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Summary. REH theory is extended by deriving the theoretical equations that 
permit one to analyze the nonrandom molecular divergence of homologous 
genes and proteins. The nonrandomicities considered are amino acid and base 
composition, the frequencies with which each of the four nucleotides is replaced 
by one of the other three, unequal usage of degenerate codons, distribution of 
fixed base replacements at the three nucleotide positions within codons, and 
distributions of fixed base replacements among codons. The latter two distribu- 
tions turn out to dominate the accuracy of genetic distance estimates. The 
negative binomial density is used to allow for the unequal mutability of differ- 
ent codon sites, and the implications of  its two limiting forms, the Poisson and 
geometric distributions, are considered. It is shown that the fixation intensity 
- the average number of  base replacements per variable codon - is expressible 
as the simple product of two factors, the first describing the asymmetry of the 
distribution of base replacements over the gene and the second defining the 
ratio of the average probability that a codon will fix a mutation to the proba- 
bility that it will not. Tables are given relating these features to experimentally 
observable quantities in a hemoglobin,/3 hemoglobin, myoglobin, cytochrome 
c, and the parvalbumin group of  proteins and to the structure of  their corre- 
sponding genes or mRNAs. The prineipal results are (1) more accurate methods 
of estimating parameters of evolutionary interest from experimental gene and 
protein sequence data, and (2) the fact that change in gene and protein struc- 
ture has been a much less efficient process than previously believed in the 
sense of  requiring many more base replacements to effect a given structural 
change than earlier estimation procedures had indicated. This inefficiency is 
directly traceable to Darwinian selection for the nonrandom gene or protein 
structures necessary for biological function. The application of these methods 
is illustrated by detailed consideration of  the rabbit a- and/3 hemoglobin 
mRNAs and the proteins for which they code. It is found that these two genes 
are separated by about 425 fixed base replacements, which is a factor of two 
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greater than earlier estimates. The replacements are distributed over approxi- 
mately 114 codon sites that were free to accept base mutations during the 
divergence of these two genes. 1 

Key words: Nucleic acids - Proteins - Natural selection - Genetics - Non- 
random molecular divergence - Nonrandom REH theory - Evolution - 

mRNA - DNA 

Introduction 

The purpose of this paper is to derive the equations of nonrandom molecular diver- 
gence with respect to gene (or mRNA) and protein structure. The theoretical results 
are given in the form of tabular values which relate the consequences of nonrandom 
phenomena to observable experimental quantities for five gene families: ~ hemoglobin, 
13 hemoglobin, myoglobin, cytochrome c, and the parvalbumin group of genes. These 
results are compared to the random theory of molecular divergence proposed by Holm- 
quist, Cantor, and Jukes (1972) and Jukes and Holmquist (1972) and subsequently 
developed by them (Holmquist 1976a; Moore et al. 1976; Holmquist et al. 1976; 
Holmquist 1978a; Holmquist 1980). It should be noted in passing that both the ran- 
dom and nonrandom theory allow for the effect of Darwinian selection in restricting 
the number of nucleotide loci within the gene, or amino acid loci within the protein, 
that may fix mutations. 

There are five types of nonrandom effects to be considered. First, the nucleotide 
composition of structural genes is usually nonrandom: the ratios A:C:G:T are not 
1 : 1 : 1 : 1. Second, the likelihoods of a given nucleotide mutating to and being fixed as 

another nucleotide during evolutionary divergence are not equiprobable: the twelve 
transition 2 types, A ~ C for example, do not all occur equally frequently. Third, the 

probability that each of the three nucleotide positions within a codon sustains a fixed 
mutation may differ for each position: the third coding position usually fixes more 

mutations that either of the first two positions because of the extensive degeneracy 
of the genetic code at the third position. Fourth, codon usage, that is the frequency 
with which a given amino acid is coded for by a given codon, will not in general be 
that of the genetic code table in which each codon is used equally frequently. Fifth, 

the distribution of fixed mutations among codons may be uneven: the assumption 
this distribution is approximated by the Poisson density is not always the best (Fitch 

and Markowitz 1970; Uzzell and Corbin 1971). 

1 In common parlance the word random has the meaning of events of equal probability, and we 
shall accordingly use the word nonrandom for events of unequal probability. We point out, 
however, that in the field of statistics the word random is used in the more general sense of a 
variable capable of assuming one or more values, not necessarily of equal probability, each value 
a possible outcome of an experiment. A statistician might prefer the word uniform to random 

2 Throughout this paper the term transition is used in its general sense of an interchange, not in 
its specialized genetic sense restricted only to purine ~ purine or pyrimidine ~ pyrimidine in- 
terchanges 



Theoretical Foundat ions  for Quantitative Paleogenetics 213 

Although all investigators are in agreement on the existence and biological impor- 
tance of these various nonrandomicities, there has not  been any quantitative theory to 
utilize this information to increase the understanding of evolutionary phenomena. Do 
these effects affect the magnitude of observable consequences to change them much 
from the answers given by random theory? One might guess not, because both sto- 
chastic random theory and the method of  maximum parsimony, which is decidedly 
nonrandom in its approach, estimate similar numbers for the total  mutations fixed 
during the evolutionary descent of two genes from a common shared ancestral gene 
(Moore et al. 1976; Holmquist et al. 1976). However, the assumptions of both sto- 
chastic random theory and the parsimony method stray from biological reality in ob- 
vious, but  different ways (Holmquist 1976a,b; Holmquist 1979). The methods given in 
the present paper permit  a more accurate estimation of the total  mutations fixed and 
hence also of calculations of rates of molecular divergence. 

2. Fundamental  Parameters During Gene Change: Definition and Assignment of 
Numerical Values 

Gene behavior is not constant in time. It can change because of intrinsic changes in 
the mutat ion rate or because of environmental changes affecting the process of natural 
selection which determines whether or not  a mutat ion will be fixed in the population. 
That port ion of a gene which is able to accept mutations changes as successive muta- 
tions occur (Karon 1979). The experimentally observed approximate linearity in evo- 
lutionary rates over longer time periods (Fitch 1976), the stability of amino acid or gene 
compositions about their mean values within a family of given biological functionality,  
(Holmquist and Cimino 1980), the small standard deviations of the fixation intensity 
and number of varions for a given taxon (Moore et al. 1976 ; Holmquist et al. 1976) all 
attest that  these changes occur slowly and in such a manner that though a given evolu- 
t ionary parameter  may wander about its mean value, it does not over longer time peri- 
ods monotonical ly wander away from it: these wanderings are ult imately constrained by 

the requirements of biological function. Thus in all that  follows, the basic evolutionary 
parameters are taken to be average values and stable. This permits us to maintain most 
of  the mathematical  simplicity of a random model while still allowing for large non- 
randomicities when they are present. 

We shall need to use several parameters important  to genic change in our derivations 
and the present subsection addresses itself to the definition of these parameters and 
the assignment of numerical values to them. 

2.1 Gene or rnRNA Base Composition. The experimentally found average mole frac- 
t ion of A (adenosine), C (cytidine), G (guanosine), and U (uridine) for the varied co- 
don loci of ~ hemoglobin,/3 hemoglobin, myoglobin, cytochromes c, and the parvalbu- 
rain group of genes was taken from the tabulation of these values in Holmquist and 
Cimino 1980. The gene or mRNA base composit ion will be designated Bim, the index 
i running from 1 to 4 to designate the base (A, C, G, or T(U)) and the index rn running 
from 1 to 3 to designate the position within the codon. The Bim are constrained by 

the condition 

4 
Y. Bim = 1. 
i=l  
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2.2 Nucleotide Transition Probabilities. These are not measurable experimentally be- 
cause of the inaccessibility of the nucleic acid and protein sequences ancestral to con- 
temporary forms. At first we considered using the transition probabilities inferred by 
the maximum parsimony principle and reported by Goodman and Moore (1977). How- 
ever, doubts about the accuracy of the reconstructed ancestral sequences (Peacock 
and Boulter 1975; Schwartz and Dayhoff  1978; Barker et al. 1978; Holmquist 1978b, 
c; Holmquist 1979), even among those who use the method, and our recent finding 
that, if stable, the reported maximum parsimony transition probabilities require the 
base composition to eventually wander away from the experimentally measured base 
composition led us in the end to employ less biased transition probabilities that  main- 
tained the experimentally observed compositional fidelity (Holmquist and Cimino 
1980). With respect to notation, if a gene locus is occupied by the base B and if it 
changes, and is replaced in one-step by the base B' B -+ B' (A -+ C, for example) the 
probabili ty of this event will be designated 

r 

P BB' ~ Prob(B -+ B'] B), B~,~B p BB' = 1. 

These conditional transition probabilities can be directly calculated from the asym- 
metric unconditional transition probabilities tabulated in Holmquist and Cimino 
(1980): thus 

, PAC 
P AC = PAC + PAG + PAU ' 

for example, where PAC, etc. is the proport ion of all one-step transitions of the type 
A -~ C. The conditional transition probabilities are needed below to calculate the prob- 
ability of back mutation. 

2.3. Probability of  Back Mutation. At a given nucleotide position m(-- 1 to 3) within 
the codon, the probabili ty m ~(X) that a base initially B(-- A, C, G, or U) at that lo- rBB 
cus will after X-one step base replacements remain B is (Holmquist 1976b) 

4 
m .. )=  i~,j=l mpiij o msX (1) 

The index i identifies the base (A, C, G, or U) and the index j identifies the term (at 
most four if all the coefficients Piij are nonzero and if all the arguments s: are distinct). 
The coefficients and arguements of Eq. 1 are straightforwardly calculated (see Eq. 10 
and 14 in Holmquist 1976b) from the nucleotide transition probabilities alone. Con- 

ceptually the arguments sj are the reciprocals of the roots of the probabili ty generat- 
ing function. For each of  the five gene families considered in this paper, the numeri- 
cal values of these coefficients and arguments are given in the Appendix at each of the 
three positions within the codon. They are not given here to avoid breaking the con- 
t inuity of the development. The quantitative development of these qualitative ideas is 
fully exposited in the Appendix. 

Although the coefficients p and the arguments s are not independent, being calcu- 
lated from the same experimental data, in an intuitive sense they can be separated. The 
fi are a transformed measure of the deviation of the equilibrium base composition 
from randomness (equimolar amounts of each of the four bases), and the S are a mea- 
sure of the rapidity with which the gene base composition will return toward the 
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Fig. 1. Probability 2pkX A) for back mutation at gene loci originally adenosine at the 2nd nucleo- 
tide position within the varied codons in myoglobin. Upper curves are for X an even integer; 
lower curves are for X an odd integer. - nonrandom transition probabilities; - - - -  ran- 
dom transition probabilities (Calculated from Table A 4 and Eq. 1) 

equi l ibr ium values if displaced f rom it. This return is most  rapid for a random process 

(Fig. 1), for  which the set [mpiij] is [1/4, 1/4, 1/4, 1/4] 3, independent  of  rn and i, and 
the  set [msj] is [ 1 , - 1 / 3 , - 1 / 3 , - 1 / 3 ]  4. 

The  index i identifies the  base (A, C, G, or U) and the index/ '  identifies the  term 

(at most  four  if all the coeff icients  Piij are nonzero  and if all the  arguments  sj are dis- 

t inct) .  The coeff icients  and arguments  of  Eq. 1 are s t raightforwardly calculated [(see 

Eq.  10 and 14 in Holmquis t  (1976b)]  f rom the nucleot ide  transi t ion probabili t ies alone. 

Conceptual ly  the arguments  sj are the  reciprocals of  the roots of  the probabi l i ty  gen- 

erating funct ion.  For  each of  the five gene families considered in this paper, the nu- 

merical  values of  these coeff icients  and arguments  are given in the Appendix  at each of  

the  three posit ions within the codon.  They  are no t  given here to avoid breaking the 

con t inu i ty  of  the development .  

2 .4 .  D i s t r i b u t i o n  o f  F i x e d  M u t a t i o n s  W i t b i n  a C o d o n ,  Suppose a codon is hit  n times, 

and designate by x i the  number  of  hits at the i th posit ion of  the codon (i= 1 to 3). 

Then  x 1 + x 2 + x 3 = n and the jo in t  probabi l i ty  distr ibut ion of  x 1, x 2, and x 3 is, for  

3It is a numerical accident that for random divergence these coefficients are equal to the molar 
base composition. In general they are not, though the first coefficient, for a given i, is always 
equal to the equilibrium composition for that base 

4The coefficient s 1 is always unity. The fact that s2, s3, and s 4 are for random divergence the 
negative of the conditional nucleotide transition probabilities is again a numerical coincidence, 
not true in general 
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independent hits, multinomial 

n! x I x 2 x 3 
(2) P(Xl 'X2'X3)  - Xl!X2!X3! Pl P2 P3 

p l  + p 2 + P 3  =1  , 

where Pl, P2, and P3 are the probabilities that a one-step base replacement occurs at 
the 1st, 2nd, or 3rd position within the codon respectively. From the extensive max- 
imum parsimony reconstructions for the five gene families considered here, the inferred 
base replacements reported by Goodman and Moore (1977) can be used to estimate 
the ratio p l /P2 . The result is 1.23 -+ 0.02 (standard deviation of the mean) irrespec- 
tive of the gene family (~ hemoglobin,/3 hemoglobin, myoglobin, cytochromes c, or 
the parvalbumin group). To what extent this concordance for different functional 
gene families is an artifact of the special assumptions of parsimony is not known, but  
it is known, experimentally, that this ratio is 1.28 if the actual numbers, 9 and 7 re- 
spectively, of base replacements observed at the first two positions within codons be- 

tween the mRNAs of human and rabbit/3 hemoglobin are used to estimate Pl  and P2 
(Kafatos et al. 1977). In view of the fact that the main nonrandom effect in this dis- 
tribution is at the 3rd position within the codon we shall simply take Pl  = P2 until 
additional experimental nucleic acid data define this ratio better. To obtain P3 max- 
imum parsimony is useless because of the extensive degeneracy of the genetic code at 

that position. Experimentally there are 32 observed replacements at the third posi- 
tion within the codons for the mRNAs of rabbit and human/3 hemoglobin. Thus 
p3/[(pl  + p2)/2] is at least 4, and after correction for multiple hits at the same base 
site may be between 6 and 7. With these comments as a basis, we take 

Pl  =0.12 

P2 = 0.12 

P3 = 0.76. 

For the trpA genes from Salmonella typbimurium and Escberichia coli, Nichols and 
Yanofsky (1979) reported 36, 17, and 146 observable nucletide replacements at the 
three codon positions. Taken at face value, that is without correcting for superim- 

posed fixed mutations, this corresponds to Pl :P2:P~ ::0'181:0"085:0-734- We shall 
return to this matter in the Discussion after having developed the basis for a more 

exact estimation of these three parameters. 5 

5When the estimation is made as in the present section, it is important to choose sequences that 
are neither too closely nor too distantly related. In the former case there may not have been 
time for the differential pattern at the three positions within the codon to be realized (too few 
fixed mutations), and in the latter case each of the three positions will, because of mutational 
saturation, appear to have fixed approximately equal numbers of mutations 
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3. The Problem Stated and Its Solution 

The consequences of  accepted random gene mutations within a codon have been thor- 
oughly explored in the REH theory for proteins published by Holmquist, Cantor and 
Jukes (1972), and in REH theory for genes published by Holmquist (1980). Our ap- 
proach will be to obtain the analogues to Table 1, Table 5 (Table A2), and Table 8 in 
the former paper for accepted nonrandom point muations within a codon. 

3.1 Genes or rnRNA.  We seek then the probabilities Pn(0)~ corrected for multiple hits 
at the same base site, revertants, and parallelisms, that  a codon hit n times has exactly 
0 base sites which differ from the homologous sites in the original codon (0 = 0, 1, 2, 
and 3). 

Let p(x m) be the probability that a base at the mth position within the codon (m = 
1, 2, or 3) is unchanged after x fixed mutations. The bases at gene loci can remain un- 
changed in four ways: A may remain A, C may remain C, G may remain G, or T (U in 
mRNA) may remain T(U). p(x m) is thus the sum of four terms, each the product of 
the probability that  the original gene locus is occupied by a given base, given by the 
base composition Bim at the varied loci, and the probability that if the locus is occu- 
pied by that base, it will remain the same after x m fixed mutations, this latter proba- 
bility being given by Equation (1). Thus, 

4 x m (3) 
p(x  m ) =  ~ "mpii j ' s j  i,j=l Bim 

Then, letting angle brackets denote expectation values, 

Pn(O) = <P(Xl)P(x2)P(X3)> , 

Pn(1) = <[1-p(x l )  ] P(x2)P(X3)> + <[1-p(x2)]P(x3)P(Xl)> + 

<[1-p(x3)]P(X 1)P(X2)> 

= <P(Xl)P(X2)> + ~P(Xl)P(X3)> + <P(x2)P(X3)>-3Pn(O)  , (4) 

Pn(2) = <[1-p(x l )  ] [1-p(x2)]P(X3)> + <[1-p(x2) ] [1-p(x3)]P(Xl)> + 

<[1-p(x3)] [1-p(xl)]P(X2)> , 

= <P(Xl )>  + P<X2> + < P ( X 3 ) > - 2 P n ( 1 ) - 3 P n ( O  ) 

Pn(3) = 1 -  Pn(O) - Pn(1) - Pn(2) 

Thus we need formulas for calculating only the following three expressions to com- 
plete our derivation: <p(xl)P(x2)P(X3)>,  <p(xk)p(xl)>,  and <P(Xk)>, where k :/: l 
and k, l are 1, 2, or 3. Because of Eq. 3, this exercise reduces to calculating expecta- 
tion values of  the form 

x t X u x v X t x u X t 
<sj s k s 1 >,  <sj s k > and~s j  > 

From Equations 2, 
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n n-x t 
< ~xtflXu3,Xv > = E E 

xt=O Xu=0 
P(xt'Xu'n-xt-Xu) axt~XuTn-xt-Xu = [aPt + ~Pu + 7Pv ]n 

< axt/3 xu > = [1 - Pt(1 - ct)- Pu(1 -18)] n (5) 

< a  x t > = [ 1 - p t ( 1 - a ) ]  n 

From Equations 3 and 5 

< P(Xl)P(x2)P(X 3) > = 

4 
E 
i,j,k= 1 
t,u,v 

1 2 3 (p l l s t  +p22su p33Sv )n BilBj2Bk3 Piit Pjju Pkkv"  + 

4 

<P(Xk)P(Xl)>= ]~ 
i,j= 1 
t,u 

k 1 - [1 - Pk(1 - kst)- Pl(l - lsu)]n 
BikBjl Piit Pjju 

(6) 

4 
k n 

p(x k) > = N Bikkpiit[1 - Pk(1 - st) ] 
i,t=l 

There are a minimum of 4,096 terms to evaluate in the expression for 
<P(Xl)P(x2)P(X3)>, and if the coefficients p and arguments s are complex, one 
must calculate at least 65,536 terms. Even for <P(Xk)>, at least 16 terms must be 
completed. This arithmetic is trivial and inexpensive on a computer, and we will 
supply the Fortran program to interested investigators. 

Equations 6 when substituted in Eq. 4 complete the solution to nonrandom diver- 
gence within a codon. 

To return to fundamentals, the final expressions for Pn(0) the probabilities that a 
codon fixing n mutations has exactly 0 base sites which differ from the original codon- 
require only the base composition (three independent parameters), the conditional 
base transition probabilities (eight independent parameters), the distribution of fixed 
mutations within the codon (two independent parameters), and the total number n 
of  mutations fixed within the codon (one independent parameter). To describe non- 
random genetic divergence adequately thus requires a minimum of 14 parameters, and 
if the distribution of  fixed mutations among the varied codon loci is not Poison, will 
require more. By contrast the original random REH model (Holmquist, Cantor and 
Jukes 1972) was a 1-parameter model requiring only the total number n of mutations 
fixed within the codon. It strikes us as remarkably fortunate that the detailed con- 
sideration of the various nonrandomicities accounted for here complicates the theo- 
retical structure so little that the observable consequences of these nonrandom ef- 
fects can still be calculated with relative ease. 
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3.2. Proteins. Although experimental mRNA or DNA nucleotide sequence data is be- 
coming increasingly available, much of the published experimental data is in the form 
of the amino acid sequences of  proteins (Dayhoff 1972; Croft 1973). In the latter, 
molecular divergence is evidenced by homologous amino acid replacements of  speci- 
fic types between contemporary proteins. It is convenient to classify these types int.o 
four observational groups: those replacements of the mimimal 1-base type, minimal 2- 
base type, minimal 3-base type; those homologous amino acid loci that are the same 
in two contemporary proteins are placed in the group of minimal 0-base type. The 
reasons for this choice of  classification have been given elsewhere (Holmquist et al. 
1972; Holmquist 1976a and 1978a) and are not repeated here. The probability Pn(6) 
that an amino acid replacement will be classified observationally as a minimal 6-base 
t y p e ( b = O ,  1 ,2 ,3 )  is 

3 
Pn(~) = ~=0 Pn(0)P0(6) ~ (7) 

where the Pn(0) are given by Eqs. 4 and P0(6) is the fraction of actual 0-base chances 
that will be classified as a minimal 6-base change. For a hemoglobin, fl hemoglobin, 
myoglobin, cytochromes c and the parvalbumin group, the information necessary to 
caclulate P0(6) is given in the upper sections of Tables 1-8, respectively, and the ac- 
tual values of P0(6) are given in the lower part of those tables. 

