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On the Convergence of Solutions 
of Degenerate Elliptic Equations in Divergence Form(*). 

R. DE ARCANGELIS - F. SERRA CASSANO 

Summary. - It is studied the convergence of solutions of Dirichlet problems for sequences of 
monotone operators of the type - div (ah (X, D" )), where the fiznctions ah verify the following 
degenerate coerciveness assumption 

(ah(x, ~1)-  ah(x, ~2)1~t- ~2) ~ ~ ( x ) l ~ l -  ~2] p (p ~ 2), 

being (.~h)h a sequence of function verifying a Muckenhoupt condition uniformly in h. 

0 .  - I n t r o d u c t i o n .  

Given a sequence of Carath~odory functions ah : R n • R n ---) R n, the asymptotic 
behaviour, as h tends to + oo, of the solutions of the equations 

- div (ah(x, Du))  = f ( x )  

has been generally studied under  equicoereive assumptions of the type 

(o.1) (ah(x, ~)!~.) I> I~i p for every h (p > 1), 

see for instance [1], [3], [7], [8], [12], [15], [16]. 

In this paper  we study the case in which, instead of (0.1), each function ah verifies 
a degenerate coerciveness condition depending on h. 

One of the results proved (see Corollary 3.6) concerns, for example, the case in 

(*) Entrata in Redazione il 10 luglio 1991, in versione riveduta il 7 agosto 1992. 
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Caccioppoli,, Universit~ degli Studi di Napoli Federico II, via Cintia - Complesso Monte S. An- 
gelo, 80126 Napoli, Italia; F. SERRA CASSANO: Dipartimento di Matematica, Universit~ di Trento, 
via Sommarive 14, 38050 Povo (Trento), Italia. 
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which the following conditions are assumed: 

{ a~(x, 0) = 0, 

(0.2) lah(x ,~)-ah(x ,~e) l  ~< L ~ ( x ) ( l +  I ~ I P +  I~21P)(P-2)/P I ~ -  ~21 (p ~>2), 

(ah(X, ~1) -- ah(X, ~2) 1~1 -- ~2) ~ ~h(X) l~ l  -- ~21 p,  

for a.e. x in ]~n, for every El, ~2 in F~ ~ , and every h e N, where (t~h)h is a sequence of 
functions in the Muckenhoupt class Ap (K) (see (1.3)) such that, for every cube Q of 
F~ n, (/zh)h and (~l-P')h are bounded in LI(Q). 

We prove the existence of a subsequence (ah~)~ of (ah)h, of a Carath~odory function 
a~ : R n • R ~ --~ R n and of a function ~ ~ in Ap (K) verifying 

(0.3) l a| (x, ~1) - a~ (x, E2) I L' P ] )(P-2)/(P-1) ]~1 - ~2 ]l/(p-1) , 

(a~ (x, ~1) - a~ (x, ~2) 1 

for a.e. x in R n , for every El, ~2 in R ~ , such that, for every regular bounded open set t) 
and f in L ~ (t)) the unique solutions ur of the Dirichlet problems 

- d i v ( a ~ ( x ,  D v ) ) = f  in t~, v = 0  on ~ 

converge weakly in W~' 1 (t~) to the unique solution u~ of the Dirichlet problem 

- d i v ( a ~ ( x ,  D v ) ) = f  i n ~ ,  v = 0  on ~t~. 

Moreover the weak convergence in ( L I ( ~ ) )  n of the momenta abe(x, Dur) to the 
momentum a~ (x, Du~) holds. 

The above convergence result is obtained as a particular and more readable case 
from a general convergence result (see Theorem 3.5). 

The techniques employed in this paper are classical and rely on a weighted com- 
pensated compactness type result (Theorem 1.2) proved in [6]. 

We finally recall that the case of homogenization, in which ah(x, ~) = a(hx, ~) 
where a(., ~) is a l-periodic function in each variable x~ (i = 1, 2, ..., n) is studied 
in [6] under less restrictive assumptions. 

