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An inverse dynamics and kinematics of a flexible manipulator
is derived in symbolic form based on the recursive Lagrangian
assumed mode method. A PC-based program has implemented
the algorithm to automatically generate the inverse dynamics
and kinematics for an elastic robot in a symbolic form. A case
study is given to illustrate how to use this program for inverse
dynamic and kinematic generation. Simulation results for a
case study by considering different mode shape are compared
with the rigid case.
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1. Introduction

The automatic equation derivation process is highly desirable
for manipulators because the manual symbolic expansion of
manipulator matrix equations is tedious, time-consuming, and
error-prone. The symbolic manipulation programs provide a
way to overcome the disadvantages of the method. Symbolic
derivation allows one to expand the dynamic equations in a
very short time, check the element of dynamic equations and
manipulate them very conveniently. Although Newton—Euler
formalism has been regarded as computationally efficient and
that of the Lagrange as insightful in representing manipulator
dynamics, if the vector/matrix equations were expanded
symbolically to scalar form, the results from the Newton—Euler
and Lagrange formalisms would be equivalent. The expanded
scalar equations would not only provide insight into the
system dynamics, but also result in faster computation than
the numerical approach based on either formalism. Hence,
there has been growing interest in the use of automatic
symbolic generation for the production of computer code for
the dynamic calculation. A fundamental benefit of symbolic
generation is that this code can be “customised” to take
advantage of the kinematic and dynamic structure of the
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manipulator (e.g. link lengths of zero, sparse inertia matrices
to eliminate much unnecessary computation.

The inverse dynamics of manipulator arms have been
studied extensively for rigid link models [1, 2]. Deformations
of arm links, however, are not negligible as the speed of
motion and the required accuracy increase. The design
engineer faces having to predict dynamic responses and link
deformations based on an appropriate model of the flexible
arm. Among a number of modelling methods previously
presented, Cannon and Schmitz [3] considered the end point
feedback control of a one-link manipulator and achieved a
fine positioning, despite the structural flexibility. Book and
Majette [4] developed a formulation for a two-link flexible
arm, using Lagrange’s equations of motion. Other contri-
butions have since been made [5-9)]. Book [10] also developed
an efficient formulation based on recursive Lagrangian dynam-
ics.

A mathematical model of elastic robot dynamics can be
summarised in the following form:

1. The joint equation j is given as

d [aK| oK oV
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2. The deflection equation jf is given as
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The inverse dynamics problem involves the calculation of the
joint torque or forces using equations (1) and (2) when the
kinematic state of the manipulator is given. Algorithms perform
this computation of complex but basically straightforward
algebraic expressions.

This paper presents a method for deriving flexible manipu-
lator inverse dynamic equations and kinematics using a PC-
based symbolic language MATHEMATICA® [11]. This article
is organised as follows. Section 2 presents mathematical
modelling of a flexible arm and Section 3 describes an inverse
kinematics algorithm coupled with the dynamic equation. In
Section 4 a brief description of the inverse dynamics is
given. Section 5 contains symbolic implementation based on
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MATHEMATICA. Finally, an example involving a two-link
flexible arm is considered, where different mode shapes are
compared with the rigid case.

2. Mathematical Modelling of a Flexible
Arm

For a flexible arm we use the Euler-Bernoulli model, for
which rotary inertia and shear deformation effects are ignored.
A solution of the flexible motion of the link can be obtained
through modal analysis, under the assumption of small
deflection of the link,

Ypot) = 2 g (1) ydw) (3)

where y; is the eigenfunction expressing the displacement of
assumed mode / of link deflection. For a clamp-free vibrating
beam the orthonormal model eigenfunctions in (2) are given
by

y{u) = sin(B;u) — sinh{B)+7y (cos(Bsr)—cosh(Bin))

_ sin(Ba)+sinh(Bn) .
where y = cos(Bi)+ cosh(Bip) (i=1,2,...,m)
w;)?
and B" = E'%)_ (4)

For a simply supported case the general solution of Bernoulli
beam theory is given by

yi(p) = a;sin(Bip) (%)
where a; are arbitrary constants.

