hy(z) can be FIR or IIR. Furthermore, if Hy(z)
has a diamond-shaped support as shown in Fig. 1.4(a), Fy(z) has the same diamond-shaped
support. So the remaining task is to design Ho(z) such that it is Nyquist(Q) and has the
diamond support in Fig. 1.4(a).
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Step 2. Design of Nyquist(Q) Hy(z) with a diamond support. The McClellan trans-
formation can be used to design such Hy(z). Let H(z) be a 1D zero-phase halfband filter
with support as shown in Fig. 2.2. By using the McClellan transformation in (2.4) on H(z),
we can obtain a Nyquist(Q) filter Hy(z) with a diamond support. Because the 2D filters
designed through McClellan transformation are FIR and have linear phase, all the analysis
and synthesis filters are FIR and are constrained to have linear phase. Next, we use a
polyphase mapping method to design Hy(z). In this method, Hy(z) can be FIR or IIR and
need not have linear phase in FIR case.

Polyphase mapping approach. As Hy(z) is Nyquist(Q), without loss of generality, it
can be expressed as

1
Ho@ = 5(1+ %5 pED).

In this case, Hy(z) remains Nyquist(Q) for any choice of S(z). Also let H(z) be a 1D
halfband filter with support as shown in Fig. 2.2, then H(z) can be expressed as

1
H@ =30+ Zla(@?). @2.5)
We will see that if we choose

B(@) = a(zo)a(z1), (2.6)

then Hy(z) has the desired diamond support. The 1D polyphase component «(z) can be FIR
or IIR and hence the 2D filter Hy(z) can be FIR or [IR. As «(z) is the polyphase component
of the 1D filter H(z) and B(z) is the polyphase component of the 2D filter Hy(z), this
method is termed the polyphase mapping method. This mapping can also be obtained by
starting from the transformation reported in [9].

The reason why the mapping in (2.6) gives the desired response for Hy(z) is as follows.
Notice that if H(z) is lowpass with support as shown in Fig. 2.2, then

I, we(~n/2,1/2)

—1, otherwise. (see Fig. 2.3) 2.7

z‘la(zz) R {

It follows that

11 (w()*‘i-a)])e(“‘ﬂ,ﬂ),

—~1, otherwise, (see Fig. 2.4(a))

(zoz1) "V (zpz1) ~ {

1, (wg—w) € (—m,m),

—1, otherwise. (see Fig. 2.4(b))

and  (z027) V(22 ") & {
So zalﬁ(zQ) = 75 a(zoz1)(z027"), which is the product of (z0z1)™"/%et(z0z1) and
(zozy ) "%a(zoz; ), has the following response

1, w & the diamond region in Fig. 1.4(a).

—1, otherwise. (see Fig. 2.4(c))

25" o2 ~ {
Fig. 2.4(c) implies that Hy(w) has the desired diamond support.
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1
0
o
n/2
~14
Figure 2.3. The ideal response of z‘la(zz).
(mm) (m,m) (m,m)

(~n—m (-n-m
(2) (b) (c)

Figure 2.4. The ideal responses of (a) (z0z1)~2a(z021), (b) (z0z; ) ™2e(zoz; "), and (¢) zalﬂ(ZQ) for the
diamond filter bank.
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2.2. Design of the Quadrant Filter Bank
2.2.1. Reducing the filter bank design to a constrained 2D filter-design problem

For the quadrant filter bank, the decimation matrix will be denoted as D, where

20
D:(Ol). 28)

Consider the filter bank in Fig. 2.1 with decimation matrix M = D. The output X@)
and input X (z) in this case are related by X(z) = A(z)X (—z0, 21) + T (z) X (z). The alias
transfer function A(z) is given by

1
Az) = 2 (Ho(—2z0, 21) Fo(z) + Hi(~20, 21) F1(2)) .

The distortion function 7 (z) is as given in (2.1). Consider the following choice of the filters
Hi(z) and F\(z).

Hi(2) = 75" Fo(—z0, 21), Fi(z) = zoHo(—20, 20)-

This choice gives us exact cancellation of aliasing, i.e. A(z) = 0. Also H;(z) and Fi(z)
have the desired support as in Fig. 1.5(b) if Hy(z) and Fy(z) have supports in quadrant I
and I as in Fig. 1.5(a). For the above choice of filters, the distortion function is given by

1
T(2) = 5 (Ho@) Fo(2) + Ho(=20, z1) Fo(=20.21)) -

The quadrant filter bank has perfect reconstruction if and only if Hy(z) Fo(z) is Nyquist(D).
Similar to the diamond case, the design problem of the filter bank reduces to the design of
quadrant filters Hy(z) and Fy(z) such that Ho(z) Fo(z) is a Nyquist(D) filter.

2.2.2.  Design of Hy(z) and Fo(z) such that Hy(2) Fo(z) is Nyquist(D): method 1

In the diamond filter bank, we have used a special case of McClellan transformation, namely
(2.4), to design a 2D diamond-shaped filter. Here we will consider a different choice of
McClellan transformation that converts a 1D zero-phase lowpass filter into a 2D quadrant
filter. Let P (z) be a 1D zero-phase filter with support as in Fig. 2.2. Consider the McClellan
transformation

1 - _ -

My(@) = 5 (2021 + 2527 — 2027 — 2521) - 29
1f we apply this transformation on P(z), the resulting 2D filter Py(z) has quadrant support as
shown in Fig. 1.5(a). Moreover, if the 1D filter P(z) is halfband, then Py(z) is Nyquist(D).

As in the diamond case, let H(z) and F(z) have support as in Fig. 2.2 and let H(z) F(z)
be a halfband filter. Then we apply the McClellan transformation described in (2.9) on
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H(z) and F(z) to obtain 2D filters Hy(z) and Fy(z). The resuiting Hy(z) and Fy(z) are
quadrant filters as in Fig. 1.5(a). As H(z)F(z) is halfband, Hy(z)Fy(z) is a Nyquist(D)
filter; perfect reconstruction of the quadrant filter bank is assured. Also, as the 2D filters
designed through the McClellan transformation are FIR and linear-phase, all the analysis
and synthesis filters are FIR and linear-phase.

2.2.3.  Design of Hy(z) and Fy(z) such that Hy(z) Fo(z) is Nyquist(D): method 2

This technique is very similar to the one proposed for the diamond filter bank in Sec. 2.1.3.
In this design, the individual filters can be FIR or IIR. This method can be described by the
following two steps. Step 1. Use a Nyquist(D) approach to simplify the design of Hy(z)
and Fy(z) to only the design of a Nyquist(D) filter Hy(z). Step 2. Design a Nyquist(D)
filter Hy(z) with the quadrant support in Fig. 1.5(a).

Step 1. Nyquist(D) approach. Let Hy(z) be aNyquist(D) filter and Ho(2)+ Ho(—20, 21) =
1. We can verify that if Hy(z)Fy(z) is Nyquist(D), then Fy(z) is of the form Fy(z) =
14+ 2y (=) — 1) Hy(—20, z1), for some Nyquist(D) filter y (z). For simplicity, let us choose
v (@) = Ho(z), then

Fo(z) = 1+ (2Ho(z) — 1) Ho(—z0, 21)-

For this choice of Fy(z), the product filter Hy(z) Fy(z) remains Nyquist(D) for any Nyquist(D)
filter Hy(z). So perfect reconstruction of the quadrant filter bank is guaranteed if Hy(z) is
Nyquist(Q). The only condition on Hy(z) is that Ho(z) should be Nyquist(D); Hy(2) can
be FIR or IIR. Furthermore, if Hy(z) has a quadrant support as shown in Fig. 1.5(a), then
Fy(z) has the same quadrant support. The remaining task is to design the Nyquist(D) filter
Hy(z) with support as in Fig. 1.5(a).

Step 2. Design of Nyquist(D) Hy(z). Similar to the design of filter bank with diamond
filters, the McClellan transformation can be used to design Hy(z). Let the 1D filter H(z) be
linear-phase and has support as in Fig. 2.2. By using the McClellan transformation in (2.9)
on H(z), we can obtain a Nyquist(D) filter Hy(z) with a quadrant support as in (Fig. 1.5(a)).
In this case, all the analysis and synthesis filters are FIR and are constrained to have linear
phase. Next we design Hy(z) using a polyphase mapping method, which is similar to the
one introduced for the diamond filter in (2.6). In this method, Hy(z) can be FIR or IIR and
need not have linear phase in FIR case.

Polyphase mapping. As Hy(z) is Nyquist(DD), without loss of generality, Ho(z) assumes
the form

1
Ho(2) = 5(1+ %5 BEDY).

Let H(z) be a 1D halfband filter as (2.5) and the support of H(z) be as shown in Fig. 2.2.
We will see that if we choose

B@) = —z7 ' a(—z0)a(—2z}), (2.10)

then Hy(z) has the desired quadrant support. This polyphase mapping is similar to the one
proposed in (2.6) for diamond filters. In this case, the 1D polyphase component a(z) can
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(m,7) (m,m)

Figure 2.5, The ideal responses of (a) jzga(—z(z)), b) jzla(—z%), and (¢) z, L B (ZD) for the quadrant filter bank.

also be FIR or IIR and hence the 2D filter Hy(z) can be FIR or IIR. The reason why the
mapping in (2.10) gives the desired response is given next.
From (2.7), we have

7 _ 2y A 13 Wy S (O, 7{}, .
(Jzo)a(—z5) =~ {_1, otherwise, (see Fig. 2.5(a))
L we©m), ‘
(zDe(—z7) ~ {_1, otherwise, (see Fig. 2.5(b))

Therefore, z, ! ﬂ(zD )= =z lzl_la(—z%)a(—z%) has the following response

1,  w € quadrants I and I,

—1, otherwise. (see Fig. 2.5(c))

25 Bo(@P) ~ {

Fig. 2.5(c) implies that Ho(z) has the desired support.

2.3. Properties due to the second design technique of Hy(z) and Fy(z)

For both the diamond and the quadrant filter banks, we have described two techniques
to design Hp(z) and Fy(z) such that Hy(z) Fo(z) is Nyquist{M). When the second design
technique (Sec. 2.1.3 for the diamond filter bank and Sec. 2.2.3 for the quadrant filter bank)
is used, the filter bank has some very attractive properties.

