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Boundedness, Periodicity, and Convergence of Solutions
in a Retarded Liénard Equation (*).

T. A. BURTON (**) - BO ZHANG (***)

1. - Introduction.

In this paper we consider the equation
(1.1) a"+ f@)x' + glwlt — ) = e(®),

where h is a nonnegative constant and e is a bounded function. With appropriate
assumptions on f and g we obtain necessary and sufficient conditions for solutions of
(1.1) to be uniformly ultimately bounded. Thus, by an asymptotic fixed point
theorem, those conditions imply that (1.1) has a T-periodic solution whenever ¢ is
T-periodic. We also give conditions under which all solutions of (1.1) converge.

The book of SANSONE and CoNTI[11] gives much history and foundation for (1.1)
without a delay, say

(1.2) 2"+ flX)x' + gx) = e(t),
and for the unforced form
(1.3) 2"+ fleyx' + glx)=0.
It is shown in BURTON[1] that when
(1.4) fley>0 and xg)>0 for x=0
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then the zero solution of (1.5) is globally asymptotically stable if and only if
(1.5) ' J[f(x)-F lg@@)|1de = + .
0

Recently, that results was improved through relaxation of (1.4) by HARA and
YONEYAMA [8], Sucie ([13],[14]), VILLARI[15], and VILLARI and ZANOLIN [16); those
papers also give extensive bibliographies not listed here.

Condition (1.5) proves to be central. It is shown in BURTON and TOWNSEND [4]
THAT WHEN (1.4) IS STRENGTHENED AND WHEN c(: + T') = e(?), then all solutions of
(1.2) are bounded and there is a T-periodic solution if and only if (1.5) holds. A
fairly extensive bibliography for (1.2) and (1.3) is contained in that paper [4] which
updates the one from the SANSONE and CoNTI book [11]. GRAEF [6] continues the work
on (1.2) and reduces (1.4) showing that solutions of (1.2) are bounded and there is a
T-periodic solution of (1.2) if and only if (1.5) holds: he also updates the
bibliography. v :

KRrasovskii [9; pp. 173-4] studies a generalization of (1.8) including

(1.6) 2"+ f)e’ + glat — h) =0

and obtains sufficient conditions for uniform asymptotic stability of the zero solution
when at least (1.4) holds. His work generated much interest, as may be seen in the
writing of SomorLinos[12], Yosuizawa[18], Murakami[10], BURTON and
Hatvani[3], as well as in the bibliographies given in those references. Recently,
ZHANG [19] showed that under suitable conditions on f and g, then the zero solution of
(1.6) is globally asymptotically stable if and only if (1.5) holds.

Our first result extends the work of Zhang to (1.1) where we show that solutions
of (1.1) are uniformly ultimately bounded if and only if (1.5) holds, when (1.4) is
suitably modified. When we add the condition that e( + T') =e(f) then this
boundedness will imply that (1.1) has a T-periodic solution, as may be seen in
HALE [7] or BURTON and ZHANG [5].

In our last result we adapt a technique of WALTMAN and BRIDGLAND [17] (cf.
Murakawmi [10] also) which they used on (1.3) to show that when solutions of (1.2) are
uniformly ultimately bounded and e(t + T) = e(f) then all solutions of (1.2) converge
to a T-periodic solution of (1.2).

When a function is written without its argument, then that argument is ¢.

2. — Boundedness and periodicity.

Consider the Liénard equation

@.1) 2" @) +f@)x'+glat—h)) =)
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where
4
(2.2) h =0, f, g, e are continuous and e(t), E(t) = J e(s)ds bounded.
0
Let F(z) = [ f(s)ds, G@) = [ g(s)ds,
@3) " le®| <m, |E®)| <M for some m, M > 0.

Assume also that

(24) there are constants k>0, N >1 such that xg(x) >0, x(F(x) — Nhg(x) —
— (sgnx) NM) > 0 for |xz| >k, where M is defined in (2.3).

A system equivalent to (2.1) is

25) v=y
'_ {y = —fl@y — g — b)) + e(t).