3. Inverse Kinematics

Inverse kinematics provides information for the joint variables
by giving the motion of the end effector. We first compute
the manipulator Jacobian associated with the infinitesimal
translation and rotation of the end effector and we denote
the infinitesimal end effector translation and rotation by
vectors dX, and dd®,, respectively. For convenience, we
combine the two vectors and define the following vector dp
as

dp=[dX.d®.]” (6)

Dividing both sides by dr, we obtain the velocity and angular
velocity of the end effector.

p=[Vea.]" (7N
On the other hand, dp can be written, owing to the differential
change of every joint variable as well as the differential

change of displacements at the free end of the end link.
Therefore,

dp=J,dq,+J:dg; (8

Dividing both sides by dt, the end effector velocity and
angular velocity can also be obtained by using the manipulator
Jacobian:

p=Jq,+Jeqs 9
By differentiating (6), one obtains

B=Jr +Jedic + Jede +Jede (10)
or

Jiie + Jeiie = P — 16 —Jec = Ry (11)

The above expression in terms of generalised coordinates is
essential for solving the inverse dynamic equation. A problem
in solving the equations of motion is that the joint torques
are unknown and we cannot solve the dynamic equation by
itself. To obtain exact solutions for generalised coordinates,
equation (11) must be solved simultaneously with deflection
equation (2) for a given trajectory. The equations are highly
coupled and nonlinear and by using the symbolic derivation
package MATHEMATICA we can solve them by neglecting
insignificant terms such as second-order deformations.

4. Inverse Dynamics

This section follows generally reference {10] and is included
for completeness of the paper. The resultant system of the
dynamic equation of a flexible manipulator (equations (1}
and (2)) can be organised in matrix form as

Ji=R (12)

where the elements of J matrices and the elements of R
matrix are given below

Jy = 2Tr{W;_, U, ’F, Uf WL_,} (13)
T = 2Tr{W,_, U,/W, D, W}
(h=n; j=1,..,n) (14)
Ty = 2Tr{W,_, U/F,MF, + /W, D, ] WT}
(h=j,...,n=-1, j=1,.,n-1) (15)
T = 2Tr{W;_, U['F, ML) WF}
(h=1,..,j-1; j=2,..,n) (16)
L =2Tr{Cpis} (h=j=n) (17)
Lige = 2Tr{M,; /0; Mj} + Cjis}
(h=j=1,..,n-1) (18)
Lpwi = 2Tr{W;M;;'W,, D,,, WF}
(h=n; j=1,..,n-1) (19)
L = 2Tr{ W, M,{/@,M], + /W, D, ] W}
(h=1,..,n-1; j=j+1,...,n-1) (20)
R, = =2Tr{U,Qy} +g"™U,P, + F, (21)
Ri=-2Tr{W,_,U;Q;} +g"™W,_, U;P; + F; (22)

Rnf= —2Tr{[wvn an + 2wn 2 an anf] w:}
k=1



- 2 Gnk Knkf + gT wn Qn]' (23)
k=1

R” = —2Tr{W, M” A,'+| Qj+l

+ [w, D+ 2W, g} Qi c,.,,,] (24)

Required recursive expression and matrices for J and R are
given in Appendix A.

5. Symbolic Implementation Based on
Mathematica

The matrix form of the manipulator inverse dynamic equation
was expanded symbolically for any desired manipulator using
symbolic manipulation programs MATHEMATICA [15].
Based on the formulations described in the previous section,
inputs to the program from the user are the following:

1.n total number of links

2. m; number of modes used to describe the deflection of
link §

3.4 length of link i

4. g gravity vector

S. 1 link mass centre position vector

6. n link density, and

7. (EI); flexural rigidity of link {

The codes for generating dynamic equations are listed in
Appendix B. The program uses the following mathematical
operators of MATHEMATICA for symbolic manipulation:

1. To define a matrix one writes the elements one by one.
For example, to generate A=[B;]sxs write

A = {{B11,B12,B13,B14}, {B21,B22,B23,B24},
{BBIaBBZ’BBSvBZN}v {B417B42)B43,B44}}
2. To multiply two matrices D and C one simply writes D.C
3. To differentiate and to integrate a matrix F by a variable
X one writes

D[F,x] JIntegrate{F,{x,0,x}]

4. To simplify the expression of a function one uses Simplify
for algebraic simplification and TrigLinear for trigonometric
simplification.