The entries in Tables 1-8 were derived as follows. There are a total of 576 (= 43 x 
3 x 3) directed single base replacements between codons. The fraction of these of  a 
given type, say fAGC/AAC for the replacement of G by A at the second position with- 
in the AGC codon is given by, 

fAGC = 576 PAGcPzZp GA (8) 
AAC 

Here, PAGC is the expected frequency of occurrence of the codon AGC. This may 
be known experimentally if mRNA or DNA sequence data is available for some genes 
of  a family (Kafatos et al. 1977). Otherwise it may be estimated from the base com- 
position to the extent the composition at each of  the three positions within the codon 
are independent of  each other: 

PAGC = B11B32B23 (9) 

In Eq. 8, P2 is the probability of a replacement occurring at the second position with- 
in the codon; 2p'GA the conditional probability that is the second position within a 
codon is occupied by G, and it changes, it will change to A (rather than to C or T(U); 
and Bim is the mole fraction of  the base i(i = 1, 2, 3, or 4 : 1  = A ,  2 = C ,  3 = G 4 = 

T(U)) at the m th nucleotide position within the codon. The expected frequency of 
the remaining 575 interchanges is calculated similarly. 

There are a total of 1728 (43 x 3 x 3 x 3) directed two-base replacements between 
codons, and the expected frequency of  occurrence of each, say fAGC/AAA, is calcu- 
lated analogously to 

P2P3 
PlP2 + p l p 3  +pzp3  2pGA3pCA--- fAGC 1728 PAGC (lO) 

AAA 
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Table 1. Both transitions and transversions permitted: nonrandom base-change relationships 
in codon interchanges for c~ hemoglobin (Pl = 0.12, P2 = 0.12, P3 = 0.76) 

Type of change Example Number 

Single base replacements 

Silent 336,7 

Term-Term UAA-UGA 3.5 

Term-Amino acid UAG-UAU 25.9 

Degenerate GGA-DGC 307.3 

Recognizable as such UCU-UAU 239.3 

Two base replacements 

Silent ~I0.5 

Term-Term UAG-UGA 0.8 

Term-Amino acid UAA-CAG 97.3 

Degenerate UUA-CUC 12.4 

Recorded as single base changes UGC-AGA 13h0.3 

Recognizable as such UGC-GUC 277.1 

Three base replacements 

Silent 102.0 

Term-Term O. 

Term-Amino acid UAG-AUU 99.0 

Degenerate UCU-AGC 3.0 

Recorded as single base changes UUA-CCC 129.0 

Recorded as two base changes CUU-AAG 1448.3 

Recognizable as such AUG-GAC 48,6 

B o t h  t r a n s i t i o n s  a n d  t r ansve r s ions  p e r m i t t e d :  n o n r a n d o m  p r o b a b i l i t y  P 0 ( 6 )  t h a t  an  ac tua l  

O-base c h a n g e  will be  r e c o r d e d  as a 6-base  c h a n g e  

@ P(0) P(1) P(2) P(3) 

0 1. O0000O 0. 0. 0. 
O. 5622~9 0.437781 O. O. 

2 O. 007616 O. 822347 O. 170038 O. 
3 O. O01869 O. 079214 O. 889075 O. 029842 

This  t ab l e  e x c l u d e s  h o m o l o g o u s  c o d o n  pa i r s  a t  leas t  o n e  m e m b e r  o f  w h i c h  is a t e r m i n a t i n g  c o d o n .  

T h e  average base  c o m p o s i t i o n  f o r  the  f i r s t  p o s i t i o n  w a s  < A >  = 0 . 2 3 4 9 ,  < C >  = 0 . 2 1 6 9 ,  

< G >  = 0 . 3 7 9 8  a n d  < U >  = 0 . 1 6 8 4 .  In the  s e c o n d  p o s i t i o n  i t  w a s  < A >  = 0 . 2 8 9 2 ,  < C >  = 0 . 3 2 2 9 ,  

< G >  = 0 . 1 2 4 0  a n d  < U >  = 0 . 2 6 3 9 .  In t he  t h i r d  p o s i t i o n  it was  < A >  = 0 . 2 2 6 3 ,  < C >  = 0 . 2 6 4 7 ,  

< G >  = 0 . 2 4 4 3  a n d  < U >  = 0 . 2 6 4 7 .  T h e  c o n d i t i o n a l  n u c l e o t i d e  t r a n s i t i o n  p r o b a b i l i t i e s  fo r  the  

f i rs t  p o s i t i o n  we re  A -~ C, G,  U = 0 . 1 8 3 3 ,  0 . 6 7 2 1 ,  0 . 1 4 4 6 ;  C ~ A,  G, U = 0 . 2 1 4 6 ,  0 . 6 2 1 0 ,  0 . 1 6 4 4 ;  

G - * A , C , U = 0 . 3 8 6 8 , 0 . 3 5 3 1 , 0 . 2 6 0 1 ; a n d U ~ A , C , G = 0 . 2 4 6 2 , 0 . 2 3 5 9 , 0 . 5 1 8 0 .  In the  s e c o n d  

p o s i t i o n  t h e y  were  A ~ C,  G, U = 0 . 5 2 2 6 ,  0 . 1 3 6 0 ,  0 . 3 4 1 4 ;  C ~ A , G ,  U = 0 . 4 6 2 9 ,  0 . 1 4 4 3 ,  

0 . 3 9 2 8 ;  G - +  A,  C, U = 0 . 3 2 7 4 ,  0 . 3 6 3 5 ,  0 . 3 0 9 1 ; a n d  U ~ A,  C, G = 0 . 3 7 5 6 ,  0 . 4 8 0 1 ,  0 . 1 4 4 4 .  In 

t h e  t h i r d  pos i t i on ,  t h e y  w e r e  A -o C, G, U = 0 . 3 4 5 4 ,  0 . 3 0 9 1 ,  0 . 3 4 5 4 ;  C ~ A,  G, U = 0 . 2 9 5 4 ,  

0 . 3 2 9 3 ,  0 . 3 7 5 2 ,  G--* A, C,  U = 0 . 2 8 6 2 ,  0 . 3 5 6 9 ,  0 . 3 5 6 9 ;  a n d  U ~ A,  C, G = 0 . 2 9 5 4 ,  0 . 3 7 5 2 ,  

0 . 3 2 9 3 .  T h e  re la t ive  f r e q u e n c i e s  w i t h  w h i c h  t h e  f i r s t ,  s e c o n d  a n d  t h i r d  p o s i t i o n  w i t h i n  the  c o d o n  

f ixed  m u t a t i o n s  w e r e  t a k e n  t o  be  0 . 1 2 ,  0 . 1 2  a n d  0 . 7 6  r e spec t ive ly .  

C o d o n  usage  w a s  e s t i m a t e d  f r o m  the  a b o v e  average  n u c l e o t i d e  c o m p o s i t i o n  a t  t h e  var ied  
c o d o n  ac id  loci  o f  51 ~ h e m o g l o b i n  cha in s  o n  the  a s s u m p t i o n  t h a t  the  t h r e e  p o s i t i o n s  w i t h i n  

the  c o d o n  were  i n d e p e n d e n t a s  pe r  Eqs.  8, 9, 10 a n d  11 in t e x t  
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Table 2. Both transitions and transversions permitted: nonrandom base-change relationships 
in codon interchanges for c~ hemoglobin (pl = P2 = P3 = 1/3) 

Type of change Example Number 

Single base replacements 

Silent 168.2 

Term-Term UAA-UGA 2.0 

Term-Amino acid UAG-UAU 28.9 

Degenerate GGA-GGC 137.2 

Recognizable as such UCU-UAU 407.8 

Two base replacements 

Silent 108.1 

Term-Term UAG-UGA 0.6 

Term-Amino acid UAA-CAG 97.8 

Degenerate UUA-CUC 9.8 

Recorded as single base changes UGC-AGA 1001.3 

Recognizab}e as such UGC-GUC 618.6 

Three base replacements 

Silent 102.0 

Term-Term 0. 

Term-Amino acid UAG-AUU 99.0 

Degenerate UCU-AGC 3.0 

Recorded as single base changes UUA-CCC 129.0 

Recorded as two base changes CUU-AAG 1448,3 

Recognizable as such AUG-GAC 48.6 

Both transit ions and transversions permitted:  nonrandomprobab i l i t y  Pe(b) that  an actual 
0-base change will be recorded as a b-base change 

0 P(O) P(1) P(2) P(3) 

0 1.000000 O. O. 0, 
I 0.251780 0.748220 0. O, 
2 0.006003 0.614412 0.379585 0. 
3 0.001869 0.079214 0.889075 0.029842 

As for Table 1 except  tha t  the relative frequencies with which the first, second and third 
posit ion within the codon fixed muta t ions  were taken to be 0.3333, 0.3333 and 0.3333, 
respectively 
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Table 3. Both transit ions and transversions permit ted:  random base-change relationships 
in codon interchanges 

Type of change Example Number 

Single base replacements 

Silent 184.0 

Term-Term UAA-UGA 4.0 

Term-Amino acid UAG-UAU 46.0 

Degenerate GGA-GGC 134.0 

Recognizable as such UCU-UAU 392.0 

Two base replacements 

Silent 188.0 

Term-Term UAG-UGA 2.0 

Term-Amino acid UAA-CAD 158,0 

Degenerate UUA-CUC 28,0 

Recorded as single base changes UGC-AGA 1006.0 

Recognizable as such UGC-GUC 534.0 

Three base replacements 

Silent 174.0 

Term-Term 0. 

Term-Amino acid UAG-AUU 162.0 

Degenerate UCU-AGC 12.0 

Recorded as s ing le  base changes UUA-ECC 308,0 

Recorded as two base changes CUU-AAG 1164.0 

Recognizable as such AUG-GAC 82.0 

Both transit ions and transversions permit ted:  random probabil i ty  PO (8) that  an actual 
O-base change will be recorded as a 8-base change 

0 P(O) P(])  P(2) P(3) 

O 1.00000O O. O, O. 
I 0.254753 0. 745247 O. O. 
2 0.017857 0.641582 O. 340561 0, 
3 0.007663 0. 196679 0. 743295 0.052363 

This table excludes homologous  codon pairs at least one member  of which is a terminat ing codon. 

The average base composi t ion at all three posit ions within the codon were taken to < A >  = 0.2500, 
<C>  = 0.2500, <G>  = 0.2500 and < U >  = 0.2500. The condit ional nucleotide transit ion 
probabili t ies for all three posit ions within the codon were taken to be A --* C, G, U = 1/3, 1/3, 1/3, 

etc. The relative frequencies with which the first, second and third posit ion within the codon 
fixed mutat ions  were taken to be 1/3 each 



Table 4. Both transi t ions and transversions permit ted:  nonrandom base-change relationships 

in codon interchanges for/3 hemoglobin 

Type of change Example Number 

Single base replacements 

Silent 314.4 

Term-Term UAA-UGA 0.7 

Term-Amino acid UAG-UAU 7.9 

Degenerate GGA-GGC 305.7 

Recognizable as such UCU-UAU 258.0 

Two base replacements 

Silent 45.3 

Term-Term UAG-UGA 0.4 

Term-Amino Acid UAA-CAG 43.3 

Degenerate UUA-CUC 1.6 

Recorded as single base changes UGC-AGA 1334,6 

Recognizable as such UGC-GUC 337.2 

Three base replacements 

Silent 39.6 

Term-Term O. 

Term-Amlno acid UAG-AUU 37.9 

Degenerate UCU-AGC 1.7 

Recorded as single base changes "UUA-CCC 65.9 

Recorded as two base changes CUU-AAG 1544.3 

Recognizable as such AUG-GAC 67.4 

Both transit ions and transversions permit ted:  nonrandom probabi l i ty  P0 (6) that  an actual 
0-base change will be recorded as a a-base change 

® P(O) P(1) P(2) P(3) 

0 1.000000 O. 0. 0. 

1 0.542311 0.457689 O. 0. 

2 0.000948 0.797527 0.201525 O. 

3 0.001012 0.039228 0.919615 0.040145 

This table excludes homologous codon pairs at least one member  of which is a terminat ing 

codon. 

The average nucleot ide composi t ion for the first posit ion was < A >  = 0.2238, <C>  = 0.2069, 

< G >  = 0.4506 and < U >  = 0.1187. In the second posit ion it was < A >  = 0.3235, < C >  = 0.2311,  
< G >  = 0.1471 and < U >  = 0.2983. In the third posit ion it was < A >  = 0.0683, <C>  = 0.2784, 

< G >  = 0.3581 and < U >  = 0.2952. 

The condit ional  nucleot ide transi t ion probabili t ies for the first posit ion were A ~ C, G, U = 

0.0384, 0.9397, 0.0219;  C ~ A, G, U = 0.0852, 0.8604, 0.0544;  G ~ A, C, U, = 0.3946, 0.3799, 

0 .2276;  and U ~ A, C, G = 0.2391, 0.2363, 0.5246. In the second position they were A ~ C, 

G, U = 0.3224, 0.1772, 0.5004;  C ~ A, G, U = 0.4454, 0.1806, 0.3740; G ~ A, C, U = 0.3777, 
0.2823, 0.3399; and U ~ A, C, G = 0.5531, 0.2858, 0.1610. In the third posi t ion they were A 

C, G, U =0 .3197 ,  0.3558, 0 .3245 ;C-~  A, G, U = 0.0793, 0.5650, 0 .3558 ;G ~ A, C, U = 
0.0717, 0.4424, 0 .4859;  and U ~ A, C, G = 0.0696, 0.3324, 0.5979. The relative frequencies 

with which the first, second and third posi t ion within the codon fixed muta t ions  were taken 
to  be 0.12, 0.12 and 0.76, respectively. 

The frequency of a given interchange was based on the actual codon usage (Kafatos et al. 
1977) in human (Marotta et al. 1977) and rabbit  (Efstratiadis et al. 1977)be ta  hemoglobin 
messenger RNA 
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Table 5. Both transitions and transversions permitted: nonrandom base-change relationships 
in codon interchanges for # hemoglobin 

Type of change Example Number 

Single base replacements 

Silent 326.8 

Term-Term UAA-UGA 1.1 

T.erm-Amino acid UAG-UAU 19.9 

Degenerate GGA-GGC 305.8 

Recognizable as such UCU-UAU 249.2 

Two base replacements 

Silent 70.8 

Term-Term UAG-UGA 0.3 

Term-Amino acid UAA-CAG 65.3 

Degenerate UUA-CUC 5.2 

Recorded as single base changes UGC-AGA 1347.1 

Recognizable as such UGC-GUC 310.1 

Three base replacements 

Silent 67.5 

Term-Term O. 

Term-Amlno acid UAG-AUU 66.0 

Degenerate UCU-AGC 1.5 

Recorded as single base changes UUA-CCC 78.6 

Recorded as two base changes CUU-AAG 1504.7 

Recognizable as such AUG-GAg 80.2 

B o t h  t r a n s i t i o n s  a n d  t r ansve r s ions  p e r m i t t e d :  n o n r a n d o m p r o b a b i l i t y  P 0 ( 6 )  t h a t  an  ac tua l  
0-base  c h a n g e  will be  r e c o r d e d  as a 6 -base  c h a n g e  

e P(O) P(1) P(2) P(3) 

0 1.000000 O. O. O. 
I 0.550994 0.449006 O. O. 
2 0.003139 0.810324 0.186537 O. 
3 0.000915 0.045459 0.905352 0.048275 

This  t ab le  exc ludes  h o m o l o g o u s  c o d o n  pa i r s  a t  l eas t  one  m e m b e r  ,of w h i c h  is a t e r m i n a t i n g  c o d o n .  

T h e  average base  c o m p o s i t i o n  f o r  t he  f i rs t  p o s i t i o n  w a s  < A >  = 0 . 2 2 1 5 ,  < C >  = 0 . 1 7 9 4 ,  

< G >  = 0 . 4 4 6 3  a n d  < U >  = 0 . 1 5 2 8 .  In t he  s e c o n d  p o s i t i o n  i t  as < A > =  0 . 3 2 9 7 ,  < C > =  0 . 2 1 7 4 ,  

< G >  = 0 . 1 5 5 1  a n d  < U >  = 0 . 2 9 7 8 .  In t he  t h i r d  p o s i t i o n  i t  was  < A >  = 0 . 0 6 8 3 ,  < C >  = 0 . 2 7 8 4 ,  

< G >  = 0 . 3 5 8 1  a n d  < U >  = 0 . 2 9 5 2 .  T h e  c o n d i t i o n a l  n u c l e o t i d e  t r a n s i t i o n  p robab i l i t i e s  fo r  the  
f i rs t  p o s i t i o n  were  A ~ C, G,  U = 0 . 0 2 0 5 ,  0 . 9 6 2 3 ,  0 . 0 1 7 2 ; C  ~ A ,  G,  U = 0 . 1 3 2 6 ,  0 . 7 5 4 3 ,  0 . 1 1 3 1 ;  

G ~ A,  C, U = 0 . 3 7 9 7 ,  0 . 3 3 1 9 ,  0 . 2 8 8 4 ;  a n d  U ~ A,  C, G = 0 . 1 8 4 8 ,  0 . 1 7 4 8 ,  0 . 6 4 0 3 .  In t he  s e c o n d  

p o s i t i o n  t h e y  were  A ~ C, G, U = 0 . 3 0 1 4 ,  0 . 1 9 2 5 ,  0 . 5 0 6 2 ;  C ~ A,  G,  U = 0 . 4 4 6 2 ,  0 . 1 9 3 3 ,  0 . 3 6 0 6 ;  

G ~ A,  C, U = 0 . 3 9 1 9 ,  0 . 2 6 9 4 ,  0 . 3 3 8 7 ;  a n d  U - ~  A,  C, G = 0 . 5 7 7 3 ,  0 . 2 5 6 0 ,  0 . 1 6 6 6 .  In the  t h i r d  

p o s i t i o n  t hey  were  A ~ C, G,  U = 0 . 3 1 9 7 ,  0 . 3 5 5 8 ,  0 . 3 2 4 5 ;  C - ~  A,  G,  U = 0 . 0 7 9 3 ;  0 . 5 6 5 0 ,  

0 . 3 5 5 8 ;  G -~ A,  C, U = 0 . 0 7 1 7 ,  0 . 4 4 2 4 ,  0 . 4 8 5 9 ;  a n d  U ~ A,  C, G = 0 . 0 6 9 6 , 0 . 3 3 2 4 , 0 . 5 9 7 9 .  

T h e  relat ive f r e q u e n c i e s  w i t h  w h i c h  the  f i rs t ,  s e c o n d  a n d  t h i r d  p o s i t i o n  w i t h i n  the  c o d o n  f ixed  

m u t a t i o n s  we re  t a k e n  to  be  0 . 1 2 ,  0 . 1 2  a n d  0 . 7 6 ,  r e spec t ive ly .  

C o d o n  usage  w a s  e s t i m a t e d  f r o m  t h e  average  n u c l e o t i d e  c o m p o s i t i o n  given a b o v e  a t  t he  

va r i ed  c o d o n  loci  o f  59 /3  h e m o g l o b i n  cha ins  o n  the  a s s u m p t i o n  t h a t  the  th ree  p o s i t i o n s  w i t h i n  

the  c o d o n  b e h a v e d  i n d e p e n d e n t l y  as p e r  Eqs.  8, 9, 10,  a n d  11 in t e x t  



Table  6.  B o t h  trans i t ions  and  transvers ions  permi t ted:  n o n r a n d o m  base-change  re lat ionships  
in c o d o n  in t erchanges  for  m y o g l o b i n  

Type of change Example Number 

Single base replacements 

Silent 293.9 

Term-Term UAA-UGA 3.4 

Term-Amino Acid UAG-UAU 21.2 

Degenerate GGA-GGC 269.2 

Recognizable as such UCU-UAU 282.1 

Two base replacements 

Silent 93.7 

Term-Term UAG-UGA l,l 

Term-Amino acid UAA-CAG 81.9 

Degenerate UUA-CUC 10.7 

Recorded as single base changes UGC-AGA 1244,7 

Recognizable as such UGC-GUC 389.6 

Three base replacements 

Silent 84.7 

Term-Term O. 

