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On the Convexity of Communication Games

By A. van den Nouweland! and P. Borm?

Abstract: A communication situation consists of a game and a communication graph. By in-
troducing two different types of corresponding communication games, point games and arc
games, the Myerson value and the position value of a communication situation were introduced.

This paper investigates relations between convexity of the underlying game and the two com-
munication games. In particular, assuming the underlying game to be convex, necessary and suffi-
cient conditions on the communication graph are provided such that the communication games
are convex. Moreover, under the same conditions, it is shown that the Myerson value and the posi-
tion value are in the core of the point game. Some remarks are made on superadditivity and
balancedness.

1 Introduction

In this paper we consider cooperative games with communication restrictions. We
assume that the communication possibilities are modelled by means of a com-
munication graphin which the points are the players and the arcs correspond to pairs
of players who can communicate directly.

These so-called communication situations were first studied by Myerson (1977).
He introduced corresponding point games and provided and axiomatic
characterization of the Shapley value of these games. Alternatively, Borm, Owen
and Tijs (1990) introduced arc games and the position value. This value could be
characterized axiomatically in case the communication graph contains no cycles.

The present paper investigates under what conditions on the communication
graphs nice properties of the underlying game are inherited by the point game and
the arc game. The main result of this paper can be found in section 3: if a com-
munication graph is cycle-complete (cycle-free) and the underlying game is convex,
then the corresponding point game (arc game) is convex and the Myerson value
(position value) is in the core of the point game. The paper concludes with some
remarks on the inheritance of superadditivity and balancedness in section 4. First
we recall the main definitions concerning communication situations in section 2.
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2 The Model

A communication situation is a triple (N, v, A), where N := {l,..., n} is the set of
players, (N, v) is a coalitional game having player set N and characteristic function
v:2N — R with v(@) = 0, and (N, A) is an undirected communication graph. For
convenience we assume throughout this paper that the game (N, v) is zero-normali-
zed, ie. v({i}) = Oforalli € N.

Let (N, v, A) be a communication situation. The players in a coalition S © N
can effect communication through all communication links of A(S) := {{i,j} €
A | {i,j] € S}. Hence, a coalition S splits up into (communication) components in
the following way: 7' € Sis a component within S if and only if the graph (7, A(T))
is connected and there is no set 7'such that 7 G T < Sand (T, A(T)) is connected.
We denote the resulting partition of S by S/4. Correspondingly, the reward of a
coalition S € Nhaving available the communication links in A(S) can be defined as

rv(S,A) := CEES/Av(C).

Note that the fact that (N, v) is zero-normalized implies that for all S € N

P(SA= X v(O)= X vC)= X v(C)=rYNA(8)),
CceS/A CES/A(S) CEN/A(S)

because the components of (NN, A(S)) are the components of (S,A(S)) and all
singletons {i} with i € N\S.

Definition: Let (N, v, A) be a communication situation. The point game (N’r):l) is
defined by

r/‘jl(S) = rv(4,S)forall S € N.

The arc game (A,r};) assigns to every subset L of communication links the cor-
responding reward of the grand coalition N, i.e.

r}’v(L) := rY(N,L) forall L < A.

These two communication games give rise to two allocation rules for com-
munication situations, the Myerson value and the position value. Both values are
based on the Shapley value, given by (cf. Shapley (1953))

S|tn—-1-|S)!
O L Lt b L)

(S U {i}) - v(9))
SSN.i¢S n!

for all coalitional games (N,v) and all i € N.
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Definition: The Myerson value p(N,v,A) € RN (cf. Myerson (1977)) is defined as
the Shapley value of the corresponding point game, i.e.

(N, v, 4) 1= B(N,rY).

The position value w(N, v, A) € RN(cf. Borm, Owen and Tijs (1990)) is obtained
from the Shapley value of the corresponding arc game in the following way:

1
m;(N,v,A) 1= PO (A,rY)
! aEA-Z a N

Y

foralli € N, where 4;:= {{i,j} € A | j € N}, the set of all communication links
of which player 7 is an end point.

3 Convexity

In this section we provide classes of communication graphs for which the convexity
of the original game is inherited by the point game and the arc game, respectively.

Definition: A coalitional game (N, v) is called convex if it is more advantageous to
join larger coalitions, i.e.

v(S U i) -v(S) = vw(T U i) -v(T)

foralli € Nand all S € T < N\{i}. It is obvious that a convex game (N, v) is
superadditive, i.e.