Robust ladder structure. When Nyquist(M) approach is used to design Hy(z) and Fy(z),
the proposed filter bank has a very attractive ladder structure implementation (Fig. 2.6),
which is robust to roundoff noise [38]. For the diamond filter bank, B(z) is as in (2.6), and
d = (1 1)7. For the quadrant filter bank, 8(z) is as in (2.10), and d = (1 0)7. Perfect
reconstruction is preserved even when coefficients of 8(z) are quantized.

If we further use the polyphase mapping method to design the Nyquist(M) filter Hy(z),
the filter bank has the following additional three properties.
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L IR TR S

\ AV + +-n-- +'\+n--*M

~af——gnalysis bank =———7pm- e SN ESTS DANK =i

Figure 2.6. The implementation of the diamond filter bank or the quadrant filter bank that is designed through the
Nyquist(M) approach.

1. Stability and causality in IIR case. Because the the 1D filter H(z) in (2.5) can be FIR
or IIR, its polyphase component o(z) can be FIR or IIR. So the 2D analysis filters can
be FIR or IIR. In the IIR case, it is shown in [38] that the 2D analysis and synthesis
filters will always be causal and stable if a(z) is causal and stable. Also in the 1IR case,
o(z) can be taken to be an allpass function. The allpass functions can be implemented
through a low-sensitivity lattice structure [50], which guarantees stability in spite of
multiplier quantization.

2. Linear-phase in FIR case. If the 1D filter «(z) is a Type 2 linear-phase filter [50], the
analysis and synthesis filters have linear phase.

3. Complexity. From the implementation in Fig. 2.6, we observe that the complexity of
the analysis bank is comparable to that of (z) (due to the fact that all the operations
are at a lower rate). For both diamond and quadrant filter banks, B(z) is a separable
filter and the cost of B(z) is equivalent to twice that of the 1D filter «(z).

Example 2.1, FIR diamond fiiter bank. In this example, we use the technique described
in Sec. 2.1.3 to design Hy(z) and Fyp(z). We first design 1D FIR halfband filter H(z) that
has zero phase and has support as in Fig. 2.2. Then we use the polyphase mapping method
to obtain the 2D Nyquist(Q) filter Hy(z) from H(z). As Hp(z) is Nyquist(Q), the diamond
filter bank has perfect reconstruction. Due to the polyphase mapping method, Hy(z) is FIR
and linear-phase and hence all the analysis and synthesis filters are FIR and linear-phase.
Fig. 2.7(a) and Fig. 2.7(b) show respectively the magnitude responses of Hy(z) and H,(z).
The stopband attenuation § (Hp) ~ 40 dB and §(H;) ~ 30 dB. From (2.2), we observe that
the magnitude response of the synthesis filters are shifted version of the analysis filters and
hence are not shown.
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Figure 2.7. Example 2.1. The FIR diamond filter bank. (a) The magnitude response (dB) of Hy(z) and (b) the

magnitude response (dB) of H(z).
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Figure 3.1. DFT filter bank with decimation matrix N,

3. Designs of MD Multiple Channel Filter Banks Using Transformations
3.1. Uniform DFT Filter Bank

One-dimensional uniform DFT filter banks are described in [12], [50]. In these systems, a
set of M filters are derived from a prototype P (z) by using the DFT matrix. The prototype
P(z) has bandwidth 27w /M and all the filters are uniformly shifted versions of P(z). The
shifted amounts are 2wk/M, for k = 1,2,..., M — 1. Extending the DFT filter bank
to the MD case with decimation matrix M, the prototype P (z) has support SPD(zM™T)
and other filters in the filter bank are shifts of P(z) by 2rM"m, m € A/(M7), where
SPD(-) and N(-) are as defined in Sec. 1.3.1. For example, let M = ( g -1 . This has
| det M| = 14 and the supports of the fourteen filters are as depicted in Fig. 3.1. Expressing
P (z) in terms of the polyphase components (defined in Sec. 1.3.2), we have

JM)~1
Pw)y= Y EM we ™™ n e N(M), 3.1
=0
where E;(w) are the polyphase components of P(z) and J(M) = | detM|. Then the MD
DFT filter bank can be implemented as in Fig. 3.2. The J(M) x J (M) matrix W'’ is called
the generalized DFT matrix with elements given by

(WO, = e/2 KM M, o Ao, ks € NMT).

As M is an integer matrix, it admits the decomposition M = UAYV, where U and V are
unimodular and A is a diagonal matrix with [A]; = A; (see Sec. 1.3.1 for a review of
diagonalization of integer matrices). It can be shown that W® assumes the form
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z ™
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Figure 3.2. The implementation of the MD DFT filter bank, where W® is the generalized DFT matrix.

WE o Q, (Wlo W, ®...Q WADq) Q:,

where Q; and Q, are permutation matrices, and ® denotes the Kronecker product. The
Kronecker product of two matrices A and B is defined as

agoB - ap k1B
A ®@B = : :
e S . .
IxK IxlL al—l,OB ‘e al—l,K—lB
IJxKL

When m; and k; are properly ordered, Q; and Q, become identity matrices. More specifi-
cally, suppose we define these sets of vectors to be

m,=Unmod M, k,=Vinmod MT, n=(no n ... np_1 )%,
with subscripts n computed as follows
n=no+ ioni + (or)ns + -+ -+ (Aohy -+ - Ap_2)Bipi. 3.2

Then we will have Q; = Q, = 1. Next, we discuss how to design filters with support
SPDMM™T). The method to be introduced below has great design efficiency.

MD filter derived from 1D filter [9]. Recall for a 1D N-fold decimator, the output ¥ (w)
is a stretched version of the input X (@) by N. For example, consider an input X (w) with
support SP D(x S) (Fig. 3.3(a)). Then the output Y {w) will have support SPD(x NS) as
in (3.3)(b) (assuming no aliasing). Similar situation takes place for MD decimators: the
output of an decimation matrix N is the input “stretched by N7”, That is if the input has
support SP D(rS) for some matrix S, then the output has support §P D (7 N”'S) (assuming
no aliasing). We will use this property to design MD filters.

Consider the adjugate of M defined as M2 ’Q\M)M‘1 . By definition, M isalsoan integer
matrix. We will see that if the input X (w) of an M-fold decimator has support S P D(J_ZMSD’

then the output Y (w) has support SPD(xM~T). The reason is as follows. Due to M-fold
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Figure 3.3. Relation of the input support and the output support for an N-fold decimator. The output Y{(w) is a
stretched version of the input X (w).

-n/J(M) v/ J(M)

Figure 3.4. The desired response of the 1D filter H{w).
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— YU P 7By AU [

Figure 3.5. Pertaining fo the illustration of the unimodular transformation.

(a) — YU > H,@) BYM BAM B F.@ AU >

(b) =-— H,@Y) B=YUM 3= AUM (= F,zY) (>

Figure 3.6. Derivation of the kth subband of the new system FByp-

decimation, Y (w) has support SPD(J—(”M)IVIT), which is the same as SPD(wM™7) (by the

definition of IVI). So P(w) with support SP D(zM~T) can be design through the following
procedures.

1. Designa IDfilter H (w) with desired response as in Fig. 3.4. Define h;(n) = h(ng)h(n;)
-« -h(np_1), where h(n) is the impulse response of H{w). Then H;(w) has support
SPD (—”M~ D.

J({Vhy

2. Let P(w) be the M-fold decimated version of H,(w), i.e., p(n) = hs(Mn). Then P (w)
has support SPD(zM™T),

Remark. Tt can be verified that the filters designed through the preceding approach have
separable polyphase components. In this case, if E;(w) are the polyphase components of
P{w) asin (3.1), then E;(w) is separable and can be expressed as the product of polyphase
components of the 1D filter 2(n). So the complexity of the DFT filter bank implementation
in Fig. 3.2 grows linearly with the number of dimensions.

3.2. Unimodular Transformation [49]

Consider the D-dimensional filter bank with integer decimation matrix M in Fig. 1.1. This
filter bank will be denoted by FBpg. Suppose the filter bank has perfect reconstruction.
Recall that a D x D unimodular decimator U or a unimodular expander U only permutes
the input. So if we insert a decimator U before the filter bank FBpg and an expander U
after 7By (Fig. 3.5), the new system still has perfect reconstruction. This is equivalent to
inserting a decimator U before the analysis filter and an expander U after the synthesis filter
in each subband (Fig. 3.6(a)). We can redraw Fig. 3.6(a) as Fig. 3.6(b). Denote the new
filter bank with decimation matrix UM by FByp- The system FByypg will be called the
unimodular transformation of 7By by U. The kth analysis filter and the kth synthesis filter
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of F By are respectively H&»(ZU) and Fk(zU). If the analysis filter H;(z) in the original

filter bank FByp has support S, the analysis filter Hy (zU) in the new system F By has
support U~7 S, given by

UT7S, ={UTw, we S}

Now consider the special case when the original filter bank is a 2D separable system
with M = A, where A is a 2 x 2 diagonal matrix. Then each analysis filter Hy(z)
consists of four shifts of SP D(%A“). For the system FByj 5 , the analysis filter Hj (zU)
consists of four shifts of SP D(%U‘TA‘”I). So, using the unimodular transformation we
can design nonseparable PR filter banks FByj 5 from separable PR filter banks 7B, . This
is demonstrated by the following design example.

40
05
20-channel filter bank 7B, with decimation matrix A by concatenating a 1D four-channel
filter bank and a 1D five-channel filter bank. Let 7By be the unimodular transformation

of FB, by U, where U = ( 2 -1 ), then FByj is nonseparable. Supports of some

Example 3.1. Unimodular transformation. Let A = ( ) ‘We can design a separable

~1 1
of the analysis filters in FByj 5 are shown in Fig. 3.7(a). Fig. 3.7(b) shows the magnitude
response of the lowpass analysis filter.