Term-Amino acid UAG-AUU 84.1 

Degenerate UCU-AGC 0.6 

Recorded as single base changes UUA-CCC 67.4 

Recorded as two base changes CUU-AAG 1517.3 

Recognizable as such AUG-GAC 58.7 

Both  trans i t ions  and  transvers ions  permit ted:  n o n r a n d o m  probabi l i ty  P0 (5) that  an actual  
0-base  change  wil l  be recorded  as a fi-base change  

C) P(O) P(1) P(2) P(3) 

0 1.000000 O, 0. O. 

1 0.48829O 0,511710 O. O. 

2 0.006505 0.756635 0.236860 O. 

3 0.000354 0.040990 0.922945 0.035712 

This  table  e x c l u d e s  h o m o l o g o u s  c o d o n  pairs at least  o n e  m e m b e r  o f  w h i c h  is a t e rminat ing  c o d o n .  

The  average base c o m p o s i t i o n  for  the  first pos i t ion  was  < A >  = 0 . 3 0 7 0 ,  < C >  = 0 . 2 0 9 2 ,  < G >  = 
0 . 3 9 1 1  and < U >  = 0 . 0 9 2 7 .  In the  s e c o n d  pos i t i on  it was  < A >  = 0 . 4 4 7 7 ,  < C >  = 0 . 2 1 8 1 ,  < G >  = 
0 . 1 2 2 3  and  < U >  = 0 . 2 1 1 9 .  In the  third pos i t i on  it was  < A >  = 0 . 2 8 5 7 ,  < C >  = 0 . 2 2 2 4 ,  < G >  = 
0 . 2 6 9 5  and < U >  = 0 . 2 2 2 4 .  The  cond i t i ona l  n u c l e o t i d e  trans i t ion  probabi l i t ies  for  the  first posi- 
t ion  were  A - ~  C, (3, U = 0 . 1 6 0 1 , 0 . 7 8 8 3 ,  0 . 0 5 1 6 ; C  ~ A,  G, U = 0 . 3 1 7 1 ,  0 . 5 3 8 8 ,  0 . 1 4 4 1 ; G  ~ A,  
C, U = 0 . 5 3 9 9 ,  0 . 3 4 0 6 ,  0 . 1 1 9 4 ;  and U -+ A,  C, G = 0 . 3 1 8 2 ,  0 . 2 8 9 3 ,  0 . 3 9 2 5 .  In the  s econd  posi-  
t ion  t h e y  w e r e  A ~  C, G, U = 0 . 3 8 6 3 ,  0 . 2 3 2 6 ,  0 . 3 8 1 1 ; C  ~ A,  G, U = 0 . 9 0 7 3 ,  0 . 0 3 5 3 ,  0 . 0 5 7 4 ;  
G -~ A,  C, U = 0 . 5 2 8 6 ,  0 . 2 3 6 1 ,  0 . 2 3 5 2 ;  and U ~ A,  C, G = 0 . 8 7 3 8 ,  0 . 0 7 6 8 ,  0 . 0 4 9 4 .  In the  third 
pos i t i on  t h e y  were  A -" C, G, U = 0 . 2 9 7 7 ,  0 . 4 0 4 7 ,  0 . 2 9 7 7  ; C ~ A,  G, U = 0 . 3 8 1 6 ,  0 . 3 4 6 0 ,  0 . 2 7 2 5  ; 
G -* A,  C, U = 0 . 4 3 0 3 ,  0 . 2 8 4 8 ,  0 . 2 8 4 8 ;  and U ~ A,  C, G = 0 . 3 8 1 6 ,  0 . 2 7 2 5 ,  0 . 3 4 6 0 .  The  relat ive 
f r e q u e n c i e s  w i t h  w h i c h  the  first, s econd  and third p o s i t i o n  w i th in  the c o d o n  f ixed  m u t a t i o n s  

were  t a k e n  to  be  0 . 1 2 ,  and 0 . 7 6 ,  respect ive ly .  

C o d o n  usage w a s  e s t i m a t e d  f r o m  the  average n u c l e o t i d e  c o m p o s i t i o n  given above  at the  varied 

c o d o n  loc i  o f  4 4  m y o g l o b i n  chains  on  the a s s u m p t i o n  that  the three  pos i t ions  w i th in  the  c o d o n  

b e h a v e d  i n d e p e n d e n t l y  as per Eqs. 8, 9.  10,  and  11 in t e x t  



T a b l e  7. B o t h  t r a n s i t i o n s  a n d  t r an sve r s ions  p e r m i t t e d :  n o n r a n d o m  b a s e - c h a n g e  r e l a t i onsh ip s  

in c o d o n  i n t e r c h a n g e s  f o r  c y t o c h r o m e  c 

Type of change Example Number 

Single base replacements 

Silent 302.4 

Term-Term UAA-UGA 4.9 

Term-Amino acid UAG-UAU 30,4 

Degenerate GGA-GGC 267.1 

Recognizable as such U£U-UAU 273.6 

Two base replacements 

Silent 128.7 

Term-Term UAG-UGA 1.2 

Term-Amino acid UAA-CAG ll8.1 

Degenerate UUA-CUC 9,6 

Recorded as single base changes UGC-AGA 1230.5 

Recognizable as such UGC-GUC 368.8 

Three base replacements 

Silent 122.0 

Term-Term O. 

Term-Amino ac~ d UAG-AUU 120.4 

Degenerate UCU-AGC 1.6 

Recorded as single base changes UUA-CCC 83.4 

Recorded as two base changes CUU-AGG 1452.9 

Recognizable as such AUG-GAC 69.7 

B o t h  t r a n s i t i o n s  a n d  t r ansve r s ions  p e r m i t t e d :  n o n r a n d o m  p r o b a b i l i t y  P0 (6 )  t h a t  an  ac tua l  

0 -base  c h a n g e  will be  r e c o r d e d  as a 6 -base  c h a n g e  

@ P(O) P(1) P(2) P(3) 

0 | .000000 0. 0. 0. 

l 0.493926 0.506074 0. O. 

2 0.00~868 0.764862 0.229270 O. 

3 0.000999 0.051881 0.903768 0.043382 

This  tab le  e x c l u d e s  h o m o l o g o u s  c o d o n  pa i rs  a t  leas t  o n e  m e m b e r  o f  w h i c h  is a t e r m i n a t i n g  c o d o n .  
T h e  average base  c o m p o s i t i o n  f o r  t he  f i rs t  p o s i t i o n  was  < A >  = 0 . 3 6 8 7 ,  < C >  = 0 . 1 2 6 6 ,  < G >  = 

0 . 3 6 3 1  a n d < U > = 0 . 1 4 1 6 .  In the  s e c o n d  p o s i t i o n  i t  w a s  < A >  = 0 . 4 3 2 1 ,  < C >  = 0 . 2 6 2 6 ,  < G >  = 

0 . 1 0 3 4  and  < U >  = 0 . 2 0 1 8 .  In the  t h i r d  p o s i t i o n  it was  < A >  = 0 . 2 7 0 7 ,  < C >  = 0 . 2 3 4 0 ,  < G >  = 

0 . 2 6 1 4  a n d  < U >  = 0 . 2 3 4 0 .  The  c o n d i t i o n a l  n u c l e o t i d e  t r a n s i t i o n  p robab i l i t i e s  fo r  the  f i rs t  posi-  

t i on  we re  A ~ C, G,  U = 0 . 1 3 2 9 ,  0 . 7 1 1 4 ,  0 . 1 5 5 7 ;  C ~ A,  G,  U = 0 . 3 7 8 3 ,  0 . 3 7 1 2 ,  0 . 2 5 0 5 ;  G ~ A,  

C, U = 0 . 7 3 2 5 ,  0 . 1 2 3 0 ,  0 . 1 4 4 5 ;  a n d  U - ~  A,  C, G = 0 . 3 8 7 8 ,  0 . 2 3 2 6 ,  0 . 3 7 9 6 .  In the  s e c o n d  posi -  

t i on  t h e y  were  A -+ C, G,  U = 0 . 4 4 8 2 ,  0 . 1 7 5 1 ,  0 . 3 7 6 7 ;  C -+ A,  G, U = 0 . 9 4 0 1 ,  0 . 0 1 6 0 ,  0 . 0 4 3 9 ;  

G -~ A,  C, U = 0 . 4 5 6 7 ,  0 . 2 7 7 1 ,  0 . 2 6 6 2 ;  a n d  U ~ A,  C, G = 0 . 6 8 3 8 ,  0 . 1 9 9 5 ,  0 . 1 1 6 7 .  In the  t h i r d  
p o s i t i o n  t h e y  were  A ~ C, G,  U = 0 . 3 1 3 4 ,  0 . 3 7 3 2 ,  0 . 3 1 3 4 ;  C ~ A,  G,  U = 0 . 3 6 2 6 ,  0 . 3 4 2 7 ,  0 . 2 9 4 7 ;  

G ~ A,  C, U = 0 . 3 8 6 7 ,  0 . 3 0 6 6 ,  0 . 3 0 6 6 ;  a n d  U -~ A,  C, G = 0 . 3 6 2 6 ,  0 . 2 9 4 7 ,  0 . 3 4 2 7 .  T h e  relat ive 
f r e q u e n c i e s  w i t h  w h i c h  the  f irst ,  s e c o n d  a n d  t h i r d  p o s i t i o n  w i t h i n  the  c o d o n  f ixed  m u t a t i o n s  w e r e  
t a k e n  to  be  0 . 1 2 ,  0 . 1 2  a n d  0 . 7 6 ,  r e spec t ive ly .  

C o d o n  usage  w a s  e s t i m a t e d  f r o m  the  average  n u c l e o t i d e  c o m p o s i t i o n  given a b o v e  a t  t he  var ied  
c o d o n  loci  in 5 7  c y t o c h r o m e  c cha ins  o n  the  a s s u m p t i o n  t h a t  t he  th ree  p o s i t i o n s  w i t h i n  the  c o d o n  
b e h a v e d  i n d e p e n d e n t l y  as p e r  Eqs.  8,  9. 10,  a n d  11 in t e x t  
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Table 8. Both transit ions and transversions permit ted:  nonrandom base-change relationships 

in codon interchanges for the parvalbumin group genes 

Type of change Example Number 

Single base replacements 

Silent 309.4 

Term-Term UAA-UGA 4.3 

Term-Amino acid UAG-UAU 29.2 

Degenerate GGA-GGC 276.0 

Recognizable as such UCU-UAU 266.6 

Two base replacements 

Silent 117.7 

Term-Term UAG-UGA 1.2 

Term-Amino acid UAA-CAG 110.8 

Degenerate UUA-CUC 5.7 

Recorded as single base changes UGC-AGA 1263.7 

Recognizable as such UGC-GUC 346.6 

Three base replacements 

Silent 113.9 

Term-Term O. 

Term-Amino acid UAG-AUU 113.2 

Degenerate UCU-AGC 0.7 

Recorded as single base changes UUA-CCC 59.8 

Recorded as two base changes CUU-AAG 1473.2 

Recognizable as such AUG-GAC 81.1 

Both transit ions and transversions permit ted:  nonrandom probabi l i ty  P0 (6) that  an actual 

0-base change will be recorded as a 6-base change 

(3 P(O) P(1) P(2) P(3) 

0 1.000000 0. 0. 0. 
1 0.508629 0.491371 0 0. 
2 0.003550 O. 781947 0.214503 O. 
3 O. 000457 O, 037023 O. 912276 O. 050243 

This table excludes homologous codon pairs at least one member  of which is a te rminat ing codon, 

The average base composi t ion for the first posi t ion was < A >  = 0.2833, < C >  = 0.1143, 
< G >  = 0.4549 and < U >  = 0.1475. In the second posit ion i t  was < A >  = 0.3827, <C>  = 0.2074, 

< G >  = 0.1298 and < U >  = 0.2801. In the third posi t ion it was < A >  = 0.2540, < C >  = 0.2400, 
< G >  = 0.2660 and < U >  = 0.2400. The condit ional  nucleotide transit ion probabili t ies for the 
first posi t ion were A --* C, G, U = 0.0005, 0.9987, 0.0008; C --* A, G, U = 0.2268, 0.5809, 0.1923;  

G ~ A, C, U = 0.5115, 0.2131, 0.2754; and U ~  A, C, G = 0.1675, 0.1168, 0.7157. In the second 

posi t ion they  were A --* C, G, U = 0.3353, 0.1857, 0.4790; C -* A, G, U = 0.5559, 0.1634, 
0.2807; G ~ A, C, U = 0.4383, 0.2646, 0.2971; and U ~ A, C, G = 0.7516, 0.1598, 0.0887. 

In the third posit ion they were A --* C, G, U = 0.3151, 0.3699, 0.3151; C -* A, G, U = 0.3335, 
0.3584, 0.3081; G-~ A, C, U = 0.3531, 0.3234, 0.3234; and U-~ A, C, G = 0.3335, 0.3081, 
0.3584. The relative frequencies with which the first, second and third posit ion within the codon 

fixed muta t ions  were taken to he 0.12, 0.12 and 0.76, respectively. 

Codon usage was est imated from the average nucleot ide composit ion given above at the 

varied codon loci in 22 parvalbumin group chains on the assumption tha t  the three positions 

wi thin  the codon behaved independent ly  as per Eqs. 8, 9. 10, and 11 in t ex t  
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For  three-base interchanges between codons, the calculation of the expected fre - 

quency of each, say fAGC/GAA, is analogous to 

fAGC = 1 7 2 8 P A G c l p ~ G 2 p G A 3 p ~ A  . (11) 
GAA 

3.3. Distribution of  Fixed Mutations Among Codons. It is necessary to have a quan- 
titative description of the way nucleotide point mutations that have been fixed by nat- 
ural selection or neutral drift are distributed over the gene. The number of  such fixa- 
tions separating one gene from a second homologous gene has been designated random 
evolutionary bits, R E H  by Jukes and Holmquist (1972) in recognition of the proba- 
bilistic nature of  the process of base replacement and subsequent fixation. Some func- 
t ionally important  amino acid sites may not  fix any mutations. The heme group of  
all known cytochromes c is attached to the protein chain by a cysteine at residue 17. 
Let us call the number of  such invariant residues T1, corresponding to L 1 = 3T 1 nu- 
cleotides. The simplest statement about these T 1 amino acid sites is that they do not 
contribute to REH at all. This would require the corresponding codons to be invariant 
for all species examined. Because of the degeneracy of the genetic code, this last re- 
quirement, though the most parsimonious, may not  be factual. For  example, some of 
the invariant cysteines at residue 17 in the cytochromes c may be coded for by UGU, 
others UGC. In the mRNAs for rabbit  and human/3 hemoglobin, although amino acid 
residues 36, 42, 66, 82, and 145 are invariant, each is known from the experimentally 
determined mRNA sequences to have sustained at least one base replacement at the 
third position within the codon for each of these residues. If from the gene or mRNA 
data from several species, particular codon sites are known to be truly invariant then 
T 1 is the number of such sites. Let REH 1 be the total  number of fixations separat- 
ing the two homologous genes for the invariant region. We now direct our at tention 
to the distribution of REH 2 fixed base replacements among the T 2 = T - T 1 variable 
codons or the variable amino acid residues, where REH = REH 1 + REH2, and T is 
the total  number of codons in the gene. 

If every codon fixing mutations in the gene underwent exactly n base replacements, 
and the value of  n is known, then the expectation values given by Eqs. 4 and Eqs. 7 
could be compared directly with experiment.  Of course all codons do not fix the same 
number of mutations. Some may fix more than the average; others may fix less; and 
certainly the value of  n is not known for each separate codon. The estimation of the 
distribution of  base replacements among codons has not to date been solved in a to- 
tally satisfactory manner. One may assume that each variable codon site has an equal 
probabili ty of  fixing a point  nucleotide mutat ion so that the fraction of the variable 
codon sites that  sustained n fixations is given by the binomial distribution 

REH ( l _ ) n  1 ) REH2"n 
Pr(n) = ( 2) (1-  

n T 2 T 2 

which can be approximated by the Poisson density. 

(9) 

Pr(n) = ez/'tbtn 
n! 

(10) 
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where the fixation intensity/a = REH2/T 2 is the average total number of base replace- 
ments per varion (variable codon sites, T 2 in number). This was the approach taken in 
the original development of the REH theory of  molecular divergence (Holmquist et al. 
1972; Jukes and Holmquist 1972). 

Or one may divide the variable codon sites into two groups, one more variable than 
the other, each being described by its own Poisson parameter. This is the approach 
taken by Fitch and Markowitz (1970). The latter approach can be more accurate, but 
as recognized by Fitch and Markowitz, is to some extent artificial as there are surely 
more than only two mutability groups of codons. 

The necessary revision to our model to more accurately reflect these nonuniform 
effects of natural selection can be approached as follows. If there are several (k for 
concreteness) classes of variable codon sites, the i th class being T(i ) amino acid resi- 
dues in length with a mutability described by its Poisson parameter/a(i), we may write 

REH 2 = g(1)T(1) +/a(2)T(2) + .../a(k)T(k) (11) 

Passing for convenience to the continuous limit, the proportion of variable codons 
receiving n fixation is then given by 

O o  

P r ( n ) = f  ~ g 0 . t )  d/a , 
n! 0 

(12) 

where g(/a)d/a is the probability that the Poisson parameter lies between the values 
/a and/a + d/a. It follows immediately from Eq. 11 that 

o o  

REH2 = T2 f0 /a g(/a)d/a (13) 

We must now determine g(/a). 
Uzzell and Corbin (1971) found, for cytochrome c, that the proportion of variable 

codons receiving n fixations was reasonably represented by the negative binomial 
density 

r + n - 1  
Pr(n) = ( n ) qrpn (14) 

Here p is the average probability that a mutation will be fixed and q (= 1 - p) the 
average probability that it will not, where the usual symbol in parentheses has been 
used for the generalized (that is r need not be integral) binomial coefficients (Feller, 
1968). Equations 12 and 14 imply (Feller 1971a) that g(/a) has the gamma distribu- 
tion 

g(/a) = (q)p F-~r)l (q.)-/~p r-1 e -(q/a/p) (15) 
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F r o m  a biological po in t  of  view, it  is not  obvious that  one would  expec t  the fixa- 

t ion intensit ies/a to fo l low this rather  peculiar form proposed by Uzzell and Corbin. 

Their  proposal  becomes  clearer if  one analyzes the special case where r is integral in 

Eq. 15. Consider # as the resul tant  of  r mutual ly  independent  random (sources of  
mutabi l i ty) :  

/~= 1 / a + 2 / z + . . . + r / ~  , (16) 

where each contr ibut ing variable k / /has  the exponent ia l  dis tr ibut ion (Feller  1971b) 

f(k/l) = (q) e -(q]p)(k#) (17) 
P 

Under  these condi t ions  it  can be proved (Feller  1971b) that/~ has the above gamma 

distr ibution,  Thus one in terpre ta t ion  of  Uzzell and Corbin 's  mode l  is that /g  is the sum 
of  independent ly  contr ibut ing sources, k/a, in which the larger k//, the  less probable 

it is. That  is, sources which result in a high number  of  f ixed muta t ions  are less l ikely 

to contr ibute  to the overall number  of  fixations. All this is plausible on biological 

grounds and makes the  proposal  by Uzzell and Corbin understandable.  Their  analysis 

is generally accepted (King and Wilson 1975). 

It  is perhaps no t  biologically reasonable to expec t  each of  the sources contr ibut ing 

to  the overall/1 to decay in eaxact ly  the same exponent ia l  manner  (q/p in Eq. 17 

is independent  of  the source k). Whatever inflexibi l i ty or  error in t roduced  by the 

assumption of  constant  q /p  appears in practice to be, in part at least, offset  by the 

f reedom to vary r, a measure of  the number  o f  independent  sources contr ibut ing to 

the sum; otherwise Uzzell and Corbin would  no t  have observed in their  Table 4 

the good fi t  to the data that  they  did. The constancy of  q /p  is no t  a severe biological 

restriction provided one inte~0rets this ratio as an average value over  all contr ibut ing 

sources of  base replacement .  ° 

6 The truth of Eq. 15 follows from Eqs. 12 and 14 alone, independent of whether or not the mech- 
anism of Eqs. 16 and 17 is correct. The latter mechanism, though seemingly plausible, is but one 
of several whose final result is Eq. 14. In fact Pr(n) in Eq. 14 can be derived directly as the prob- 
ability that exactly n fixed mutations precede the r th unfixed mutation. This gives n the inter- 
pretation of a waiting time. Consistent with, but again independent of this interpretation, is the 
identity 

<n> 
p ~ 

r + <n> 

where p is the probability that a mutation will be fixed, the angle brackets denoting the expecta- 
tion value of n. 