5. To replace approximate real numbers in expression that
are close to zero by the exact integer 0 one simply writes

Choplexpr]
6. To eliminate insignificant terms (x2) one simply writes
xfree[e_]: = FreeQ[e, x?], Select[expr, x?]

With users inputs, substituting /F,, 'F,,®,,Q; and P; in
equation (12) results in the dynamic model which usually
takes a very complicated form. By using the available
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mathematical simplification processes, the model is reduced
to a much simpler form and the relatively less significant
terms, such as the second-order terms of deflection are further
neglected automatically.

The computational procedure is summarised below:

Step 1: Select mode shapes

Step 2: Derive recursive expressions ’Fy, /F,, /@, Q; and P;

Step 3: Derive J and R

Step 4: Assemble recursive Lagrangian dynamic equation
(12)

Step S: Specify dynamic trajectory

Step 6: Compute Jacobian matrix and equation (11)

Step 7: Solve coupled nonlinear differential equations (11)
and (2)

Step 8: Calculate joint torques from joint equation (1)

The derivation of dynamic equations of motion for a two-link
flexible manipulator is presented as an illustrative example.
Simplified forms are compared with the rigid case and the
simulation results are shown.

Example. Two Link Flexible Manipulator
6.1 Expansion of Dynamic Equation

By using the computational procedure as mentioned above
the actuator torque can be obtained automatically. The
equations of motion which are extremely lengthy have been
derived successfully without any simplifications first. After
mathematical simplification process, substituting
m =m,=m, L=5L=1L, m; =1, and
(ED), = (EI), = 2.04, the equations become much simpler as
shown in the following

Fi=15Lgmcos{q,}+0.5Lgmecos{q, + q,]
—L*usin[q,])(¢:)'(g2)" — 0.5 L psin[q.](92)"

+3.146 L*usin(q2])(¢:)"(g:1)" + 3.146 L2 sin[g,)(92) (qu1)’
—1.274 L?usin[q.)(4:)"(921)' — 1.274 L?wsin[q.)(g2)'(921)’
+4 L psin[4:](11)'(g21)’ — 0.3186 L g p.sin[g, g,

+1.571 gmsin[q, + q,]q,, + 3.142 L? . cos[q,](41)'(92)' 91
+1.571 L cos[q2}(g2) 21, + 7.578 L 1 (41)'(911) 1
+6.578 L 11(4:)'(911)'¢, + 4 L pcos{4:](41)'(921) '9u

+4 L pcos[q2](92)'(921)'q1, + 6.284 11 (411)'(923)' g
+(g21)" (0.318 L2 + 0.637 L% cos[q,]

+2 L psin[g,]q,,) — 0.318 L g w.sin[q, + ¢.] o,

—1.273 L c0s[4:](4:)'(42) 421 — 0.637 L? u. cos[4*](47)*qz
+4 L pcos[q:0(91)'(911) z: + 4 L p.cos[4:)(92)'(911) 9
+Lp(9:)'(921) @2 + L 1(42)'(921) 91

=3.142 0. (g11)"(921)'gas + (1,)"(—0.729 L2 ~ 1.571 L2 cos| gy
+2 L psin{q2]g21) + (g,)"(1.665 L? p. + L3 p. cos[q,]
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+3.142 L2 psin[2)gn, — 1.273 L2 psin[q,)g51)

+(g,)"(0.333 L2 + 0.5 L3 cos[q,)

+1.571 L2 sin[¢;]q1, — 0.637 L2 sin[g3]g21)
F,=0.5L3gmcos{q, + g;] + 0.5 L?p sin[q,](g;)’