1. - Nota t ions  and prel iminary results.  

We denote by Q a generic (open or closed) cube of F~ ~ (n > 1) with faces parallel to 

the coordinates planes. 
The symbols (" I" ), I EI ,  ~ fdx,  p' indicate respectively the scalar product of R ~ , 

( l j )  the Lebesgue measure of the set E, the mean value o f f  on E i.e. IEI- fdx  and 
the conjugate of p (i.e. p '= p/(p 1)). 
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Let p > 1 and let ~ be a weight on R ~ , that is a measurable function on R ~ such 
that )~ > 0  a.e., ~ and ~ - ; '  are in ~ n LIoc(F~ ), set LP(t2, )~) = {ueLlloc(t2): 
u~ ~/p e Ll(t2)} and WI'p(t2, ~) = {u ~ W~oh~ (t~): u and [Du[ ~ LP(t2, ~)}. 

It is easy to verify that W~'P(t2, s endowed with the topology induced by the 
norm HU[[w~.p(~.~): = ]IU~I/P[]Lp(a)+ ![ [Du[)~I/P][L,(~)is a reflexive and separable Ba- 
nach space. 

We denote by W~'P(t2, ~) the closure of C~(t2) in the topology of WI'p(t2, ~), by 
W -1,~' (t2, 2) its dual space and by (', .} the duality bracket between W -~'p' (t2, ~) and 

wo~, ~ (~, ~). 
We recall that (cf. Theorem 1.4 in [14] and Proposition 1.2 in [5]) 

(1.1) W~,P( t2 ,2) .=WI,  P(t2,,t). nWI ' I (kQ)  for every bounded open set t2 with 
Lipschitz boundary, ~ in Ap (see below for the definition of A;). 

REMARK 1.1. - It easy to see that W~'P(t2, ~) continuously embeds in Wo ~' 1(t9) and 
compactly in Lq(t2) for every q e  [1, n / ( n -  1)), hence we have that 
L ~ ( ~ ) c  W-1, ;, (t2,)~); moreover it can be easily proved that there exists a positive 
constant c = c(p, t2) (depending only on p and t2) such that 

(1.2) 
j )l/p' 

]lfllw -I'p' (~, ~,1 <<" c )~1- p' dx ][flIn'(~l , 

for every weight ~t, on R ~. 
Given p > 1, K t> 1 and a weight ~ we say that ~ is in the Muckenhoupt class A; (K) 

(see [11]) if 

(1o3) ~dx -~)~-P'dx  <~ K for every cube Q. 
Q 

We set Ap := gU lAp (K). 

Ap weights verify the following higher summability property (see [4] and also [5]): 
for every p > 1 and K t> 1 there exist two positive constants c = c(p, K) and ~ = 
= ~(p, K) (depending only on p and K) such that 

(1.4) ~l+~dx <<.c~)~dx, ~(1-P')(l+~:)dx <~c ~ l - ; ' d x ,  
Q Q Q Q 

for every cube Q and ~t in Ap (K); moreover, (cf. [9]) if t2 is a bounded open set of F~ ~ 
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there exists a positive constant c = c(p, K, t]) (depending only on p, K and t~) such 
that 

(1.5) I lu]~)~dx<c]  I D u l ~ d x '  
D t~ 

for every 2 in A~ (K), u in W 1' ~ (t~, ~). 
In [6] the following result o~ compensated compactness type is proved (compare 

also with [12]). 

THEOREM 1.2.-Let ~ be in Ap , K >I 1; let ( ~ h)h be a sequence in Ap ( K) and let ~2 be a 
bounded open set. 

Consider a sequence of functions (Uh)h c WI'P(t~,),h) and u in WI'P(t~, )~) such 
that 

f (luhl p + IDuhlP)2hdx Vh, uh--)u in Ll(t))  
t~ 

and a sequence of vector functions (a~)h c (L p' (t~, )~-  P' ))~ and a in (L p' (t~, ~ 1 - ~, ))n 
such that 

](lahlP'),~-P'dx<<.c2 Yh ,  - d i v ( a h ) = f e L ~ ( t ~ )  on CJ(t~), 
D 

Then 

ah ~ a in (L 1 (t~)) ~-weak. 