3.3. Unimodular Transformation and Two-Channel Filter Banks

Recall the two-channel filter banks with parallelogram-supported filters as in Fig. 1.7. It
can be verified that the supports of the lowpass analysis or synthesis filters in those four
cases of Fig. 1.7 are of the form SP D(nMi’T), with M; = U;Q, where U; are unimodular
and Q is the quincunx matrix in Fig. 1.2. The matrix U; for the cases (a), (b), (¢) and (d)
are respectively

1 -1 -1 1 0 -1 0 1
Ul’(o 1)’U2‘( 01)U3=(1—1) U4=(1—1.)'

‘We can choose the decimation matrix to be M;. Since M; = U;Q, where U; are unimodular,
these filter banks can be derived from the diamond filter bank. Thus, these systems are
unimodular transformations of the diamond filter bank.

It can shown that any 2 x 2 integer matrix M with | det M| = 2 can be expressed as one
of the following three forms

10 20
M=U(O 2,>M=U(0 L) or M = UQ,

where Q is the quincunx matrix. So the corresponding two-channel filter bank with paral-
lelogram supports can always be obtained as the unimodular transformation of the diamond
filter bank or the unimodular transformation of 1D filter banks. In the quadrant filter bank
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(_ﬂv_n') '

(b)

Figure 3.7. Example 3.1. Unimodular transformation. (a) Spectral supports of some of the analysis filters and (b)
the magnitude response of the low-pass analysis filter with frequency normalized by 2.

35



292 LIN AND VAIDYANATHAN

(Fig. 1.5), supports of the analysis filters are not parallelograms; the quadrant filter bank
can not be obtained as the unimodular transformation of the diamond filter bank or 1D filter
banks.

3.4. MD Filter Banks from 1D Filter Banks by using Transformation

In Sec. II, we designed the two-channel diamond filter bank from a 1D two-channel filter
bank by use of McClellan transformation. The more general subject of 1D M-channel to
MD M -channel transformations has been studied by Shah and Kalker in [43]. In particular,
the results given below are shown therein.

Suppose that a 1D M-channel filter bank F By has perfect reconstruction with distortion
function T(z) = 1. The analysis and synthesis filters are denoted respectively by H(z) and
Fi(z). LetNbea D x D integer matrix with J(N) = M and let K (z) be a 1D scalar function
ofz=1(z0 z1 -+ zp-1 )T. Let FBy be a D-dimensional filter bank with decimation
matrix N, analysis filters H,(z) = Hy(K ()) and synthesis filters F;(z) = F;(K (z)). One
can show that F By has perfect reconstruction if the following two conditions hold.

1. The decimation matrix N has Smith form decomposition N = UAV (see Sec. 1.3 for a
review of Smith form decomposition), where A is of the form

10 0
01 0

A=), . (3.3)
00 M

2. The transformation K (z) is of the form K (z) = z~V© V" K (ZY), for some K (z).

Remarks.

1. The original statement of the first condition in [43] is that the vectors in A/(N) form a
cyclic group under modulo N. However as shown in [8], this condition is equivalent
to the statement that N has the special Smith form as given in (3.3}. Also the original
statement of the second condition in [43] is that K (z) is of the form K (z) = z-4K @,
where d is a group generator of A/(N). But it follows from (3.3) that U(0 DT is a group
generator of N'(N).

2. The supports of the D-dimensional analysis and synthesis filters are governed by the
transformation K (z) and the choice of N. As perfect reconstruction is preserved in the
transformation described above, only the transformation K (z) remains to be designed.
For the filter bank with diamond filters, the McClelian transformation is appropriate for
realizing the 2D diamond filters. However, except in this case, there is no systematic
approach of finding the transformation K (z) that controls the shape of the 2D (more
generally, D dimensional) analysis and synthesis filters. In general, the transforma-
tion K (z) does not faithfully translate the characteristics of 1D filters. So even if the
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= H(z) H=YM = 7B [AM = F,(z)

Figure 4.1. Derivation of perfect reconstruction tree structured filter bank.

1D analysis and synthesis filters in F By have good stopband attenuation and good
passbands, the D-dimensional analysis and synthesis filters resulting from the previous
formulation may not have these properties.

4. Tree Structured Filter Banks

Consider the filter bank in Fig. 1.1. In the kth subband, we can insert another filter bank
JFB (Fig. 4.1) to obtain a tree-structured filter bank. If the filter bank in Fig. 1.1 has perfect
reconstruction (PR) and F B is also PR with distortion function 7' (z) = 1, the overall system
remains PR. In this case, we say that the filter bank in Fig. 1.1 is the first level of the tree
and FB is the second level. Repeat this insertion of PR filter bank, we can obtain a tree
structure of many levels. The separable systems are examples of tree-structured filter banks
in which all the member filter banks are one-dimensional. In 2D, tree structure of some
extensively-studied systems, e.g. the two-channel filter banks or the separable filter banks,
sometimes offers very sophisticated supports.

Example 4.1.  Directional filter banks [3]. The directional filter bank with supports as in
Fig. 1.9 can be obtained by using a tree structure to cascade some commonly used two-
channel systems. In particular, it can be obtained by cascading filter banks with fan filters
(Fig. 1.6) and filter banks with supports as in Fig. 1.7 {except some minor modifications).
We will explain in detail how to obtain Hy(z) and H;i2) in Fig. 1.9. The supports of other
analysis filters can be obtained in a similar manner. Consider the tree structure in Fig. 4.2.
Let the analysis filters G (z) and G (z) have fan supports as in Fig. 1.6. Also let the support
of Kp(z) and K (z) be as in Fig. 4.3, which are shifts of the parallelograms in Fig. 1.7(a)
by (m 7 )T. By use of Noble identities (Sec. 1.3), Fig. 4.2 can be redrawn as Fig. 4.4.

The filters Gy (zQ), Ko(zﬂz) and K (zﬂ?) respectively have supports shown in Fig. 4.5. So
Go(z)Go(zQ)Ko(zﬂl) and Go(z) Go(zQ)K 1 (ZZIZ) yield the desired support for Hy(z) and
Hi(z).

11

Example 4.2. Consider the hexagon matrix M = ( 22

M=(o2) ()

Suppose the first level of the tree is a separable system as in Fig. 1.3(b) and the second level
is the diamond filter bank (Fig. 1.4). Then the four analysis filters of the overall system
have supports as shown in Fig. 4.6.

), which can be factorized as
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B e SO ey ——leve| 2= ~——love] 3~

Figure 4.2. Tree-structured filter bank for the derivation of directional filter banks. In the first and second levels,
each subband is split into two. Only the first two subbands of the overall system are shown in the figure.

(7, m)

(-n-m)

Figure 4.3. The support of the filters Ko(z) and K1(z).

G,@G,ENK, %) =Y Q’M,

C,@)G,zNK, (%) Y Q°M,

Figure 4.4. The equivalent parallel structure of Fig. 4.2.
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(m,m) (m,m) (7,7

(~m-m) (-n-m (~n-m)
G,(z%) K, (z™) K, @")

Figure 4.5. The supports of G(}(ZQ), Ko(zﬂz) and K; (2212).

(m,m)
INIZ_~T3
1 1
0
1 1
3 9 2
(~n-m)

Figure 4.6. Example 4.2. Tree structured filter bank. The supports of the analysis filters. In the figure the support
of Hi(z) is denoted by k.
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(mm)
3] 2 |3
(a) Il o |1 (b)
3| 2 |3

(~n-m)

Figure 4.7. Example 4.3. Tree structured filter bank. (a) The first level of the tree: the four-channel separable
filter bank. The supports of the four separable analysis filters (with the support of the kth filter denoted by k).
(b) The supports of the eight analysis filters in the overall system. The support of H(z) is denoted by k.

Example 4.3. Let

v () (62)

If we use the diamond filter bank (Fig. 1.4) for the first level of the tree. For the second
level, we use a separable system with decimation matrix 21, (Fig. 4.7(a)), which can be
obtained as a tree structure of two 1D two-channel filter banks. Then the resulting analysis
filters of the overall system have supports as shown Fig. 4.7(b). Each analysis filter consists
of four parallelograms.

5. Two-Dimensional Cosine Modulated Filter Banks: Basic Consideration

‘We first recall the main features of one-dimensional (1D) cosine modulated filter banks
(CMFB). The process of constructing 1D CMFB will give us a general idea of the procedures
for constructing 2D CMFB. The experience with 1D CMFB will help also us gain some
insight to foresee the difficulties in constructing the 2D CMFB.
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5.1. One-Dimensional Cosine Modulated Filter Banks (CMFB)
S.1.1.  Introduction

Two types of cosine modulated filter banks have been developed, pseudo QMF systems
1101, [41], [37] and perfect reconstruction systems [39], [35], [26]. Consider the filter bank
in Fig. 1.1, in which the decimation matrix is a scalar M. An M-channel CMFB (pseudo-
QMF or perfect reconstruction) is typically obtained by starting from a 2M channel uniform
DFT filter bank, [50]. Each filter in the DFT filter bank is a shifted version of a lowpass
prototype P(w) (Fig. 5.1(a)) with bandwidth /M, which is half the total bandwidth of
cach filter in the desired M-channel system. The filters in the DFT filter bank are then
shifted by 7 /2M and paired to obtain real-coefficient analysis filters as in Fig. 5.1(b) for the
M channel CMFB. The shifts of the prototype are denoted by P (w) in the figure. The total
bandwidth of each of the analysis filters in the CMFB is 27 /M, which is two times that of
the prototype. In almost all the designs, the synthesis filters are time-reversed versions of
the corresponding analysis filters; the analysis and synthesis filters have the same spectral
support.

In the CMFB described above, as each analysis filter consists of two shifted copies of
the prototype, each of the two copies has M — 1 images due to decimation followed by
expansion. By construction, the images of the analysis filters are adjacent to the support of
the corresponding synthesis filters but are not overlapping with the passbands of synthesis
filters as shown in Fig. 5.1(c). Thus, if the prototype filter is an ideal brick-wall filter, there
is no aliasing and in this case the filter bank has perfect reconstruction. If the prototype filter
is not ideal, those images that are adjacent to the synthesis filter result in major aliasing
{Fig. 5.1(d)) while those that are not adjacent to the synthesis filters will be attenuated
to the stopband level of the prototype filter. In the pseudo QMF CMFB, only the major
aliasing errors are canceled and approximate alias cancellation is attained. Approximate
reconstruction is then achieved without sophisticated optimization of the lowpass prototype.
In the prefect reconstruction CMFB, the prototype is further optimized under the constraint
that the CMFB is paraunitary, hence perfect reconstruction is assured. The paraunitariness
of the CMFB is guaranteed if the polyphase components of the prototype filter satisfy
some pairwise power complementary conditions [26]. In both psendo QMF and perfect
reconstruction systems, the design of the whole filter bank is reduced to the optimization
of the lowpass prototype filter. The complexity of the analysis bank is equal to that of a
prototype filter plus a DCT matrix.

