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Almost Everywhere Convergence of Riesz Means
on Certain Noncompact Symmetric Spaces (*).

SAVERIO GIULINI - GIANCARLO MAUCERI (**)

Summary. — Let G/K be a rank one or complex non compact symmetric space of dimension L.
We prove that if fe LP ,1 < p < 2, the Riesz means of order z of f with respect to the eigen-
Sfunction expansion of the Laplacian converge to f almost everywhere for Re(z) > &(l, p). The
critical index (I, p) is the same as in the classical result of Stein in the Euclidean
case.

1. - Introduction.

The purpose of this paper is to study the almost everywhere convergence of the
Riesz means of the eigenfunction expansion associated to the Laplacian on complex
and rank one symmetric spaces. Let 4, be the Laplace-Beltrami operator on the sym-
metric space G/K, where G is a noncompact semisimple Lie group with finite center
and K is a maximal compact subgroup of G. The operator —4, is elliptic and formally
positive on LZ(G/K) that is

(—Aou, u) = |lolff (u, w) ueCZ (G/K),

where o is the half sum of the positive roots of the pair (G, K) with multiplicities.
Let

+o
-4 = J-tdEt

[1el?

be the spectral resolution of the unique self-adjoint extension — A of —A, there. For

(*) Entrata in Redazione il 5 maggio 1988.

Indirizzo degli AA.: Dipartimento di Matematica, Universita di Genova, Genova, Italy.

(**) The first author was supported by funds of the Ministero della Pubblica Istruzione. The
work was done while the second author was a member of the Mathematical Sciences Research In-
stitute at Berkeley, with a fellowship from the Consiglio Nazionale delle Ricerche.



358 S. GIULINI - G. MAUCERIL: Almost everywhere convergence, etc.

ze(C, Rez=0, the Riesz means of order z are the operators
+ 00
Si= [a-urraE,  R=|dP.
lll?

Since 4, is G-invariant the operator Sg is given by convolution on G with a C* kernel
sf. Thus SEf = f = s is well defined also for any distribution f with compact support.
Iff € L?itis clear that S} f = Epftends to fin L2 as R tends to + . Since the classical
work of E. M. STEIN (see exposition in[13]) on the Riesz summability for multiple
Fourier series, many authors have investigated the L? norm and almost everywhere
convergence for Riesz means for the eigenfunction expansions of elliptic or hypoellip-
tic differential operators on manifolds (1, 6,7, 9, 10, 11, 12]. In this paper we shall in-
vestigate the almost everywhere convergence of Sif to f as R— + o, for
fel?, 1sp=<2

On noncompact symmetric spaces the problem of norm summability in L?,p # 2,
is ill posed since the operators Si are not bounded on L7, p # 2, for any 2. Indeed the
spherical transform of the kernel s does not extend to a holomorphic function in any
tube domain over the dual of the abelian component of the Iwasawa decomposition of
the Lie algebra of G. Nevertheless we shall see that in the complex or rank one case
S%,Rez=0, maps L? into L? for all p, ¢ such that 1<p<2 and 2p/2—p) < g < .
Moreover if felL?, 1=sp<2 Sif—f almost everywhere provided that
Rez = &I, p) = (I — 1)(1/2 - 1/p) where [ =dim(G/K). We remark that the critical in-
dex &(, p) is the same as in the classical result of Stein for the Euclidean case [13].
Our results are based on estimates for the kernel s of the form

I3 (@)] < c(@RY2( + RV2 )~ Rez+ €+ /D (1  |g|)Pe W x e,

where 3, y are positive constants which depend on G. These estimates are obtained in
Section 3. In the complex case they follow by explicit inversion of the spherical trans-
form of s}. In the rank one case they follow by using the inversion formulae for the
Abel transform to express sf as a Weyl fractional integral of kernels of Euclidean
Riesz means of appropriate order. In Section 4 we use the estimates of s§ to estimate
the maximal function SZf(x) = sup {|{Sgf(®)|: R >|[d*}. We prove that if Rez>
>(—1)/2 then S:Zf(x)<M,f(x)+c|f|«k(x), where M, is the Hardy-Littlewood
maximal function over the balls of radius less than 1 and % is a kernel in LY for every ¢
sufficiently large. Thus, when Rez > (I - 1)/2, SZ is bounded from L? to L? +L", for
p>1 but sufficiently close to 1, and 7 large. Since SZ is bounded on LZ for every z € C,
Rez >0, we can apply complex interpolation to prove that, for Rez>¢(l, p), S, maps
L? into L? + L" for every 1 <p <2 and  sufficiently large. For p =1 the same argu-
ment shows that SZ satisfies a weak type estimate when Rez> (I~ 1)/2. The almost
everywhere convergence results then follow by standard measure theoretic argu-