—1.047 L2 (q1,)" + 0.318 L2 (ga1)"

+1.571 g msin[q; + g2)gu — 1.571 L cos{q21(q:) *gn
+6.58 L w (91)'(411)'gn1 + 6.578 L n (g2)"(qu1)'qua

+6.283 n (g11)(g21)'qun + (g2)" (0.333 L3p + 3.29 L?p.g,,)
~0.318 L g p.sin{q, + g21g2, + 0.637 L. cos(q2)(q:1)*q21
+L p(92)'(922) g1 + L 1 (92)'(921) 9

—3.142 1 (g11)'(g21)'g21 + (91)"(0.333 L?p + 0.5 L cos[q]
+1.571 L2 sin[qa)q11 — 0.637 L% sin[g,]g21)

If we assume that there is no deformation and both links are
rigid, these equations will be the same as those which would
be obtained from a manual derivation process or Asada [13]
as follows:

Fy=15Lgmecos[q,;] + 0.5 L gmcos[q, + q]
—L*psin{g:)(41)'(g2)' — 0.5 Lusin[gz]{g2)"
+(g1)"(1.665 L3 + L3 cos(qz])

+(g2)"(0.333 L3p. + 0.5 L3u cos[g,])
E,=0.5L*gmecos[q, + q2] + 0.5 L?>n.sin[gq.)(g1)’
(¢2)"(0.333 L3u) + (¢,)"(0.333 L?u + 0.5 L3p cos[q.])

6.2 Simulation Study

The derived inverse dynamics equation and inverse kinematics
equation are applied to a two-link planer flexible manipulator
(Fig. 1a) and the effect of gravity was ignored in these case
studies in order to isolate the dynamic flexibility effects. The
desired trajectory is given by (Fig. 1b)

xd(f) =L—-a l'z, yd(t) =L+bt

where a=0.1, b=0.01, and ¢ ranges from 0 to 3s. By
differentiating the desired trajectory, velocities and acceler-
ation are obtained. Next, we couple the inverse kinematic
and deflection equations in matrix form.

[[5”1{1[;.]1] HENMEEE (25)

To compute equation (25), parameters such as density and
Young's modulus etc. must be provided. These are listed in
Appendix C. The bending defiection of links are approximated
with assumed mode shapes. Mode shapes are chosen from the
analytical solution of an Euler-Bernoulli beam eigenfunction
analysis. For simplicity, the terms including the squares of
deflections are neglected, since they are considerably smaller
than the other terms. To verify the model, the results are
compared with the simulation results of the same system with
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Fig. 1. (a) Inverse dynamics of two-link arm. (b) A typical given
trajectory.

a rigid arm. The algorithm is shown in the flow-chart (Fig.
2). For the case where the robot becomes more rigid, E/
becomes larger, and the joint variable response of the system
converges to the rigid arm. The resonses were computed by
solving the dynamic equation. The responses of the flexible
system for a given trajectory are shown in Fig. 3. For
comparison, the responses derived from a rigid model] are
also shown in Fig. 3. Both clamp and simply supported mode
shapes are shown in Fig. 4. Joint torques can be computed
by substituting generalised coordinates into joint equations.
Comparisons of the flexible torques of the system with rigid
torques are shown in Fig. 5. These results are required for
determining the dynamic load carrying capacity [14].

7. Applications and Discussions

Given a trajectory {positions, velocities and accelerations),
the dynamic load carrying capacity (DLCC) of a flexible
manipulator is defined as the maximum load (mass and
moment of inertia) that the manipulator can carry in executing
the trajectory with an acceptable tracking accuracy. For
manipulators under the rigid-body assumption, the major
limiting factor in determining the maximum allowable load



Specify Dynamic
Trajectory

!