VS U T) = v(S)+v(T)

for all S,7 € 2N with S N T = 0.

Definition: A graph (N, A) is called cycle-complete if the following holds: if there
is a cycle (x¢,Xy,...,X;,X1) in (N, A) where x1,...,x, are all distinct elements of N,
then the complete graph on {xi,...,x,} is a subgraph of (N, 4). Note that both
graphs without cycles and complete graphs are cycle-complete.

Example I: Consider the communication situations (N, v, 4) and (N, v, B), where
N ={1,...,5}, v(S) = |S| — 1 for all S # @ and (V, A) and (NN, B) are the graphs
represented in figure 1.



424 A. van den Nouweland and P. Borm

1 2 1 2
5 5
3 4 3 4
(N, A4) (N,B)
Fig. 1.

The graph (N, A)is cycle-complete, whereas (N, B)is not. Note that (V, v) is convex.

0 if S=0orS = {5}
Further, since r(8) = |S| -2 if5 € Sand4¢ Sand S # {5},
S| =1 else

(N, rz‘jl) is convex too. However, (V, rg) 1s not convex, because

r}’;({l,4}U{3}) - r}é({l,4}) =2>1= "1‘)3({1’2’4} u{3p - r]‘_,’;({l,2,4}).

Theorem 1 shows that it is no coincidence that the game rjil of example 1 is convex.

Theorem I: Let (N, v, A) be a communication situation where the underlying game
(N, v) is convex and the communication graph (N, A) is cycle-complete. Then the
corresponding point game (N, r;l) is convex.

Proof-Leti € Nand S ¢ T < N\{i}.
We have to prove that r%(S U (i) -ry ) = ri(T Ulih - (T, ie.

)y wWC)- X v(C) < Y wDp- XY vD). 1)
cesufil/a ces/A DeTulil/A DeT/A

Clearly, with C; := ulce s/ |3je C: li,j} € A} L{i}, cesSu {i}/4 and
ifce sulili, C #+ C;, then C € S/A.
So, with @ := {C € S/4 | 3j € C:{i,j} € A}, we have

Y vyo)- X vo=viju Uo- X vo. )
cesulil/a ces/A cec cee

Analogously we obtain
viD) - X vi)y=v({ilu UD- X vD), O
DED

)
DeTU{il/A DET/A DeD

where © := {D € T/A | 3j € D : {i,j} € A}
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Hence, it remains to prove that

vi{du U o- Y vyvo)y=vdilu U D- X vD). (4
CcCee C&ee DeED DeED

We can number the elements of € and D in such a way that € = {Cy,...,C,} and
D ={Dy,...,D;}, where t = sand C, € D, for all r € {l,...,5}. This can be seen
as follows:
It easily follows that for all C € C there exists precisely one D € D such that C <
D, because S € T. Now suppose there are E1,E2 € @, El % E2, and F € D such
that E1 € Fand E2 € F Let j; € E! and j, € E? be such that {i,j;} € 4 and
{i,jo1 € A. Note that {j,,j,} ¢ A. Since {/;,j,} € F € T/A, there is a path in
(T, A) from j to j,. So, since i £ T, there is a cycle from i to / over j; and j, in the
graph (N, A). However, since (N, A) is cycle-complete this should imply that
{J1ia} € A
Superadditivity of the game (N, v) implies

t

vditu U py=zvdiju UDbDy+ X vD,) (5)
DED r=1 r=s+1

and, by convexity,

§ N
v({i} U U1 D,) - v(Dp) = v({i} U U‘2 D, U Cy) - v(Cy),
r= r=

s s 2
v({i} U k_)z D, U C) -v(Dy = v({i} U U3 D, U U1 C,) - v(Cy),

s—1

v({i} U Dg U | C)-vD) = v({i} U L_)1 C,) - v(Cy).

r=

Adding these inequalities we obtain

5 N
vd{itu U by- X vwpy)zvdlilu U - L vo). (6)
r=1 r=1 cee cee
Now (5) and (6) readily imply (4). O

The following example shows that the condition of cycle-completeness in
theorem 1 is necessary in the sense that for each communication graph that is not
cycle-complete there exists a convex game such that the corresponding point game
is not convex.



