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Abstract. A transformation is presented which converts any pushdown
automaton (PDA) M|, with n states and p, stack symbols into an equivalent
PDA M with n states and [n,/n]*p, + 1 stack symbols for any desired value
of n, 1<n<ny This transformation preserves realtime behavior but not
determinism. The transformation is proved to be the best possible one in the
following sense: for each choice of the parameters n, and p,, there is a
realtime PDA M, such that any equivalent PDA M (whether realtime or not)

having n states must have at least [(n0 /n )2 pO] stack symbols. Furthermore,
the loss of deterministic behavior cannot be avoided, since for each choice of
ny and p,, there is a deterministic PDA M, such that no equivalent PDA M
with fewer states can be deterministic.

I. Introduction

It is well known that there is an algorithm to minimize the number of states in a
deterministic finite automaton. Since each move of a pushdown automaton
(PDA) depends on the top stack symbol as well as on the state and the input
symbol, the product of the number of states and the number of stack symbols in a
PDA is in a sense analogous to the number of states in a finite automaton, and it
might be desirable to minimize this product. However, an argument by Gruska [6]
can be modified to show that there is no algorithm to accomplish this. On the
other hand, minimizing the number of states in a PDA is trivial: since each PDA
is equivalent to a context-free grammar (CFQG), it easily follows that each PDA is
equivalent to a one-state PDA. (We assume that acceptance is by empty stack, so
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that a separate accepting state is unnecessary.) This construction replaces stack
symbols by (state, stack symbol, state)-triples, and hence multiplies the number of
stack symbols by approximately nj, where n, is the original number of states.
Thus, although one cannot effectively minimize the state-stack symbol-product
for a PDA, one can collapse the finite-state control to a single state, but only at a
large cost in the size of the stack alphabet. This suggests the question, can one
reduce the size of the finite-state control less drastically at a lesser cost?

The present paper shows that a natural generalization of the “triple” con-
struction for converting a PDA to a CFG will reduce the number of states in any
PDA from n, to n for any desired n, 1 < n <n,, at the cost of increasing the size
of the stack alphabet from p, to [n,/ n]zp0 + 1. Like the triple construction, it
preserves realtime behavior but not determinism. Furthermore, this construction
is more or less the best possible, in the sense that an expansion in the stack
alphabet to size [(nO / n)2 Po] is sometimes unavoidable even if realtime behavior
need not be preserved, and also in the sense that no general state-reduction
procedure can preserve determinism.

Section II describes this generalized triple construction. Section III shows
that the construction cannot be improved.

II. The Generalized Triple Construction

We adopt the usual notation M =(Q, 2, I, 8, q,, Z,, F) for a PDA (see, e.g., [8]),
with the following modifications:

1. Since M accepts by empty stack, we omit F.

2. To facilitate comparisons between PDAs and CFGs, we shall write the

move
(g, B\B,...B,) € 8(p,x, A)
in the form
pA — xqB,B,... B . (*)

Here, p and g are states in Q; x is in ZU{e)} (e is the empty string); 4, B,,
B,,...,B,, are stack symbols in I'; m > 0; and Q, 2, T are assumed to be pairwise
disjoint.

Thus, pA — xqB, ... B,, denotes the move that changes state from p to ¢ while
consuming x from the input stream, and popping A and pushing B,... B, on the
stack. (B, is the new top stack symbol if m > 1.) Then M is realtime if pA — xqB,
B TI'*, implies x = e. And M is deterministic if, foreachpe Q, A€ T, a € 3, the
set of moves

{(pA—aqBlgeQ.BeT*}U{pd—qBlgeQ, BET*)

contains at most one move of M.
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Note that the language L( M) defined by M by empty stack may be obtained
by interpreting the moves (*) as context-sensitive productions, adding the produc-
tions

qg—eq€Q,

and taking ¢,Z, as the axiom for a grammar:
L(M) = (weS*|g,Z, 5 w).

Obviously, if M has only one state, then the states can be omitted from (x),
resulting in context-free productions which generate L(M) from Z,. So a
one-state PDA is essentially identical to a CFG, and leftmost derivations of the
CFG correspond to computations of the PDA. From this point of view, the usual
“triple” construction [3] for converting a PDA to a CFG is merely a construction
for reducing the number of states in a PDA to a single state * as follows.