(ah IDut~) ~ (alDu) in 6~'(t~). 

In [5] a weak compactness result for Ap weights is proved: if Qo is a fixed cube of 
R ~ and (s is a sequence in Ap(K) such that (~h)h and (~-P ' )h  are bounded in 
L~ (Q0), then there exist a positive constant c = c(n) (depending only on n) and two 
weights ~ and s such that 

(1.6) ~ and )~ are in Ap (cK), 

and, up to subsequences, 

2(x) <~ ~(x) ~ K~(x) for a.e. x e Qo, 

(1.7) ~ h - - ~  and ~ - p '  _~ l -p '  in Ll(Qo)-weak. 

REMARK 1.3. - If for every cube Qo o1" R ~, the sequences (),t~)h and (~-P ' )h  are 
bounded in LI(Qo), then, by (1.6), (1.7) and by using a diagonal process, it can be 
proved (see [5]) the existence of two weights ~ and ~ in Ap (K) such that, up to subse- 
quences, (1.6) and (1.7) hold respectively for a.e. x in R ~ and for every cube Qo. 

We now prove the following ,,lower semicontinuity, type result. 

LEMMA 1.4. - Let p > 1, K and K >i 1; let t~ be a bounded open set with Lipschitz 
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boundary and let (~%)~ be a sequence in A~(K). Let us assume that there exist two 
weights ~t in A~ (K), ~t in A~ (K) and a positive constant co such that 

(1.8) ~ h - - ~  and ~-p '__ ,~ l -p '  in Ll(t~o)-weak, 

(1.9) l ~(x) <~ ~(x) <<. CoA(X) for a.e. x ~ [~. 

Then 

(i) i f  (Uh)h C_ W~' p (tT, ~%) is a sequence such that ~ I DuhlP~h dx < cl Vh, u~ ~ u 
in W~. 1 (tT)-weak, it follows that [2 

J 

u e Wol'P(tT, ,t) and f IDuiP;tdx<~liminf I IDuhIP)~hdx. 
[2 17 

(ii) I f  f is in L~(~) it follows that there exist two positive constants ci = 
= ci(P, K, ~9, co), i = 2, 3, (depending only on p, K, ~ and co) such that 

callfNw-,,.'(~,~) <- liminf Ilfllw-l,.'([2, ~) ~ limsup Ilfllw-,,~'([2, ~.) ~ c2Nfl[w-~,.'(~,)~). 
h h 

PROOF. - (i) By HSlder inequality and (1.8) it follows that 

(1.10) f IDul]~idx<--liminf IDualPZh dx 11, ] l~l,, ,_,,dx 
[2 t7 

By (1.10) and by exploiting the density of C~ in LP'(tT, ;t~-P'), we deduce that 
IDul eLP(tT, ~) and that 

[ IDul~;~d~<~limsf f IDu~l';~dx; 
[2 [2 

hence, being/2 regular, by (1.1) it turns out that u is in Wol'P(tT, ~t). 

(ii) For every ~ > 0 and h~  N there exists vh (~) in W~'P(~, ,th) such that 

(1.11) Iffv< : d l IIv~ i1~o',.([2, ~. 
[2 

By H51der inequality, (1.4) and (1.11) we get that there exists a positive constant 
such that (Vh(~))h is bounded in Wo l' 1§ and therefore, up to subsequences, there 
exists v (<) in Wo l' 1+~(~) such that 

vh (~) ~ v (~) in W~' 1 (~)-weak. 

On the other hand by (i) passing to the limit in (1.11) we get 

v~ ~ c~ (~). 
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By (1.5), (1.12) it follows that there exists a positive constant c~ = c~ (p, K, t)) for 
which the inequality in the right hand side in (ii) holds. 