Xe(V), Ye(1), Ze(1)

!

f1(8y, 82,y1.y2)=Xc
201, 82.y1.y2)=Y,
3(81, 82.y1.y2)=Z,

!

f4(B1. 928", 82\ y1.y2.y1'\y2)=X,'
£5(61, 828", 82'.y1.y2.y1.y2)=Y,'
fs(01, 02,0¢", 82'y1y2.y1\y2)=Z,’

{

y £01, 67, 8y', 67", 6,". 85",
f10(81, 82, 6y, 82", 6,7, 62", Yy ¥y ity =X,

¥i ¥z 915 y25 1" y2")=Rn f2(8,,6,, 8,8, 8,".9,",
011461, 62, 6,7, 677,617, 8", YL YL Y YD i ¥ )=Y

CoynyL Ly ' y2")=Rn (61, 8,, 6", 67, 6;", 05",
+ YL Y2, Y1, ¥2. " y2" =L, "

Kinematic Equation j——————19»

Deflection Equation

-

Solve differential
equation f7.fg,f9.f10.f11

1

Find 6, 6,, 6,', 6,
YL ya ' y?

—

Find 7). Ty

Joint Equation

Fig. 2. Computational algorithm.

(mass and mass moment of inertia) for a prescribed dynamic
trajectory is the joint actuator capacity, while the flexibility
inevitably exhibited by relatively lightweight robots or by
robots operating at a higher speed dictates the need for an
additional constraint to be imposed for tasks requiring precision
tracking, that is, the allowable deformation at end effector.
Deflection at end effector could be attributed to both static
and dynamic factors, such as, link flexibility, joint clearance,
manipulator and load inertia. These factors are configuration
dependent or motion dependent, therefore, DLCC varies
from place to place on a given trajectory. A strategy to
determine the DLCC subject to both constraints mentioned
above is formulated where the end effector deflection constraint
is specified in terms of a series of spherical bounds with a
radius equal to the allowable deformation while a typical DC
motor speed-torque characteristics curve is used in the actuator
constraint.

This was achieved by subjecting the manipulator to dual
constraints, that is, actuator capacity and end effector defor-
mation constraints, when the maximum load is determined.
Both constraints were imposed in determining DLCC and a
load my,,q=0.341 kg was found to be the maximum load that
the given actuators can carry in executing the trajectory while
the load moment of inertia l..a Was not presented for
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Fig. 4. Comparison of the flexible responses (clamp and simply
supported mode shape).

simplicity. Fig. 6 shows the time varying torques required to
execute the trajectory against the upper and lower bounds of
the available torques which depend on the joint velocities. It
is seen that the load so determined uses the joint 1 to its
maximum extent at about 1.2 s. The magnitude of the end
effector deflection with such a load compared to the imposed
upper and lower bounds is shown in Fig. 7. It is seen that all
the magnitudes remain within the bounds because the load
was determined subject to both constraints. The actual
trajectory is further plotted in terms of the base coordinates
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in Fig. 8, which again shows it is within the bounds. The
further view of the DLCC of flexible manipulator reader is
referred to [15). The work also shows that in dealing with
flexible manipulator dynamics and determining their DLCC
in particular great benefit was obtained from using a symbolic
derivation language.
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Fig. 7. Deflection against its bounds (/.4 = 0.341 kg under both
constraints.
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Fig. 8. The desired and actual trajectory (my,.q = 0.341 kg, under
both constraints).

8. Conclusion

This paper presents a technique for deriving the scalar form
of flexible maniputator inverse dynamic equations using a PC-
based symbolic language MATHEMATICA. The algebraic
dynamic robot modelling program has been implemented to
enable the control engineer to formulate a Lagrangian assumed
mode method and to gain physical insight into dynamic
equations for the systematic design as well as for determining
the dynamic load carrying capacity for a given trajectory. To
validate symbolic derivation and simulation results, a flexible
model is compared with rigid links in a case study.
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Appendix A

Required recursive expression and matrices for J and R are given

below:

"F,=G, (h=j=n) (A1)

Fy=EAL'F, (j<h=n) (A2)

", =G+ "Fhr (B AT (J=h<n) (A3)