5.1.2. General setting and main features of 1D CMFB

From the above discussion of 1D CMFB, we observe that the general setting of 1D M-
channel CMFB can be summarized as follows.

1. Construct a 2M -channel uniform DFT filter bank.

2. Shift the filters in the DFT filter bank by 7 /2M and combine appropriate pairs of filters
to yield real-coefficient analysis filters.
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Figure 5.1. One-dimensional cosine modulated filter bank. (a) The support of the prototype filter P(w). (b) The
support of the analysis filters Hy (w). Each analysis filter has two parts, Py(w) and Py .14 (®). (c) Images of
the analysis filter Hy (w) that are adjacent to the synthesis filter F(w). (d) The major aliasing in the kth subband
and the (k + 1)th subband.
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Main features of 1D CMFB. The support configuration of the 1D CMFB constructed
above has the following two features. (1) The support configuration satisfies the bandpass
sampling criterion: images of the analysis filter passbands do not overlap with passbands
of the synthesis filters. Furthermore, the filter bank has perfect reconstruction when the
analysis and synthesis filters are ideal brick-wall filters. {(2) When the filters are not ideal,
the major aliasing errors that contribute to the same aliasing transfer function A;(w) appear
in pairs. For example, both kth and (k4 1)th subbands have major aliasing errors around the
frequency kzr /M (Fig. 5.1(d)) and it can be verified that these two aliasing errors contribute
to the same aliasing transfer function Ax(w). A support configuration without this feature
will be referred to as nonpermissible. The importance of satisfying the sampling criterion
and the significance of support permissibility are addressed next.

Satisfying the sampling criterion. This feature is indispensable for the design of perfect
reconstruction filter banks. For a configuration that does not satisfy the sampling criterion,
severe aliasing will be created in the subbands no matter how good the filters are. A
filter bank with a configuration that violates the sampling criterion can not have perfect
reconstruction even if the analysis and synthesis filters are ideal brick-wall filters.

Support permissibility. Support permissibility allows the possibility of cancellation
of major aliasing. Pairwise major aliasing terms are necessary if cancellation of major
aliasing is to take place. For a filter bank with a nonpermissible support configuration,
the filters can not have good stopband attenuation [8]. The reason is as follows. Suppose
a perfect reconstruction filter bank has a nonpermissible support configuration and the
individual filters have good stopband attenuation. Then, major aliasing terms do not appear
in pairs and can not be cancelled. This contradicts the fact that the filter bank has perfect
reconstruction. Therefore, a PR filter bank with nonpermissibie support configuration can
not have filters with good stopband attenuation except in the case that all the filters are ideal
brick-wall filters.

Example of nonpermissible support. The configuration of the DFT filter bank is an
example of nonpermissible support. The DFT filter bank has the first feature of 1D CMFB
(i.e. satisfying the bandpass sampling criterion) but not the second one. As a result, the
individual analysis and synthesis filters in a perfect reconstruction DFT filter bank can not
have good attenuation unless all the filters are ideal brick-wall filters. To see this, consider a
three-channel DFT filter bank. The supports of the analysis filter are as shown in Fig. 5.2(a).
The subband signals are decimated by 3 and expanded by 3, so each analysis filter has two
images. For example, the images of Hyp(z) are as shown in Fig. 5.2(b). The analysis filter
H(z) and its images do not overlap in the passbands. If the prototype filter is ideal, no
aliasing is created in the subbands and the filter bank has perfect reconstruction. So the
support configuration of the DFT filter bank satisfies the sampling criterion and has the first
feature of the CMFB. When the filters have good stopband attenuation, the major aliasing
errors result from the two images of Hy(z) are shown in Fig. 5.2(c). The aliasing around
the frequency 7 /3 contribute to the alias transfer function A;(z) while the aliasing error
around the frequency —7 /3 contribute to the alias transfer function A;(z). Similar aliasing
errors occur in the other two subbands as well (Fig. 5.2(c)). We observe that around the
frequency /3, both the first and the second subband have aliasing errors. However, these
two aliasing errors contribute to different aliasing transfer functions and can not cancel
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Figure 5.2. Three-channel DFT filter bank. (a) The supports of the three analysis filters. (b) Images of Hy(w) due
to 3-fold decimation followed by 3-fold expansion. (c) Major aliasing in the first and second subbands.
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each other. So for the DFT filter bank, aliasing can not be cancelled if the individual
filters have good attenuation but are not ideal filters. In a perfect reconstruction filter bank,
aliasing eventually has to be cancelled. We hence conclude that the filters in the perfect
reconstruction DFT filter bank can not have good stopband attenuation except in the case
when the filters are ideal.

5.2. Construction of Two-Dimensional Cosine Modulated Filter Bank

The separable 2D CMFB can always be obtained through concatenation of two 1D CMFB
in the form of a tree [50]. Our interest in this paper is designing a nonseparable 2D CMFB.
The prototype filter is in general a nonseparable 2D filter. Each analysis and synthesis filter
is a cosine modulated version of the prototype and is also nonseparable. In the separable
2D CMFB case, each individual filter consists of four shifts of a separable 2D prototype.
However, the real-coefficient constraint on the analysis filters requires only two copies
of the prototype. We can therefore conceive that in the more general case the individual
filters can have two or four shifted copies of the prototype. In this paper, we study two
classes of 2D FIR paraunitary cosine modulated filter banks: the two-copy CMFB and the
four-copy CMFB. In the two-copy CMFB, each individual filter contains two shifted copies
of the prototype and in the four-copy CMFB, each individual filter contains four shifted
copies of the prototype. The filter bank will eventually be constrained to be paraunitary;
the analysis filter H,(w) and the corresponding synthesis filter F;(w) are then related by
Fr(w) = Hj(w) for perfect reconstruction. The analysis and synthesis filters have the
same spectral support. Note that the two-copy CMFB is fundamentally different from a 2D
separable CMFB obtained from two 1D CMFB. But the four-copy CMFB will reduce to
separable 2D CMFB in special cases. Both of these systems are elaborated below.

Two-copy CMFB. Consider the filter bank in Fig. 1.1 with decimation matrix M, non-
diagonal in general. There are | det M| channels since each decimator creates a decimation
of | det M|. For a given | det M|-channel filter bank as in Fig. 1.1, we start from a 2| det M|-
channel uniform 2D DFT filter bank [50]. Every filter in the DFT filter bank is a shifted
version of a lowpass FIR (non-rectangular) prototype. The prototype has a parallelogram
support, so every filter in the DFT filter bank has a parallelogram support. The filters in
the DFT filter bank are shifted and paired to obtain real-coefficient analysis filters. Each
analysis filter is then a cosine modulated version of the prototype and each analysis filter
consists of two shifted copies of the prototype. All the analysis and synthesis filters have
real coefficients. We then examine whether the supports of the analysis and synthesis filters
satisfy the sampling criterion. Namely, the images of the analysis filter passbands should not
overlap with passbands of the synthesis filters. Under this condition we study the sufficient
conditions such that cancellation of major aliasing (due to overlapping transition bands)
can be structurally enforced. Finally, having cancelled the major aliasing, we constrain the
prototype to ensure perfect reconstruction of the two-copy CMFB.

Four-copy CMFB. The four-copy CMFB will be constructed in a similar way. But in
the four-copy case, we design a 4| det M|-channel uniform DFT filter bank. Then we shift
the filters in the DFT filter bank and combine four shifted filters to obtain real-coefficient
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analysis filters for the four-copy CMFB. The rest of the construction procedure is the same
as that of two-copy CMFB.

The above construction of two-copy and four-copy CMFB is an immediate imitation of
1D CMFB. The more refined construction procedures are listed below.

1. General setting. To complete the general setting of the 2D CMFB, we need to the
answer the following questions first. For a given filter bank with decimation matrix M as
in Fig. 1.1, how to construct the uniform DFT filter bank? How to shift the filters in the
DFT filter bank and obtain the analysis filters such that the support configuration of the 2D
CMFB is an extension of 1D version? In 1D case, there is only one way to shift the filters
of the DFT filter bank. Do we have more variety in 2D case?

2. Ideal case. Having completed the general setting of 2D CMFB, we proceed to examine
the support configuration of 2D CMFB. We first check whether the configuration has the
first feature of 1D CMFB. The configuration should be such that the bandpass sampling
criterion is satisfied and the filter bank has perfect reconstruction in the case of ideal filters.
To satisfy the sampling criterion, the images of passbands of an analysis filter should not
overlap with passbands of the corresponding synthesis filter.

3. Support permissibility and alias cancellation. For those that satisfy the sampling cri-
terion, we examine support permissibility. Permissibility of a support configuration means
that cancellation of major aliasing is possible. If a support configuration is permissible, we
further study how to cancel major aliasing.

4. Perfect reconstruction. Having cancelled major aliasing, we then constrain the
prototype to achieve perfect reconstruction as in the case of 1D CMFB.

6. Two-Copy Cosine Modulated Filter Banks
6.1. General Setting of Two-Copy CMFB

1. Uniform DFT filter bank. To design a two-copy CMFB with decimation matrix M, we
start from a uniform DFT filter bank [50] with decimation matrix N = ML, where L is an
integer matrix (to be chosen appropriately) with | det L| = 2. For example, let

M= (g ”%) and L= (; 1) then N= (g _i).
The supports of the individual filters {Pr(w), 0 < k < 13} in the DFT filter bank are as
shown in Fig. 3.1. Each filter in the DFT filter bank is a shifted version of the prototype
P (w), which has a paralielogram support S P D(wN~T). For a given M, the support of the
prototype is different for different choice of L.

