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On the Convexity of Communication Games 

By A. van den Nouwe land  I and P. B o r m  2 

Abstract: A communication situation consists of a game and a communication graph. By in- 
troducing two different types of corresponding communication games, point games and arc 
games, the Myerson value and the position value of a communication situation were introduced. 

This paper investigates relations between convexity of the underlying game and the two com- 
munication games. In particular, assuming the underlying game to be convex, necessary and suffi- 
cient conditions on the conmmnication graph are provided such that the communication games 
are convex. Moreover, under the same conditions, it is shown that the Myerson value and the posi- 
tion value are in the core of the point game. Some remarks are made on superadditivity and 
balancedness. 

1 Introduction 

In this paper  we consider  coopera t ive  games with c o m m u n i c a t i o n  restrictions. We 
assume that  the c o m m u n i c a t i o n  possibilit ies are model led  by means  o f  a com- 
munication graph in which the points  are the players and the arcs cor respond to pairs 
o f  players who  can communica t e  directly. 

These so-called communication situations were first s tudied by Myerson (1977). 
He  in t roduced corresponding  poin t  games and provided and axiomat ic  
character iza t ion  o f  the Shapley value of  these games. Alternatively,  Borm,  Owen 
and Tijs (1990) in t roduced arc games and the position value. This value could be 
character ized axiomat ica l ly  in case the c o m m u n i c a t i o n  graph contains  no cycles. 

The  present paper  investigates under  what  condi t ions  on the c o m m u n i c a t i o n  
graphs nice propert ies  o f  the underlying game are inheri ted by the poin t  game and 
the arc game. The  main  result o f  this paper  can be found  in section 3: if  a com-  
munica t ion  graph is cycle-complete (cycle-free) and the under lying game is convex, 
then the corresponding  poin t  game (arc game) is convex and the Myerson value 
(posi t ion value) is in the core o f  the point  game. The  paper  concludes with some 
remarks  on the inher i tance o f  superaddi t ivi ty  and balancedness  in section 4. First 
we recall the main  defini t ions concern ing  c o m m u n i c a t i o n  si tuations in section 2. 
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2 T h e  M o d e l  

A communication situation is a triple (N, v,A), where N : =  {1 ..... n} is the set of 
players, (N, v) is a coalitional game having player set N and characteristic function 
v : 2 N ~ IR with v(0) = 0, and (N,A) is an undirected communication graph. For 
convenience we assume throughout this paper that the game (N, v) is zero-normali- 
zed, i.e. v({i}) = 0 for all i E N. 

Let (N, v,A) be a communication situation. The players in a coalition S c_ N 
can effect communication through all communication links of  A(S) := {{i,j} E 
A I [ i,j} c S}. Hence, a coalition S splits up into (communication) components in 
the following way: T __. S is a component within S if and only if the graph ( T, A(T) )  
is connected and there is no set -Tsuch that T ~ -T __. S and ( T , A ( T ) )  is connected. 
We denote the resulting partition of S by S/A. Correspondingly, the reward of  a 
coalition S c_ Nhaving available the communication links in A(S)  can be defined as 

rv(S,A) := ~ v(C). 
CES/A 

Note that the fact that (N, v) is zero-normalized implies that for all S c N 

rv(S,A) = ~ v(C) = ~ v(C) = ~ v(C) = rV(N,A(S)), 
CES/A CES/A(S) CEN/A(S) 

because the components of (N,A(S)) are the components of (S,A(S)) and all 
singletons {i} with i E N \ S .  

Definition: Let ( N, v, A) be a communication situation. The point game ( N,r~4 ) is 
defined by 

r~ (S) := rV(A,S) for all S ___ N. 

The arc game (A,r~) assigns to every subset L of  communication links the cor- 
responding reward of  the grand coalition N, i.e. 

r~(L)  := rV(N,L) for all L ~ A. 