ments.
Finally we point out that the methods of this paper, in combination with the
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method of reduction to the complex case introduced by FLENSTED-JENSEN [4] allow us
to obtain almost everywhere convergence of the Riesz means of L? functions,
1<p=<2, also when the Lie algebra of G is a normal real form of its complexification.
However, since in this case the critical index that we obtain is not sharp, as it can be
seen by considering SL(2, R) which is a normal real form of SL(Z2, C), we omit the
details.

2. — Preliminaries.

In this section we shall briefly recall some basic facts on the spherical Fourier
transform on eomplex and rank one symmetric spaces. The main references for this
section are [5] and [8].

Let G be a semisimple, noncompact Lie group with finite center and Lie algebra
g. Let K be a maximal compact subgroup of G and G/K the corresponding symmetric
space. Let ¢ be the Cartan involution of (G, K) and g=1® p the corresponding Car-
tan decomposition of the Lie algebra of G. Fix a maximal abelian subspace a of p and
let G=NAK and g=1® a ®f be corresponding Iwasawa decompositions. For any g
let H(g) € a denote the unique element of a such that g € Nexp H(g)K. Let X denote
the set of roots of g with respect to a, let £* denote the subset of positive roots and
let

1
:o= E Z maa7
aezt

m, denoting the multiplicity of «. Let a¥ denote the complex dual of a. The spherical
functions on G are the functions

2(9) = j exp [(i2 + ) H(kg)] dk ge@,

K

4 € a*¢. The functions g, are K-biinvariant. Moreover (1, H) — ¢, (exp (H)) is invari-
ant under the action of the Weyl group both as a function of A € a* and of Hea. We
shall systematically identify K-invariant functions on G/K with K-biinvariant func-

tions on G. If fis a K-biinvariant function on G its spherieal Fourier transform is de-
fined by

oy = jf(x);o_)‘ () dee reaj.
G

The inversion formula is

2.1) f@) =G, K) j(?(k)% (x)‘c()\)l_z dx,

a*
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where ¢(G, K) is a constant which depends on the normalization of the measures of G
and K and ¢ is the Harish-Chandra c-function. The exponential map Exp(X)=
=exp(X) K is a diffeomorphism of p onto G/K. Let J denote its Jacobian. Then for
fe LN (G/K)

f J@)dx = f F(ExpX)J/(X)dX .

GIK p

Let Log: G/K — b be the inverse of the exponential map. Then for x € G/K we shall
denote by |2 | =||Log (x)|| the distance from  to the origin o = ¢K in G/K. Here ||-|| de-
notes the norm induced by the Killing form on p.

If G is complex its Lie algebra g has a Cartan decomposition g =@ if. In this
case all Weyl-invariant functions of H € a or A € a* can be extended uniquely to K-in-
variant functions of Z € p or A € p*. In the complex case p =1f, p* = (if)*. Moreover
one has the following representation for the spherical functions

o1 (Z) = J(Z) " f exp [iA(AdkZ)) dk
K

for Z e if, A € (if)*, from which one can derive a different expression of the inversion
formula

(2.2) fexp(2)) = (G, K)J(Z)™ V2 f F) 4D ga Zeif.
()*

We now turn to a discussion of the inversion formula in the rank one case. Let
F=R, C, H, or O be the real numbers, the complex numbers, the quaternions or the
Cayley octonions. The rank one symmetric spaces can be realized as the hyperbolic
space H,(F). Here the subscript » denotes the dimension over the base field . No-
tice that n=2, 8,4, ... for F=R, C or H, but » =2 for F = 0. Let d = dimgF. Thus
the dimension of G/K over R is | =dn. The subspace a cp is one-dimensional. We
shall denote by « and 2« the positive roots of g with respect to a. They have multiplic-
ities m, = d(n — 1) and my, = d — 1 respectively. Let H be the vector in a such that
«(H) =1 and write a, = exp (tH). The measure on G/K is normalized so that if fis a K-
invariant function on G/K then