426 A. van den Nouweland and P. Borm

Example 2: Let (N, A) be a communication graph that is not cycle-complete. Then,
clearly, there is a cycle (xy,...,X;,Xy) in (N, A) with x{,...,x, all distinct and there
are i,j € {l,...,t} such that i < j - 1, {x,-,xj} ¢ Aand forall k € {i+1,...,j - 1}
{xk,xj} € A. Consider the convex game (N, v) where v(S) = |S| - 1if S # 0,
and define § := {x,-,xj} and T := {xq,....,x,} \ {x;,1}. It follows that

rh(s u {x1h -8y =2>1=ry(T U{x; 1D - ry(T).

Hence, (N, r}’l) is not convex.,

For the analogue of theorem 1 with respect to arc games one needs a strengthen-
ing of cycle-completeness towards cycle-freeness. This follows from

Theorem 2: Let (N, v, A) be a communication situation where the communication
graph (N, A) is cycle-free and the point game (N, ry is convex. Then the arc game
(A,rx,) is convex.

Proof: Leta = {i,j] EAand K = L < A\la}.
We have to prove that 7 X (L Ula}) —rX (L) = rX (K Ula}) - r},(K) or, equivalently,
that

X ovwD- X vw(D= X ovwS)- X vwS). (O
TEN/LU{a} TEN/L SEN/KU{a} SEN/K

Define T;(Sy) as the component in N/L (N/K) that contains player k € N.
Clearly,
N/(LUlal) ={TEN/L|i¢TjeT}U(T;VU Tj}and

N/(KUlal) ={SEN/K|i¢gS,j¢StUls; USj}.
Since (N, A) is cycle-free, we know §; N§; = 0 and T; NT; = 0. Hence, (7) is
equivalent to

v(T; UT;) = v(Ty) = v(T}) = v(S; US;) — v(S;) — v(S)). 8)

Because (V, v) is zero-normalized, (8) is equivalent to

r(TUT) - rf(T) —ri(T;) = rh(8; US;) = ri(S;) — ri(S;). )
Since K © L we have that §; € T; and Sj c TJ . So, convexity of the game (N,rl‘jl)
implies

ry(T; UT;) - T =z ry(S; UT;) - ry(S;) and
r/‘jl(S,- U Tj) - r;’l(Tj) > r,lzjl(Si USJ-) - r/‘jl(Sj).
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Adding these inequalities we obtain (9). ]

Corollary I: Let (N,v,A) be a communication situation where the original game
(V, v) is convex and the communication graph (N, A) is cycle-free. Then the cor-
responding arc game (A,r}{,) is convex.

The following example shows that for each communication graph that is not
cyle-free we can find a convex game such that the corresponding arc game is not con-
Vex.

Example 3: Let (N, A) be a communication graph and let (x{,...,X;, X1 = X1) be
a cycle in the graph (N, A). Consider the convex game (N, v), with v(S) = |S| -
1 for all § # 0. Defining a; := {x;, X3, () € Afork € {l,..,t}, K := {a;} and
L: ={ay,...,a,q}, it follows that

(K Ula ) - r(K) = 1> 0 = r¥(L Ula)) - ri (D).

Hence, (A,rx,) is not convex.
With respect to the converse of theorem 2, we have that convexity of a non-
negative arc game immediately implies convexity of the point game. So, in par-

ticular, for this result we do not have to restrict to cycle-free communication graphs.

Theorem 3: Let (N, v, A) be a communication situation where the arc game (A,rj‘(,)
is non-negative and convex. Then the point game (N, 7)) is convex.

Proof-Leti € Nand S € T = N\{i}. We have to prove that

PU(S UL = () < r(T ULih) = (D). (10)

Because (N, v) is zero-normalized, (10) is equivalent to

FY(AGS U {iD) - rR(A(S)) < r{(A(T ULiD) - r§(A(T). an

Since (A,rl‘(]) is non-negative, the superadditivity of (A,r]‘{,) implies

r AT ulih = r(A(S ulih) VA(T)). (12)

Further, by the convexity of the game (A,r]‘(]), we have
rY(A(S ULiD) U A(T)) - rf(A(T) =
r i (ACS VD) = r X (A(S Ulih) N A(T)) =
r X CA(S ULiD) = r X (A(S)). (13)



428 A. van den Nouweland and P. Borm
Now, inequality (11) is a direct consequence of (12) and (13). O
Combining theorems 2 and 3 we obtain

Corollary 2: Let (N, v,A) be a communication situation where the game (X, v) is
non-negative and the communication graph (N, A) is cycle-free. Then the point
game (N,r}) is convex if and only if the arc game (A4, r};) is convex.