2. The analysis and synthesis filters. In 1D CMFB, we shift the filters in the DFT filter
bank by 7 /2M. But in 2D case, the shifts are vector-shifts. We can shift the filters in the
DFT filter bank in three possible directions as in Fig. 6.1. The result supports with respect
to the three different shifts are shown in Fig. 6.2(a)~(c). For all the three cases, filters can
be paired to obtain real-coefficient analysis filters for the two-copy CMFB. For example, in
Fig. 6.2(a), the filter coefficients of Q4 ;(w) and Q/, ;(w) are complex conjugates of each
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support of the prototype
Figure 6.1. Three possible vector shifts.

other and can be paired to obtain the analysis filter,

Hpi(w) = Qai(w)+ Q) ;(W). 6.1

The corresponding synthesis filter is
Fai(w) = Q3 ,(W) + 0 ; ().

Similarly in Fig. 6.2(b), Qp ;(w) and Q’B,i (w) are combined to obtain the analysis filter
Hp ;(w) and in Fig. 6.2(c) QOc¢,;(w) and Qﬁ;,i(w) are combined to obtain H¢ ;{w). Each
analysis filter consists of two parallelograms. We observe that all three possible support
configurations are extension of the 1D version. The three support configurations will be
referred to as configurations A, B, and C. From Fig. 6.2 it seems that configurations A and
B are very similar. Indeed as we will see in subsequent discussion, properties derived for
configurations A are also true for configuration B except some minor modifications.

6.2. The Ideal Case

In the above general setting of two-copy CMFB, for a given decimation matrix M, we first
construct a DFT filter bank with decimation matrix N = ML. The matrix L is an integer
matrix with determinant 2. No additional assumption has been made on L. On the other
hand, given a DFT filter bank with decimation matrix N, we can always shift the filters
in the DFT filter bask by the three different amounts indicated in Fig. 6.1. These three
shifts gives us configurations A, B, and C. So the derivation of configurations A, B, and C
does not relate to L. However, we will see that for a given L, not all three configurations
can satisfy the bandpass sampling criterion. In particular, we will establish a connection
between the lattice of L” and valid choice of configurations.

As L has determinant 2, there are only three possible choices for LAT(L7) as in
Fig.6.3(a)(c). Thelattice of L7 isrectangularinFig. 6.3(a),(b) and quincunx in Fig. 6.3(c).
We will argue that for each configuration, there are only two choices of LAT (L) that can
satisfy the sampling criterion and these combinations are the valid candidates for the de-
velopment of two-copy CMFB. The relation between the three configurations and valid
choice of LAT (L) is summarized in Table 6.1. In this case, when the sampling criterion
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a) configuration A
(b) configuration B
{c) configuration C

Figure 6.2. Three possible support configurations.
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Figure 6.3. Possible lattices generated by LT, when | detlL| = 2.
LAT(L")
lattice (a) lattice (b) lattice (c)
configuration (rectangular) (rectangular) (quincunx)
A satisfied satisfied
B satisfied satisfied
C satisfied satisfied

Table 6.1. Possible combinations of configurations and LAT (I7) that satisfy the sampling criterion. Lattice
(a)-(c) in the table are as in Fig. 6.3 (a){(c).
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(b) (c)

Images of FAw)

Figure 6.4. Images of the prototype P(w) with respect to the three possible lattices generated by L7 .

is satisfied, the filter bank has perfect reconstruction if the prototype is an ideal brick-wall
filter. The remaining part of this subsection is devoted to the verification of Table 6.1.

To check whether a certain configuration satisfies the sampling criterion, it is essential to
know exactly where the images of the analysis filters are located. As each analysis filter
contains two shifted copies of the prototype, we first inspect the locations of images of
P(w) when it is decimated by M and then expanded by M. The images of P(w) are [50]

Pw=2rMTk), ke NMT) and k#0.

Recall that the support of P(w) is SPD(wN~T), which depends on both M and L. For
different LAT (LT), P(w) and its images form a certain pattern. In particular, it is a striped
pattern in the case of rectangular LAT (LT) and a check pattern in the case of quincunx

LATLT). For example, let M = ( _? i ) When

10 20 1 -1
t=(p2) 1= (67): mer=(i70)

the locations of the images are shown respectively in Fig. 6.4(a)—(c). In all three cases,
images of P(w) are confined to the grid formed by shifts of P(w) in the DFT filter bank.

The lattice of LT and the sampling criterion

Configuration A. In what follows configuration A of Fig. 6.2(a) will be shown to satisfy
the sampling criterion when LAT (LT) is as in Fig. 6.3(b) and (c). For these two types
of LAT(LT), the filter bank has perfect reconstruction when the prototype is an ideal
brick-wall filter. Consider the lowpass filter H4 o(w). When LAT (L) is rectangular as in
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Fip

Figure 6.5. Configuration A and the sampling criterion. Images of Q4 o(w) with respect to the three different
lattices generated by L7.

Fig. 6.3(a), the support of 0 4 ¢(w) and its images (shaded areas) are shown in Fig. 6.5(a).
One image of Q4 o(w) completely falls on top of Q'}f,o(w), which is part of the synthesis
filter F; o(w); the sampling criterion is not satisfied. When lattice of L7 is as in Fig. 6.3(b)
or (¢), the images of Q4 0(w) are shown in Fig. 6.5(b) and (c). In these two cases the
images of Q4 0(w) are edge-adjacent to the synthesis filter F4 o(w) but not overlapping
with F4 o(w). It can be verified that in every other subband, similar situation takes place:
images of the analysis filters are adjacent to the synthesis filters but not overlapping with
support of synthesis filters. Therefore, for the lattices of LY shown in Fig. 6.3(b), (c),
configuration A satisfies the sampling criterion.

Configuration B and C. Following a similar analysis, configuration B can be shown
to satisfy the sampling criterion when LAT(L”) is as given in Fig. 6.3(a) and (c). Also
configuration C can be shown to satisfy the sampling criterion when L AT (L) isrectangular
as given in Fig. 6.3(a) and (b). Moreover, in all these cases (configuration B or C) the filter
bank has perfect reconstruction when the prototype is ideal.

6.3. Support Permissibility and Alias Cancellation

From the preceding analysis, we know that each of the three support configurations can
satisfy the sampling criterion with two types of LAT (7). Therefore there are six possible
choices. If the prototype is an ideal brick-wall filter, perfect reconstruction can be achieved
by any of the six choices. When the prototype is not ideal, aliasing will occur in the
subbands. The six choices that satisfy the sampling criterion are not all valid candidates
in terms of support permissibility [8]. However, in 2D case we have to be more careful
in treating the notion of permissibility. We will consider a finer classification of support
permissibility: edge-based permissibility and vertex-based permissibility.

Edge-based and vertex-based permissibility. Consider the analysis filter Hy ;(w) =
Q4.:(wW) + Q4 ;(w) in configuration A. Suppose an image of Q4 ;(W) or QQH(W) is at
any of the shaded areas (edge-adjacent to Q% ;(w)) in Fig. 6.6. If the prototype filter is
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Figure 6.6, Pertaining to the illustration of support permissibility.

ideal, no aliasing is created. However, in practical cases the prototype filter is not ideal.
Because of this edge-adjacent image, a considerable amount of edge-based aliasing will be
created in the frequency region of the overlapping edges and this edge-based aliasing will
add to the major aliasing. Cancellation of this edge-based aliasing is impossible if in the
same frequency region there is no other edge-based aliasing error contributing to the same
aliasing transfer function [8]. Whenever edge-based aliasing errors do not appear in pairs,
the support configuration is called edge-based nonpermissible. Similar to the 1D case, we
can argue that the filters in a PR filter bank can not have good stopband attenuation if the
support configuration is edge-based nonpermissible. The 2D CMFB studied in [19] usually
has this type of nonpermissible support. Similarly, when an image of Q4 ;(w) or Q, ;(w)is
atany of the striped areas (vertex-adjacent to Q7 ;(w)) in Fig. 6.6, vertex-based aliasing will
occur. If the vertex-based aliasing errors do not appear in pairs, the configuration is called
vertex-based nonpermissible. Vertex-based nonpermissibility will also impose limitation
on the stopband attenuation of the prototype. But the vertex-based aliasing is, however, not
as serious as edge-based aliasing and vertex-based nonpermissibility is not as intolerable
as edge-based nonpermissibility.

A simple test of support permissibility. From the general setting described in Sec. 6.1,
we know how to obtain the analysis and synthesis filters from a DFT filter bank with twice
the number of channels. The supports of the analysis and synthesis filters thus acquired are
of a very regular nature. As a result, support permissibility of the two-copy CMFB can be
tested through a very simple approach. Consider configuration A in Fig. 6.2. Notice that
each analysis filter has two passbands, passband of Q4 ;(w) and passband of Q;\J (w). We
can verify that except in special degenerate cases of N, support permissibility of the two-
copy CMFB can be described as follows: if Q4 ;(w) (or Q'A’ ;(W))is edge-adjacent toits own
images, the configuration is edge-based nonpermissible. Similarly, if Q4 ;(w) (or Q' ;(W))
is vertex-adjacent to its own images, the configuration is vertex-based nonpermissible. This
testing rule of permissibility applies also to configurations B and C.

Rectangular LAT(L7): edge-based nonpermissible support. When LAT(LT) is
rectangular as in Fig. 6.3(b), we observe that two images of Q4 o(W) are edge-adjacent to
Q 4.0(w) as shown by shaded areas in Fig. 6.5(a). So configuration A is in general not edge-
based permissible with rectangular LAT (L”). Similarly, we can show that configuration B
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Images of Q4 ;

Figure 6.7. Images of 0 4,; (w) and their positions relative to Q;’ ; (w); four images of Q 4,; (W) are edge-adjacent
to 0, ().

is not edge-based permissible with rectangular LAT (L) in Fig. 6.3(a). As configuration C
can satisfy the sampling criterion only for rectangular LAT (L), configuration C is edge-
based nonpermissible and hence not suitable for the development of two-copy CMFB.