These two communication games give rise to two allocation rules for com- 
munication situations, the Myerson value and the position value. Both values are 
based on the Shapley value, given by (cf. Shapley (1953)) 

6~i(N,v): ~ [Sl!(n - 1 - ISI)! = (v(S U {i1)-  v(S)) 
SC_N:ir n! 

for all coalitional games (N, v) and all i E N. 
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Definition: The Myerson value ix(N, v,A) E IR N (cf. Myerson (1977)) is defined as 
the Shapley value of the corresponding point game, i.e. 

tx(N,v,A) := ~(N,r~4). 

The position value 7r(N, v,A) E lRN(cf. Borm, Owen and Tijs (1990)) is obtained 
from the Shapley value of  the corresponding arc game in the following way: 

1 ~a(A,r[v ) ~ri(N,v,A) := ~ 
aEA i 

for all i E N, where A i : = {{ i,j } E A I J E N}, the set of  all communicat ion links 
of  which player i is an end point. 

3 Convexity 

In this section we provide classes of  communicat ion graphs for which the convexity 
of  the original game is inherited by the point game and the arc game, respectively. 

Definition: A coalitional game (N, v) is called convex if it is more advantageous to 
join larger coalitions, i.e. 

v(S U { i} ) -  v(S) <_ v ( T  U {i}) - v(T) 

for all i E N a n d  all S c_ T c_ N\{ i} .  It is obvious that a convex game (N,v) is 
superadditive, i.e. 

v(S U T) >_ v(S)+v(T)  

for all S,T E 2 N with S (1 T = 0. 

Definition: A graph (N, A) is called cycle-complete if the following holds: if there 
is a cycle (x 1, x2 ..... x t, x l) in (N,A) where x 1 ..... x t are all distinct elements of  N, 
then the complete graph on {x I ..... x t } is a subgraph of (N,A). Note that both 
graphs without cycles and complete graphs are cycle-complete. 

Example k Consider the communicat ion situations (N, v,A) and (N, v,B), where 
N = {1 ..... 5}, v(S) = IS[ - 1 for all S ~ 0 and (N,A) and (N,B) are the graphs 
represented in figure 1. 
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1 2 1 2 

3 4 3 

(N, A) (N, B) 

Fig. 1. 

The graph (N,A) is cycle-complete, whereas (N, B) is not.  Note  that  (N, v) is convex. 

I 
0 i f S  = 0 o r S =  {5} 

Further,  s i n c e r e ( S )  = IS] - 2  i f 5  E S a n d 4 r  {5}, 
IS] - 1 else 

(N, r~l) is convex too. However, (N, r~ )  is not  convex, because 

r~({1,4}U {3}) - r~({1,4}) = 2 > 1 = r~({1,2,4} U {3}) - r~({1,2,41). 

Theorem 1 shows that  it is no coincidence that  the game r~l of  example 1 is convex. 

Theorem 1: Let (N, v,A) be a communica t ion  situation where the underlying game 
(N, v) is convex and the communica t ion  graph (N,A) is cycle-complete. Then  the 
corresponding point  game (N, r~t) is convex. 

Proof" Let i E N and S c T _ N \ { i}. 
We have to prove that  r~4(S U {i}) - r~  (S) _< r~l( T O {i}) - r~l(T),  i.e. 

v (C) -  ~ v(C) <- ~ v ( D ) -  ~ v(D). 
CESU[i}/A CCS/A DETU{i}/A DET/A 

(1) 

Clearly, with Ci := U{C E S/A ] 3j  E C: {i,j} E A} U{i}, C i E S U {i}/A and 
i f C  E S U{i}/A, C ~ C i, t h e n C  E S/A. 
So, with e := {C @ S/A [ 3j E C : {i,j} E A}, we have 