If r --* oo and p ~ 0 in such a manner that rio --*/2 (a constant), Eq. 14 reduces to Eq. 10, so that 
Eq. 14 includes the earlier Poisson models as a special case. For r = 1, Eq. 14 reduces to the geo- 
metric distribution Pr(n) = qpn and Eq. 15 reduces to Eq. 17. For not too small values of/2 the 
Poisson distribution is quasi-symmetrical and attains its maximal value near its mean <n> = t2, 
and Pr(n) drops off rapidly on either side of this mean. By contrast, the geometric distribution 
is grossly asymmetrical, being maximal at n = 0 and decays slowly so that large values of n occur 
with nonnegiigible probability. 

Thus the negative binomial distribution is capable of describing the qualitative features of a 
wide range of possible behaviors and at the same time is consistent with a variety of mechanisms 
giving rise to those behaviors. Its ultimate usefulness must rest with its ability to describe the 
data accurately 
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An explicit equation for REH 2 can now be written: 

O 0  

REH 2 = T 2 f /~ g(/l)d/~ = r(p-) T 2 
0 q 

(18) 

The average number of fixations per codon is, as stated earlier, 

/aav - REH2 = r(p)  = nay 

T 2 q 
(19) 

where nay is the mean value of n in the negative binomial distribution (Eq.14). 
In the original REH model, estimation of the total number of base replacements 

between two genes, REH 2 =/~2T2 , required the estimation of two parameters,/z 2 
and T 2, from the data. In the present approach REH 2 = rpT2/q requires the estima- 
tion of three parameters r, p, and T2( q = 1 - p). The proposed theory is thus minimally 
more complex from a computational point of view, yet allows for Darwinian selection 
in a substantially more accurate manner. 

We must now assign numerical values to r, p, and T 2. From their parsimonious 
reconstruction of the cytochrome c phylogeny, Uzzell and Corbin inferred the 
minimum number of fixations that each codon site had sustained and tabulated the 

number of codons having received exactly n fixations. They then used Bliss and 

Fisher's (1953) method to find the values of r and p that best fit that data. They 

found, for cytochrome c, r ~ 2.05 and p =--- 0.668, so that the average fixation intensity 
was/~av ~- 4.51 base replacements/codon 7. The number of fixations inferred by the 
method of parsimony err on the low side - an error by a factor of two or more is not 

uncommon (Moore et al. 1976; Holmquist et al. 1976) -- unless the data base is 
very dense (Holmquist 1978c). These referenced papers and the data for cytochrome 
c in Fig. 4 of Fitch (1976) indicate the data base used by Uzzell and Corbin was 
too sparse to permit accurate inference of the number of base replacements. The 
numerical values just quoted for r and p should thus be regarded as tentative and 
may also be different for a different protein family than the cytochromes c. An 
alternative method of estimating r and p will be given in the Section 3.5. 

The total average number T 2 of variable codon sites during the divergence of two 
homologous genes is given by (Holmquist 1978a) 

1 - P ( 0 )  

T 2 -  l - P 2 ( 0 )  T , (20) 

where P(0) is the observed proportion, over all T codons (amino residues), of 
identical codon (amino acid) sites in the two homologous genes (proteins) under 

7 The correspondences between the notation of the Bliss and Fisher (BF) paper and the present 
one are r = kBF; p = PBF/(1 + PBF); q = 1/qBF; tZav = rp/q = mBF = PBFkBF 
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comparison and P2(O) is that proport ion o f  the T 2 varions in which the two homo- 
logous codons (or amino acids) at a given site are identical. The calculation of P2(O) 
is given by Eq. 21 below, for genes, and by Eq. 22 below, for proteins. 

3.4 Expected Proportion o f  Variable Gene or Amino Acid Sites with no, one, two 
or three Observable Base Replacements A f t e r  an Arbitrary Distribution Pr(n) o f  
Fixed Hits per Codon During Nonrandom Molecular Divergence. The expected 
proport ion of variable codons fixing exactly n base replacements was designated 
Pr(n) in the last section. More generally we may designate this proport ion by Pr(nlw i) 
t o  indicate that  Pr(n) is determined by a set of numberical parameters w i - r and p 
in Eq. 14, for example. The expected proportions of the variable codons that ex- 
hibit, no, one, two or three observable base replacements are 

nmax 

ff~P2(0) = ]~ Pr(n) Pn(0) , (21) 
n=O 

where 0 ranges from 0 to 3 and Pn(0) is given by Eq. 4. The superscript ~2 on the 
left-hand side of Eq. 21 is to remind us that Pr(n) is a function of the numerical 
parameter set ~2 = (wi). The subscript "2"  is to remind us that ~2P2(0) is a pro- 
portion of the variable codon sites and not a proport ion of all codon sites of the 
gene (see Section 3.3) unless the two happen to coincide. Such a coincidence would 
be rare because of functional constraints. 

The expected proport ion of variable amino acid loci in two homologous proteins 
the structural genes for which are descendant from a common ancestral gene and that  
exhibit, no, one, two or three observable minimal base type amino replacements is 

nmax 

~2P2(8)= ]~ Pr(n)Pn(8) , (22) 
n=O 

with b ranging from 0 to 3 and Pn(~) being given by Eq. 7. This equation is the analogue 
to Eq. 12 in REH theory for equiprobable genetic events (Holmquist et al. 1972) and 
generates the nonrandom analogue to Table A5 in that  reference.Equation 22 reproduces 
Table A5 identically if the parameter space is Poisson (Eq. 14 this paper with 
~2 = (r, p)= {°%0)).  

3.5 Estimation o f  the w i. In order to implement Eq. 21 or 22, the numerical values of 
the parameters w i that  determine Pr(n) must be known. There are many ways of estimat- 
ing these values from the data (Mood 1950), but  each method uses the same principle: 
those numerical values of the w i are chosen that  give the best fit, in some well-defined 
sense, of theory to observation. 

To illustrate, using the familiar chi-square measure for goodness of fit, if the ex- 
pected number of identical codon sites between two homologous genes is 

n ( O ) = T  l + T 2 P 2 ( O  ) , (23) 
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where T 1 is the number of invariant codon sites (T 1 -- T - T 2) and T 2 and P2(0) are 
given by Eqs. 20 and 21, and if the expected number of codon sites sustaining exactly 
one, two, or three observable (as between mRNAs) base replacements is 

n(1) = V2 (1)T2 

n(2) = P2 (2)T2 

n(3) = P2 (3)T2 

(24) 

one substitutes Eq. 14 into Eq. 21 and finds those values of r, p, and T 2 that  minimize 

X2 = ~ [n ( i ) -n ' ( i ) ]  2 = E3 [n( i ) -  n'(i)] 2 

i=O n(i) i=l n(i) 

where n'(i) are the experimentally observed number of codon sites of each type. 
lterative numerical methods for performing the minimization of functionals are 
published in many places (Ortega and Rheinboldt  1970). Chi-square is not  the only 
functional  that  can be minimized and one should try to choose the latter so that  the 
w i are estimated most simply and most meaningfully for a given set of data. We realize 

the "chi-square" function we have minimized does not  have the chi-square distribu- 
tion ; we are using it simply as a functional measure defining fit. Another  good method 
for estimating parameters constrained by observational data is the maximum entropy 
formalism [see Levine and Tribus, (1979)]. 

4. Results 

4.1. Back Mutation: Its Relevance to Selective Neutrality and the Hypothesis of  
Selective-Stochastic Stability. Figure 1 in Section 2.3 illustrates the expected behavior 
at a gene site originally adenosine at the second nucleotide position within myoglobin 
codons during nonrandom molecular divergence as contrasted to the behavior during 
random divergence. For  an even number of base replacements the probabil i ty of an 
observable back mutat ion is higher than for random mutat ion and remains higher for 
a longer period of time before approaching its equilibrium value given by the average 
mole fraction of adenosine at those loci. For  an odd number of base replacements the 
probabi l i ty  of observing a back mutat ion is low initially but  increases beyond random 
expectat ion under repeated replacement. Other patterns than the one illustrated are 
of course possible for other situations, but  the generalization which emerges from all 
of  them is that  for a gene displaced from compositional equilibrium, the approach to 
the stable equilibrim values is most rapid under random fixation of mutations. Con- 
versely, it requires fewer base replacements to stochastically displace a gene near the 
random composit ion A:C:G:T:1 :1 :1 :1  to a nearby composition than is required for a 
less random starting composition. Such composit ional displacements could be impor- 
tant  for adaptive gene changes. 

Were molecular divergence a selectively neutral process so that  base replacements 
bore no biological cost we would expect most proteins to have an amino acid compo- 
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sition near that given by the genetic code table, but at the same time there should be 
a number of proteins of quite aberrant compositions arising from stochastic drift. On 
the other hand were protein composition a result of Darwinian selection and if each 
base replacement bore some finite biological cost then by the reasoning of the preced- 
ing paragraph we would expect to see protein compositions displaced from random to 

maintain biological function, but  the magnitude of this displacement should be small 
so that compositional fidelity could be maintained without too great a biological cost 
arising from too numerous base replacements. Small but  finite compositional devia- 
tions from the random for proteins is precisely what are most often experimentally ob- 
served (Holmquist 1978d). The conceptual content of Fig. 1 thus provides both a qual- 
itative and quantitative theoretical explanation for the hypothesis of selective-stochas- 
tic stability which was originally based on empirical observation alone (Holmquist and 
Moise 1975). Most likely both selectively neutral and Darwinian divergence occur. 

4.2. Expected Proportion of  Variable Gene Codon Sites with no, one, two, or three 
Observable Base Replacements After n Fixed Hits per Codon During Nonrandom 
Molecular Divergence. The desired proportion Pn(0), 0 = 0, 1, 2, 3 (Section 3.1) is 
given for a hemoglobin in Tables 9a and 10a. The former Table is for a nonrandom dis- 
tribution of fixed mutations over the three nucleotide positions within each codon, the 
third position receiving about six times as many replacements as the other two. In Table 
10a, each position within the codon is taken as equally likely to fix a mutation: this 
permits us to isolate the effect of nonrandom base composition and base transition 
probabilities (which are given in the legends to Tables 1 -8 )  from that of a nonrandom 
distribution of replacements within the codon. For a purely random process, the ex- 
pected values of Pn(0) are given in Table l l a .  Comparing Tables 10a and l l a  for n = 4, 
for example, it can be seen that nonrandom base composition - the mole fractions of 
the four bases span the range from about 12-38% (the exact values are in Table 1) as op- 
posed to 25% each for the random case - and nonrandom conditional base transition 
probabilities - spanning the range from about 0.14 to 0.67 (exact values in Table 1) 
as opposed to 1/3 (0.33) for the random case - do not change the expected number 
and types of base replacements much: to illustrate, for a purely random process, after 
a codon has fixed four such replacements an average of 19.20% (Table l l a )  of such co- 
dons will exhibit an observable change at one of the three positions within each codon, 
whereas for the nonrandom case of a hemoglobin the expected percentage is 19.41% 
(Table 10a) provided the distribution of the four fixed replacements remains even over 
the codons. The non-randomness in compositions and transition probabilities are for 
the most part self-compensating: an excess over random expectation of the number of 
replacements of say A ~ C, G or U due to, say, an excess of A over 25% and/or a high 

probability of the transitions A ~ C, A ~ G, or A ~ U will be partially offset by few- 
er mutations from, say, a deficit of G less than 25% and/or a low probability of some 
of the other transitions. The compensation is, however, not exact: by examining <0>,  
the average number of sites per codon which differ from the homologous sites in the 

original codon, in Tables 10a and 1 la, it will be noted that the nonrandom process 
is less efficient: it takes more base replacements to achieve the same observable re- 
sult as for fewer replacements in the random case: thus to achieve an average of 2.18 

observable replacements per codon requires only six total replacements during random 
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Table 9a. a Hemoglobin Genes or m R N A  (pl :P2:P3::O.12:0 .12:0 .76)  

Both transitions and transversions permitted: nonrandom probability Pn(O), corrected for multiple 
hits at the same base site, for revertants and parallelisms, that a codon hit n times has exactly 0 
nucleotide base sites which differ from the homologous sites in the original codon 

n <@> P(O) P(1) P(2) P(3) 

0 O. 1.000000 O, O. O, 

1 1.000000 O, 1.000000 O. O. 

2 1.187973 0.205627 0.400774 0.393600 O. 

3 1.354905 0.098147 0.514465 0.321724 0.065664 

4 1.493365 0.100849 0.390110 0.423866 0,085174 

5 1.608808 0,075443 0.369211 0.426441 0.128905 

6 1.705105 0.066041 0.323779 0.449214 0.160966 

7 1.785485 0.055428 0.297576 0.453078 0.193917 

8 1.852622 0.048555 0.272323 0.457068 0.222054 

9 1,908735 0.042735 0.253126 0.456808 0.247331 

10 1.955664 0.038343 0.236793 0.455721 0.269143 

11 1.994938 0.034790 0.223528 0.453637 0,288045 

12 2.027825 0.031972 0.212467 0.451324 0.304237 

13 2.055383 0.029690 0.203317 0.448913 0.318080 

14 2.078490 0.027840 0.195692 0.446607 0.329862 

15 2.097876 0.026327 0.189340 0.444464 0.339870 

16 2,114150 0.025086 0.184033 0.442528 0.348354 

17 2,127821 0.024061 0.179594 0.440808 0.355537 

18 2.139311 0.023214 0.175875 0.439298 0.361614 

19 2.148975 0.022509 0.172757 0.437983 0.366750 

20 2.187107 0.021923 0,170139 0.436847 0,371091 

2.200832 0.018856 0.156145 0.430311 0.394688 

A nucleotide site is said to have been hit each time a mutagenic event has occurred at that site. A 
mutagenic event is defined as a one-step change of one nucleotide to a different nucleotide; i.e. 
C ~ U = (C -~ U), C -~ U = (C ~ U ~ C ~ U), C -~ U (at any one nucleotide site) and A -~ G (at 
another site) represent, respectively, one, three and two mutagenic events. C, U, A and G are 
abbreviations for cytidine, uridine, adenosine and guanosine, respectively < 0 >  is the average 
number of s ites/codon which differ from the homologous sites in the original codon. 

All values in this Table were calculated from Eq. 4 using the primary data in legend to Table 1. 

d i v e r g e n c e  b u t  e i gh t  t o ta l  r e p l a c e m e n t s  for  the  n o n r a n d o m  s i t u a t i o n  e x i s t i n g  in a 

h e m o g l o b i n .  T h u s  n o n r a n d o m  r e p l a c e m e n t  is n o t  o n l y  less  e f f i c i e n t  at a g iven  n u c l e o -  

t ide  s i te  w i t h i n  t h e  g e n e  as s h o w n  in the  p r e c e d i n g  s e c t i o n ,  b u t  a l so  w i t h i n  a c o d o n .  

I t  s h o u l d  a l so  be  n o t e d  tha t  for  b o t h  T a b l e s  10a  and  1 l a  the  o b s e r v a b l e  e f f e c t s  are 

near  the ir  a s y m p t o t i c  va lues  ( the  c o d o n  is " s a t u r a t e d "  w i t h  h i t s )  af ter  a b o u t  t en  f i x e d  
m u t a t i o n s .  



2 3 6  R.  H o l m q u i s t  and  D.  Pearl  

Table 10a. a Hemoglobin Genes or m R N A  (Pl = P2 = P3 = 1/3) 
Both transitions and transversions permitted: nonrandom probability Pn(0), corrected for multiple 
hits at the same base site, for revertants and parallelisms, that a codon hit n times has exactly 0 
nucleotide base sites which differ from the homologous sites in the original codon 

n <@> P(O) P(1) P(2) P(3) 

0 O, 1.000000 O. O. O, 

I 1.000000 O. 1.000000 O. O. 

2 1.540398 0.126269 0.207064 0.666667 O. 

3 1.834903 0.023670 0.339979 0.414129 0.222222 

4 1,996700 0.042647 0.194092 0.487175 0.276086 

5 2.086268 0.023065 0.204649 0.435238 0.337048 

6 2.136208 0.025176 0.171624 0.445016 0.358184 

7 2.164240 0.020668 0.170195 0.433364 0.375772 

8 2.180073 0.020681 0.161719 0.434444 0.383155 

9 2.189068 0.019523 0.160403 0.431556 0.388518 

10 2.194206 0.019401 0.158034 0.431522 0.391042 

11 2.197155 0.019079 0.157430 0,430746 0.392744 

12 2.198855 0.019013 0.156726 0.430654 0.393607 

13 2.199840 0.018918 0.156487 0.430432 0.394163 

14 2.200413 0.018890 0.156268 0.430383 0.394460 

15 2.200747 0,018860 0.156178 0.430316 0.394646 

16 2.200942 0,018849 0.156108 0.430295 0.394748 

17 2.201057 0.018840 0.156075 0.430273 0.394812 

18 2.201125 0.018836 0.156051 0.430265 0.394848 

19 2.201165 0.018833 0.156040 0.430258 0.394870 

20 2.201188 0.018831 0.156031 0.430255 0.394882 

2.201223 0.018829 0.156021 0.430250 0.394901 

A nucleotide site is said to have been hit each time a mutagenic event has occurred at that site. A 
mutagenic event is defined as a one-step change of  one nucleotide to a different nucleotide; i.e. 
C -+ U = (C ~ U), C -~ U = (C -+ U -4 C ~ U), C -~ U (at any one nucleotide site) and A -~ G (at 
another site) represent, respectively, one, three and two mutagenic events. C, U, A and G are 
abbreviations for cytidine, uridine, adenosine and guanosine, respectively~ <0 > is the average 
number of s ites/codon which differ from the homologous sites in the original codon.  

All values in this Table were calculated from Eq. 4 using the primary data in legend to Table 2. 

If  the  d i s t r i b u t i o n  o f  f i x e d  m u t a t i o n s  over  e a c h  c o d o n  is n o t  ( p r o b a b l i s t i c a l l y )  even ,  

b u t  c o n c e n t r a t e d  at  t h e  th ird p o s i t i o n  w i t h i n  the  c o d o n ,  t h e n  ( T a b l e  9a )  t h e  observa-  

b le  q u a n t i t a t i v e  e f f e c t s  can  be  s i gn i f i can t  in m a g n i t u d e :  for  n --- 4 ,  t h e  e x p e c t e d  propor -  

t i o n  o f  c o d o n s  w i t h  o n e  o b s e r v a b l e  base  r e p l a c e m e n t  rises t o  3 9 . 0 1 %  b e c a u s e  m o s t  - 

3 . 0 8  (= 4 x 0 . 7 6 )  o n  t h e  average  - o f  t h e s e  h i t s  are s u p e r i m p o s e d  on  o n e  a n o t h e r  at 

the  third p o s i t i o n  w i t h i n  t h e  c o d o n  (reca l l ing  tha t  P l  = P2 = 0 . 1 2 ,  P3 = 0 . 7 6 ) .  More -  

over ,  there  c o n t i n u e  to  be  o b s e r v a b l e  e f f e c t s  o u t  to  a b o u t  2 0  base  r e p l a c e m e n t s  per  

c o d o n .  It  is i m p o r t a n t  to  n o t e  tha t  for  such  large n u m b e r s  o f  r e p l a c e m e n t s  t h e  a s y m p -  

t o t i c  va lues  are m u c h  t h e  s a m e  for  b o t h  r a n d o m  and n o n r a n d o m  m o l e c u l a r  d i v e r g e n c e  

as can be s een  f r o m  t h e  last  r o w  in T a b l e s  9 a - 1 6 a .  
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Table l l a .  
Both transitions and transversions permitted: random probability Pn(O), corrected for multiple 
hits at the same base site and for revertants, that a codon hit n times has exactly 0 nucleotide 
base sites which differ from the homologous sites in the original codon 

n <@> P(O) P(1) P(2) P(3) 

0 0. 1.000000 0. O, 0, 

1 1.000000 0. 1.000000 0, 0 .  

2 1.555555 0.111111 0.222222 0.666667 O. 

3 1.864197 0.024691 0.308643 0.444444 0.222222 

4 2.035665 0.034294 0.192044 0.477366 0.296296 

5 2.130925 0.021338 0.183051 0.438958 0.356653 

6 2.183847 0.020339 0.159562 0.436011 0.384088 

7 2.213248 0.017729 0.152689 0.428187 0.401395 

8 2.229582 0.016965 0.146813 0.425896 0.410326 

9 2.238657 0.016313 0.144234 0.423938 0.415516 

10 2.243698 0.016026 0.142573 0.423078 0.418323 

11 2.246499 0.015841 0.141726 0.422524 0.419908 

12 2.248055 0.015747 0.141230 0.422242 0.420780 

13 2.248919 0.015692 0.140963 0.422077 0.421267 

14 2.249400 0.015663 0.140812 0.421988 0.421537 

15 2.249666 0.015646 0.140729 0.421937 0.421687 

16 2.249815 0.015637 0.140683 0.421910 0.421771 

17 2.249897 0.015631 0.140657 0.421894 0.421817 

18 2.249943 0.015629 0.140643 0.431886 0.421843 

19 2.249968 0.015627 0.140635 0.421881 0.421857 

20 2.249982 0.015626 0.140631 0.421878 0.421865 

2.250000 0.015625 0.140625 0.421875 0.421875 

A nucleotide site is said to have been hit each time a mutagenic event has occurred at that site. A 
mutagenic event is defined as a one-step change of one nucleotide to a different nucleofide; i.e. 
C ~ U = (C ~ U), C-~ U = ( C ~  U ~ C ~ U), C ~ U (at any one nucleotide site) and A ~ G (at 
another site) represent, respectively, one, three and two mutagenic events. C, U, A and G are 
abbreviations for cytidine, uridine, adenosine and guanosine, respectively. < 0 >  is the average 
number of sites/codon which differ from the homologous sites in the original codon. 