IF,="F, AL, (h=1,..n-1 j=1,..n) (A4)

B, = A" Fry (M) (=1,...,n-1; h=1,.,n)(AS)

Q= G, WL +2( 3 Do) WI (A6)
k=1

Q=GWI +2 ("2 ap n,.k) WI+E A, Qu (A7)
=1

P.=M,r, + E Dok (A8)

Jew 1

P,=Mr, + 2 g Qe +E AL Py (A9)

W, =W, A +2W,_ A+ W,_, 0,4 (A10)

W,, =W, E, +2W,E, (A11)

e = Cpee + ;: 9uCp (A12)
=1
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=C+ 2 qu ((Clk +Ch) + 2 unm) (A13)
1% -
C,= 3 [1,1%,0,0]% [1,4,,0,0] dm (Al4)
o
1%
Cl/ = EJ’I [l,p,,,O,O]T [vai[vyi[?zii] dm (A15)
o
Ciw= J' [0,x,y,,24]7 [0, x,,y,1,2,5] dm (A16)

Appendix B. MATHEMATICA Program for Generating
Dynamic Equations

“/This program derives the equation of motion of a manipulator with flexible link using the
Lagmngmn {ormuluuonf

a— l b=.01; T[l][B[l)] 1.05; gx=0T[F]lﬂ[l]]=0‘T[F](B[2]]=O
Xe YeiZe;n=2;nm=1;

Dcnvauvc(l](Xe] Derivative([1]){ Ye}; Derivative[ 1][Ze);
Derivatve[2][Xe] ;Derivative[2][ Ye] ;Derivative{2][Ze];
GeCon;

Jacobian Matrix'
Forj=1,j <=2j += 1,
For[k-l k <=2k += 1|

TURI(B(1.0(k]) D[GGCOHUJ]] Tlaj(B(kNI}:
T{JF1(81;).8[k]) =D(GeCon( ()], Iy [BIX]I(1]):
TIDJR][B{).8(k])=D(TURIIB().BIK]]. L
TIDJF(B(). B[k]]=DlT[JF}[BU].B[k]) 41]
vesssesnians Velosity & Acceieration **¢seaeeessasessver
Jr= (lT[JR][B[l] B[l]l TIIRJGI1L.81211). [ TURI(B(21.8(1 1) TRIO(2LB(21} :
Ji= ({TUJFIB[1),811]]. TIIF]IB{1),8(2]11,{ TUF](B(2],0(11), TUFI(B{2).8(2]]} }:
Dir=((TIDJR](B{1],8(1]1.T(DIRI(B{1],6(2]1),(TIDIRI(B(2].B[1]1.TIDIR}(G[2],8(2)]) }:
elffll!l:TlDJF][Blll ,B(1]), 'E[DJFIIBHI .8(2]]}. EIIDJH[ﬂllZl g‘[:l]]'TTDIFIIBIZI 821111

DTetar =| levwvﬂlllmql[ﬂlll]llll Dmvanve(lll'ﬂq][ﬂlzlllllll
DTetaf =(Derivative[ 1j{Tly](8({ U1[¢]]. Derivative{ )[TTyl(B[2]ILe]1):
DV ={Derivative[2}[Xe].Denivative(2]( Ye]):
DD Tetaf~( Derivarvef I Ty B ]} Derivative 21T ISL2UL):
Riraj=DV-DIr.DTetar-DIL. DT
‘t.t"..t‘..’.."’tsw‘rw Deﬂec!“)nttl.‘tttttt"t‘“
For{j=1, j <=nj++,
For[k=1, k <=nm,k++,
TINIB(j1)=1.05 T} (B[x].B))=TMIBL)V2;
TIBIIB{1]]=N[Pi)/1.05;T[B)[B[2}]=2 N[Pllll .05 T[M](ﬂb}]-m
TIy){B[j).Bk]}=TIy][8{i1.B[k)}=Sin{ T{B)(B{k)}x].
TTOE’][BUI E[k)l =D[T[y][B(3).8[k)).x) ] ]
For[j= =0+,
T‘[y][Bul][tl=Sum[le][BUl SIEITIQNBG) BTN :
TIyIB(i+5)][)=Sum(TTy]{B(j].8
Derivative] 1][TI ][BU] B[fllllll] {f1,1,0m));
Toezl(B(j1)[11=Sum( T#z){BLj).B(£2}TT(q){BLj}.B{€2)}{1].{£2,).0m});
Tiez][B+5) ll]—Sum[T[¢ J(81j).8(f2)]
Derivative( 1][T[q)fB(j),8[£2)))(1), (2,1 nm] ):)}Derivative V) TIy) BOII=TIYIBL6)) (1)
Derivative[l [T[y][!5(2]][01-1'[)'][0[7]](!] <<siml.m