~., v ( C ) -  ~ v(C) = v([i} U U C ) -  ~ v(C). (2) 
CESU{i}/A CES/A CEe C E e  

Analogously  we obtain 

v ( D ) -  ~ v(D) = v({i} U 1.3 D ) -  
DETU{i}/A DET/A DEft) DE3) 

v(D), (3) 

where X) := {D E T/A I 3j E D : [i,j} @ A}. 
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Hence, it remains to prove that 

v({i} U U C ) -  ~ v(C) <- v({i} U U D ) -  ~ v(D). (4) 
CEC CEC DE:D DEft) 

We can number the elements of C and fi) in such a way that C = {C1,...,C s } and 
:D = {D t ..... D t }, where t > /s  and C r c_ Dr for all r E {1 ..... s}. This can be seen 
as follows: 
It easily follows that for all C E C there exists precisely one D E fi) such that C _ 
D, because S __ T. Now suppose there are E1,E 2 E C, E 1 ~ E 2, and F E 3) such 
that E 1 c F a n d E  2 c_ E Le tJ l  C E 1 and j2  E E 2 be such that {i,j 1} E A and 
{i,j2} E A. Note that {Jl,J2} r A. Since {Jl,J2} c_ F E T/A, there is a path in 
(T,A) f romJ l  to j2.  So, since i r T, there is a cycle from i to i over j  I a n d j  2 in the 
graph (N,A). However, since (N,A) is cycle-complete this should imply that 

{Jl,J2} @ A. 
Superadditivity of the game (N, v) implies 

s t 
v({i} U I,.J /9) _> v({i} U ~ Dr) + ~, V(Dr) (5) 

D E ~  r=l r=s+l  

and, by convexity, 
S S 

v({i} U L) Dr)-V(D1)  --- v({i} U [..J D r U C 1 ) - v ( C 1 ) ,  
r=l r=2 

s s 2 
v({i} U U D r U C1) - v(O2) _> v({i} U U D r U U Cr) - v(C2), 

r=2 r=3 r=l 

s - 1  S 

v({i} U D s U ~.J Cr) -  V(Ds) >_ v({i} U ~.J C r ) -  v(Cs). 
r=l r=l 

Adding these inequalities we obtain 
S S 

v({i} U ~.J D r ) -  ~ v(Dr) >_ v({i} U [.J c ) -  ~ v(C). 
r=l r=l C E e  CCe  

(6) 

Now (5) and (6) readily imply (4). [] 

The following example shows that the condition of cycle-completeness in 
theorem 1 is necessary in the sense that for each communication graph that is not 
cycle-complete there exists a convex game such that the corresponding point game 
is not convex. 
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Example2: Let (N,A) be a communica t i on  graph tha t  is not  cycle-complete. Then,  
clearly, there is a cycle (x  1 ..... xt ,x l )  in (N,A) with x 1 .... ,x t all distinct and  there 
are i , j  E {1 ..... t} such that  i < j - 1, {xi,x j} ~ A and for all k E {i+1 ..... j - 1] 

{Xk,X j] E A. Consider  the convex game (N,v)where v(S) = IS[ - 1 i f S  r 0, 

and define S := {xi,x j } and T := {Xl,...,xt} \ {Xi+l}. It  follows tha t  

r~4(S U {Xi+l} ) - r~4(S ) = 2 > 1 = r~4(T U[Xi+l} ) - r~4(T ). 

Hence,  (N,  r~t) is not  convex. 

For the analogue o f  theorem 1 with respect to arc games  one needs a strengthen- 
ing o f  cycle-completeness towards cycle-freeness. This follows f rom 

Theorem 2." Let (N, v,A) be a communica t i on  si tuat ion where the commun ica t i on  
graph (N,A) is cycle-free and the point  game (N,  r~ )  is convex. Then  the arc game  
(A,r~q) is convex. 