Quincunx LAT (L7) and edge-based permissibility. Configuration A and B with
quincunx LAT (LT). Consider configuration A first. Location of the images of Q 4,0(W)
is shown in Fig. 6.5(c). None of the images of Q4 o(w) are edge-adjacent to Q4 o(w).
However, images of Q 4 o(W) are vertex-adjacent to 0 4 o(w). It can be verified that in every
subband, the images of Q4 ;(w) are vertex-adjacent to Q 4 ;(w) and images of Q/A,i (w) are
vertex-adjacent to Q’A’ ;(w). In this case, configuration A has edge-based permissibility but
lacks vertex-based permissibility.

On the other hand, note that images of Q 4 o(W) are edge-adjacent to Q'A’0 (w) and result
in edge-based aliasing error. Similarly in every other subband, the images of Q4 ; (W) are
edge-adjacent to Q'A’ ;{w) and similar edge-based aliasing is created. In particular, it can
be shown that four images of Q4 ;(w) will be edge-adjacent to Q:ﬂx,i (wyasin Fig. 6.7. It
turns out that these edge-based aliasing errors are in pairs and can actually cancel with one
another if the linear-phase prototype satisfy some minor condition. To be more specific, let
the impulse response of the prototype be p(n) and

p(n) = p(ng — n), for some integer vector n;. (6.2)

Cancellation of above-described edge-based aliasing error will take place if

n, =N (( 82 ) + d) , for some integer vector d. 6.3)

This is a minor condition because it is always possible to shift the linear-phase prototype
such that (6.3) is satisfied. We conclude that configuration A with quincunx LAT(L7) is
free from edge-based aliasing if n;, is as given in (6.3). Applying the preceding analysis on
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configuration B (Fig. 6.2(b)) we can obtain a similar result: configuration B with quincunx
LAT (L) is free from edge-based aliasing if the prototype satisfy the same condition (6.3).

Summary on the construction of the two-copy CMFB. In the above construction, we
have set up the framework for two-copy CMFB. Following a very close analogy of 1D
CMFB, we proposed the general sctting of the two-copy CMFB. In the general setting, we
started from a DFT filter bank with decimation matrix N = ML for a two-copy CMFB with
decimation matrix M. Then we derived configurations A, B and C. For the configurations
to satisfy the sampling criterion, the choice of L is not arbitrary as tabulated in Table 6.1.
For those that satisfy the sampling criterion, we examine the support permissibility. In this
singling out process, we found that only configuration A and B can possess edge-based
permissibility if LAT (L) is quincunx. Configuration C is, however, either violating the
sampling criterion or edge-based nonpermissible. Table 6.2 summarizes edge-based per-
missibility of the two-copy CMFB for each possible combination of LAT (LT) and the three
configurations. When the two-copy CMFB has edge-based permissibility (configuration A
or B with quincunx LAT(L")), cancellation of edge-based aliasing is possible. We have
seen that edge-based aliasing can be completely cancelled if the prototype has linear phase
as in (6.2) and the vector n; is as in (6.3).

It should be noted that even the best combinations of the configurations and LAT (L.T)
can not achieve both edge-based and vertex-based permissibility. This imposes limitation
on the attenuation of the individual filters in the two-copy CMFB as we will see in the
design example.

6.4. Perfect Reconstruction Two-Copy CMFB

In this subsection, we present the perfect reconstruction conditions for edge-based permis-
sible two-copy CMFB (configuration A or B with quincunx LAT (L7)). In the 1D case,
the CMFB has perfect reconstruction if and only if the polyphase components of the pro-
totype are pairwise power complementary [26]. We will see now the two-copy CMFB is
paraunitary and hence has perfect reconstruction if and only if the polyphase components
of the prototype satisfy some 2D power complementary conditions.

The analysis and synthesis filters. From the formulation of the analysis filters H,, (w)
in (6.1), the impulse response of H,(w) assumes the form

hm(n) = 2pm) cos2n Ky + b)'NIn), ke VONT), m=0,1,...,JM) -1,
6.4)

where b = ( 0.5 0)7 for configuration A and b = (0 0.5 )7 for configuration B. As the
synthesis filter F,, (W) is given by F,,(w) = H,;(w), the impulse responses of the analysis
and synthesis filters are related by

fn(m) = hy,(—n), where nis any 2 x 1 vector.
Let the prototype have the following polyphase representation

IN)-1 wr
P(w) = Z ENTw)e /W'l n.e NN), (6.5)
fe=)
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T
LAT(L') lattice (a) lattice (b) lattice (c)

configuration (rectangular) (rectangular) (quincunx)

A N O N
B O Oon
C O ] [ |

[J satisfied the sampling criterion

B edge-based permissible

Table 6.2. The sampling criterion, edge-based permissibility and relation to three possible LAT (LT) for config-
urations A, B and C. Lattice (a)~(c) in the table are as in Fig. 6.3 (a)—(c).

where E;(w) are the polyphase components of P(z) and the vectors n; € N'(N) are ordered
as in (3.2). Then the paraunitariness of the two-copy CMFB can be interpreted in terms of
E,' (W)

THEOREM 6.1 Necessary and sufficient conditions for paraunitariness [31]. Consider the
filter bank with decimation matrix M in Fig. 1.1. Let the matrix N be given by N = ML,
where LAT(L”) is quincunx. . Choose the analysis filters H,(w) as in (6.4) and let the
synthesis filters F,(w) = H}(w). Also let the prototype be linear phase with p(n) =
p(n; —m) andng = N( 0.5 0.5)7 mod N. Then the two-copy CMFB is paraunitary (i.e.,
the polyphase matrix is paraunitary) if and only if

E;(WEi(W) + E}, v, (WE, o, W) =, (6.6)

where ¢ is some constant.

Remark on Theorem 6.1. The condition in (6.6) is equivalent to saying that E;(w) and
E; | ;ovny{(w) are power complementary in 2D sense. This condition can be satisfied by
using the 2D paraunitary lattice, [34]. Also the theorem holds for both configuration A
and B.

Properties of the two-copy CMFB

1. The analysis and synthesis filters. In a 1D CMFB, each analysis filter has two distinct
shifts of the prototype filter. So the total bandwidth of each individual filter is the same,
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Figure 6.8. Efficient implementation of the analysis bank of the two-copy cosine modulated filter bank. The
matrix C is of dimension | det M| by 2| det M.

For 2D filters, total bandwidth should be interpreted as the total spectral occupancy.
It can be shown that due to quincunx LAT (L), each analysis filters in the two-copy
CMFB consists of two distinct shifts of the prototype and has the same size of spectral
occupancy.

Polyphase components of the prototype. In the 1D CMFB, the polyphase components
of the prototype are related in pairs because of linear phase constraint of the prototype.
At the same time, there are also power complementary pairs due to paraunitariness.
Furthermore if half of the polyphase components are pairwise power complementary,
the other half, due to linear phase, are automatically pairwise power complementary,
as shown in [26). The situation is exactly the same in the two-copy CMFB [31].

Efficient implementation of the two-copy CMFB. Efficient implementation is one of the
reasons that cosine modulated filter banks attract a lot of attention. In the 1D CMFB,
the complexity of the analysis bank or the synthesis bank is that of the prototype filter
plus a DCT matrix. The DCT matrices are known to be low-complexity matrices [56].
There also exists efficient implementation for the two-copy CMFB. The cost of the
analysis bank or the synthesis bank is that of a prototype filter plus a matrix, which has
elements resembling that of a nonseparable 2D DCT matrix. To be more specific, by
using the polyphase representation of the prototype in (6.5), the analysis filters in (6.4)
can be rewritten as

JMNy-1
How) = ) 2EN"w —27b)[Cluexp(~jw'm),

i=0

m=0,1,...,JM) -1,
where

[Clmi = cos(2m(ky + b)"N7'n;),
m=0,1,...,JM)—1, i=0,1,...,J(N)—1.
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Figure 6.9. Example 6.1. Two-copy cosine modulated filter bank. (a) Spectral support of the prototype P(w),
SPD(N-T), and (b) supports of the analysis filters.

The above expression for the analysis filters gives rise to the efficient implementation
in Fig. 6.8. The matrix C is rectangular of dimension J(M) x J(N). The figure
demonstrates that the complexity of the 2D CMEB is that of the prototype plus C,
which can be decomposed into 1D DCT matrices of smaller dimensions.

Example 6.1.  Two-copy CMFB. Let M = (g _? ) Choose L = (; i) , then

5 4 |- Fig 69
shows the support of the prototype. If we choose configuration B, the supports of the
analysis filters are as shown in Fig. 6.9(b). By Theorem 6.1, the two-copy CMFB has
perfect reconstruction if the polyphase components of the prototype satisfy the power com-
plementary condition given in (6.6). Fig. 6.10 shows the support of impulse response of
the prototype filter, p(no, r1). The support of p(ng, n;) resembles the shape of SP D(2N).
Each solid dot represents a possibly nonzero coefficient of p(ng, n1). In this optimiza-
tion, each of the fourteen polyphase components has four coefficients. The corresponding
frequency response of the prototype is shown in Fig. 6.11. The stopband attenuation of
the prototype is 17 dB. Since vertex-based permissibility is not achievable in any of our
construction, the attenuation of the prototype can not be arbitrary good like in 1D case.

LAT(LT) is quincunx. The matrix N given by N = ML is N =

6.5. Further Discussion on the Construction of the Two-Copy CMFB

In this subsection, we would like to go back to the construction process of two-copy CMFB
and have a more detailed discussion of some of the subjects that require a more careful
examination.

Support of the prototype. The support of the prototype filter is SPD(wN~T). The
spectral supports of the individual filters depend on the choice of configurations and the
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Figure 6.10. Example 6.1. Two-copy cosine modulated filter bank. The impulse response support of the prototype.
Each solid dot represents a possibly non-zero coefficient of the prototype. (Intersection points of the dashed lines
are on the lattice of N. Solid lines represent integers.)
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Figure 6.11. Example 6.1. Two-copy cosine modulated filter bank. The magnitude response of the prototype with
frequency normalized by 2.
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matrix N = ML. Although the decimation matrix M is arbitrary, L is subject to the
constraint that LAT (L) is quincunx. The matrix N is not arbitrary and hence the support
of the prototype is not arbitrary. In the construction of the two-copy CMFB, for a given M
we formulate N = ML for some integer matrix L with quincunx LAT (L7). It follows that
N assumes the form

N=M ( _i i ) , for some integer matrix M. (6.7)

Conversely, it can be shown for any N of the form in (6.7), we can construct a J{(M')
channel two-copy CMFB with decimation matrix M’ such that the prototype filter has
support SP D(N-T). However, we should be careful with this statement. Consider

40
v=(i2)

which takes the form

2 =2 11 40 10
N=(3 _1>(_1 1) or the form N=(4 1)(02).