All values in the Table were calculated from Eq. 4 using the primary data in the legend to Table 3. 

Again  by  comparing  the  values for <0"~ in Tables  9a and 10a it can be seen that  ge- 

net ic  change is m o s t  e f f i c ient  ( the  greatest  a m o u n t  o f  observable change per base re- 

p l a c e m e n t )  for  purely  random mutat ion:  the < 0 >  values in Table 1 l a  are the largest 

for  a given number  o f  base replacements  within  the codon.  Thus nonrandomness  in 

the dis tr ibut ion o f  f i xed  mutat ions  wi th in  the c o d o n  also reduces  the  e f f i c i ency  o f  

molecu lar  change.  
In Table  12a, Pn(0)  is given for  13 hemog lob in ,  the base c o m p o s i t i o n  being based on 

the  observed base sequence  o f  m R N A  sequences  o f  rabbit and human 13 h e m o g l o b i n  
(Kafatos  et  al. 1 9 7 7 )  at the  119  c o d o n  loci  corresponding to  the amino acid residues 

observed to have varied in the/3  h e m o g l o b i n  from 59 species.  In Table 13a, also for 
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Table 12a. # Hemoglobin Genes or m R N A  (pl :P2:P3: :O.12:0 .12:0 .76)  

Both transit ions and transversions permit ted:  n o n r a n d o m  probabili ty Pn(0), corrected for mult iple 
hits at the same base site, for  revertants and parallelisms, tha t  a codon hit  n t imes has exactly 0 
nucleotide base sites which differ f rom the homologous  sites in the  original codon 

n <@> P(O) P(1) P(2) P(3) 

0 O. 1.000000 O. O. O. 

1 1.000000 O, 1.000000 O; O. 

2 1.123506 0.270094 0.336306 0.393600 0. 

3 1.306121 0.097133 0.565276 0.271926 0.065664 

4 1.438413 0.134361 0.365276 0.427952 0.072411 

5 1.551270 0.083771 0.404295 0.388828 0.123106 

6 1.644172 0.085338 0.328551 0.442711 0.143400 

7 1.721543 0.065807 0.325064 0.430910 0.178220 

8 1.785934 0.061932 0.289769 0.448732 0.199567 

9 1.839636 0.052753 0.278746 0.444613 0.223888 

I0 1.884486 0.048953 0.259348 0.449960 0.241740 

11 1.922000 0.043975 0.249061 0.447952 0.259012 

12 1.953422 0.041086 0.237135 0.449050 0.272729 

13 1.979780 0.038104 0.229102 0.447705 0.285089 

14 2.001919 0.036041 0.221257 0.447444 0.295258 

15 2.020540 0.034132 0.215327 0.446409 0.304132 

16 2.036222 0.032683 0.209963 0.445801 0.311552 

17 2.049446 0.031409 0.205671 0.444987 0.317934 

18 2.060610 0.030391 0.201922 0.444373 0.323314 

19 2.070046 0.029516 0.198834 0.443738 0.327912 

20 2.078031 0.028798 0.196178 0.443218 0.331806 

2.123714 0.024788 0.181146 0.439631 0.354435 

A nudeo t ide  site is said to have been hit  each t ime a mutagenic  event  has occurred at tha t  site. A 
mutagenic  event  is defined as a one-step change of  one nucleotide to a different nucleotide;  i.e. 
C ~ U = (C ~ U), C ~ U = (C ~ U ~ C ~ U), C -~ U (at any one nucleotide site) and A ~ G (at 
another  site) represent, respectively, one, three and two mutagenic  events. C, U, A and G are 
abbreviations for cytidine, uridine, adenosine and guanosine, respectively. < 8 >  is the average 
number  of  s i tes/codon which differ f rom the homologous  sites in the  original codon. 
The average nucleotide composi t ion for the first posit ion was < A >  = 0.2238, < C >  = 0.2069, 
< G >  = 0.4506 and < U >  = 0.1187.  In the second posit ion it was < A >  = 0.3235, < C >  = 
0.2311, < G >  = 0.1471 and < U >  = 0.2983. In the third position it was < A >  = 0.0683, 
< C >  = 0.2784, < G >  = 0.3581 and < U >  = 0.2952.  
All values in this Table were calculated from'Eq.  4 using the  data in legend to Table 4. 

/3 h e m o g l o b i n ,  t h e  b a s e  c o m p o s i t i o n  a t  t h e  f i r s t  t w o  p o s i t i o n s  was  i n f e r r e d  f r o m  t h e  

a m i n o  ac id  c o m p o s i t i o n  in t h e s e  59 spec i e s  a t  t h e  119  va r i ed  loci ,  t h e  r a t i o n a l e  f o r  

t h i s  b e i n g  t h a t  59 s p e c i e s  m i g h t  g ive  a m o r e  r e p r e s e n t a t i v e  c o m p o s i t i o n  t h a n  o n l y  t w o  

( h u m a n  a n d  r abb i t ) .  F o r  T a b l e  13a  a t  t h e  t h i r d  p o s i t i o n  w i t h i n  t h e  c o d o n  we  c o n t i n -  

u e d  t o  u se  t h e  ba se  c o m p o s i t i o n  f r o m  t h e  h u m a n / r a b b i t  m R N A  s e q u e n c e s ,  b e c a u s e  

t h e  d e g e n e r a c y  o f  t h e  g e n e t i c  c o d e  is so  e x t e n s i v e  a t  t h e  t h i r d  p o s i t i o n  t h a t  t h e  b a s e  

c o m p o s i t i o n  t h e r e  c a n n o t  be  i n f e r r e d  m e a n i n g f u l l y  f r o m  a m i n o  ac id  s e q u e n c e  da ta .  

A s  t h e  t a b u l a r  v a l u e s  in  t h e s e  t w o  t ab l e s  do  n o t  v a r y  m u c h  f r o m  e a c h  o t h e r ,  T a b l e  13a  
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Table 13a. B Hemoglobin Genes of mRNA (Pl :P2:P3 ::0"12:0"12:0"76) 
Both transitions and transversions permitted: nonrandom probability Pn(0), corrected for multiple 
hits at the same base site, for revertants and parallelisms, that a codon hit n times has exactly 0 
nucleotide base sites which differ from the homologous sites in the original codon 

n <@> P(O) P(1) P(2) P(3) 

0 O. 1,000000 O. O. O. 

1 1.000000 0. 1.000000 O. O. 

2 1.123744 0.269856 0.336544 0.393600 O. 

3 1.306741 0.097142 0.564639 0.272555 0.065664 

4 1.439493 0.133983 0.365213 0.428133 0.072671 

5 1.552842 0.083563 0.403448 0.389574 0.123415 

6 1.646240 0.084906 0.327999 0.443044 0.144051 

7 1.724089 0.065453 0.324027 0.431496 0.179023 

8 1,788928 0.061471 0.288814 0.449030 0.200685 

9 i,843044 0.052325 0.277509 0.444963 0.225203 

10 1.888269 0.048476 0.258094 0.450115 0.243315 

11 1.926119 0.043510 0.247640 0.448070 0.260780 

12 1.957840 0.040600 0.235664 0.449033 0.274703 

13 1.984460 0.037622 0.227524 0.447626 0.287228 

14 2.006829 0.035550 0.219626 0.447268 0.297556 

15 2.025650 0.033642 0,213625 0.446173 0~306560 

16 2.041505 0.032189 0.208216 0.445495 0.314100 

17 2.054878 0.030914 0.203874 0.444629 0.320582 

18 2.066170 0.029895 0.200089 0.443966 0,326050 

19 2.075716 0,029020 0.196967 0.443291 0.330722 

20 2,083794 0.028301 0.194284 0.442736 0.334679 

2.129937 0.024291 0.179115 0.438962 0.357633 

A nucleotide site is said to have been hit each time a mutagenic event has occurred at that site. A 
mutagenic event is defined as a one-step change of one nucleotide to a different nucleotide; i.e. 
C-~ U = (C ~ U), C-~ U = (C ~ U ~  C ~ U), C ~ U (at any one nucleotide site) and A ~ G (at 
another site) represent, respectively, one, three and two mutagenic events. C, U, A and G are 
abbreviations for cytidine, uridine, adenosine and guanosine, respectively. <0 > is the average 
number of sites/codon which differ from the homologous sites in the original codon. 

All values in the Table were calculated from Eq. 4 using the primary data in the legend to Table 5. 

is probably  to be preferred because of  the much  larger data base from which  it is de- 

rived at the first t w o  coding posit ions.  

Pn(0)  is tabulated for myog lob in ,  cy tochrome  c and the parvalbumin group genes 

in Tables 14a, 15a, and 16a respectively.  

Tables  9a, 12a or 13a, 14a, 15a, and 16a are the nonrandom analogues to Table 1 

for random REH theory in Holmquis t  et al. (1972) .  The latter Table is reproduced in 

the  present paper as Table 1 l a  for convenience.  The effect  o f  the various nonrandomi-  

cities is perceptible.  For example ,  for 0t hemoglobin  (Table 9a), for t w o  hits per co- 

don,  n = 2, the expected  proportions of  codons  exhibit ing no or a single base replace- 

ment  is about  doubled in the nonrandom case: in the random case P2(0)  = 0 .1111  
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Table 14a. Myoglobin Genes of m R N A  (Pl :P2 :P3 ::0.12:0.12:0.76) 
Both transitions and transversions permitted: nonrandom probability Pn(0), corrected for multiple 
hits at the same base site, for revertants and parallelisms, that a codon hit n times has exactly O 
nucleotide base sites which differ from the homologous sites in the original codon 

n <@> P(O) P(1) P(2) P(3) 

0 O. 1.000000 O, O. O, 

1 1 .000000  O. 1 .000000  O. O. 

2 1.181518 0.212082 0.39~318 0.393600 0- 

3 1.345178 0,097512 0.525461 0.311362 0.065664 

4 1.477943 0.106178 0.391016 0.421490 0.081316 

5 1.587535 0.078208 0.380578 0.416687 0.124528 

6 1.678062 0.070913 0.332532 0.444135 0.152420 

7 1.753003 0.059719 0.310672 0.446496 0.183113 

8 1,815166 0.053505 0.285662 0.452995 0.207838 

9 1.866834 0.047596 0.268462 0.453455 0.230487 

10 1.909863 0.043402 0.252912 0.454107 0.249579 

11 1.945769 0.039841 0.240747 0.453214 0.266198 

12 1.975790 0.037073 0.230375 0.452240 0.280311 

13 2.000936 0.034781 0.221898 0.450925 0.292396 

14 2.022040 0.032929 0.214765 0.449642 0.302663 

15 2.039782 0.031397 0.208832 0.448364 0.111407 

16 2.054724 0.030134 0.203843 0.447187 ~,318836 

17 2.067330 0.029084 0.199657 0.446106 0.325154 

18 2.077982 0.028208 0.196127 0.445139 0.330526 

19 2.086998 0.027475 0.193149 0.444281 0.335096 

20 2.094639 0.026859 0.190629 0.443526 0.338986 

2.139358 0.023352 0.175976 0.438633 0.362039 

A nucleotide site is said to have been hit each time a mutagenic event has occurred at that site. A 
mutagenic event is defined as a one-step change of one nucleotide to a different nucleotide; i.e. 
C -~ U = (C -~ U), C -~ U = (C -* U ~ C ~ U), C ~ U (at any one nucleotide site) and A ~ G (at 
another site) represent, respectively, one, three and two mutagenic events. C, U, A and G are 
abbreviations for cytidine, uridine, adenosine and guanosine, respectively. < 0 >  is the average 
number of sites/codon which differ from the homologous sites in the original codon. 

All values in the Table were calculated from Eq. 4 using the primary data in the legend to Table 6. 

and P 2 ( 1 )  = 0 . 2 2 2 2 ;  for  the  n o n r a n d o m  case P 2 ( 0 )  = 0 . 2 0 5 6  and P 2 ( 1 )  = 0 . 4 0 0 8 .  On  

the  o ther  h a n d  in the  n o n r a n d o m  case  m a n y  f e w e r  c o d o n s  have  observable  replace-  

m e n t s  at t w o  p o s i t i o n s  w i t h i n  the  c o d o n :  in the  n o n r a n d o m  case P 2 ( 2 )  = 0 . 3 9 3 6 ,  w h i l e  

for  r a n d o m  divergence  P 2 ( 2 )  = 0 . 6 6 6 7 .  A l t h o u g h  each g e n e  f a m i l y  is n o n r a n d o m  in a 

d i f f erent  w a y  - d i f f erent  base c o m p o s i t i o n s ,  d i f f erent  n u c l e o t i d e  t rans i t ion  probabi l -  

it ies (see l egends  to  Tab les  1 - 6 )  - it is rather u n e x p e c t e d  that  t h e  observable  e f f ec t s  

o f  this  n o n r a n d o m  divergence  are so  s imi lar  for  four  o f  the  f ive famil ies .  The  tabular  

va lues  for t h e  genes  for  a h e m o g l o b i n ,  m y o g l o b i n ,  c y t o c h r o m e  c and the  p a r v a l b u m i n  

group are all very  similar,  and even  t h o s e  for  the /3  h e m o g l o b i n  g e n e  are n o t  all that  

d i f ferent .  
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Table 15a. Cytochrome C Gene or mRNA (p1:P2:P3::0.12:O.12:0.76) 
Both transitions and transversions permitted: nonrandom probability Pn(0), corrected for multiple 
hits at the same base site, for revertants and parallelisms, that a codon hit n times has exactly O 
nucleotide base sites which differ from the homologous sites in the original codon 

n <0> P(O) P(1) P(2) P(3) 

0 O. 1.000000 O, O. O, 

1 1.000000 O. 1.000000 O. O, 

2 1.184749 0.208851 0.397549 0.393600 0. 

3 1.346810 0.097938 0.522978 0.313420 0.065664 

4 1.479395 0.104702 0.392947 0.420607 0.081745 

5 1.588659 0.078137 0.379429 0.418072 0.124362 

6 1.678862 0.070294 0.333203 0.443850 0.152653 

7 1.753484 0.059572 0.310348 0.447105 0.182975 

8 1.815344 0.053242 0.285953 0.453023 0.207781 

9 1.866730 0.047499 0.268510 0.453754 0.230237 

10 1.909504 0.043301 0.253177 0.454240 0,249283 

11 1.945182 0.039807 0.240985 0.453428 0.265781 

12 1.975002 0.037055 0.230707 0,452417 0.279820 

13 1.999975 0.034795 0.222254 0.451133 0.291819 

14 2.020929 0.032959 0.215172 0.449849 0,302020 

15 2.038545 0.031444 0.209267 0.448589 0.310701 

16 2.053383 0.030194 0.204309 0.447419 0,318079 

17 2.065903 0.029153 0.200144 0.446350 0.324353 

18 2.076485 0.028285 0.196633 0.445392 0.329689 

19 2.085445 0.027558 0.193669 0.444542 0.334231 

20 2.093044 0.026947 0.191161 0.443794 0,338098 

2.137884 0.023435 0.176451 0.438908 0.361206 

A nucleotide site is said to have been hit each time a mutagenic event has occurred at that site. A 
mutagenic event is defined as a one-step change of one nucleotide to a different nucleotide; i.e. 
C ~ U = (C ~ U), C ~ U = (C ~ U ~ C ~ U), C-+ U (at any one nucleotide site) and A ~  G (at 
another site) represent, respectively, one, three and two mutagenic events. C, U, A and G are 
abbreviations for cytidine, uridine, adenosine and guanosine, respectively. <0> is the average 
number of sites/codon which differ from the homologous sites in the original codon. 

All values in the Table were calculated from Eq. 4 using the primary data in the legend to Table 7. 

These results suggest that  the net  e f fect  of  nonrandomness  in these five families 

can be represented by  a single table derived from the average values for the five gene 

families.  Table 17a is the  result and is a useful  summary of  the  data in Tables 9 a - 1 6 a .  

4.3. Expected Proportion of  Variable Amino Acid Sites witb no, one, two, or tbree 
Minimal Base Replacements After n Fixed Hits per Codon During Nonrandom Molec- 
ular Divergence. In t w o  proteins,  at a given amino acid residue, the type  of  replace- 

ment  that in fact  occurs in the  genes is reflected as an amino acid replacement in the 

proteins.  Thus the  actual two-base  codon  replacement  UGC ~ A G A  is a replacement 

of  cysteine by  arginine, Cys ~ Arg, at the protein level. This cysteine to arginine re- 
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Table 16a. Parvalbumin group genes (Pl:P2:P3: :0.12:0.12:0.76) 
Both transitions and transversions permitted: nonrandom probability Pn(0), corrected for multiple 
hits at the same base site, for revertants and parallelisms, that a codon hit n times has exactly 0 
nucleotide base sites which differ from the homologous sites in the original codon 

n <@> P(O) P(1) P(2) P(3) 

0 O. 1.000000 O- O. O. 

1 1.000000 O, 1.000000 O. O. 

2 1.185789 0.207811 0.398589 0.393600 0. 

3 1.347675 0.098014 0.521962 0.314361 0.065664 

4 1.480520 0.104127 0.393243 0.420613 0.082017 

5 1.590063 0.077931 0.378622 0.418900 0.124547 

6 1.680570 0.069880 0.332794 0.444204 0.153123 

7 1.755505 0.059248 0.309507 0.447738 0.183507 

8 1.817675 0.052848 0.285148 0.453484 0.208520 

9 1.869362 0.047117 0.267510 0.454267 0.231106 

10 1.912421 0.042890 0.252117 0.454675 0.250318 

11 1.948363 0.039389 0.239813 0.453844 0.266954 

12 1.978423 0.036622 0.229465 0.452780 0.281133 

13 2.003613 0.034353 0.220934 0.451459 0.293254 

14 2.024762 0.032507 0.213792 0.450132 0.305568 

15 2.042549 0.030985 0.207832 0.448833 0.312350 

16 2.057535 0.029728 0.202828 0.447626 0.319818 

17 2.070184 0.028682 0,198623 0.446523 0.326172 

18 2.080877 0.027810 0.195079 0.445534 0,331577 

19 2.089931 0.027080 0.192087 0.444655 0.336178 

20 2.097608 0.026467 0.189555 0.443881 0.340097 

2.142699 0.022972 0.174792 0.438802 0.363434 

A nucleotide site is said to have been hit each time a mutagenic event has occurred at that site. A 
mutagenic event is defined as a one-step change of one nucleotide to a different nucleotide; i.e. 
C -~ U = (C -~ U), C - '  U = (C ~ U -~ C ~ U), C -~ U (at any one nucleotide site) and A -~ G (at 
another site) represent, respectively, one, three and two mutagenic events. C, U, A and G are 
abbreviations for cytidine, uridine, adenosine and guanosine, respectively. < 0 >  is the average 
number of sites/codon which differ from the homologous sites in the original codon. 

All values in the Table were calculated from Eq. 4 using the primary data in the legend to Table 8. 

p lacement  will  be  recorded as a minimal  o n e  base (not  two-base)  rep lacement  because  
it can be mos t  pars imonious ly ,  but  incorrect ly ,  expla ined  b y  the c o d o n  change UGC 

+~ CGC. Equat ion  7 in Sect ion  3.2 corrects  for this  t ype  o f  misclass i f icat ion,  the cor- 

rect ion factors b y  which  Tables 9 a - 1 6 a  must  be adjusted ( through Equat ion  7) being 
given in Tables  1 - 8 .  Comparing Tables 1 and 3, it is clear that  nonrandom divergence 

s ignif icant ly  a f fec ts  the final c lass i f icat ion o f  amino  acid replacements  as minimal  O- 
(si lent),  1-, 2-, and 3-base types .  In the nonrandom case, and exc luding  chain-termi-  

nating interchanges,  for c~ h e m o g l o b i n  (Table 1), 56% o f  actual  1-base c o d o n  replace- 
ments  at the gene  level  are observed as si lent at the amino acid level,  wheras for ran- 
dom  divergence (Table 3) on ly  25% o f  those  amino acid replacements  are misclassi-  
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Table 17a. Composi te  summary for cz hemoglobin,  fl hemoglobin,  myoglobin,  cytochrome c and 

parvalbumin group gene families (P l  :P2:P3 ::0"12:0-12:0.76) 

Both t ransi t ions and transversions permit ted:  nonrandom probabi l i ty  Pn(0), corrected for mult iple  

hits  at  the same base site, for revertants and parallelisms, that  a codon hi t  n t imes has exact ly  0 
nucleoride base sites which differ from the homologous  sites in the original codon 

n <@> P(O) P(1) P(2) P(3) 

0 O. 1.000000 O. O. O. 

I 1.000000 O. 1.000000 O. O. 