It is known [2] that for f, g, and e continuous, given a continuous initial function
¢:l—h, 0]— R and a number y,, then there exists a solution of (2.5) on an interval
[0, ) satisfying the initial condition and satisfying (2.5) on (0,); if the solution
remains bounded then o = o,

DEFINITION 1. - Solutions of (2.5) are uniformly bounded at { = 0 (UB) if for each
B, > 0 there is a B, > 0 such that {¢:[—h, 01 — R, y, € R with ||¢|| + |%o| < B, } imply
that |z(®)| + |y(®)| < B, for all ¢t =0 where (x(t),y(#) is any solution of (2.5)
satisfying the given initial conditions. '

DEFINITION 2. — Solutions of (2.5) are uniformly ultimately bounded for bound B at
t = 0 (UUB) if for each B; > 0 there is a K > 0 such that {¢:[ %, 0] - R, ¥, € R with
l¢ll + 90| < By} imply that |z®)| + |y(t)| < B for all ¢t = K where (2(t), y(®)) is any
solution of (2.5) satisfying the given initial conditions.

THEOREM 1. — Suppose that (2.2), (2.3), and (2.4) hold. Then solutions of (2.5) are
UB and UUB if and only if

(2.6) Hm sup [F(x) = G(x)] = = o,

T—~—>F @

ProoF. - We consider a system equivalent to (2.5)

t
x'=2z—F@x)+ E¢) + f g(x(s)) ds,
t—h

2.0
z'= —g(x)
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with
¢

y =2 F@) +E@) + j g((s)) ds.

t—h
Let
Qo =2 sup {|G(s)|: |s| Sk}.
Then there is a constant p with
G(=k)+p=GF).

Let ¢ > 0 be chosen so that

(2.8) (N-1)M—-2¢>0, EN+1)—-2he¢>0
and define
2% + 2G(x) + Q, for x >k,
Wx,2) =4z +cf’+2Gx) + Qy+ 2p forx< —k,

(z — (cx/2k) + (c/2))? + 2G(k) + Qy for |x| <k.
Notice that
Wk, 2) = 2% + 2G(k) + Q,
and
W(=k, 2) = (& + 0)* + 2G(k) + Qy,
=@+ +2G(—k) +Qy+2p.

This implies that W(x, 2) is continuous.
Let z(t) = x(, ¢, z¢), 2(t) = 2(, ¢, 25) be a solution of (2.7) with ¢ € C([ -4k, 0], R),
x(s) = ¢(s) for se[—h, 0] and 2(0) = z,. Then (x(f), 2(t)) exists on R*. We define

0 ¢

29 V) = Wz, 2() + [(N + 1)/2] J J' g% () dvds +

—hit+s

i

LIV — /4] j 0% (@(s) ds.

t—h
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Differentiate (2.9) to obtain

VI (t) = W' a(t), 2() + (%)h(N 1) g% () —

t

- (-;—)(N+ 1) f g% ((s)) ds +(

t—h

i)(zv 1) hg@(®) ~ (i) N = D hg®Gett — ).

If 2(t) > k, then

t

(2.10) V'(t) =2z22" + 29() |2 — F(x) + E) + J g(x(s)) ds | +

i
N t

< — 29(x) F(x) + 2|g@) | M + hg®(x) + J g%(x(s)) ds +
t=h

11

)V + g ) - (3w [ srtonas +

t—h

DO

)(N ~ D hg*(@®) - ( )(N — Dhg*at — 1) <

|
N

; (%)h(N T Do) - (%) ™ + 1)t£ | g2 (@(s)) ds + (i) (N = D hg®(ett) =

= —[4/(N + DIg@[Fx) — {N + Dhg@)/2} - M(N + 1/2] -

- (%) [1—@/(N + )IF@) — (N + 1) hg(a) /2] glae) —

i

- () - e/a + Mg P - (L)w-v [ s*eenas <

t—h

< — (4/(N + 1) g@)[F ) — Nhg(w) -~ NM] ~

B (%) [1 - @/ + N)I(F) - Nhg@) gt) -

)(N -1 J g%(w(s)) ds

t—-h

- ( %)[1 — @/ + N))) gl Fie) — (%

which is negative for « > k.
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For () < — k we have

i
@211 V)y=2r+c)z'+2x) |z — Flx) + EQ) + J gx(s)) ds| +
» t—h

t

+ (%)h(N+ 1)¢ (@() - (%)(N-i— 1) J' 9% (o(s)) ds +
t—h

+(3) o - vagtew - (i)(N ~ D hg® (ot ~ h) <
< - 4/ + D@ |[|F@)| — ¢ ~ (N + 1)/2) h|g)| — (N + 1) M/2] -