2.3) f Fa)do = 22 f F(ay)(sinh ¢y (sinh 28y dt
' i (/2 . t :

Let f #: [1, +®) — C be the function such that f(a;) = f * (cosh ). The Abel transform
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of fis

2.4) Qf(ay) = J dy | daf?[(cosht+ |x2/2)?+ y[2)?],

RMa R™2

Then the spherical Fourier transform is the composition of the ordinary Fourier
transform F on R and of the Abel transform, i.e. f(}) = FQf (), where 2 ea*=R.
Thus to invert the spherical transform on G/K we only need to invert the Abel trans-
form. The inversion formulae for the Abel transform are the following (see for in-
stance [7]). Let D, = —(2zsinhy)™'d/dy. Then

) if F=R and [ is odd
2.5) F(a,) = D;’ V2R (ay)

ii) if F=R and [ is even
4o
(2.6) F(a,) = @2n)"* f [cosh (x) — cosh ()" Y2 DY QF (a,) sinh () dz,

¥

iii) if ¥ =C, H or O there exist constants ¢;, ¢, ..., cge such that

+ o
d/2
F(a) = é ¢ f [coshZ(x) — cosh ()] Y2 (cosh ) 1 =4 Di* "2 Q F(q, ) sinh x d.
=1

Y
Let 4 be the Laplace-Beltrami operator on the symmetric space G/K. Then for ev-
ery smooth function f with compact support on G/K
2.7) @y~ = =(elP + AP 7

xea*. For every R > ||¢|Ff and 2z € C such that Rez =0 let s§ be the K-biinvariant func-
tion on G whose spherical transform is

2.8) (s5)" () = A= (el +IIPYRY.

Then for every function ¢ € C,(G/K) the Bochner-Riesz means of order z are given by
S% ¢ = o= sh. Notice that, since 4 is elliptic, S = (I + 4)% maps L2(G/K) into C* (G/K)
continuously, by the spectral theorem. Thus sf e C*(G) and Sjo is well defined
whenever ¢ is a distribution with compact support on G/K.

3. ~ Estimates for the kernel of the Riesz means.

In this section we shall estimate the decay at infinity of the kernels sz. Our main
results are Propositions 3.1 and 3.3 below that show that, as a function of the hyper-
bolic distance from the origin, s behaves essentially as the product of a function of
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exponential decay and of the Bochner-Riesz kernel of the same order for the Eu-
clidean space R' where | = dim(G/K). Let 4,(t) =t J, (), t > 0, where J, is the Bessel
function of order v. We shall begin with the complex case for which the result is
trivial,

PROPOSITION 38.1. — Let G be complex, [ =dim(G/K). Then for zeC, Rez=0,
R =, Z eit:

sk (exp Z) = ¢(G, K)2* @r)"* Mz + DR (R — [|l)"* " * 51+ . LR ~ [olP)* 2] 2 (2).

PrOOF. — The proof is a straightforward consequence of (2.2) and (2.8).

Next we assume that G/K has rank one. Since
(82)™ 00 = FQsk)0) = = (el + PIPVRY:
we have
3.0) Qs )ay) = e(l, DR (R — [olF '+ V25, 1 10 (R = [llP)20)
where c(l,2) = (G, K, D2°I'(z + 1).

LEMMA 3.2. — Let k>0, f,(t) = 3,12 (k“2t). For every positive integer u there
exist constants ¢; and functions ¢; in C*(R*), j=1, ..., n, such that

"

3.1) Dif.()= 2 K fej@®y®  teR..
7

=1
Moreover the functions ¢; satisfy the estimates

(8.2) @ <cA+tye™ teR, .

Proor. - Let &,() =t/sinht, @,(t)=D,0,_,(t), reN. Using the identity
g () = —t4, .1 () it is now easy to prove by induction on u that (3.1) holds with fune-
J

tions ; which are sums of products @, -®,,-... 9, , Where > r; = and with coef-
i=1

ficients which do not depend on z.