Finally, by (1.8) we have 

Ilvilwa.< ,,x) ~< liminf ][fllg-~,. (~,~) Vv ~ C~ (~)" 
h 

t/ 

therefore, by (1.9) and by density of C~ (t?) in W~' ~ (t?,)~), it follows that there exists a 
positive constant ca = ca(P, K, co) for which the left side in (ii) holds. " 

Finally we recall the following result (see Lemma 7.8 in [9]). 

LEMMA 1.5. - Let ~, ~, ~ be real positive numbers  such that ~ + ~ + ~ <~ 1. Let us as- 
sume that (th)h, (Sh)h, (Zh)h and (wh)~ are sequences in L I(t~) such that 

(Sh)h, (Zh)h and (Wh)h are non negative, 

Ithl <<. s~z;w~ a.e. in t~, for  every h, 

t h - o t ,  s h - o s ,  za ~ z ,  w~- - ,w ,  in (~'(t)), 

for  some funct ions  t, s, z and w in L~(t~). Then 

Itl <<. s~z~w ~ a.e. in t~. 

2. - A no t ion  of  convergence  for a class of  degenerate  ell iptic operators.  

DEFINITION 2.1. - Let p, ~, fl, L and K be positive constants wi th  

(2.1) p > l ,  0 < ~ < m i n I P ,  p - 1 } ,  fl~>max{2, p}, L>~I and K > ~ I .  

I f  ~ is an open set, we denote by ~ ( p ,  ~, ~, L ,  K) the class of  the Carath~odovy 
funct ions  a: t~ • R~--> R. n for which there exists a positive funct ions  ~ in Ap (K) and 
m in Lloc(tg) such that, i f  

(2.2) H =- H(x, ~1, ~2): = m(x) + (a(x, ~1)!~1) + (a(x, ~2)1~.2) 

the following structure conditions hold: 

(S1) H(x,  ~ ,  ~2) > O, 

(S2) ( a (X ,  ~1) -- a ( x ,  ~2)[~1 - ~2) ~> )~fl/P(x)H(P-fl)/P( x, ~1, ~2)[~1 - ~2] fl , 

(Sa) la(x, 5 l ) - a ( x ,  ~2)1 <~L2 I/P(x)H(P-I-~)/P( x, ~.1, ~2)(a(x, ~l ) -a (x ,  $2)1~.1-~2) ~/p , 

for  a.e. x e ~ for  every ~1, ~2 in R ~ . 

When t) = F~ n we denote g~R~(P, a, fi, L ,  K) s imply  by :~(p,  ~, fl, L,  K). 
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Since p, ~ and fl will remain fixed in the whole paper, sometime we will write 
simply g ~ ( L ,  K) and Y~(L, K) instead of g ~ ( p ,  a,/~, L, K) and :V~(p, ~, 8, L, K). 

LEMMA 2.2. - Let a be in :)~ (L, K) verifying conditions ($1)+ ($3) with functions 
in Ap (K), m in Lilo~ ( i) ) and let H be the function in (2.2). Then there exist positive con- 
stants ci = c~(p, a, 8, L) (i = 1 . . . .  ,5)  (depending only on p, ~, ~, L) such that 

(2.3) [a(x, ~1) - -  a(x, ~2)[ <- cl A 1/(p - ~)H(p - 1 - ~ ) / ( p  - ~) [~1 - ~21 a / (p  - ~), 

a.e. i n ~ ,  V$ I ,~2eR~ ,  

(2.4) !a(x, ~)[ <~ c2([a(x, 0)[ + ml/r  + ~(x)l~IP-~), 

(2.5) H<~c3{m+ la(x,O)IP')~I-P'+2(I~IIP+ 1521P)}, a.e. in t), Y ~ l , $ 2 e R  ~, 

(2.6) (a(x, ~)]~) >~ c4~(x)l~l p - cs(la( x, O)lP' )~l-P' (x) + re(x)), 

for a.e. x e t9 for every $ in F f  . 