“ — e e e
M1 L1 MZ L2

Using SPD(nN~T) as the prototype support, the 4-channel filter bank with decimation
matrix M; has edge-based permissibility while the 4-channel filter bank with decimation
matrix M, does not have edge-based permissibility.

Remark on the choice N=ML. In Sec. 6.2., we have seen that when the prototype P(w)
is decimated and then expanded by M, the images are confined to the grid formed by the
filters in the DFT filter bank. Furthermore, P(w) and its image form a pattern resembling
that of LAT(LT). This is a direct result of the choice N = ML {[31]. If we had chosen
N = LM, then in general the images of P(w) would not be confined to the grid formed by
shifts of P(w) in the DFT filter bank.

More general L?. In the preceding construction of two-copy CMFB, we have assumed L
to be an integer matrix of determinant 2. There are only three possible LAT (LT). Consider
the kth subband in configuration A. From the discussion in Sec. 6.3, we know that 0 4 ;(w)
is always edge-adjacent to its own images for rectangular LAT (L7) and Q 4 ;(w) is always
vertex-adjacent to its own images for quincunx LAT (LT). In this case the best solution of
two-copy CMFB available to us is edge-based permissible but not vertex-based permissible.
One wonders whether it is possible to derive a solution of two-copy CMFB that is both edge-
based permissible and vertex-based permissible if L is not restricted to be an integer matrix.
The answer is still unfortunately, no! When L is not an integer matrix but has determinant
2, it can be shown that in some special cases Q4 (W) is neither edge-adjacent nor vertex-
adjacent to any of its own images. In this case, however, the images of passbands of O 4 (W)
will always overlap with passbands of Q/, ,(w); the sampling criterion is violated. The
filter bank can not have perfect reconstruction even if all the filters are ideal. This discussion
also holds for configuration B and C.

59



316 LIN AND VAIDYANATHAN

Figure 7.1. DFT filter bank example.

7. Four-Copy Cosine Modulated Filter Banks

In the two-copy CMFB, each analysis filter consists of two copies of the prototype, while
in the four-copy CMFB, each analysis filter consists of four copies of the prototype. The
general setting of the four-copy CMFB will be an analogy of two-copy CMFB. But some
procedures used in the two-copy CMFB require some modifications for the four-copy case
(Sec. 7.1). In the two-copy CMFB, we have found that it is not possible to have both edge-
based and vertex-based permissibility. In the four-copy case, it is possible but the four-copy
CMFB can be edge-based and vertex-based permissible (i.e., completely permissible) only
with one particular configuration. This special case of completely permissible four-copy
CMFB will be discussed in Sec. 7.2. All the other possible cases of four-copy CMFB will
be discussed in Sec. 7.3.

7.1. General Setting

For a four-copy CMFB with decimation matrix M and J (M) channels, we start from a DFT
filter bank with four times the number of channels. Then we shift the filters in the DFT filter
bank and combine four shifted filters to obtain real-coefficient analysis filters. However,
the procedure of combining four filters to obtain real-coefficient analysis filters is not as
straightforward as in the two-copy case.

Similar to the two-copy case, given decimation matrix M, we start from a DFT filter bank
with decimation matrix N = ML, where L is an integer matrix with | detL| = 4. Suppose
the 4J (M)-channel DFT filter bank has supports as shown in Fig. 7.1. We can shift the
filters in the three directions (bg, by, and b,) indicated in Fig. 7.1. Fig. 7.2 shows the shifted
filters with respect to the three shifts. For instance, if we shift the filters by b,, the resulting
supports are as shown in Fig. 7.2(c). The shifted filters are denoted by Q¢ ; and Q’C'i.
Notice that the impulse response of Q¢ ; and Q- ; are conjugates of each other. Later when
we derive the real-coefficient analysis filters, Q¢ and O ; should always belong to the
same analysis filter. The set (Qc i, O ;) will be called a conjugate pair. There is a total of
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(a)

Figure 7.2. Shifted versions of the filters in the DFT filter bank.
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2J (M) conjugate pairs. Similarly, in Fig. 7.2(a) and Fig. 7.2(b) (Q4.;. Q’AJ) is a conjugate
pair and (Q,i, Q% ;) is a conjugate pair. As each analysis filter in the four-copy CMFB
has four copies of the prototype, each analysis filter consists of two conjugate pairs.

The procedure of combining four shifted filters

Recall that in the two-copy CMFB, after we shift the filters in one of the three directions,
there is a unique way to pair the filters and obtain real-coefficient analysis filters. However,
in the four-copy CMFB, we have a number of ways to combine the filters. Consider the
lowpass analysis filter Ho(w) only. In Fig. 7.2(c), if we combine the pair (Q¢,o, Q/c,o) and
the pair (Qc.1, Q/(:,1)’ then the support of Hy(w) is as shown in Fig. 7.3(a). If we combine
(Qc.0, Q¢ o) and (Qc.2, Q¢ ,), then the support of Ho(w) is as shown in Fig. 7.3(b). Another
possible choice is to have Hy(w) as in Fig. 7.3(c) by combining (Qco, Q/c,o) and (Qc 3,
Q'c,3)- Notice that in all three choices of Hy(w), the support of Hy(w) is connected by edge
or vertex. So even with the constraint that the support of Ho(w) should be aconnected region,
the support of Hg(w) cannot be uniquely determined. Therefore, it is possible to derive
several different configurations from Fig. 7.2. But of all the configurations derived from
Fig. 7.2(a)~(c), only one configuration can lead to edge-based and vertex-based permissible
four-copy CMFB, which is discussed next.

7.2. The Simplistic Four-Copy CMFB

We consider a special type of four-copy CMFB, which will be called the simplistic four-copy
CMFB. In the simplistic four-copy CMFB,

=(32)

and the lowpass analysis filter Ho(w) is chosen as in Fig. 7.3(a). So the lowpass analysis
filter has a parallelogram support SPD(xM~™T), which is a natural generalization of the
lowpass analysis filter of a separable CMFB. In this case, it can be shown that if the four-copy
CMFB has both edge-based and vertex-based permissibility then the decimation matrix M
is restricted to one of the following forms.

M =UA,, (casel) and M =KA,, (case2) a.1n

where U is unimodular, K has [det K| = 2 and A; and A, are diagonal. All matrices are
integer matrices. For the first case of M, the support configurations of the analysis and
synthesis filters can be obtained by designing two 1D perfect reconstruction filter banks
and performing a unimodular transformation as explained in Sec. III [49]. If the two 1D
filter banks are cosine modulated, then the resulting 2D nonseparable filter bank will also be
cosine modulated. That is, all the filters in the 2D nonseparable filter bank can be derived
from one prototype. For the second case, the desired support configuration of four-copy
CMFB can be achieved by concatenating a separable 2D CMFB with a 2D nonseparable
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Figure 7.3. Possible supports of Hp(w) when different conjugate pairs are chosen.
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two-channel filter bank in the form of a tree structure. We have seen such a tree structure in
Example 4.3. In this case, even if the two systems are cosine modulated, the cascaded system
is not cosine modulated in general. But the 2D filter banks designed in this method have
the desired support configuration of a four-copy CMFB and have perfect reconstruction.

7.3.  Other Possible Forms of Four-Copy CMFB

For the most general four-copy CMFB, the only requirement is that each filter contains
four copies of the prototype. The support of the lowpass analysis filter is not necessarily
a parallelogram as we have seen in Sec. 7.1. The matrix L can be any integer matrix with
|detL} = 4. Similar to the two-copy CMFB, the locations of images of analysis filters are
determined by LAT(LT). With |detL” | = 4, there are 7 possible choices for LAT (LT).
Consider the lowpass analysis filter that has spectral support consisting of four connected
parallelograms. Namely, any one of the four parallelograms is edge-adjacent or vertex-
adjacent to another parallelogram. In this case, it can be verified that such a filter bank can
not possess both edge-based permissibility and vertex-based permissibility for any choice
of LAT (L), except in some special degenerate cases.

Remarks on four-copy CMFB. We must note that the discussion of alias cancellation is
made completely from the viewpoint of support permissibility. Although in the discussion,
the analysis filters are described as cosine modulated versions of a prototype filter, the
argument continues to hold even if the filter bank is not cosine modulated. In all the
discussion, the assumptions actually made are (1) the analysis and synthesis filters have the
same spectral support, which is in general true in most filter banks, and (2) the lowpass
analysis filter consist of four connected parallelograms. With these two assumptions, we
can make the following conclusion. Consider a 2D filter bank, in which the analysis filters
contain four parallelograms. Suppose the four parallelograms of the lowpass analysis are
connected. If such a filter bank can possess both edge-based permissibility and vertex-based
permissibility, then M is either as given in (7.1) or limited to some degenerate cases.

8. Two-Dimensional FIR Lossless Matrices

A large subclass of filter banks is the so-called orthonormal filter banks. In these systems,
the polyphase matrix of the analysis bank E(z) is paraunitary, i.e., E(z)E(z) = I, [50].
Characterization of such matrices is therefore useful. For 1D systems, this has already been
done and the results are well known. In this section, we will consider the 2D counterpart
of this topic. Recall from Sec. 1.2 that a causal, stable paraunitary system is also termed
as a lossless system.

Characterization of 2D FIR lossless systems. Similar to the 1D case, 2D causal systems
can be described by state space description. Several state space realizations have been
proposed for 2D causal systems. For the characterization of the 2D lossless systems, the
first-level realization [16], [57] and the Roesser realization [40] are of particular importance.
The 2D FIR lossless systems have been successfully characterized in terms of first-level
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u(n) x(n) y(n)
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27,
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Figure 8 1. The schematic of the state space description for E(z).
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Figure 8.2, The schematic of the first-level description for E(z).
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Figure 8.3. The schematic of the Roesser state space description for E(z).
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realization [4], [51] and Roesser realization [S1]. Losslessness of a 2D system is directly
related to the realization matrices in these two types of state space description.