Proof" Let a = { i,j] E A and K __ L c_ A \{a}. 
We have to prove tha t  r~v(L U {a}) -r~c(L) >_ r~c(K U {a}) - r~v(K) or, equivalently, 
that  

]~ v ( T ) -  ]~ v(T) > ~ v ( S ) -  ~ v(S). (7) 
TEN/L tO {a} TEN/L SEN/KU [a} SEN/K 

Define Tk(Sk) as the c o m p o n e n t  in N/L (N/K) that  contains player k E N. 
Clearly, 

N/(L U[a})  = [ T E N / L I i ~  T , j ~  T} U { T / U  7)} and 

N/(K U{a}) = { S E N / K I  i ~ S , j  ~ S} U{S i USj}. 
Since (N,A) is cycle-free, we know S i MSj = 0 and T i M 7) = 0. Hence,  (7) is 
equivalent  to 

v(T  i (.J Tj.) - v(Ti) - v(7/~) >. v(S i USj) - v(Si) - v(Sj). (8) 

Because (N,  v) is zero-normal ized,  (8) is equivalent  to 

r~4(T i UV@)-r~4(Ti)-r~4(Tj) > r~4(S i USj)-r~4(Si)-r~4(Sj).  (9) 

Since K ___ L we have tha t  S i c_ Ti and Sj c_ 7). So, convexity o f  the game  (N,r~4) 
implies 

r~t (T  i U 7)) - r~4(Ti) >_ r~4(S i U 7)) - r~4(Si) and 

r3 (S i  UV))  - r 3 ( 7  3 )  >_ r~(S~ US j )  - r3 (S j ) .  
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Adding these inequalities we obtain (9). [] 

Corollary 1." Let (N, v, A ) be a communicat ion situation where the original game 
(N, v) is convex and the communicat ion graph (N,A) is cycle-flee. Then the cor- 
responding arc game (A, r~r is convex. 

The following example shows that for each communicat ion graph that is not 
cyle-free we can find a convex game such that the corresponding arc game is not con- 
vex. 

Example3: Let (N,A) be a communicat ion graph and let (x 1 ..... xt,xt+ 1 = x1) be 
a cycle in the graph (N,A). Consider the convex game (N, v), with v(S) = [S] - 
1 for all S g: 0. Defining a k := {Xk,Xk+ 1 ] E A for k E {1 ..... t}, K := {a 1 } and 
L : = {a 1 ..... at_l}, it follows that 

rVN(K V[at] ) - r~v(K ) = 1 > 0 = r~(L U{at}) - r~v(L). 

Hence, (A, r~v) is not convex. 

With respect to the converse of  theorem 2, we have that convexity of  a non- 
negative arc game immediately implies convexity of  the point game. So, in par- 
ticular, for this result we do not have to restrict to cycle-free communicat ion graphs. 

Theorem 3: Let (N, v,A) be a communicat ion situation where the arc game (A,r~v) 
is non-negative and convex. Then the point game (N, r~t) is convex. 

Proof" Let i @ N a n d  S c_ T c_ N \ {  i}. We have to prove that 

r~4( S U { i } ) -  r~4( S) <- r~4( T U{i]) - r~4( T). (lO) 

Because (N, v) is zero-normalized, (10) is equivalent to 

r~v(A( S U {i])) - r~v(A( S)) < r~v(A( T U{i})) - r~(A(  T)). (11) 

Since (A,r~v) is non-negative, the superadditivity of  (A,r~q) implies 

r~v(A(T U{i})) > r~v(A(S U{i}) UA(T)). (12) 

Further, by the convexity of  the game (A,r~q), we have 

r~v(A(S U{i}) U A ( T ) ) -  r~v(A(T)) > 

r~v(A(S U{i } ) ) -  r~v(A(S U{i}) f3 A( T)) = 

r~v(A(S U [i})) - r~(A(S)). (13) 
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Now, inequality (11) is a direct consequence of (12) and (13). [] 

Combining theorems 2 and 3 we obtain 

Corollary 2: Let (N, v,A) be a communication situation where the game (N, v) is 
non-negative and the communication graph (N,A) is cycle-free. Then the point 
game (N,r~t) is convex if and only if the arc game (A,r~v) is convex. 