R matrix f
R21=(RLSim21[[3)],RLSim21[[4]),Rrraji[ 11].Reraj[12}]); .
J21=( {JLSim21{[31]([1)).JLSim21[[3)}((2)].ILSim2 1[[3))[[31) JLSim21 [[31)](4]}).
{JLSim21[{4]]1(1))JLSim21([4]]([2]].JL.Sim21[[4]}[(3} JLSme)[[4ll[I4]]).
{TUR)(B(1),8(1]). TLIR](B(1},8(2)), TIJE)(B[1).8(1)), TPIFI[B[1).8[2]]),
{ TIURIIB(2).B[11]. TIIR){B(2].8(2}), TUF)I8[2].8{1)}, TIJFIIB{2).8(21]} };
121=Triglinear{J21]:J21=Chop(J21]; InJ21=Inverse{}21);InJ21=Chop([InJ21};
GENE21=InJ21.R21;GENE21=Chop{GENE21;Tf=3;an=Tf/.05;
For(j=1, j <=1j++,

W =.405;m= .425; m2 = 0.00; j2 = 0;

N2NMI1L=RungeKuta[
(TIq)(B{6})[1) GENE21([1]) Tlal(B{71Y GENE21{(2]],
T[q][ﬂlﬁl.ﬂlﬁ]][l] GENE21{(3]) Hq)(8[7).8(61)(1] GENE21[{4)]},
[TIq)B[1)][ T1g](B(6)1(t] Tlqi(8{2])(¢] TIa)(B(7N],
qu][Blll B[1]){¢), T[ql(B[6] ﬂ[6ll[l] T[qllﬂlll B[ll]lll T[lﬂlﬂm 616111t),

0.00,0.00,1.5708, 0.00},(1,0,Tf,.05}1;]

Appendix C. Numerical Values for Simulation

Parameter Value Unit
Young’s modulus E, = E;, =206 x 10! N/m?
Area moment of inertia I, = [, = 9.9 x 10~12 m*
Link length ILL=I=105 m
Link linear mass density p; = pp = 0.405 kg/m
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Nomenclature
A, joint transformation relates system i to system i—1
E; Jink transformation relates the deflection of system ¢ to system
i
F; joint torque acting on joint {
g gravity vector expressed at the base coordinates
J N J, J;
inertia matrix = [[ ) i)
Uil (L]
K kinetic energy of the system
[ length of link i
M,  a mass concentrated at the joint i
m, number of modes used to describe the deflection of link i
n number of links

joint variable of the hth joint

Inx

time-varying amplitude of mode k of link h

vector of remaining dynamics and external forcing terms =
[RiRao ..., Ry ... Ry RiyRiz ., Ry Ry .
s R R LR TT

vector locating the centre of mass of link i

dynamics from the joint equation ), excluding second derivatives
of the generalized coordinates

dynamics from the deflection equation jf, excluding second
derivatives of the generalized coordinates

potential energy
transformation from the base to the ith link
transformation from the base to the system i

ot Rom,y

the vector of generalised coordinates = [g,, g5, . . ., g - . .,
Q> G115 Q12 - - o5 GQunys G2t <~ > Gamy - -2 Gnr » + o> Ghmy - - s
Gom, "

link density