To prove the estimate (3.2) observe that @,(t) = #¢ *V(a,) where #F Y is the
spherical function on Hy, . (R) corresponding to the eigenvalue —|o|?. Thus by Har-
ish-Chandra’s estimate [5] we have

|0, (@) < e(r)A + e, t>0, reN,

from which (3.2) follows at once.

REMARK. — It follows from the proof of the previous lemma that ¢, (f)=
= (t/sinh t)*.
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From now on ¢(z), ¢, () will denote constants that grow at most exponentially in
Imz when Rez is in a bounded subset of [0, + ) and that may vary from line to
line.

To prove the desired estimate of the asymptotic decay of the kernels s} we shall
make use of the following (elementary) facts.

A) By the integral representation of Poisson type of Bessel functions [3] we
have

(8.3) 19, @) < c(z) t>0.

Moreover by the asymptotic expansions for Hankel's functions [3] we have
(3.4) 5O S e@ R

3.5) M=t (1 @e" P + (e TP+ R, (1)),

where |[R, ()] <c(z)t™,t>0 and o = [z- l}i.

2]2

B) For every k>0 the function t— (1 + (1 + £k ~2£)~! is a monotone function
on [0, + o), It is increasing or decreasing according as k<1 or k>1. Thus

(3.6) min(L, k™) < (1 + )1 + k2 < max @, k72),

C) The functions u — cosh(W)) and u — cosh? (\/ﬁ) are convex on [0, + «). Thus
for every x=y=0

(3.7 coshx — cosh i = (sinh y/2y)(x? — y?),

(8.8) cosh® x — cosh? y = (sinhy coshy/y)(@?—y?).

PROPOSITION 3.3. — Let R = |, { = dim(G/K), Rez = 0. Then for every teR
(3.9  [SE@)| <c@RY (1 +RY2|t))~Re#~ ¢+ D/2 (fsinh )¢~ D2 (cogh £)™e/2 |

where c(2) is a constant that grows at most exponentially in Im z when Rez is in a
bounded subset of [0, + ).

PROOF. - Let m = 1/2, 8= Rez, k = R — [[JJ". Since t— Si(a,) is even, we can as-
sume that ¢ =0. Suppose k= 1. If d = 1 and ! is odd the proof of estimate (3.9) is very
simple. From (2.5), (3.0), Lemma 3.2 and the estimates of Bessel functions we
get

m =12
1St (@) < cRPEFH2 X KL+ ER )" 1 1+ [t])7g~tm -1t
j=1
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From (3.6), k(1 + ) + k¥ |th)™ =1, so

m~12 i
QA+t VY k@ + [t) 12
S| M ¢ s(m—i) 1+ [t) .
i=1 | 1+ k2|t 2/ 1+ kY2
Next we consider the case d =1, [ even. By the inversion formula (2.6) for the Abel
transform and Lemma 3.2 we have

(3.10) Szze(at)=C(Z)R_“2 Cjk”j“/zx
i=1

+o

X f (coshx — cosht) ™25, 1 ;4 1o (K2 ) ¢; () sinh & d .
t

We decompose the integral over [£, + =) into the sum Af ;(f) + B ; (f) where A ; (1) is
the integral over [¢,£+ k2] and we estimate the two terms separately. We break
the proof up into several lemmata.

LEMMA 3.4. - Let k=R —||Jf =1, 2= Rez. Then
kIt 12 AL (O] < c@R™ (1 + RVEG)F-m 12 (t/sinh )"~
for Isj=sm.
PROOF. — Since k=1, by (3.10), (3.7), the estimates for Bessel functions and the
fact that the dominant term in the sum is that with j=m, we have

t+ g2

m—1
k7 A% ; (D] < c(z)(t/sinh )2 j km(1+k1/2x)‘ﬂ“m'1< L ) (@2 —t2) 2ydr<
o

sinh x

m—1/2
= C(Z)( Sll'fht ) km—1/2 a+ kl/Zt)—/:’—m—llz.

Since (1+ ||ofF)"¥2R <k <R the conclusion follows.

LEMMA 3.5. - Let k=R — || =1, 8=Rez. Then
‘kz+j+1/ZB}z€’j(t)l < C(Z)Rm+ﬂ(1 ~;_Rl/Zt)—ﬁ—m—l/Z (t/sinh t)m—l/Z
for 1sjsm~—1.