2 1.185472 0.208128 0.398272 0.393600 O. 

3 1.350664 0.097946 0.518107 0.317283 0.065664 

4 1.486501 0.103051 0.390872 0.422603 0.083474 

5 1.599209 0.076726 0.374187 0..422238 0.126849 

6 1.692804 0.068158 0.327952 0.446819 0.157072 

7 1.770629 0.057378 0.303497 0.450243 0.188882 

8 1.835423 0.050761 0.278514 0.455265 0.215459 

9 1.889435 0.044934 0.260154 0.455454 0.239458 

10 1.934517 0.040618 0.244239 0.455152 0,259992 

11 1.972192 0.037071 0.231459 0.453678 0.277792 

12 2.003715 0.034271 0.2~0736 0.451999 0.292993 

13 2.030123 0.031986 0.211894 0.450132 0.305988 

14 2.052271 0.030133 0.204505 0.448320 0.317042 

15 2.070870 0.028611 0.198348 0.446602 0.326439 

16 2.086504 0.027359 0.193192 0.445035 0.334414 

17 2.099663 0.026322 0.188872 0.443627 0.341179 

18 2.110749 0.025461 0.185244 0.442381 0.346914 

19 2.120099 0.024743 0.182192 0.441288 0.351777 

20 2.127993 0.024143 0.179621 0.440337 0.355900 

2.172355 0.020862 0.165263 0.434533 0.379342 

A n u d e o t i d e  site is said to  have been hi t  each t ime a mutagenic  event has occurred at tha t  site. A 

mutagenic  event  is defined as a one-step change of one nucleotide to a different nucleotide;  i.e. 

C ~ U = ( C ~ U ) , C ~ U = ( C ~ U ~ C ~ U ) , C - ~ U ( a t a n y o n e n u c l e o t i d e s i t e ) a n d A ~ G ( a t  
another  site) represent, respectively, one, three and two mutagenic events. C, U, A and G are 

abbreviations for cytidine,  uridine, adenosine and guanosine, respectively. < 0 >  is the average 

number  of s i tes/codon which differ from the homologous sites in the original codon. 

The average nucleot ide composi t ion for the first posi t ion was < A > =  0.2833, <C>  = 0.1720, 

< G >  = 0.4075 and < U >  = 0.1372. In the second posi t ion it was < A > =  0.3757, <C>  = 0.2471, 
< G >  = 0.1261 and < U >  = 0.2511. In the third posi t ion i t  was < A >  = 0.2210, <C>  = 0.2479, 
< G >  = 0.2798 and < U >  = 0.2513. The cond'~tional nucleotide transition probabili t ies for 
the first posit ion were A -~ C, G, U = 0.0667, 0.8869, 0.0464; C -~A, G, U = 0.2739, 0.5313, 
0.1949: G -~ A, C, U = 0.4835, 0.2943, 0.2222;  and U -~ A, C, G = 0.2854, 0.2418, 0.4728. 
In the second posit ion they  were A ~ C, G, U = 0.4082, 0.1754, 0.4163; C -~ A, G, U = 
0.6394, 0.1228, 0.2378; G ~ A, C, U = 0.4320, 0.2831, 0.2849; and U -~ A, C, G = 
0.6501, 0.2311, 0.1118. In the third posit ion they  were A -~ C, G, U = 0.3113, 0.3719, 

0 .3168 ;C  ~ A, G, U = 0.2771, 0.3941, 0.3288; G ~ A, C, U = 0.2945, 0.3489, 0.3567; and 
U -÷ A, C, G = 0.2782, 0.3243, 0.3976. The relative frequencies with which the first, second 
and third posit ion within the codon fixed muta t ions  were taken to be 0.12, 0.12 and 0.76, 
respectively 
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Table  18a.  E f f ec t  o f  a n o n r a n d o m  dis tr ibut ion  o f  hits  w i th in  a c o d o n  on an o therwi se  r a n d o m  
e v o l u t i o n  o f  a g e n e  
Both  transi t ions  and  transvers ions  permi t ted:  n o n r a n d o m  probabi l i ty  Pn(0)  correc ted  for 
mul t ip l e  hits  at the  s a m e  base site,  for  revertants ,  and  paral le l i sms that  a c o d o n  hi t  n t imes  
has e x a c t l y  0 n u c l e o t i d e  base sites w h i c h  di f fer  f r o m  the  h o m o l o g o u s  sites in the  original  
c o d o n  

n <e> P(O) P(1) P(2) P(3) 

0 O, 1 . 0 0 0 0 0 0  O, O- O- 

1 1 . 0 0 0 0 0 0  O. Z . O 0 0 0 0 0  O. O, 

2 1 . 1 9 1 4 6 7  0 . 2 0 2 1 3 3  0 . 4 0 4 2 6 7  0 . 3 9 3 6 0 0  O. 

3 1.360946 0.098318 0.508082 0.327936 0.065664 

4 1.503193 0.097830 0.388699 0.425919 0.087552 

5 1.622682 0.073498 0.362272 0.432279 0.131951 

6 1.723053 0.063049 0.317471 0.452859 0.166621 

7 1.807364 0.052550 0.288980 0.457026 0.201~44 

8 1.878186 0.045357 0.263053 0.459638 0.231953 

9 1.937676 0.039495 0.242662 0.488513 0.259329 

i0 1.987648 0.035002 0.225561 0.456224 0.283213 

ii 2.029624 0.031418 0.211521 0.453081 0.303980 

12 2.064884 0,028570 0.199846 0.449714 0.321870 

13 2.094503 0,026278 0.190153 0.446356 0.337212 

14 2.119382 0.024424 0.182078 0.443188 0.350309 

15 2.140281 0.022915 0.175344 0.440286 0.361455 

16 2.157836 0.021679 0.169720 0.437686 0.370915 

17 2.172582 0.020663 0.165018 0.435392 0.378927 

18 2.184969 0.019825 0.161083 0.433389 0.385703 

19 2.195374 0.019132 0.157788 0.431658 0.391425 

20 2.204114 0.018556 0.155027 0.430164 0.396253 

2.25,0000 0 .015625 0.140625 0 .421875 0 .421875 

A n u c l e o t i d e  site is said to have  been  hi t  each  t ime  a m u t a g e n i c  e v e n t  has occurred  at that  
site, A m u t a g e n i c  e v e n t  is d e f i n e d  as a one-s tep  change  o f  one  n u c l e o t i d e  to a d i f f erent  n u c l e o t i d e  ; 
i.e. C -~ U = ( C ~ U),  C -~ U = ( C -~ U -~ C ~ U).  C ~ U (at any  one  n u c l e o t i d e  site) and A ~ G 
(at  a n o t h e r  site) represent ,  respect ive ly ,  one ,  three  and t w o  m u t a g e n i c  events ,  C, U, A and G 
are abbreviat ions  for  cy t id ine ,  uridine,  adenos ine ,  and guanos ine ,  respect ive ly .  < 0 >  is the 
average n u m b e r  o f  s i t e s / c o d o n  w h i c h  di f fer  f r o m  the h o m o l o g o u s  sites in the original  codon .  
The  average n u c l e o t i d e  c o m p o s i t i o n  for  all three  pos i t ions  w i t h i n  the c o d o n  was  < A >  = 0 . 2 5 0 0 ,  
< C >  = 0 . 2 5 0 0 ,  < G >  = 0 . 2 5 0 0  and < U >  = 0 . 2 5 0 0 .  Al l  cond i t iona l  n u c l e o t i d e  trans i t ion  
probabi l i t ies  (A -+ C, G, U = for e x a m p l e )  w e r e  1 /3 .  The  relative f requenc ie s  w i t h  w h i c h  the  
first, s econd ,  and third pos i t i on  w i th in  the c o d o n  f i x e d  m u t a t i o n s  w e r e  t a k e n  to  be 0 . 1 2 ,  0 . 1 2 ,  
and 0 . 7 6  respect ive ly  
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Table 9b. c~ Hemoglobin Protein (pl:P2:P3::O.12:0.12:0.76) 
Both transitions and transversions permitted: nonrandom probability Pn(5) that the min imum 
base difference, relative to original unhit  codon,  of  a codon hit n times is 6 

n <6> P(O) P(1) P(2) P(3) 

0 O. 1.000000 O. O. O. 

I 0.437781 0.562219 0.437781 O. O. 

2 0.632980 0.433947 0,499126 0.066927 O. 

3 0.727043 0.389962 O.494993 0.113086 0.001960 

4 0.829319 O.323564 0.526095 0.147799 0.002542 

5 0.908302 O.286509 0,522527 0.IS7117 0.003847 

6 O.9773O4 O.251798 0.5239O5 0.219494 0.004804 

7 1.034477 0,226544 0.518221 0.249448 0.005787 

8 1.082839 0.205556 0,512676 0.275142 0.006626 

9 1.123344 0,188989 0.506060 0.297571 0.007381 

10 1.157395 0,175446 0.499744 0.316778 0,008032 

11 1.185966 0.164455 0.493720 0.333229 0,008596 

12 1.209959 0.155431 0.488258 0.347232 0,009079 

13 1,230102 0.148012 0.483367 0.359129 0,009492 

14 1.247020 0.141879 0.479065 0.369212 0.009844 

15 1.261232 0.136798 0.475315 0.377745 0.010142 

16 1.273177 0.132573 0,472072 0.384959 0,010395 

17 1.283219 0.129054 0,469283 0.391053 0,010610 

18 1.291666 0.126115 0.466894 0.396199 0,010791 

19 1.298774 0.123658 0.464855 0.4005~2 0,010944 

20 1.304758 0.121599 0.463119 0.404209 0,011074 

1.336975 0.110658 0.453487 0.424077 0,011778 

This Table excludes homologous  codon pairs at least one member of  which is a terminating 
codon and was calculated from Eq. 7 in text 

fied in this way. In general, the greater the nonrandomicity, the greater the misclassi- 
fication. Thus, not only is nonrandom molecular divergence less efficient in requiring 
a greater number of  base replacements to accomplish a given gene change, it also leads 
to greater inferential errors as to the nature of that gene change given only the proteins 
coded for by those changes. It is thus very important when using amino acid sequence 
data instead of mRNA data to modify Tables 9a -16a  by the correction factors in 
Tables 1 - 8 ,  before beginning the analysis. The results of this correction are given in 
Tables 9b-16b .  Again comparing Tables 9b, 12b, or 13b, 14b, 15b, and 16b the 
tabular values are seen to be quite similar for the five different protein families and 
are thus well summarized in the single Table 17b. 

Considering Table 10b (nonrandom base compositions and base transition probabi- 
lities) with Table 1 lb (random base compositions and base transitions) it is clear that 
classification of  amino acid differences by their minimum base type can lead to errone- 
ous factual conclusions. For a given n >/1 in Table 10b, the average minimum base 
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Table 10b. a Hemoglobin Protein (Pl = P2 = P3 = 1/3) 
Both transitions and transversions permitted: nonrandom probability Pn(6) that the minimum 
base difference, relative to original unhit codon, of a codon hit n times is 

n <~> P(O) P(1) P(2) P(3) 

0 0 1 .000000 O. O. 0- 

I 0.748220 0.251780 0.748220 O, O. 

2 1.070651 0.182406 0.564538 0.253056 O. 

3 1.255861 0.112171 0.526428 0.354769 0.006632 

4 1.351907 0.094956 0.466420 0.430385 0.008239 

5 1.407152 0.G77834 0.447237 0.464870 0.010058 

6 1.437023 0.071728 0.430209 0.487374 0.010689 

7 1.454191 0.066824 0.423374 0.498588 0.011214 

8 1.463707 0.064723 0.~18281 0.505562 0.011434 

9 1.469195 0.063226 0.415946 0.509233 0.011594 

10 1.472292 0.062512 0.414353 0.511465 0.011669 

11 1.474087 0.062037 0.413559 0.512684 0.011720 

12 1.475113 0.06]794 0.413044 0.513416 0.011746 

13 1.475712 0.061639 0.412773 0.513826 0.011763 

14 1.476058 0.061556 0.412602 0.514071 0.011771 

15 1.476261 0.061504 0.412508 0.514211 0.011777 

16 1.476379 0.061475 0.412451 0.514294 0.011780 

17 1.476449 0.061457 0.412418 0.514342 0.011782 

18 1.476490 0.061447 0.412398 0.514371 0.011783 

19 1.476514 0.061441 0.412387 0.514388 0.011784 

20 1.476528 0.061438 0.412380 0.514398 0.011784 

1.476549 0.061433 0.412370 0.514413 0.011785 

This Table excludes homologous codon pairs at least one member of which is a terminating 
codon and was calculated from Eq. 7 in text 

difference < 8 >  is greater than for the random case (Table 11b). On this basis one might  
be  tempted  to conc lude  the nonrandom process is more  eff ic ient  than the random 
process in terms o f  the number  o f  base replacements required to ef fect  a given struc- 
tural change in the  protein. But from our earlier discussion to Tables 10a and 1 l a  we  
k n o w  this conclus ion is false: the nonrandom process is in fact less eff icient.  For the 

sets o f  data considered in this paper, Table lOb seems to be an isolated except ion.  
For Tables 9b, 12b,  or 13b, 14b, 15b, and 16b the average m i n i m u m  base difference 
in each case leads to the correct inference that the nonrandom process is less eff icient.  
Comparing Tables 9b and 10b for a hemoglobin ,  the fact that the average m i n i m u m  
base difference is greater for Table 10b than for Tables 9b or l l b  is more due to the 

assumption of  an even distribution o f  f ixat ions within  the codons  in Table 10b than 
to parameters (such as base compos i t ion)  inherent to the a hemoglobins  or their genes 
themselves.  This is a general result: the distribution of  base replacements within co- 

dons,  rather than nonrandom base composi t ions ,  base transition probabilities,  or un- 
equal  usage o f  degenerate codons,  dominates  the observable consequences  o f  nonran- 

d o m  molecular divergence. 
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Table l i b  
Both transitions and transversions permitted: random probability Pn(~) that the minimum 
base difference, relative to original unhit codon, of a codon hit n times is 6 
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n <6> P(O) P(1) P(2) P(3) 

0 O~ 1.000000 O. O. O. 

1 0,745247 0.254753 0.745247 O. O. 

2 1.047413 0.179628 0.593332 0.227041 O. 

3 1.226851 0.112958 0.558869 0-316537 0.011636 

4 1.319826 0.094012 0.507665 0,382808 0.015515 

5 1.373398 0.078543 0.488192 0.414590 0.018675 

6 1.402485 0.071717 0.474192 0.433979 0.020112 

7 1.418866 0,067349 0.467454 0.444179 0.021018 

8 1.427893 0.065116 0.463361 0.450037 0.021486 

9 1.432932 0.063811 0.461204 0.453228 0.021758 

10 1.435723 0.063107 0.459967 0.455021 0.021905 

11 1,437277 0.062709 0.459292 0.456011 0.021988 

12 1.438139 0.062491 0.458913 0.456563 0.022033 

13 1.438618 0.062368 0,458704 0.456869 0.022059 

14 1.438884 0.062301 0.458587 0,457039 0.022073 

15 1.439032 0.062263 0.458523 0,457134 0.022081 

16 1.439114 0.062242 0.458487 0.457186 0.022085 

17 1.439160 0.062230 0,458467 0.457215 0.022087 

18 1.439185 0.062224 0.458456 0.457232 0.022089 

19 1,439199 0.062220 0.458449 0.457241 0,022090 

20 1,439207 0,062218 0.458446 0.457246 0.022090 

1.439217 0.062216 0.458442 0.457252 0.022091 

This Table excludes homologous codon pairs at least one member of which is a terminating 
codon and was calculated from Eq. 7 in text 

Tables 9b, 12b or 13b, 14b, 15b and 16b are the nonrandom analogues to Table 8 
for random REH theory in Holmquist et al. (1972),  the latter Table being reproduced 
as Table 1 lb  here for ease of  reference. The effects of nonrandomicities on observable 
protein structure are appreciable. In a hemoglobin (Table 9b) for three hits per 
n = 3, the expected proportion of amino acid identities for the nonrandom case is 
about 3.5 times that of  the random case (0.39 v s .  0.11), although the expected pro- 
portion of  amino acid replacements of  the minimal 1-base type is not much changed 
(0.49 vs .  0.56). Minimal 2-base type replacement are about 1/3 (0.11 v s .  0.32) as 
frequent as randomly expected. Amino acid replacements of the minimal 3-base 
type, though rare, appear to be particularly sensitive quantitative indicators of non- 
randomness, only 1/6th as many being expected for nonrandom as for random gene 
divergence (0.002 v s .  0.12). 

With slightly different numbers the above conclusions for a hemoglobin during 
nonrandom divergence hold for all the protein families examined in this paper. 
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Table 12b. /3 Hemoglobin Protein 
Both transitions and transversions permitted: nonrandom probability Pn(6 ) that the minimum 
base difference, relative to original unhit codon, of a codon hit n times is 6 

n <~> P(O) P(1) P(2) P(3) 

0 O. 1.000000 0 0 O. 

I 0.457689 0.542311 0.457689 0 O. 

2 0.626470 0.452850 0.467830 0.079320 O. 

3 0.716444 0.404013 0.478165 0.115185 0.002636 

4 0.825714 0.332933 0.511327 0.152833 0.002907 

5 0.897935 0.303518 0.499971 0.191569 0.004942 

6 0.968523 0.264080 0.509073 0.221090 0.005757 

7 1.022361 0.242681 0.499431 0.250733 0.007155 

8 1.070274 0.219705 0.498328 0.273955 0.008012 

1.108899 0.204568 0.490952 0.295491 0.008988 

10 1.142123 0.190271 0.487039 0.312985 0.009705 

11 1.169529 0.179731 0.481407 0.328464 0.010398 

12 1.192809 0.170389 0.477362 0.341300 0.010949 

13 1.212224 0.163061 0.473098 0.352396 0.011445 

14 1.228647 0.156754 0.469698 0.361695 0.011853 

15 1.242428 0.151638 0.466507 0.369646 0.012209 

16 1.254076 0.147287 0.463858 0.376348 0.012507 

17 1.263890 0.143690 0.461494 0.382053 0,012763 

18 1.272191 0.140644 0.459500 0.386877 0,012979 

19 1.279207 0.138099 0.457760 0.390977 0.013164 

20 1,285150 0.135944 0,456283 0.394453 0.013320 

1.319197 0.123801 0.447430 0.414540 0.014229 

This Table excludes homologous codon pairs at least one member of which is a terminating 
codon and was calculated from Eq. 7 in text 

4.4. Relative importance of nonrandom amino acid composition and nonrandom 
nucleotide transition probabilities relative to the distribution or fixed mutations 
within codons. The fact that the evolutionary behavior of  a hemoglobin,/3 hemo- 
globin, myoglobin, cytochrome c and the parvalbumin group of  proteins, and their 
corresponding genes, can be discribed with good accuracy by a single summary table 
(Table 17a or 17b), despite their different biological functions, amino acid composi- 
tions and base transition probabilities suggests that for most protein or gene families 
it is the distribution of fixed nucleotide replacements within the codon that most af- 
fects the observable consequences of  nonrandom molecular divergence. This was 
pointed out specifically for ~ hemoglobin in the preceding section. This conjecture is 
further supported by the fact that the set of  parameters {p 1 = 0.12; P2 = 0.12; p 3 = 
0 76} that describes the distribution of fixed mutations within codons is the only set 
held constant in the various Tables for each of the five families. 
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Table 13b. /3 Hemoglobin Protein 
Both transitions and transversions permitted: nonrandom probability Pn(6 ) that the minimum 
base difference, relative to original unhit codon, of a codon hit n times is 8 

n <~> P(O) P(1) P(2) P(3) 

0 O, 1.000000 O, O* O. 

1 O.449O06 0.550994 O.449O06 O. O. 

2 0.616896 0.456525 0.470054 0.073421 O, 

3 0.707460 0.409170 O.477369 0.11O291 O.OO317O 

4 0.816050 0.336623 0.514213 0.145656 0.003508 

5 0.889125 0.307196 0.502442 0.184404 0.005958 

6 0.959816 0.267154 0.512831 0.213061 0.006954 

7 1.014345 0.245508 0.503280 0.242569 0.008642 

8 1.062628 0.222199 0.502662 0.265451 0.009688 

9 1.101800 0.206833 0.495405 0.286890 0.010872 

10 1.135422 0.192319 0.491686 0.304249 0.011746 

II 1.163254 0.181603 0.486129 0.319679 0.012589 

12 1.186877 0.172110 0.482164 0.332465 0.013261 

13 1,206619 0.164654 0.477939 0.343542 0.013866 

14 1.223315 0.158239 0.474572 0.352825 0.014364 

15 1.237342 0.153029 0.471399 0.360773 0.014799 

16 1.249198 0.148600 0.468764 0.367472 0.015163 

17 1.259194 0.144937 0.466408 0.373179 0.015476 

18 1.267651 0,141835 0.464419 0.378006 0.015740 

19 1.274800 0.139241 0.462683 0.382110 0.015966 

20 1.280857 0.137046 0.461208 0.385589 0.016157 

1.315509 0.124686 0.452383 0.405666 0.017265 

This Table excludes homologous codon pairs at least one member of which is a terminating 
codon and was calculated from Eq. 7 in text 

To test this conjecture the pattern of  evolutionary divergence of a gene and its pro- 
tein product, each evolving randomly in every respect except for the distribution of 
fixed mutations within the codon, was explicitly calculated. The results are in Table 
18a and Table 18b. These Tables approximate the numerical values in Table 17 rather 
well, proving the conjecture and forming the factual basis for the general result given 
in the last sentence of  the second paragraph of Section 4.3. 