Factorization of 2D FIR lossless systems. Recall in 1D case, any lossless systems can be
factorized into degree-one building blocks. To address the issue of factorizing 2D lossless
systems, we need to define the degree of a 2D causal transfer matrix first. Consider a 2D
causal system E(z), where z = (2o z1 )7. If we hold z fixed, we can view E(z) as a 1D
system in z; and in this case we can define the degree of E(z) in z; as in 1D case. The
degree of E(z) in zo can be defined in a similar manner. As in 1D case, we are interested
in factorizing a FIR lossless system E(z) into systems of lower degree in zo, 21 or in both
variables. It can be shown that the factorizability of a 2D FIR lossless system E(z) can
be translated into properties of first-level realization and Roesser realization [51]. We will
also present a subclass of 2D FIR lossless systems that can be expressed as a product of 1D
FIR lossless systems [34].

The main purpose of this section is to review some important developments of 2D FIR
lossless systems. A brief review of 1D lossless systems is given in Sec. 8.1. Results on
1D lossless systems will be mentioned only when a related 2D result is to be discussed
in this paper. For a more thorough treatment of 1D lossless system, the readers can refer
to Chapter 14, [50]. In Sec. 8.2, we introduce the first-level realization [16], [57] and the
Roesser realization [40]. Then we characterize the 2D FIR lossless systems through these
two realizations. Results on factorization of 2D FIR lossless systems [34], {23], [51], are
presented in Sec. 8.3,

8.1, One-Dimensional FIR Lossless Matrices
State space description

Let E(z) be a 1D M x M causal rational system that can be implemented with p delay
elements. Denote the output of the ith delay element by x;(n) and let

x(n) = (xo(n) xi(n) ... xp(m)'.
Then the input u(n) and output y(r) of E(z) can be related by the following description.
x(n+ 1) = Ax(n)+ Bu(n)
y(r) = Cx(n) 4 Du(n) (8.1)
The quadruple (A, B, C, D) is called the state space description of E(z) and the matrix
*-(¢ p)
is called the realization matrix. It can be shown that any causal rational system E(z) has a
state space description as in (8.1). Also from (8.1), we can write E(z) as

E(z) =CizI-A)"'B+D,
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where A is of dimension p x p. When p is equal to the degree of E(z), we say the state
space realization is minimal. Fig. 8.1 shows the schematic of the state space description.

In the theorem below, we will see that FIR lossless systems can be characterized in terms
of their realization matrices [50].

THEOREM 8.1 FIR lossiess systems and state space realization [46], [14]. A system E(z)
is FIR lossless if and only if E(z) admits a minimal realization such that the realization
matrix R is unitary, i.e. R'R =1, and A is strictly lower triangular. Moreover, the degree
of a lossless system E(2) is equal to the degree of [detE(z)).

THEOREM 8.2 Factorization of FIR lossless matrices [50]. An M x M FIR lossless system
E(z) with degree p can always be factorized as

E@) =V,@V,-1(2) ... Vi()Eo, (8.2)

where Eg is a M x M unitary matrix and V,,(2) is an M x M FIR lossless matrix of degree
one given by

t f

V@) =1—v,v} +z7 v, with viv, =1 (8.3)

8.2. Two-dimensional FIR lossless matrices
8.2.1.  First-Level Realization

Let E(z) be a 2D causal rational system. If we hold zp fixed, we can view it as 1D system in
71, with the coefficients dependent on Zo. Con51der a 1D realization of this system and let the
state space realization be (A(z()) B(zO) C(z()) D(zO)) Then the system can be expressed
as

E@) = D(z0) + C(z0) (211, — Alz0)) 'B(z0). (8.4)

This is termed the first-level realization of E(z). Notice that K(zo) is an n X n matrix
function of z5. The matrix

_ 5(20) E(zo)
Fzo) = (C(Zo) D(m))

is termed the system matrix associated with this realization. The realization is called
minimal if n = p, where p is the degree of E(z) in z;. The following result is shown in
{4}, [511.

THEOREM 8.3 2D FIR lossless systems and first-level realization. The system E(z) with
degree p in 7o and p in z1 is FIR lossless if and only if there exists a minimal first-level
realization such that the system matrix ¥(zq) is FIR lossless and all the eigenvalues of A(zo)
are O for all zg. In this case, ¥(zp) has degree p.
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8.2.2. Roesser Realization

Roesser proposed the following state space description for 2D causal rational E(z) [5], [40].

(-Xo(no +1, n=l)) =A (Xo(nm~nl))'+ Bu(ng, ny)

Xi(no,ni+ 1) xi(ng, n1)

y(no,m) = C (i‘:g;g 23) + Du(ng, ).

So E(z) can be expressed as

_ Z()Im (_) B
E@ =D+C (( 0 zl, ) — A) B. 8.5)

Similar to 1D case, the realization matrix R is defined as
A B
R= (C D) :
Let E(z) be of degree p in zg and p in z;. The realization is minimal if m = p and n = p.
A schematic of the Roesser realization is shown in Fig. 8.2.
Before we characterize the 2D FIR lossless matrices in terms of the Roesser realization, the

definition of the 2D characteristic polynomial is in order. The 2D characteristic polynomial
of a p x p matrix Q with partition (m, p —m) is

O, p—m (20, 271) = det [( ZO;’” 0 ) - Q} . (8.6)

S, ZIIp—m

THEOREM 8.4 [51] A causal 2D transfer matrix E(z) is FIR lossless if and only if there
exists a minimal Roesser realization such that the realization matrix R is unitary and the
2D characteristic polynomial of A satisfies w, (20, 21) = zg zy. Moreover, if E(z) is FIR
lossless with degree p in 29 and | in 24, then det E(z) = cz, P20 ¥, with |c| = 1.

8.3. Factorization of 2D FIR Lossless Systems

In this subsection, we present some results on the factorization of 2D FIR lossless matrices.
We will see that a 2D causal FIR system E(z) can be factorized into FIR lossless systems
of lower degree in z; if the first-level system matrix is of a certain form (Theorem 8.5).
Similarly, we will see that a 2D causal system E(z) can be factorized into FIR lossless
systems of lower degree in zq and z; if the Roesser realization matrix is of a certain form
(Theorem 8.6). These two theorems are proved in [51]. Finally, in Theorem 8.7 we will
introduce a subclass of 2D FIR lossless systems that can be factorized into the 1D building
blocks in (8.3). This subclass consists of 2D FIR lossless systems that have order one in 2o
or zy [34].
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Before we present the theorems, we look at a structure that leads to 2D FIR lossless
systems. A generalization of the factorization in (8.2) to 2D case is [23], [51]

E@) = U,@U,_1(2) ... U;@)E, ®.7)

where Eo is unitary, and U, (z) is a 1D degree-one building block of the form V,(zo) or
Va(zy) as defined in (8.3). The systems constructed in this manner are FIR and lossless.
However, they only represent a subclass of 2D FIR lossless systems. The reason will follow
from Theorem 8.6 below.

THEOREM 8.5 [51] A 2D FIR lossless system E(z) with degree 11 in 71 can be factorized as
E(z) = E1(@)Eq(z), where E;(z) are of degree pi; in 2y and |L = pty + iy, ifand only if E(z)
admits a minimal first-level realization such that all the following conditions are satisfied.

1. The system matrix F(zq) is FIR and lossless in z;.

2. The matrix K(z()) in (8.4) is block lower triangular, i.e.
~ (A _0
A(ZO) - ( x AZ(ZO) ’ (8.8)

where X represent possibly nonzero polynomial in 7§ L

3. The block matrix X,- (z0) is of dimension p; x w; and all the eigenvalues of K,‘ (zo) are
0 for all z.

A corollary of this theorem is that FIR lossless E(z) can be factorized into matrices of
degree-one in z; if and only if A(ze) is strictly lower triangular.

THEOREM 8.6 [51] Let E(z) be a 2D FIR lossless system with degree p in zo and u in z;.
It can be factorized as E(z) = E1(z2)Ex(z), where E;(z) are of degree p; in 7o and u; in
21 with p = py + py and po = pq + W, if and only if the following holds: ¥{z) should
admit a minimal Roesser realization (A, B, C, D) such that ail the following conditions are
satisfied.

1. The realization matrix R is unitary.

2. The matrix A in (8.5} is of the form

Ay 0 Ap 0
X A21 x Agz
Az 0 Ay 0}’
X A x Ay

A=

where X represent possibly nonzero entry.
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A Ap

3. The matrix A; = ( A A
i3 A

) with partition {p;, pi;) has characteristic polynomial

Ao, u; (z) = Z([))iz‘l“‘

A corollary of this theorem is that FIR lossless E(z) can be factorized into 1D degree-one
building block asin (8.7) if and only if A is of the form A = PTLP, where Pis a permutation
matrix and L is strictly lower triangular.

THEOREM 8.7 [34] Let E(z) be a lossless system of order one in g

i N
E(@) = Z Z e(ng, n1)zg 'z, .

n=0 ﬂ1=0

Then B(z) is of the form E(z) = Go(z0)F(21)G1(z0), where F(z1), Go(zo) and G1(zo) are
1D FIR lossless systems.

By Theorem 8.2, F(z1), Go(zo) and Gy (zo) can be factorized into the 1D building block in
(8.3). So the subclass of 2D FIR lossless systems that has order one in zo can be expressed
as the product of the 1D building block in (8.3). Notice that there is no restriction on the
order of z;.

Remark. Theorem 8.5 and Theorem 8.6 provide the necessary and sufficient conditions for
the factorizability of 2D lossless systems. In Theorem 8.5, we see that a 2D lossless system
E(z) can be factorized into systems of lower degrees in zg or z; if and only if E(z) admits
a minimal first-level realization that satisfies those three conditions described in Theorem
8.5. However, there is no systematic approach to test whether E(z) admits such a first-level
realization. Similarly, Theorem 8.6 states that a 2D lossless system E(z) can be factorized
into systems of lower degrees in zo and z; if and only if E(z) admits a minimal Roesser
realization that satisfies those three conditions described in Theorem 8.6. Again, there is
no systematic approach to test whether E(z) admits such a Roesser realization.
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