ProoF. - By (3.2) and (3.4) we get

+o

m—1
d+j+12 e | B+ ~1/2y __ -1/2 —B-mf_ %
*+7* 2B (8)] < c(@)e® P [cosh (¢ + & ~2) — cosh 1] f @ (Sinhx) da.

t+E2
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Hence by (8.7)

V2
lkz+]'+1/ZBlze’j(t)|sc(z)kﬁ+(m+j+l)/2(1+k1/2t)—,3—m—1/2( i ) x

sinht
+°° 172
-1 m--
X f & " docsc(z)k’””‘(l+k1’2t)‘ﬁ’m‘1’2(#> }
sinhx sinh ¢
t+ k2

Thus we only need to estimate Bf ,,. This we shall do by integrating by parts, ex-
ploiting the oscillatory properties of Bessel functions.

LEMMA 3.6. - Let k=R -’ =1, 3=Rez. Then

lkz+m+1/ZBlz€,m(t)| < c(z)Rm+ﬂ(1 +Rllzt)—ﬁ—m—I/Z(t/sinht)m——1/2'

PROOF. — By using the asymptotic expansion (3.5), we write B ,, (t) = p(t) + r(®),
where

+o

(8.11)  p(t) =k EtmtlE f (coshz — cosh ) ™2 ~#~1 x

t+k712

x[e; (2)eiVEa=5) 1+ s (2)e ~i(VE2=5)] (sinh )l ~™ dz = 1 (@) + s (t)

and
-+ 00
3.12) || < c@)f~Brm 2R J (coshx — cosht) 2z ~#~2(sinh2)! ~™ dz.
t+k

The estimate of r is straightforward. By (3.7) we have

+co
m—1/2
Ir(t)s < C(z)k—(ﬁ+m+2)/2(_s_iﬁ) f x—,@—m—-l(xz__tZ)l/Z de <
ek

<c@E 1+ 12 £)=B-m=12 (__1_>m—1/2 .
sinh ¢

Finally to estimate p it is enough to consider p,. Let H(x,t)= (coshx—
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—cosh?) ™2 ~#~!(sinhx)! =™ By an integration by parts we have

pi(t) = ¢, Rk~ C M T2 gl (g~ 12) i1+ Vi) (V2 4 y~ilme ¢

+ =
xHE+E2, 8- f X k“é%(ac‘“mH(x,t))dm .
t+ 512
Now
&) —ilmz -1 3
—(z H(x,t) | < |Imzje ' H(x, t) - — (H(zx, )
ox ox
then

+o

Ip1 (O] < ¢y (B D2 | 2H (¢ + k12 #) + |Im, 7| f v Hz, O dx |-

t+ k1

The desired estimate follows at once.

The proof of Proposition 3.3 in the case R = |[¢|? + 1 is an immediate consequence
of Lemma 3.4 and Lemma 3.6.

If k<1, ie. P <R <|pf?+1, then we must prove that

t m-—1/2
(3.13) 152 (@)] < ca)(1 + ltb-ﬂ“M(@) .

This estimate is obvious if 0<¢<1. If £>1, it follows from (3.6) and the hypothesis
k=1 that
(1 +y)/(1 + k2 y)PHi+ i i+ D2 <,
Then
+ >
ISZ (a:)] < c(z)(sinh )2 (1 + t)=#~1 J'(x 1y Mg gy < () "M VR (] 4 gL,
t

For d=2, 4, 8 the proof is analogous. We simply use (3.8) instead of (3.7).
COROLLARY 8.7. — If G is complex or G/K has rank 1 there exist constants y, é>0
such that
'S}zg (.’L‘)| < C(Z)Rl/z (1 +R1/2 |x|)—Rez—(l+1)/2(1 + 'xl)c‘e—-y]x\ ,

for all z in G/K. If G has rank 1, y=|g| and ¢=(—1)/2.
In both cases S§ e L1(G/K) for every ¢, 2<q< + .
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4, — Estimates for the maximal operator.

In this section we shall study the boundedness of the maximal operator

Sif(x)=sup |Sgf(x)]  for fin L?(G/K), 1<p<2.
R>0
We begin with the L? estimates, using an idea introduced in [2].