5. Appl icat ion  

A single concrete example may serve to illustrate the above calculations. For this pur- 
pose we have chosen the comparison of rabbit 0t hemoglobin and rabbit/3 hemoglobin. 
As the mRNA nucleotide sequences for these proteins have been published (Heindell 
et al. 1978  Efstratiadis et al. 1977) it will be possible to estimate the various evolution- 
ary parameters from both the protein sequence data and from the nucleic acid data and 
compare the results. 
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Table 14b. Myoglobin Protein 
Both transitions and transversions permitted: nonrandom probability Pn(6) that the minimum 
base difference, relative to original unhit codon, of a codon hit n times is 6 

n <5> P(O) P(1) P(2) P(3) 

0 O. 1.000000 O. O. O' 

1 0.511710 0.488290 0.511710 O, O. 

2 0.686044 0.407184 0.499588 0.093228 O, 

3 0.782905 0.356139 0.507163 0.134353 0.002345 

4 0.880814 0.299878 0.522334 0.174884 0.002904 

5 0.955728 0.266795 0.515130 0.213629 0.004447 

6 1.020531 0.236228 0.512456 0.245873 0.005443 

7 1,073453 0.214386 0.504314 0.274760 0.006539 

8 1,117953 0.196011 0.497447 0.299119 0.007422 

9 1,154880 0,181715 0.489922 0.320132 0.008231 

10 1.185794 0.169939 0.483241 0.337907 0.008913 

11 1.211609 0.160438 0.477021 0.353034 0.009506 

12 1.233246 0.152604 0.471556 0.365829 0,010010 

13 1.251387 0.146168 0.466718 0.376671 0.010442 

14 1.266632 0.140829 0.462519 0.385844 0,010809 

15 1.279459 0.132691 0.458874 0.393611 0.011121 

16 1.290270 0,032691 0.455735 0.400189 0.011386 

17 1.299396 0.129591 0.453033 0.405764 0.011612 

18 1.307112 0.126988 0,450716 0.410492 0.011804 

19 1.313645 0.124796 0,448730 0.414507 0.011967 

20 1.319184 0.122946 0.447029 0.417919 0.012106 

1.351633 0.112261 0.436774 0.438036 0.012925 

This Table excludes homologous codon pairs at least one member of which is a terminating 
codon and was calculated from Eq. 7 in text 
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Table 15b. Cytochrome C Protein 

Both transitions and transversions permitted: nonrandom probability Pn(6) that the minimum 
base difference, relative to original unhit codon, of a codon hit n times is 

n <6> P(O) P(1) P(2) P(3) 

0 O. 1.000000 O. O. 0 

I 0.506073 0.493927 0.506073 O, O. 

2 0.682720 0.407521 0.502239 0.090241 O. 

3 0.778740 0.358156 0.507795 0.131203 0.002847 

4 0.876060 0.301338 0.524807 0.170311 0.003544 

5 0.950904 0.268125 0.518238 0.208246 0.005391 

6 1.015331 0.237629 0.516029 0.239725 0.006618 

7 1.068072 0.215667 0.508525 0.267875 0.007932 

8 1.112318 0.197348 0.501994 0.291651 0.009008 

9 1.149060 0.183016 0.494890 0.312113 0.009981 

10 1.179785 0.171266 0.488490 0.329437 0.010807 

11 1.205444 0.161762 0.482555 0.344161 0.011522 

12 1.226937 0.153942 0.477309 0.356618 0.012131 

13 1.244958 0.147511 0.472671 0.367167 0.012651 

14 1.260099 0.142180 0.468634 0.376093 0.013093 

15 1.272838 0.137749 0.465132 0.383649 0.013469 

16 1.283577 0.134050 0.462111 0.390049 0.013789 

17 1.292644 0.130953 0.459512 0.395474 0.014061 

18 1.300312 0.128351 0.457279 0.400078 0.014293 

19 1.306807 0.126159 0.455364 0.403987 0.014489 

20 1.312317 0.124308 0.453724 0.407311 0.014657 

1.344866 0.113526 0.443741 0.427075 0.015659 

This Table excludes homologous codon pairs at least one member of which is a terminating 
codon and was calculated from Eq. 7 in text 
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Table 16b. Parvalbumin group Proteins 
Both transitions and transversions permitted: nonrandom probability Pn(6 ) that the minimum 
base difference, relative to original unhit  codon, of a codon hit n times is 6 

n <6> P(O) P(1) P(2) P(3) 

0 O. 1.000000 O. O, O, 

I 0.491371 0.508629 0.491371 O, 0 

2 0.672486 0.411942 0.503630 0.084428 0 

3 0.769288 0.364645 0.504721 0.127335 0.003299 

4 0.867613 0.305673 0.525162 0.165045 0.004121 

5 0.943938 0.272053 0.518213 0.203476 0.006258 

6 1.009565 0.240795 0.516538 0.234973 0.007693 

7 1.063545 0.218345 0.508984 0.263450 0.009220 

8 1.108866 0.199588 0.502434 0.287501 0.010477 

9 1.146598 0.184899 0.495216 0.308274 0.011612 

10 1.178189 0.172853 0.488682 0.325888 0.012577 

11 1.204613 0.163098 0.482603 0.340886 0.013413 

12 1.226772 0.155071 0.477211 0.353593 0.014125 

13 1.245372 0.148464 0.472435 0.364368 0.0]4734 

14 1.261012 0.142985 0.468270 0.373493 0.015252 

15 1.274182 0.138430 0.464650 0.381226 0.015693 

16 1.285290 0.134627 0.461524 0.387780 0.016069 

17 1.294673 0.131442 0.458831 0.393339 0.016388 

18 1.302610 0.128767 0.456516 0.398058 0.016659 

19 1.309335 0.126513 0.454529 0.402067 0.016891 

20 1.315040 0.124611 0.452825 0.405476 0.017088 

1.348597 0.113600 0.442463 0.425677 0.018260 

This Table excludes homologous codon pairs at least one member of which is a terminating 

codon and was calculated from Eq. 7 in text 
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Table 17b. Composite summary for a hemoglobin, 13 hemoglobin, myoglobin, cytochrome c 
and parvalbumin group protein families 
Both transitions and transversions permitted: nonrandom probability Pn(6) that the minimum 
base difference, relative to original unhit codon, of a codon hit n times is 6 

n <~> P(O) P(1) P(2) P(3) 

0 0. 1.000000 0. 0. 0, 

1 0.479698 0.520302 0.479698 0. 0. 

2 0.663904 0.417649 0.500798 0.081553 0, 

3 0.760756 0.369953 0.502122 0.125141 0.002784 

4 0.861184 0,308969 0.524418 0.163075 0.003539 

5 0.938991 0.274001 0.518384 0.202237 0.005378 

6 1.006440 0.241548 0.517123 0.234670 0.006659 

7 1.062076 0.218095 0.509742 0.264156 0.008007 

8 1.108974 0.198533 0.503094 0.289239 0.009134 

9 1.148114 0.183177 0.495684 0.310988 0.010152 

I0 1.180947 0.170597 0.488880 0.329500 0.011022 

11 1.208443 0.160409 0.482517 0.345298 0.011777 

12 1.231509 0.152034 0.476843 0.358701 0.012421 

13 1.250864 0.145150 0.471809 0~370070 0.012972 

14 1.267123 0.139452 0.467413 0.379694 0.013441 

15 1.280792 0.134725 0.463597 0.387839 0.013839 

16 1.292294 0.130789 0.460306 0.394728 0.014177 

17 1.301981 0.127503 0.457477 0.400556 0.014464 

18 1.310149 0.124752 0.455055 0.405486 0.014707 

19 1.317041 0.122444 0.452984 0.409659 0.014913 

20 1.322863 0.120504 0.451217 0.413191 0.015088 

1.355618 0.109741 0.440982 0.433195 0.016082 

This table excludes homologous codon pairs at least one member of which is a terminating 
codon and was calculated from Eq. 7 in text 

The experimental data for the proteins 0t- and/3 hemoglobin are given at the top 
of  Table 19. There are 82 amino acid differences, 61 of  the minimal 1-base type and 

21 of  the minimal 2 base type. If we use Table 17b~ and proceed to calculate those 
parameters which minimize  chi-square (as in Section 3.4), the results of  the middle 
portion of  Table 19 are obtained. The following points should be noted. As the dis- 

tribution of  replacements among codons becomes more asymmetric, that is as the neg- 
ative binomial parameter r decreases from plus infinity (the Poisson distribution, with 
mean # = 4.42) to unity (the geometric distribution, with mean p/q = 5.15), the fixa- 
tion intensity, that is the average number of  replacements per varion < n >  ~ REH2/T 2, 

increases as does the estimated number T 2 of  varions themselves (going from 120 resi- 
dues to 139 residues). It is worth commenting that the mean number < n >  of replace- 
ments per varion can be interpreted as the product of  two factors: a complexity factor 
r, the number of  sources of  mutability (see Eq. 16), and a damage factor p/q, the aver- 



254 R. Holmquis t  and D. Pearl 

Table 18b. Effect of a nonrandom distribution of hits within a codon on the otherwise random 
evolution of a protein 
Both transitions and transversions permitted: nonrandom probability Pn(~ ) that the minimum 
base difference, relative to original unhit codon, hit n times is 

n 6 P(O) P(1) P(2) P(3) 

0 O. 1.000000 O. O. O~ 

1 0.449704 0.550296 0.449704 O. O" 

2 0.632641 0.433191 0.500976 0-065833 O~ 

3 0.724959 0.385575 0.507329 0-103657 0.003438 

4 0.823786 0.321698 0-537403 0.136315 0.004584 

5 0.900897 0.283302 0-539408 0.170380 0.006909 

6 0.968129 0.248914 0.542769 0-199593 0.008725 

7 1.024176 0.223094 0.540184 0.226173 0.010548 

• 8 1.071654 0.201924 0.536643 0.249287 0.012146 

9 1.111579 0.185027 0.531946 0.269448 0.013579 

i0 1.145221 0.171256 0.527096 0.286818 0.014830 

ii 1.173527 0.160036 0.522318 0.301728 0.015917 

12 1.197343 0.150827 0.517856 0.314463 0.016854 

13 1.217374 0.143246 0.513792 0.325305 0.017657 

14 1.234216 0.136980 0.510167 0.334510 0.018343 

15 1.248376 0.131786 0.506978 0.342309 0.018927 

16 1.260278 0.127472 0.504201 0.348905 0.019422 

17 1.270281 0.123880 0.501802 0.354477 0.019842 

18 1.278687 0.120884 0.499741 0.359179 0.020196 

19 1.285751 0.118383 0.497979 0.363142 0.020496 

20 1.291686 0.116293 0.496478 0.366481 0.020749 

1.322862 0.105454 0.488320 0.384136 0.022090 

This Table excludes homologous codon pairs at least one member of which is a terminating 
codon and was calculated from Eq. 7 in text. 

age number  o f  hits per source. These two  factors are inversely related: as r decreases, 
p/q increases. The more  asymmetr ic  the distribution of  replacements among codons 
becomes ,  the higher the total number  of  replacements must  be, increasing from 530  
for the Poisson distribution to 716 for the geometric  distribution. Because o f  the ex- 
perimental  absence o f  amino  acid replacements  o f  the min imal  3-base type,  although 
the agreement appears best for r ~ 25, with  X 2 = 0 .729,  values o f  X 2 for other values 
o f  r do not  differ greatly from this and cannot be excluded with confidence.  For r = 
25,  the expected number  o f  amino acid replacements of  each type  were calculated 
from Eq. 23 and 24  These are given at the b o t t o m  of  Table 19 and are in sensible 
agreement with  the experimental  values at the top of  the Table. It should also be 
noted that 96% of  the  X2-value is due to the absence of  observable minimal  3-base 
type  replacements.  
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Table 19. Evolutionary parameters for rabbit c~ hemoglobin vs./3 hemoglobin 
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Number of Observed Amino Acid Replacements with 0-, l-, 2~, and 3- Minimum 

Base Differences. 

O- I- 2- 3- 

57 61 21 O 

< n >  = r p T2 REH2 X2 q q 

1 (Geometric) 5.15 5.15 139 716 l.Ol5 

2.05 2.23 4.56 132 602 O.771 

5.00 0.92 4.58 124 568 0.747 

25.00 0.|8 4.57 120 548 0.729 

(Poisson) 0 4.42 |20 530 0.733 

Expected Amino Acid Replacements with 0-, l-, 2-, and 3- Minimum Base 

Differences for r = 25 

O- l- 2- 3 ~ 

57 60.9 20.5 0,7 

Table 20. Evolutionary parameters for rabbit ~x hemoglobin mRNA vs./3 hemoglobin mRNA 

Number of Codons with O, I, 2, and 3 Actual Base Differences in the mRNAs 

O- l- 2- 3- 

38 42 44 15 

r ~ <n> = rp T2 REH2 X 2 
q q 

1 (Geometric) 6.91 6.91 124 857 0.773 

2.05 3.03 6.21 116 720 0.252 

5.00 1.15 5.75 112 644 O.O18 

I0.00 0,56 5,57 Ill 618 O.OO1 

25.00 0.22 5.43 111 602 0.023 

(Poisson) O. 5.38 llO 591 0.056 

Expected Number of Codons with O, l ,  2, and 3 Actual Base Differences in the 

mRNAs (for r = lO.O0). 

O- 1- 2- 3- 

38.1 41.9 44.1 14,9 
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Table 21. A comparison of evolutionary parameters estimated by REH theory for rabbit 
a hemoglobin vs. rabbit/3 hemoglobin and their mRNAs under two differing assumptions: 
(1) genetic events occur equiprobably (random model), and (2) genetic events occur with 
unequal probability (nonrandom model). 

Estimation made from amino acid sequence data 

Total minimal Total amino r p #2 c T 2 
base differences acid differences 

REH 2 

Random model 103 82 a 0 a 2.01 115 231 
Nonrandom 103 82 25 b 0.15 b 4.57 120 548 
model 

Estimation made from mRNA sequence data 

Actual Total codon r p ~t 2 T 2 REH 2 
Base differenes differences 

Random model 175 101 ooa 0 a 2.52 115 290 
Nonrandom 175 101 l0 b 0.36 b 5.57 111 618 

a The distribution of fixed mutations among codons is assumed to be Poisson in the random 
model. 

b • • The negative binomial parameters r and p are not assumed but estimated from the best fit 
to the data. 

c 
/z 2 = r p / q , q =  1 - p .  

It is thus to be ant icipated that  one might  be able to del imit  the allowable values 

o f  the evolut ionary  parameters  as well  as to increase their  accuracy and reduce the  

chi-square value by considering the mRNAs  for  0t- and/3 hemoglobin  in which base re- 

placements  at all three posit ions wi thin  the  codons  are explici t ly expressed. This is 

i l lustrated in Table 20. 
There are a to ta l  of  175 nucleot ide  replacements  be tween  the mRNAs  for &- and 13 

hemoglobin .  Of  these, 42 codons have a single base replacement,  44 have two base 

replacements  and 15 have three base replacements .  Comparing Tables 19 and 20, it 

is obvious that  the pat tern of  actual base replacements  can be qui te  di f ferent  f rom the 

pat tern of  minimal  base differences.  For  de termining  the evolut ionary  parameters 

f rom m R N A  data, we use Table 17a and proceed as before.  The  results are in the  mid- 

dle section of  Table 20. Al though the parameters  in Table 20 are more  accurate than 

those in Table  19 because actual rather than minimal  base differences were used, the 

values in Table 19, derived solely f rom prote in  sequence data, are quite  reasonable ap- 

proximat ions  to the  more  accurate values. Thus when  gene or  m R N A  data is lacking, 

the  informat ion  in the  protein sequences seems sufficient  for  use provided the " b "  

rather than " a "  tables are used and provided the sequences are distantly enough re- 

lated that  the types and number  of  amino acid subst i tut ions observed represent  a 

fair statistical sampling. For  Table 20, the lowest  X 2 is 0.001, less than for  Table 

19, and delineates r --~ 10 and p/q ~ 0.56 as the dis t r ibut ion among codons that  

best  describes the data. The es t imated f ixat ion intensi ty 5.57 base replacements  per 

varion is somewhat  higher than that  (4.57) suggested by the protein data, and the 

es t imated number  o f  ra t ions  T 2 = 111 is somewhat  less than the protein data esti- 
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mate (120). Overall the total  number of  replacements is more when estimated from 
the mRNA sequences than when estimated from the protein sequence data, 618 vs 

548. 
The bo t tom of Table 20 shows the expected distribution of replacements for r = 10.0 
is in good agreement with the observed values at the table 's top. 

It is worthwhile to compare these values with those predicted by the original REH 
model (Jukes and Holmquist  1972) which assigns all the parameters their random val- 
ues. An analysis of  rabbit  ~- and 13 hemoglobin and of  their corresponding mRNAs 
has been published (Holmquist 1980) for the case where genetic events are taken as 
equally probable as in the original REH model. The results from this random model 
are compared with the results of the present paper (Tables 19 and 20) in Table 21. We 
note the following. First, with respect to the raw data, minimal base differences are 
a poor  approximation to the actual number of base differences observed between the 
mRNAs (103 vs. 175); and the number of amino acid differences do not accurately re- 
flect total  codon differences (82 vs. 101). Nevertheless, the evolutionary parameters 
~32, T 2 and REH2, if estimated from the equations of REH theory are reasonably con- 
cordant whether the primary data are the amino acid sequences or the mRNAs. For 
less distantly related sequences we should not  expect  the agreement to be so good: 
T 2 more generally would be severely underestimated from the amino acid sequence 
data because the degeneracy of the genetic code would not reveal most changes that 
had occurred at the third position within the codons. Secondly, the commonly as- 
sumed Poisson distr ibution of fixed mutat ions among codons gives a poorer fit  to the 
data. This is most apparent from the mRNA sequence data where the negative bino- 
mial parameters are {r, p~ = (10, 0.36); these parameters would be {oo, 0) for a Poisson 
process. A consequence of this uneven distribution of fixed mutations among codons 
is a much increased fixation intensity (average number of  fixed mutations per varion) 
2.52 for an assumed Poisson process, and 5.57 for the best fit to the data within the 
limits of Eq. 14. Finally, using the mRNA data, and allowing for the nonrandomi- 
cities in the mRNA structures, and during the process of mutat ion and subsequent 
fixation shows that  the rabbit  a- and/3 hemoglobin mRNAs are separated by approx- 
imately 618 fixed mutat ions rather than the 231 estimated from the amino acid se- 
quence data and a random model. 

6. Discussion 

The basic result of  this paper, aside from the methodology,  is that nonrandomness of 
any sort introduces an inefficiency in passing from a given gene or protein structure to 
another,  say from an ancestral gene or protein to a contemporary one. This inefficien- 
cy manifests itself in that  more base replacements are required to effect that  passage 
than would be the case if evolutionary events of a given type were equiprobable. The 
fact that  not  all evolutionary events of  a given type have an equal probabil i ty of oc- 
currence is the result of natural selection for function. A greater number of base re- 
placements to effect a given change in observable molecular structure is the molecular 
price paid for this selection. 

The principle source of  this inefficiency is the uneven distribution of fixed muta- 
tions w i t b i n  and a m o n g  codons. The pattern of codon usage, amino acid composition, 
and the relative frequency with which a particular base is replaced by another also con- 
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tribute to this inefficiency but  to a much lesser extent; this is fortunate because the 

evolutionarily important base transitions occur between experimentally inaccessible 
ancestral sequences or between an inaccessible ancestral sequence and a contemporary 

sequence. These transition frequencies thus cannot be directly determined and must 
be estimated by any of several procedures, each of which though appearing plausible 

in its own right is open to some debate. The amino acid or base compositions of the 
ancestral sequences are also, of course, not experimentally accessible. No serious er- 

ror is made by assuming A :C: G: U: 1 : 1 : 1 : 1 or by taking all conditional base transition 
probabilities to be 1/3, although that procedure is not recommended if better data 
from gene or mRNA sequence are available. 