Finally, we show that under the conditions of theorem 1 and corollary 1, respec- 
tively, the Myerson value and the position value are core-elements of the point game. 

Definition: The core C(N, v) of a coalitional game (N, v) is the set of all division 
rules of the amount v (N) against which no subcoalition can protest effectively, i.e. 

C(N,v):= { x E  IRN[ ~N x i =  v(N) and ~ x i>_ v(S) forall 
i i~S 

S E 2 N \  [0}}. 

Shapley (1971) proved that the Shapley value of a convex game is a core-element. 

Theorem 4: Let (N, v,A ) be a communication situation where the underlying game 
(N, v) is convex. Then the following two assertions hold: 

(i) If the communication graph is cycle-complete, then #(N, v,A ) E C(N, r~4 ). 
(ii) If the communication graph is cycle-free, then zr(N, v,A) E C(N,r~4). 

Proof" Part (i) is a direct consequence of theorem 1. 
Part (ii). Suppose (N,A) is cycle-free. According to corollary 1 the arc game (A, r~)  
is convex. Hence, 

~(A, r ) )  E C(A,r~v). (14) 

Next we show that 

qb(A,r/~) > 0. (15) 

Clearly, it suffices to prove that r~q(LU{a}) - r~(L) >_ 0 for all a E A and all 

L c_ A\{a}.  Le ta  = {i,j} E A a n d L  ___ A\{a}.  Then, 

ryq(LU{a])- r~v(L) >- r~v({a})- r~r = v({i,j}) >- v({i}) + v({j}) = O, 

where the first inequality follows from the convexity of (A, r~)  and the second one 
from the superadditivity of (N, v). 
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Now let S _ N. Then, using (14) and (15), 

~ri(N,v ,A)= Z E lrba(A,r~)  >- 
iES iES aEA i 

E A~i n !Cba(A,r ~) = ]~ a;a(A,r~) > i@S a@ A(S) 2 a CA (s) 

r~v( A (S)) = r~ (S) 

and 

~, zci(N,v,A) = ]~ ~a(A,r~v) = r~v(A) = r~4(N ). 
iEN aEA 

Hence, 7r(N,v,A) E C(N, rV4). [] 

4 Remarks 

Owen (1986) proved that, without imposing any restrictions on the communication 
graphs, superadditivity of the underlying game is inherited by the point game. With 
respect to arc games, however, one cannot hope to find a non-trivial class of com- 
munication graphs for which the superadditivity of the underlying game is inherited 
by the corresponding arc games. This follows from 

Example 4: Let (N, v,A ) be the communication situation where N = { 1,2,3}, 

A = [{ 1,2}, [2,3}] and v(S) = I 0ISI ifif Is][S] _>-< 2"1 The game (N, v) is superadditive, 

but, with a := {1,2} and b := {2,3}, we have r~v({a] ) + r~({b}) = 4 < 3 = 
r~v({a,b] ). Hence, the game (A,r~)  is not superadditive. 

Further, it may be noted that, similarly to theorem 3, superadditivity of  a non- 
negative arc game immediately implies superadditivity of  the point game. 

Definition: A coalitional game (N, v) is called balanced if it has a non-empty core 
and it is called totally balancedif for every S c_ N the  subgame (S, v Is) is balanced. 
Here, Vls (T) := v(T) for all T c S _ N. 

For connected communication graphs, it is easy to see that balancedness of  the 
underlying game is inherited by the corresponding point game. Moreover, if the 
underlying game is totally balanced, then for each communication graph the point 
game is also totally balanced. 
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Example  4 shows tha t  the  fact tha t  the under ly ing  game is to ta l ly  ba lanced  does 
not  even imply  ba lancedness  o f  the  arc game. Finally,  it can be proved tha t  
ba lancedness  o f  a non-negat ive  arc game immed ia t e ly  implies  ba lancedness  o f  the  
co r respond ing  po in t  game. 
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