- (%)[1 — @/N + DI(F@]| - ¢ = (N + 1/2) kg@)|)|gw)| ~
2

- (%)[1 - @2/(N + D)(|F@)| — o)lgx)| — (%)(N_ 1 J ‘gz'(x(s))ds.
S t=h

Taking into account (N — 1) M — 2¢ > 0, we get
212) V') < —[4/(N + D][|F@&)| — Nh|gl®)| — NM]—

_ (%)[1 — /(N + 1)]|g@)|[|F@)| — Nh|g@)| — NM] -
t

- (%) [1 - @/ + DI F@)]| - 0)|g@)]| - (%) V-1 J g*(@(s) ds

t—h

for 2(t) < — k. Thus, V<0 if x < — k.
Next, consider |x(f)| < k. Then

t

(2.13) V() =2(z — (cx/2k) + (¢/2)) { —g(x) — (¢/2k) |z — F(x) + E@t) + J g(x(s)ds |} +

t—h

i

+ (%)h(N RVACOR (%) OV +1) J 9%(x(s)) ds +

£
+ (i) W = D hg?(a®) — (i) W — D hg®(alt — b)) =

= 2[z — (cx/2k) + (¢/2)][ - g(x) + (cF(x)/2k) — (cE(t)/2k)] —
— (c22 [k) + (cz/k)(cx/2k) — (c/2)] —
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i

t .
— (ez/k) f g(x(s)) ds + (¢/k)(ca/2k) — (c/2)] J g(x(s)) ds +
t-h

t—h

t

+ (%) (N + 1) g2(@(®) - (%)(N + 11{ 72(@(s)) ds +
+ (i) N = D hgatt)) - (i)‘N — 1 hg?(att — b)),

Notice that

t [

2.14)  (c¢/k)|z| I Ig(x(s))ldsys(c/2k)z2+(ch/2k) Jg2(x(s))dss

t—h t—h

¢

< (¢/2k) 2% + (i)(N +1) f g2%(x(s)) ds
t-h
by (2.8).
Substituting (2.14) into (2.13) and using the fact that |x(f)| <k, we obtain
ot
(2.15) Vi) < ~afz?+ f g2 (x())ds | + 8,
t-h

where a, 8 are positive constant depending only on k and c.
Let @ > 0 be a constant such that @ — k* > 0 and
«Q —k?)—pB>0.
We consider

t
lz@®) | + |2@®)|® + [ g2 (@(s)) ds > Q.
t—h
If |@(t)| >k, then V'(t) < 0 by (2.10) and (2.12). If |@()| <k then
t
2l + [ o%ee)ds > T~ k.
t—~h

Thus,

VS —a@ k) +28<0
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by (2.15). We then conclude that
2.16) V') <0

t —
whenever |2(t)|* + |2@)|* + | g*(x(s))ds > Q.
Notice also that t=h

t

(217 Vit) < L|22 + |G(@®)] + J g%(x(s))ds |+ ¢
b

t—

for some positive constants L and q.

We now show that solutions of (2.7) are uniformly bounded (the definition is the
same as Definition 1 with y, replaced by zp).

Let D > 0 and ¢ € C([—h, 0], R), 2, € R such that ||¢| + |z)| < D. Then there is a
Q = QD) such that Q@ > @ and ‘

0

M@P+M®P+memﬁasq
h

Then either
0

©.18) |mm+mmﬁ+jmmmP@SQ
h

for all teR™* or

t
(2.19) l2(t) |2+ |at)]? + J lg(x(s)|2ds > Q
Zh

t

for some ¢; > 0.
Let G* =sup{|G(s)|: |s| < @/?}. If (2.18) holds, then

2.20) V) <LQ+G*)+q for all £.
If (2.19) holds, then there exists a f; = 0 such that ¢, < {; with

to
l2(tg) |2 + |aty) |2+ J 97 (x(s)) ds = Q
to—h
and

8

|2(s)|2 + |a(s)|? + J g¥Hax@)dv>Q

s—h
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for s e (f, tll]. By (2.16) we have
Vi) s Vi) < L@Q+G*)+gq.
Thus |
V) s LQ+G*)+qg=Q, foralteR".

This implies that

t

(2.21) |2(t)| + |G(x(®)| + f g2 (@(s)ds< Qs forall =0
t=h :

where @, depends only on Q. If Sli)nr.}o G(s) = o, then
() < Qs for some Q3 =03(Q) > 0.