The present paper also throws some light on the question of whether or not codons 
that can mutate by one, two, or three base replacements to a chain terminator are se- 
lected against. By comparing the entries for "Term-Amino-Acid" in Table 3 to the 
corresponding entries in Tables 1, 4, 5, 6, 7, and 8, it is clear there is selection against 
each of these three types of base replacements. 

The distribution of base replacements among codons was investigated with the aid 
of the two parameter (r, p) negative binomial distribution, in part because it had been 
found useful by Uzzell and Corbin in describing the replacements of the cytochromes 
c, but  also because it contained two limiting forms: the one parameter (#) Poisson 
distribution, which has often been used to describe the pattern of replacements in 

proteins and nucleic acids, and the geometric distribution which is also fully defined 
by a single parameter (p) but which does not seem to have been discussed in the liter- 
ature before. The qualitative shapes of these two limiting distributions are quite dif- 
ferent if the mean number of fixed mutations per codon is greater than one. For the 
Poisson distribution the probability of a codon sustaining n base replacements is largest 
near the mean value < n > .  In the geometric distribution on the other hand, the prob- 
ability of a codon sustaining n base replacements is largest at n = 0, and decreases 
monotonically as n increases, the rate of decrease being slower the larger the mean 
value <n>.  The negative binomial distribution, for the parameter values of immedi- 
ate interest is of intermediate character. The probability of a codon sustaining n base 
replacements is largest at some value nma x in the range 0 < nma x < < n >  but fails off 
more slowly on either side of nma x remaining appreciable in magnitude for quite large 
values of n. This asymmetry is responsible for the overall greater number of replace- 
ments necessary to achieve a given structural change. For the rabbit a-//3 hemoglobin 
gene divergence the negative binomial parameters that gave the best fit to the mRNA 
sequence data were r ~ 10.0 and p ~ 0.36. These may be compared to the values 

P(n/ 
O.2 I "1 I r I E I I i I | 

• . (n) = 6 

01 I " " • • G e o m e t r i c  

0 . 2 ~  . . . . . . . . .  
( n ) c 6  r = 5  

01 o Nega t i ve  Binomia l  

o :  i i ~ i ~ " ~ .  , . . . . . . . . .  

r i ] o 2 ! ,  • • r . . . .  (n)=6 

01 Poisson | 
0 ° ~ I J i ~ ° ~ . . . . . . . .  ,__,  . . . .  

0 2 4 6 8 10 12 14 16 18 20 
n 

Fig. 2. Proportion P(n) of codons sus- 
taining exactly n base replacements 
under three different distribution of 
replacements among codons: top (geo- 
metric), middle (negative binomial), 
barton (Poisson). The average number 
of replacements per codon was <n> = 
6 in all three cases 
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found for the cytochromes c by Uzzell and Corbin (1971) r ~ 2.05 and p = 0.67. 
From these latter values the average fixation intensity (rp/q) was 4.51 base replace- 
ments per varion, which compares to the value of 5.57 base replacements per varion 
for the rabbit  a-/13 divergence. 

Based on the pattern of base replacements within codons for the mRNAs or rabbit  

and human 13 hemoglobin, the relative frequency of occurrence P l ,  P2, P3 of fixed re- 
placements at the first, second, and third position within the codon was taken to be 
about  0.12, 0.12, and 0.76 respectively. There is nothing ult imately sacred about 
these numbers in the sense that  one need not  expect all genes to follow this same pat- 
tern. I t  is important  to note that  when estimating these parameters from mRNA or 
DNA sequence data it is necessary to consider closely, not distantly related species. 
For  the latter, mutat ional  saturation may have occurred: each position within the 
codon will have an observable difference between mRNAs of one base replacement at 
each of the three codon positions. It would thus falsely appear that  P l  -~ P2 =-- P3" 
This washing out  of positional effects can be avoided by considering more closely re- 
lated genes or mRNAs. Another  manner of estimating these parameters is to let them 
freely vary, along with r, p, and T 2 during the minimization of chi-square. To accom- 
plish this minimization in practice, we note that  the total  number N of observed base 
replacements between two  mRNAs (or DNAs) can be decomposed in two manners: 

N = N 1 + N 2 + N 3 (25) 

N = M  1 + 2 M  2 +  3M 3 , (26) 

where N k is the number of observed base replacements at the k th position within the 
codons (k = i, 2, and 3), and M k is the number of codons having exactly k observed 
base replacements. Equating these two expressions, 

N I + N  2 + N  3 = M 1 + 2 M  2 +  3M 3 (27) 

Equation 27 contains five independent observable quantities. These should suffice 

to determine the five parameters that  we wish to estimate: r, p, T 2 and Pl ,  P2 (P3 = 

1 - P l  - P2), by  requiring the expected N k, as well as the expected M k to agree with 
the observed values as closely as possible. In Section 5, only the expected and ob- 

served M k were required to agree (see Table 20), the Pk being assumed (Pl  = P2 = 
0.12, P3 = 0.76). By-using the additional experimental information given by the Nk, 
the a priori assignment of values to the Pk as in Section 2.4 can be avoided. The ex- 
pected values < M k >  required in the minimization procedure have been previously 
given in Equations 23 and 24: 

/-.Mk2>~ n(k) , (28) 

and the expected values of the N k are given by 
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n=n n=n 
( N k > = T 2 X  maXpr(n)(l_p(xk)>=T 2 ( 1 - ~  maXpr(n)<~P(Xk)>) 

n=O n=0 
(29) 

n=n 4 
= T  2 { 1 - ~  max~ Pr(n) Bikkpii t [ 1 - p k ( 1 - k s t ) ] n )  

n=O i,t=l 

the expression for <p(xk)> being given directly by Equation 6 and Pr(n) by Eq. 14. 
A computer program for implementing these refinements is currently being written. 
(See Note 1 added in proof.) 

The proteins considered in this paper span a reasonably diverse range of biological 
function. The three globins are involved in oxygen transport and storage; cytochrome 
c is an electron transfer protein; and parvalbumin is a calcium binding protein. Chem- 
ically they are rather different: cytochrome c is a basic protein (pI ~ 9), the hemo- 
globins are neutral proteins (pI ~ 6.5) and the parvalbumins are acidic proteins (pI -- 
4.5). That despite these differences, the observable evolutionary behavior, with re- 
spect to those properties emphasized in this paper, is much the same is worth noting. 
It thus seems likely that the summary tables 17a and 17b should be applicable to other 
proteins as well as the five studied here. This result indicates that it is the mechanism 
(a constrained stochastic process) of  molecular divergence, and not the details (the 
exact mole fraction of A, for example) that dominantes accurate estimates of genetic 
distance. 

Lastly we note that though the present paper is couched in the language of the cod- 
ing regions of  genes, the methodology given is equally applicable to noncoding regions, 
such as introns, provided these regions are of  sufficient length to be statistically infor- 
mative. It is only necessary to divide these regions up into nonoverlapping triplets of 
bases so that the classification of base differences can be made as in Table 20, and Eqs. 
25 and 26. Once this is done the analysis is the same as for a coding region. 

One of the more important contributions of  the present paper is the discipline im- 
posed by the derivation of  the explicit theoretical expressions characterizing nonran- 
dom processes. Both the theoretical and numerical results show that the earlier un- 
derstanding of  molecular divergence considerably overestimated its efficiency. 
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Note Added in Proof 

If only functionally equivalent (Yockey 1977, J. Theor. Biology 67 :337 -343 )  residues 
are permitted to occupy a particular amino acid locus in a set of homologous proteins, 
thus excluding certain codons at that  locus, this will introduce a type of nonrandomness 
only partially allowed for by the methods of this paper. To the extent  this type of re- 
striction causes different loci to fix different numbers of mutat ions and to the extent  
this is reflected in the number of observed base replacements required to go from the 
gene triplet coding for one member of  that functionally equivalent amino acid residue 
to the triplet coding for another the effect is taken care of through the parameters r and 
p of the negative binomial distribution (Eq. 14) and through our classification of ob- 
served codon changes as being of the 0-, 1-, 2- or 3- actual base difference type as in Ta- 
ble 20. 

Michael Coates and Simon Stone, in the Departments of Zoology and Botany of the 
University of Adelaide have recently studies the effect of a limited set of functionally 
equivalent residues on estimates of  the total mutations fixed (Jo MoL EvoL, in press) in 
isolation from some of the other nonrandom factors of the present paper. Their result 
is important:  restricting the number of functionally equivalent residues at a locus signi- 
ficantly increases the estimates of total  fixed mutations. As an additional type of non- 
randomness, this is in agreement with the general principle laid down in the present pa- 
per that any type of nonrandomness in the evolutionary process requires a greater num- 
ber of base replacements to effect the passage from one gene structure to another. Quan- 
titatively the effect analyzed by Coates and Stone is large and to our knowledge they 
are the first to explicitly calculate the quantitative consequences of this aspect of Dar- 
winian selection. 
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Appendix 

Coefficients and Arguments for Calculation of the Probability of Back Mutation (Eq. 1) 

In statistical terminology, the four arguments sj in Eq. 1 of the text  are the reciprocals 
of the roots  of a probabil i ty generating function. These roots are denominators in a 
partial fraction expansion that yields P(B X), (Holmquist 1976b). These arguments sj 
are independent of the base occupying a locus and sum to zero (because there is no 
linear term in the probabil i ty  generating function). Each row and column of coeffi- 
cients Piij sum to unity,  for when there have been no replacements, X = 0 in Eq. 1, the 
probabi l i ty  of  back mutat ion is formally uni ty as the base at that  locus has not  changed. 
Because of  rounding errors these identities in sums may not  be perfectly exhibited by 
the tables. As the number X of replacements at a given locus becomes large in Eq. 1, 
all terms but  the first vanish, and because s I is unity, the probabilities for back muta- 
tion approach the values in the first column of each table. These asymptotic values are, 
as common sense dictates, simply the average gene base composition. If X = 1, then the 
probabilit ies for back mutat ion given by Eq. I are zero, again in agreement with com- 
mon sense, for if a base undergoes a one-step replacement to a different base, it  clearly 
cannot remain the same. Because of this physical requirement that  the probabil i ty 
for back mutat ion must vanish for X = 1, some coefficients or arguments may be nega- 
tive. In general the coefficients and arguments are complex numbers though for the 
five gene families considered here all are real. The probabil i ty for back mutat ion is, of 
course, always a real number between zero and uni ty irrespective of whether or not 
part icular terms on the right-hand side of Eq. 1 are complex or real. An annotated 
listing of  the Fortran IV computer  program which executes the calculation of the co- 
efficie.nts and arguments, given the base transition probabilities, is available to serious 
investigators. 

The interested reader can compare the back mutat ion probabilities given by Eq. 1 
with those for random mutat ion (Holmquist 1972 ; Iizu ka et al. 1975): 

(-1) x . 
mp(X)ii = -41 [1 + 3--~-1 ] ( h l )  

The effect on the probabil i ty for back mutat ion of nonrandom nucleotide transition 
probabilit ies relative to random transitions is illustrated in Fig. 1 (see main text  of pa- 
per) for myoglobin with adenosine originally at the second position within the codon. 
For  other proteins, other bases, or a different position within the codon, the behavior 
will differ in detail  from that  in Fig. 1. But it is clear that nonrandom transitions can 
have, in cases of practical interest, a marked effect on what is observed after multiple 
replacements. 

In these Tables the three entries for each row and column i, j are for the first nucleo- 
t ide posit ion within the codon (top), second nucleotide position within the codon (mid- 
dle), and third nucleotide posit ion within the codon (bottom).  
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Table  A1.  ot H e m o g l o b i n  

R. Holmquist and D. Pearl 

l/j 

A 

Coef f i c i en t s  
3 

0.234900 0.20871] 0.295273 0.26]I]6 
0.289200 0.050827 0.338488 0.32]485 
0.226303 0.739844 0.033853 O. 

0.216898 0.143295 0.000089 0.639718 
0.322901 0.045769 0.022939 0.608392 
0.264698 0.035710 0.199592 0.500000 

0.379800 0.611769 0.008341 0.000090 
0.124001 0.875170 0.000977 -0.000148 
0.244301 0.188735 0.566964 O. 

0.168402 0.036225 0.696297 0.099077 
0.263899 0.028234 0.637597 0.070271 
0.264698 0.035710 0.199592 0.500000 

Ist Position within codon 

2nd Position within codon 

3rd Position within codon 

A r g u m e n t s  

s 1 s 2 s 3 s 4 

1.000000 -0.618323 -0.181152 -0.200526 

1.000000 -0.141380 -0.351775 -0.506845 

l.O00000 -0.290589 -0.334161 -0.375250 

The cond i t i ona l  n u c l e o t i d e  t r ans i t ion  p robab i l i t i e s  f r o m  which  the  values  in this  table  were  

ca lcu la t ed  are given in the  legend to  Tab le  1. 

Table A2. ~3 H e m o g l o b i n  

Coef f i c ien t s  
i / j  1 2 3 4 

0.223802 0.519926 0.021301 0.234971 
A 0.323499 0.059737 0.060419 0.556346 

0.068299 0.930317 0.001162 0.000222 

0.206900 0.455960 0.137367 0.]99773 
C 0.231099 0.012180 0.742895 0.0]3827 

0.278400 0.0]1252 0.568918 0.141431 

0.450600 -0.002200 -0.007830 0.559430 
G 0.147102 0.842862 0.009713 0.000324 

0.358100 0.032069 0.00298] 0.606850 

0.II8698 0.0263]4 0.84916] 0.005827 
U 0.29830] 0.085222 0.]86974 0.429504 

0.295201 0.026362 0.426940 0.25]497 

]st Position within codon 

2nd Position within codon 

3rd Position within codon 

A r g u m e n t s  

s 1 s 2 s 3 s 4 

1.000000 -0.060068 -0.132380 -0.807552 

1.000000 -0.170884 -0.298399 -0.530717 

].000000 -0.072848 -0.342589 -0.584564 

The cond i t i ona l  n u c l e o t i d e  t r ans i t ion  p robab i l i t i e s  f r o m  which  the values  in th is  t ab le  were  

ca l cu la t ed  are given in the  l egend  to  Tab le  4. C o d o n  usage and the e q u i l i b r i u m  amino  acid com- 
pos i t i on  are those  r epo r t ed  for the  1 19 var ied codon  loc i  o f  the  m R N A s  for  h u m a n  and rabb i t  

h e m o g l o b i n s  (Kafa tos  e t  al. 1977;  H o l m q u i s t  and  C imino  1980) .  
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Table A3. /3 Hemoglobin 

265 

Coefficients 
i / j  1 2 3 4 

0.221499 0.539596 0.003874 0.235031 
A 0.329699 0.064861 0.047250 0.558190 

0.068299 0.930317 0.001162 0.000222 

0.179399 0.328390 0.357125 0.135086 
C 0.217399 0.002535 0.765932 0.014134 

0.278400 0.011252 0.568918 0.14143i 

0.446300 -0.009137 -0.001657 0.564493 
G 0.155102 0.818088 0.025670 0.001140 

0.358100 0.032069 0.002981 0.606850 

0.152802 0.141151 0.640658 0.065390 
I.l 0.297800 0.I14516 0.161148 0.426536 

0.295201 0.026362 0.426940 0.251497 

Ist Position within codon 

2nd Position within codon 

3rd Position within codon 

Arguments 

s I s 2 s 3 s 4 

1.000000 -0.064454 -0.143462 -0.792084 

1.000000 -0.180257 -0.273153 -0.546589 

1.000000 -0.072848 -0.342589 -0.584564 

The conditional nucleotide transition probabilities from which the values in this table were 
calculated are given in the legend to Table 5. Codon usage was calculated from the average 
amino acid composition at the 119 varied codon loci of 59 13 hemoglobin chains on the 
assumption that the three positions within the codon behaved independently. 

Table A4. Myogiobin 

Coefficients 
i/j l 2 3 4 

0.307002 0.163296 0.151682 0.378020 
A 0.447699 -0.000429 -0.008679 0.56i408 

0.285699 -0.586417 0. 0.127885 

0.20%98 0.039380 0.695854 0.055568 
C 0.218102 0.513635 0.046128 0.222135 

0.222400 0.007451 0.500000 0.270148 

0.391100 0.039303 0.001221 0.568375 
G 0.122302 0.004957 0.864667 0.008704 

0.269501 0.398681 O. 0.331819 

0.092700 0.758021 0.151242 -0.001963 
U 0.211896 0.481836 0.097884 0.208383 

0.222400 0.007451 0.500000 0.270148 

1st Position within codon 

2nd Position within codon 

3rd Position within codon 

Arguments 

s I s 2 s 3 s 4 

1.000000 -0.075804 -0.241855 -0.682341 

1.000000 -0.066831 -0.133594 -0.799574 

1.000000 -0.420164 -0.272470 -0.307366 

The conditional nucleotide transition probabilities from which the values in this table were 
calculated are given in the legend to Table 6. 
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Table A5. Cytochromes c 

R. Holmquist and D. Pearl 

i / j  1 

0.368735 
A 0.432141 

0.270733 

0.126588 
C 0.262617 

0.233947 

0.363064 
G 0. IO3418 

O.261374 

0.141613 
U 0.201824 

0.233947 

CoefficientS 
2 3 4 

0.126352 0.000629 0.504284 
-0.009782 0.007169 0.570472 
0.599369 0. 0.129898 

0.411820 0.461583 0.000010 
0.364371 0.080306 0.292705 
0.007832 0.500000 0.258222 

0.140485 0.000775 0.495675 
0.482468 0.418395 -0.004282 
0.384968 O. 0.353659 

O.321344 0.537013 0.000031 
O.162942 0.494129 O.141105 
0.007832 0.500000 0.258222 

Ist Position within codon 

2nd Position within codon 

3rd Position within codon 

ArgumentS 

s I s 2 s 3 s 4 

1.00OOO0 -0.035968 -O.242141 -O.721891 

l.O00000 -0.075989 -0.167296 -0.756715 

1.000000 -0.381531 -0.294720 -0.323749 

The conditional nucleotide transition probabilities from which the values in this table were 
calculated are given in the legend to Table 7. 

Table A6. Parvalbumin group 

Coefficients 
[/j I 2 3 4 

0.283299 0.384536 0.000414 0.331751 
A 0.382699 0.030770 O.000125 0.586405 

0.254000 0.268190 O, 0.477810 

0.I14302 0.292416 0.565239 0.028043 
C 0.207399 0.O33658 0.682496 0.076446 

0.240002 0.027728 0.500000 0.232270 

0.454899 -0.004295 0.000060 0.549336 
G 0.129802 0.697666 0.170294 0.002238 

0.265997 0.676353 O. 0.057650 

0.147499 0.327343 0.434287 0.090870 
U 0.280100 0.237906 0.147084 0.334910 

0.240002 0.027728 0.500000 0.232270 

1st Position within codon 

2rid Position wlthln codon 

3rd Position within codon 

Arguments 

S l s 2 S 3 s 4 

1.O00000 -0.022016 -0.149739 -0.828245 

l.OOOO00 -O.129015 -0.225183 -0.645802 

l.O00000 -0.365454 -0.308080 -0.326466 

The conditional nucleotide transition probabilities from which the values in this table were 
calculated are given in the legend to Table 8. 
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Table A7. Composite summary for c~ hemoglobin, j3 hemoglobin, myoglobin, cytochrome c 
and parvalbumin group gene families 

267 

Coefficients 

i/j 1 ' 2 3 4 

0.283300 n.340909 0.015918 0.359873 

0.375701 0.0?5852 0.000006 0.598441 
0.221000 0.017580 0.760385 0.001035 

0.172000 0.228345 0.554743 0.044012 
0.247098 0.042496 0.518160 0.192246 
0.247902 0.119183 0.]20650 0.512265 

0.407501 0,006661 0.000164 0.585674 
0.126101 0,872933 0.000453 0.000513 
0.279797 0,693816 0.024595 0.001792 

0.137199 0.424085 0.429175 0.009541 
0.251100 0.058719 0.481381 0.208800 
0.251301 0.16942] 0.094370 0.484908 

ist Position within codon 

2nd PosiLion within codon 

3rd Position within codon 

Arguments 

s I s~ s 3 s 4 

1.000000 -0.087472 -0.217801 -0.694727 

1.000000 -0.143970 -0.234453 -0.621577 

].000000 -0.392465 -0.281124 -0.326411 

The conditional nucleotide transition probabilities from which the values in this table were 
calculated are given in the legend to Table 17a. 