LEMMA 4.1. — If fe L2(G/K) we have, for fixed z with Rez> 0,
IS5/l < @ fll -

PROOF. — Let wg, B > 0, be the heat kernel on G/K, i.e. ¢ f = fsxwy, f € LP (G/K).
Since the heat maximal operator f— W, f=sup{|f+=wg|:R >0} is bounded on
L?(G/K), it suffices to prove the boundedness of (S* — W),.. By using the spectral the-
orem for A and the Mellin transform we can write

4.1) Sg-Wg)f= ij_iYc(z, (=2 fdy.
R

for f in L® where
¢z, v) = [+ DIl @+ 1 —iy) = [(—iy))2=.

Hence |c(2, y)| < c(2)(1 + |y|)"®e** D and the integral in (4.1) converges. Since L?(G/H)
is a complete Banach lattice we can write

(57 =W, = sup (S5 = Wa ) | < @) [+ )+ (=) d.
R

Thus
168* = W) £l < c@ f 1z

since the operators (—4)”, y e R, are isometries on L?(G/K).

Next we turn to the L? estimates for p close to 1. For every p, ¢, 1 <p, g< », we
denote by (L + L?)G/K) the Banach space of all functions f on G/K which admit a de-
composition =g+ h with g € L? and h € L% The norm of f is given by

”f”p+q = inf{“g”p + ”h”q:f: g+ h‘} .
The space (weak-L' + L?)(G/K) is the space of all functions f=g + & with ¢ € weak-L"
and ke LY.

LEMMA 4.2. — Let Rez > (I — 1)/2. There exists g, = 2 such that if 1 <p < ¢ then
8% maps L?(G/K) continuously into (L? + L"XG/K) for every r € [gop’ /(' — qo), + 1.
Moreover S maps L'(G/K) continuously into (weak-L'+ L")G/K) for every
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7 € [go, +0]. The norm of S?, grows at most polynomially in Im 2 if Re z is in a bounded
subset of ((I—1)/2, + «).
The constant ¢, depends only on G/K.

PROOF. — Let ¢: R, — R be the function o(f) = (1 + £’ (#/2) "¢ "% where v, & are as
in Corollary 3.7. Consider the maximal operator on functions on G/K

IMf () = sup p(t) flf(y)’ dy.
£>0

Bz, t)
We shall prove that if Rez> (I —1)/2 then
4.3) 1S2f ()| < c(@) I, f@),

for every f e C,(G/K) and « in G/K. Since both S % and I, commute with the action of
G it is enough to prove (4.3) at the origin. Now by Corollary 3.7

sol< 3 | rwlswld<

<<zt

+ o0
< c(2) 2 (R 129y )l a +R1/22v)—Rez—(l+ 1)/2 gp(2‘;+1) f lf(y)l dy < C(Z)WJ(O),

o) < 271

since for Rez>(l—1)/2 the series converges and is a bounded function of R.

Now we can write I f () < I f (&) + | f | k(x), where IT_f has the same definition
as I f, but the sup is taken only for {€[0, 1], & is the function given by k(x) =
= min(c, o(||)) and ¢ is some positive constant. Since ¢(t) ~ const|B(0, t)| for t — 0%, a
classical covering lemma argument shows that the maximal operator ¢, is weak type
1-1 and is bounded on L? (G/K) for every 1 <p < «. On the other hand the function k is
in LY(G/K) for every q = q,, for some ¢, = 2, which depends only on G/K. Thus the
operator f— | f |« k maps L? (G/K) for 1 <p < g continuously into L"(G/K) for every
relgyp’ /(p' — qy), +]. This proves the lemma.

THEOREM 4.3. — Let 1 <p=<2. If Rez > (2/p — 1)({ — 1)/2 then for every r = pq, /(2 —
—p+P9h—qo)
1S5/l +r < c@Ilf 1)y ,
for every fe L?(G/K).
PROOF. — We use Stein’s complex interpolation theorem [18], interpolating be-
tween the L? result for p close to 1 (Lemma 4.2) and the L? result (Lemma 4.1). No-

tice that Stein’s theorem extends to the setting of the spaces L? + L7 with almost the
same proof.
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COROLLARY 4.4. — Let 1<p<2. If Rez> (2/p — 1)({ — 1)/2 then
Rlinﬂ& SEf@=f(x) a.e. for feL?.

PROOF. — The proof is a straightforward consequence of Lemma 4.2 for p =1 and of
Theorem 4.3 for 1<p=2.
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