If lim sup F(s) = ®, then there exists a y > 0 such that

Fy)— @ +h+M)>0 and y>QY2.
From (2.7) we have .

t

()< - F@)+ |20 + |[E®)| +h+ ng(x(s))ds S -Fl)+ @+ h+M).

t—h

Since 2(0) < Q2 < y, we claim that 2(¢) < y for ¢ = 0. In fact, if there exists a ¢, > 0
with 2(¢;) = v and 2(s) <y on [0, y), then

a contradiction. Thus there exists a @, = Q4(Q) such that x(t) < Q, for all te R™.
Finally, we have z(t) < Qs + Q, if

lim sup [F(s) + G(s)] = = .

§— @

Using the same argument we can show that there exists a constant @5 > 0 such
that '

—Qs<x@) for all teR* if lim sup[F(s) — G(s)]= — >,

We therefore conclude that solutions of (2.7) are uniformly bounded.
Next, we will show that solutions of (2.7) are uniformly ultimately bounded. Let
l¢ll + 20| < D; then there exists a D, > 0 such that

o) + |2()] <D, forall teR™

where z(t) = z(t, ¢, z0), 2(1) = 2(%, ¢, zy) is a solution of (2.7) with initial data (¢, zy).
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From (2.10), (2.12), and (2.16) we conclude that

222 V)< —u for some x>0
¢ —
whenever [2()|* + [2®)|® + [ g*(x(s))ds > Q. There exists Dy > 0 such that V(0) <

£ D,. By (2.22), there is a tI_{h= K(D) > 0 such that
t
o)+ Jat) + [ g*ete)ds <@
=k
for some t; € [0, K]. Now suppose that there exists ¢, > ¢; such that
Vi) =max{V(s): t; <s <t }.
Then
2
|a(t2)]? + |at2)|* + f g* () ds < Q
to~h
by (2.22). This implies that
Vit;) € B; for some B, = B;(Q) > 0.
Consequently, we have
VitysB, foralli=zK=1{
and
t
l2()|? + G(z@)) + J g%(x(s))ds < B,
t-h
for some B, = By(@) > 0 and all ¢ = K. Using the same argument following (2.21) and

replacing @, by B,, we can find a constant B > 0 depending only on @ such
that

|z@)| + |2())] <B for t =K.

Hence, solutions of (2.7) are uniformly ultimately bounded. We therefore conclude
that solutions of (2.,5) are UB and UUB.

Now we show that (2.6) is necessary. Suppose that (2.6) fails. To be definite, we
assume that

lim sup [F(s) + G(s)] < .

§—>x

Then there exists #* > 0 such that
|F(s)] < F* for all seR™.
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Let ¢ e C([—h, 0], B) and ¢¢&) =k for £e[—h, 0], 2y = ¢(0). (Hére, k is defined in
(2.4).) Define

g = max {g(¢(s)): s e [—h, 0]}

and
Yo=2+hg +2F* + jg(s)ds+M.
@y
Let (x(t), y()) be the solution of (2.5) with x(s) = ¢(s) for se[—4, 0] and y(0) = y,.
We claim that y(s) > 1 for all seR".

Now suppose that there exists ¢; > 0 such that y(¢;) =1 and y(s) > 1 on [0, {;).
Consequently, x(f) is increasing on [0, f;).

Case 1. Suppose that ¢, < k. Integrate the second equation in (2.5) from 0 to ¢; to
obtain

t 4

yt) = yo — [ 9als = W) ds ~ [ f@@)z () ds + Bty)

[ [(]
a(ty)
> yo — hj — If(s)ds—MZyo—h§~2F*—M>1,
2(0)

a contradiction.

Case 2. Suppose that ; > f. Integrating the second equation in (2.5) from 0 to ¢;,
we have

h 151 t
y(t) = oo — j g(a(s — W) ds — [ glats — W) ds — [ fla@)a' @) dz + B) >
0 1 0

ti—h 13

> g — hg — j g(a(s)) ds — j Ra(s)) ' (s) ds + Ety) =
) 0

0

ti—h t:

> g0 — hi — f g(a(s) x'(s) ds — J Fa(s) x'(s)ds + E(t,) =
0

0
o a(ty) o
>y0~h§—fg<s)ds— jf(s)ds—MayO—hg—fg<s)ds—2p*—M>o,
Ty z(0) o

a contradiction. Thus, ¢(s) > 1 on R* and x(f) > ¢ + 2y — o as t — o, This completes
the proof of Theorem 1.
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3. - Convergence of solutions.