Finally, we show that under the conditions of theorem 1 and corollary 1, respec-
tively, the Myerson value and the position value are core-elements of the point game.

Definition: The core C(N,v) of a coalitional game (N, v) is the set of all division
rules of the amount v(N) against which no subcoalition can protest effectively, i.c.

CN,v):={xERN| X x;=v(N)and X x; = v(S) for all
ieN ies
§ € 2N\ {o}}.

Shapley (1971) proved that the Shapley value of a convex game is a core-element.

Theorem 4: Let (N, v, A) be a communication situation where the underlying game
(NN, v) is convex. Then the following two assertions hold:

(i) If the communication graph is cycle-complete, then (N, v,4) € C(N, r})l)'
(i) If the communication graph is cycle-free, then #(N,v,4) € C(N,r)).

Proof: Part (i) is a direct consequence of theorem 1.
Part (ii). Suppose (N, A ) is cycle-free. According to corollary 1 the arc game (4, 7))

is convex. Hence,

@(A,r]‘([) < C(A,r]‘(]). (14)
Next we show that
(A, r}) = 0. (15)

Clearly, it suffices to prove that rj‘([(LU{a}) ~rX(L) =z Oforalla € A4 and all
L c A\{a). Leta = {i,j] € Aand L < A\ {a}. Then,

ULV - r{(L) = ri(la)) - o) = vlii) = vdih) + v{lih = 0,

where the first inequality follows from the convexity of (4, r}(,) and the second one
from the superadditivity of (N, v).
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Now let § © N. Then, using (14) and (15),

L m(NnA)= L L 38,45 =

i€s €S a€4;
> L 30,4 = L, (Ar}) =
€S a€ANAS) a€A(S)

rRCAS) = 14 (S)

and

Y m(Nov,A)y= X &,(ArY) = rl(A4) = rY(N).

iEN il )= gy TN = T A
Hence, 7 (N, v,4) € C(N, r;’l). [l
4 Remarks

Owen (1986) proved that, without imposing any restrictions on the communication
graphs, superadditivity of the underlying game is inherited by the point game. With
respect to arc games, however, one cannot hope to find a non-trivial class of com-
munication graphs for which the superadditivity of the underlying game is inherited
by the corresponding arc games. This follows from

Example 4: Let (N, v, A) be the communication situation where N = {1,2,3},

_ _ (0 ifjs| =1
but, with @ := {1,2} and b := {2,3}, we have r}(,({a}) + r}(,({b}) =4< 3=
r]‘i,({a,b}). Hence, the game (A4,rY)) is not superadditive.

. The game (N, v) is superadditive,

Further, it may be noted that, similarly to theorem 3, superadditivity of a non-
negative arc game immediately implies superadditivity of the point game.

Definition: A coalitional game (N, v) is called balanced if it has a non-empty core
and it is called totally balanced if for every S & N the subgame (S, v| ) is balanced.
Here, v|g(T) := v(I) foral T < S < N.

For connected communication graphs, it is easy to see that balancedness of the
underlying game is inherited by the corresponding point game. Moreover, if the

underlying game is totally balanced, then for each communication graph the point
game is also totally balanced.



430 A. van den Nouweland and P. Borm

Example 4 shows that the fact that the underlying game is totally balanced does
not even imply balancedness of the arc game. Finally, it can be proved that
balancedness of a non-negative arc game immediately implies balancedness of the
corresponding point game.

References

Borm PEM, Owen G, Tijs S (1990) Values of points and arcs in communication situations. Report
9004, Dept of Mathematics, University of Nijmegen, The Netherlands

Myerson RB (1977) Graphs and cooperation in games. Math Oper Res 2, 225-229

Owen G (1986) Values of graph-restricted games. SIAM J Alg Disc Meth 7, 210-220

Shapley LS (1953) A value for n-person games. Annals of Math Studies 28, 307-317

Shapley LS (1971) Cores of convex games. Int J of Game Theory 1, 11-26

Received December 1990
Revised version received January 1991