PROOF. - The proof of the above estimates can be obtained in a standard way by 
using Young inequality (see, for instance [8] and [12]). �9 

The following characterization of 3 ~  (L, K) holds. 

PROPOSITION 2.3. - Let t~ be an open set and let a: t~ • F~ ~ --> R ~ be a Carathgodory 
.function. Then the following facts hold: 

(i) I f  a verifies ($1) + ($3) with constants p, ~, fi, L, K satisfying (2.1) and func- 
tions ~ in A ,  (K) and m in L~or (t~) it follows that 

(S~') [a( x, ~1) - a(x, ~2)1 <- 

<<. L12(.l+r)/P(x)[m,(x) + 2 , (x ) ( l~  1 ] p + I~2[P)] ( p - I - ~ ' ) / p  t~1 - ~2] r , 

(S~') (a(x, ~ )  - a(x, ~ ) [ ~  - ~ )  I> 

L ~ r  + ~ ,  (x)(l~l I ' + I~  I ')] ( ' -~) / '  1~ - ~ l  ~ , 

for a.e. x in t~, for every ~1 and ~ in R ~, where 

6~ 
(2.7) ~ , : = ~ ,  m , : = m +  la(- ,o)l~ ' l  ~-~', y =  p - a  

and L{ = L{(p, a, fl, L) (i = 1, 2) are suitable positive constants depending only on p, 
~, fl, L. 

(ii) I f  a verifies (S~) and (S~) with functions ~ .  in A~(K) and m .  in L~o~(t~) 
and positive constants ~., fl and L~ (i = 1, 2) such that 0 < ~, ~< rain{l ,  p - 1}, 
~ > m a x { 2 ,  p} and K>~ 1, then a verifie, (S~)+(S~) with ~ = c ~ 2 . ,  m = c e m ,  + 
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+ c~ l a(', O) l ~' ~ 1- ~,, ~ = p,[/fl, L >I 1, being ci (i = 1, 2, 3) and L suitable positive con- 
stants depending only on p, y, fl and L~. 

PROOF. - i) Let  us assume that  a e :)/~ (L, K) verifies (S1) + (S~). By (2.3), (2.5) it 
follows that  there exists a positive constant L~ = L~ (p, a, fl, L) such that  

(2.8) la(x,  ~1) --  a(x, ~2)1 <~ 

<. L~2i/(p-~)[m + la(x, O)IP' )~-P'+ )~(l~l p + 1~21p)] (p-~-:)/(p-~) I~ 1 -- ~ 2 1 ~ / ( P - a ) ,  

for a.e. x e ~2, for every ~1 and ~2 in R ~. 

Therefore, if we choose 2 . ,  m .  and ~. as in (2.7), we get  that  (S~) is satisfied at 
once. 

On the other hand by (2.5) it follows that  there exists a positive constant L2 = 
= L2(p, a, fl, L) such that  

(2.9) g (p-~)/p >I L2[m + la(x, 0 ) i P ' ~ - P '  + ~(1~ I p + 1~2 IP)] (p-~)/p 

a.e. in ~ ,  V ~  ~2 ~ R ~ , 

a.e. in D, V~ ~ ~ R ~ , 

then, by ($3) and (2.9), (S~') follows. 

(ii) By (S~'), by means of Young inequality, we deduce 

P~-~/P (~ - P) ~-P)/~ (m.  + ~ I~1 p) L~/z)~, I~l p <<. - - ~  [(a(x, 5)1~) + la( x, 0)] Ivl] + �9 

a.e. in ~,  y~ e R ~. 
If  ~ is small enough, by the previous inequality, we deduce the existence of a suit- 

able positive constant c . = c , ( p ,  fl, L1,L2) for which the following estimate 
holds 

(2.10) c,A,l lP<<.m, + la(x,O)lP'l l ,-P'+(a(x,[)l[)  a.e. in ~, V ~ e R  '~. 