We first consider the half-linear equation
3.1) 2"+ f@yx’ + ket — k) = et)

where 2 =0, k > 0 and f, ¢ are continuous.

THEOREM 2. — Suppose that
(3.2) fle)y>kh for all zeR.
Then any pair of bounded solutions (x;(2), x,(t)) of (8.1) satisfies
(3.3) |21 (t) — 22(®)| + |2{(®) —xg®)] >0 as t— .

PROOF. — A system equivalent to (3.1) is

4
'=z—Fx) + J kx(s)ds + Et)

t—h

3.4)
2= —kx.

Let (z;(8), z:®)) and (x2(t), 2o()) be two bounded solutions of (8.4) and define X(t) =
= x,(8) — 22 (), Z(t) = 2,(t) — 22(). Then (X(#), Z(t)) satisfies
i

X'=Z - (F(x,) — Fxy)) + J kX(s)ds

(8.5
t-h
Z'= —kX.
Now define
0 ¢
Vi) = kX2() + Z°() + J j KX () dv ds
~h t+s
so that

i

(86) V'(t)=2kX|Z — (F(x,) — F(xy)) + I EX(s)ds| +

t—h
i

+ 2Z[ - kX1 + k2 X2(@®) — k* j X4s)ds <
[

t—

< — Zk{(F(xl) - F(xg))/(wl - (L'z)}XZ + thZXZ
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Since #,(t) and x,(¢) are bounded, it follows that V' (f) < ~ uX2(#) for some u > 0 by
(8.2). This implies that X(f) € L%(0, ) and, in fact, X({) > 0 as t — « since X'(f) is
bounded. Moreover, by (3.5) and the definition of V{(f) it follows that Z(t) — C as
t — o for some constant C. Since x;(t) and x,(¢) are bounded, we conclude that

Fx) — Fla;) >0 ast— o,
Thus, C =0 by (3.5) and
|2, () — @] + |2{ @) -2 ()| = | X®)| + | X' @) =0

as {—> o, as required.
We turn now to (2.1) and consider its equivalent system

t
x'=z—-Fx) + J g(x(s)) ds + E(t),

t~h

3.7
2= g,

where k= 0, f, g', e are continuous.

THEOREM 3. — Suppose there are poSitive constants p, ¢, and 6, with 6 € (0, 1), such
that

(3.8) (g' (@) — gfw) — p)* < 40(pf(x) — q' (x) ~ Hx))q,

where

g' @],

— _l_ 2
59 {H(w) = 1 (Nph + hip + 2)

s=h/1-06, N>1.
Then any pair of bounded solutions (x(t), 2:(f)), (x2(t), 22(t)), of (3.7) satisfies
|2,(8) — 22| + |21(8) — 25())] -0 as t— .

PrOOF. - Let X(t) = x(t) — (), Z(t) = z1(t) — 25(¢), so that

13

X'() = 2() - (Flar) — Fl,) + f (g(x1 () — g2z (5))) ds,

t—h

Z'@t) = = (glz; @) — glaz @) .

(3.10)

Now define

V) = pX (1) — 2¢X(0) Z(t) + Z*(t)
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so that

t

7 - Flo) + Fly) + J (9(@y(8)) — glan(s)) s | +

t—h

V') = 2(pX — qZ)

+ 2(Z — ¢X)( — gloy) + glaz)) .
To simplify the notation, define

7 _ (F(x1 ) - Fa, (t)))/(ml B~z ), if 2@ = (D),
e,  ifm®) =20,

(gla, @®) — 9(z, (t)))/(xl ) ~ 2, @), if 2, () = 2 (D),

t) = '
911( ) {g,(xl (t)), if Ty = Lo @) ’

Then

V'(t) = — 2(pFy;(t) — qou (1) X® — 2¢Z% + 2(p + ¢F (1) — gu®) XZ +

t
+ 20X — g2) f () X() ds.
t—h
Let A = pF(t) — qg11(®), B =p + qF(t) — g11(f) so that
t

V'(t) = — 2LA(X — (B/24) Z)* + {(4gA — B?) Z2 J4A}] + 200X ~ qZ) f gu(s) X(s)ds.