Triple Construction

Replace each move

pA = xpyB,...B,, m

m

\%
=

by the (#Q)™ moves

*<pApm> - x*<pOB]pl>"'<pm—IBmpm>’ (Pl""’pm) € Qm;

and if pA = g,Z,, then also add the moves

xZy = xx(poBp\) - APp_1BuPrm)- (P1s--p,) € O™

The new set of stack symbols consists of the starting symbol Z, and #(Q X I' X Q)
new symbols { pAg), one for each triple in Q X I' X Q. It is a routine matter to
verify by induction on the length of the derivations that

-+
o2y, = wpyB,... B

m

for the first PDA if and only if there exists ( p,...,p,,) € Q™ such that

+
xZy = wx(poBipi) ... (P 1By D)

for the second PDA, so that both PDAs accept the same language.

This construction can be generalized as follows. Suppose that M =
(Q.2.1,8,9y, Z,) is a PDA, and suppose that Q € Q’x Q" for some sets Q’ and
Q" having n and k elements respectively. Let ¢, = (g4, q5) € Q' X Q.
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Generalized Triple Construction

Replace each move

\Y
=

(p'.p")A - x(p5, p3)B, ... B, m

by the k™ moves

m

PP Ay = xpod PeB\PVY - P 1B Py (P b)) € (Q7)7,

and if (p’, p")A = (4,495 )Z, then also add the moves

q6Zo = xp PEB\PYY - { P\ By, (P1s..opi) € (@)™,

Thus, when m = 0, the popping move (p’, p”)A — x(p§, p;) 1s replaced by the
popping move p'{ p”"Apyy = xp;. The new set of states is Q" with initial state gy,
and the new set of stack symbols is

" ={(Z)U{(p"Aq")Ip". 9" €Q", A€T)

with initial stack symbol Z,. Note that the Generalized Triple Construction is
essentially the Triple Construction when n =1 and produces essentially no change
when k=1. Also, note that the construction transforms realtime PDAs to
realtime PDAs, but in general transforms deterministic PDAs to PDAs that are
not deterministic.

Lemma. If M=(Q,2,T.,8,q9,,2,) is a PDA with QCQ'XQ" and M =
(Q.2,1,%,q5, Z,) is the PDA produced from M by the Generalized Triple
Construction, then M’ is equivalent to M, i.e., L(M’)= L(M).

Proof. Just as in the case of the Triple Construction, one may prove by
induction on the length of derivations that

’ 1 + ’ 1 by
(g6.95)Zy = w(py, p§)B,...B,in M
if and only if there exists (pY,...,p.) € (Q”)™ such that

r + ’ " ” 1 " . ’
GoZo = wp PoB PV - (P11 B Py Im M.

Taking m = 0, the lemma follows. a

Theorem 1. For every PDA M, with n, states and p, stack symbols and for every
integer n in the range 1 < n < n, there is an equivalent PDA M with n states and
[no/n)?po + 1 stack symbols such that M is realtime if My is.

Proof. Llet Q' be a set of size n and Q" be a set of size k = [no/n]. Then
Q' X Q" has size nk = n,, so the state set of M, can be identified with a subset of
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Q’ X Q”. The Generalized Triple Construction now produces a PDA M satisfying
the theorem. In particular, M has n states and kpyk +1= [n,/n]’p, +1 stack
symbols. O

III. Can the Generalized Triple Construction be Improved?

The Generalized Triple Construction reduces the number of states in a PDA from
n, to n at the cost of increasing the size of the stack alphabet from p, to
[ne/n]Ppy+1. 1t preserves realtime behavior but not determinism. There are two
questions one might raise in seeking to improve this construction.

—Is there is a general construction to lower the number of states of a PDA
that increases the stack alphabet to a size substantially smaller than [ny /n]%p, + 1,
perhaps at the cost of destroying realtime behavior?

—Is there a general construction to lower the number of states of a PDA
while preserving nondeterminism, perhaps at the cost of a larger increase in the
size of the stack alphabet?

The answer to both questions is no, as the two theorems in this section show.

Theorem 2. For every pair of positive integers ny and p,. there is a PDA M, with
ng states and p, stack symbols such that every equivalent PDA M with n states has
at least |(ny/ n)2 po] stack symbols. Furthermore, the PDA M, is realtime and
deterministic.