t—h
4
V') = —2[q(Z — (B/2q) X)? + {(49A — B®)/4q} X*1 + 2(pX ~ ¢Z) J g1 (8) X(s) ds
t—-h
and

t
V') < - {(4gA - B*)/4q} X* - {(49A — B*)/4A} Z* + 2(pX — q2) f gu(s) X(s)ds,
i-% .
V') < — {(4qA — B2)/4q} X2 — {(4gA — B2)/4A} Z% +
i ' ¢
+phX%+p J |g11(8) |2 | X(s)|2ds + (gh/8) Z? + g3 J |gu(s)|?| X(s)|*ds.

t—h t—h



T. A. BURTON - Bo ZHANG: Boundedness, periodicity, etc.

365

Let
0t

Vi) =V + (p + ¢3) f J' lg11(8)|? | X(s) | ds dv

~h t+v

so that
Vi) € — {(4gA — B?)/4¢} X2 — {(4¢A — B%)/4A} Z% +
+h(p+ @+ g)|gu® ) X%+ ql — 0 Z% <

< — {[4¢8(A — Hy,) — B2]/4q} X — {(4q0A — B%)/4A} Z2 — (N — 1) pX (),

where
Hy = (1/9)[Nph + h(p + ¢8)|gu1 |*].
Notice that

1
Fu® = J FsXW) + 2y(D) ds,
0

1

gn® = [ g'(X0) + 2, (1) ds.

[
Then

2

1
B?= j (9" (sX®) + z,(t)) — qf(sX(2) + 2,(8) — p)ds| <
¢

1
< f (9" (sX(t) + mp(®) — qf(sX(E) + wp(®) — p)Pds <
0

1
< 46q f (pf(sX(t) + 2o(t)) — qg ' (sX (@) + xo(t)) — H(sX(t) + a5 () ds < 404 — Hy ) q.
0

By (3.8) there is a constant u > 0 such that
Vi) < — u(X2@) + Z%4(1)).
Since #;(t), #.(tf) are bounded, it follows that
X + 1Z@)| -0 ast— .
This completes the proof.

We now show that (2.6) is a necessary condition that every pair of solutions 2, (%),
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@) of
3.11) o+ f@)a' + gt — h) = et)

satisty

(3.12) |ey(®) — ma@)] + @i ) — x5 (®)] >0 as t— o,

THEOREM 4. —~ Suppose that f, g, e are continuous with e(t), E(f) bounded and there
is a k = 0 such that xF(x) = 0, xg(x) = 0 for |x| = k. Then every pair of solutions of
(8.11) satisfies (3.12) only if (2.6) holds.

PRrOOF. - Suppose that (2.6) fails. To be definite, we assume that

©

J[f(S) + |g(s)|1ds < .

0

Write (8.11) as the equivalent system

. x =y
3.13
e {@/ = — fl@)y — glat - h)) + e(®).

Let ¢ C(~ k,0],R) and ¢(&) =k for £e[—-h,0], 2y = ¢(0). We define
g = max {g($()): £e[—h, 01}

and

[+

=2+ hg+ [[f©) +g@lds + M

o

where M is defined in (2.3). Let (,(f), #:(f)) be the solution of (3.13) with x,(£) = ¢(&),
£e[—h,0] and %,(0) = y{. By the proof of Theorem 1 (for the only if part), it follows
that o,(®) > 1, &) > ¢t + 2y for te R™.

Next, let

ys =yl +2+ J[f(s) + g(s)lds + hg.

Let (x5 (£), y2(t)) be the solution of (3.13) with w, (£) = ¢(2), £ [— &, 0] and %, (0) = 3.
Then y,(#) > 1 and x, () = ¢t + xz, for te R™.
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Now consider

t

B ® — 10 = 98— ol — [ fe®) 1) ds +

0

t t t
+ j Fly () (s) ds — j glay(s — b)) + j gy (s — b)) ds,
0 0 0

i i
B ®) ~ 0 ® > 48—yl ~ [ fea®) 92 (6)ds ~ [ glans ~ W) ds,

0 0

x2(t)

t—h
=y —yl — ff(s)ds - J g(xy(s)) ds.
)

o

If 0 <t<h, then

0

B® ~ 1O > yd —yf - [fe)ds kg > 1.

o

If h <t< x, then

% t—h
1) =@ =yl yb = [fDds —hg ~ [ glox(e)ds,
Ty 0

Y2 — &) = 3 — Yl — jf(s)ds — hg - jg(s)ds =1,

o

Hence, y.(t) —y:(®) =1 and x,(t) —x,(t) =t. This completes the proof of
Theorem 4.
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