Proof. In [5], it is shown that, for every pair of positive integers n, and p,., there
is a realtime deterministic PDA M, with n states and p, stack symbols such that
every equivalent CFG G has at least n p, self-embedding variables. (The variable
A is self-embedding if 4 £ udv, uv = e, for some terminal strings « and v.) Let M
be a PDA with n states and p stack symbols that is equivalent to M,. The Triple
Construction converts M to an equivalent CFG G with at most n%p self-embed-
ding variables, since the one additional starting symbol is not self embedding.
Hence, n’p > n3 py. so p = (ny/n)*p,. and the theorem follows. 0

Lemmas 11.6.1 and 11.6.3 in Harrison [7] prove that, for each n, > 1, there is
a deterministic PDA with n, states and five stack symbols such that every
equivalent deterministic PDA has at least as many states. The next theorem
extends this result to deterministic PDAs with just one stack symbol.

Theorem 3. For every pair of positive integers n, and p,, there is a deterministic
PDA M, with n, states and p, stack symbols such that every PDA M equivalent 10
M, having fewer than n states is not deterministic. Furthermore, the PDA M, is
realtime.

Proof. 1t obviously suffices to prove the theorem for the case in which p, =1, for
one can then add additional, useless stack symbols to M, to increase p, to any
desired value. Thus, what is needed is a language that can be recognized by a
deterministic “one-counter” automaton M, (i.e., a deterministic PDA with one
stack symbol) with n, states, but not by any deterministic PDA with fewer states.
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Intuitively, to a first approximation such a language is
Ly = {a"ch"m=0,0<i<ng),

since, on encountering c¢;, a deterministic finite-state control must remember / in
order to insure that the remaining input symbols are b,’s. However, for this choice
of Ly, one additional state would be needed to enforce the formatting restriction
that every string lie in

R =a*{c|0<i<ng}-{b|0<i<ny)*.

So in order to avoid this complication, the formatting restriction will be relaxed
slightly, and the machine M, defined below will also accept some strings not in R,
such as abyb, or acyc,.

For any n, let My = (Q,, Z,{Zy). 8, gy, Z,), where

Qo = {g,10 <i<ny),
2 ={a,b,c|0<i<ngy,

and 3, consists of the moves

qoZy — aqyZyZ,,
402y = €:4;,0 <1 < ng,

42y = b,q,,0 <1 < ny.

Then M, is a realtime deterministic PDA having n, states and one stack symbol,
so it suffices to prove that any equivalent deterministic PDA has at least n, states.
Let M=(Q,.2, 1,8, py, Z,) be such a PDA. For each m>0 and k, 0 < k <n,,
a™c, by € L(M,)= L(M), so there is a computation in M of the form

* m m * [ ’ *
P()Z() =a pmzmam = a Ckpmkﬁmkam' Pkamk = bk Apmk’ Pmkam = biml\’
*)

where r,, +5,, =m, for some p,,p... Pk €0, Z,, €T, a,, B,..€T* 1.,
5, = 0. Note that p, Z,_a,, is determined by a™ since M is deterministic and the
following move consumes an input symbol. Whenever two (m, k) pairs (m,, k,)
and (m,, k,) have the same value ( p, Z, p’) for (p,,, Z,,, p,.i )

* m m
pOZO =a Ipzam‘ =a Ickzpmzkzﬁmzkzam,

* m r, ’ * m Foiaks S * %k
% a lckzbk’zmp a, = a lckzbkmzz Zbk’:'l"l ( )

If there were infinitely many (m, k) patrs for which s,, = 0 then there would be
two such pairs (m, k,) and (m,, k,) with different m values having the same
(p.Z, p') value. It would then follow from (**) that my=r, , +5,, =7, ;;
while by (*), my=r,, , +5, 4 =1, so that m; =m,, contrary to hypothesis.
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Thus, for any large enough m, s,,, > 0 for all k, 0 <k <n. For such a fixed m,
suppose that two different k& values have the same value p’ for p;,,. Since m is
fixed, the values p and Z of p,, and Z,, also coincide, so by (**), a™ ¢, bym2<zbymi
is in L(M)= L(M,). Since s, , >0, this is only possible if k, = k,, contrary to
hypothesis. Thus, the states p,, must be distinct for each of the n, different
values of k, and so M has at least n states. O

As a final observation, note that the Generalized Triple Construction con-
verts a PDA with n,, states and p, stack symbols to a PDA with n < n, states and
[ny/n]*p, + 1 stack symbols, and Theorem 2 proves that at least [(n0 /n) po]
stack symbols are sometimes necessary. There is a slight gap between these two
bounds. Thus, it remains an open question whether a very slight improvement in
the Generalized Triple Construction is possible.
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