Let us now define re(x):= (2 + c , ) m , ( x )  + 2 la(x, 0)Ip'~I,-p'(x) and let H be as 
in (2.2), then by (2.10) ($I) follows at once. 

On the other hand by (S~) it follows that  

(2.11) L22~,/P[m, + ~ , ( l ~ l l  p + 1~21P)] (p-~)/p t~1 -  ~2t ~ I> 

>! L2 € i~l - ~21 ~ a.e. i n  ~(~, V ~ I ~  2 e ]~n 

LP/~c(~-P)/Pk (x), by (S~') and (2.11) we get  (S~). so, ff we choose 2(x):= z �9 �9 
Finally by (S~') it follows that  

(2.12) la(x, ~1) --  a ( x ,  ~2)l ~ L1 c(I+~'-p) /p)~(I+~') /pH(p-i-~ ' ) /p  ]~1 - ~2l "f 
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and by (S~') that 

(2.13) I~1 -- ~21 ~< -~222,~/PH(~-P)/PZ(a( x, ~1) -- a ( x ,  ~2)I~1 - ~2) fl 

a.e. in t~, V$~ ~2 e R n . 

Therefore, by (2.12) and (2.13), (S~) holds if we choose ~ = py/ f land a suitable con- 
stant L. " 

REMARK 2.4. - Let a be in : )~(L,  K) and let us assume that ( S 1 ) - ( 8 3 )  hold with 
functions 2i in Ap(K),  m i in L~or (i = 1, 2); then (see Remark 3.1 in [6]) it can be 
proved that the weights 2i are comparable, that is there exists a positive constant 
co = co(p, a, fl, L)  for which (1.9) holds. 

REMARK 2.5. - Let t~ be a bounded open set and let a be in g ~  (L, K). Let us sup- 
pose that ($1)+($8) hold with functions 2 in Ap(K), m in Ll(t~) and that 
i a(x, 0) I p' 21 - p' is in L ~ (D); then by Corollary 1.8, Chapter III in [10] and by Proposi- 
tion 2.3 we deduce that, for every f e  W-I'P'(t~, 2) the Dirichlet problem 

(Pa)  - div (a(x, Dr)) = f  in t), v e W~'P(tg, 2) 

has a unique solution. 

REMARK 2.6. - Let a be a function verifying ($1) + ($3) for some functions 2 in Ap (K) 
and m in L 1 (t~); if 2' and m' are other functions for which (S~) + ($3) still hold, then, 
by virtue of Remark 2.4, the weights 2 and 2' are comparable and therefore 
WI'p(t), 2) turns out to be equal to I~'P(~9, 2'); this implies that problem (P~) de- 
pends effectively on a and not on the particular choice of 2. 

We now prove some properties of the operator - d i v  (a(x, D.)) with a in 
: ~  (L, K). 

PROPOSITION 2.7. - Let t~ be a bounded open set, let a in g ~  (p, ~, fl, L,  K) and let A 
be the following operator 

A: W~'P(I~, 2)---) W-I,P'(t), 2), A = - div(a(x, D.)) .  

Then A is continuous and invertible. Moreover the following estimates holds: 
there exists a positive constant c = c(p, a, fl, L, t~) (depending only on p, ~, fl, L and 
t)) such that, i f  m .  is as in (2.7) and belongs to Ll(t~), it results 

(2.14) [[Au - Avllw-l,p,(~, ~) <. 

-< c ( i l m ,  IIL,( ) + llul) o § ( ' -  '>llu - v 1) Wo 1, P(~, ~), 

for every u and v in W~'P(t~, 2) with y = a / ( p -  a); 
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(2.15) I IA-l f  - A -1 glIw],~ (~,.~) <~ 

-< c(llm, § Ilfll -,, +  ))llf-  lll/(fl-1) Y l I W - I , p ' ( ~ ,  ~ ) ,  

for every f and g in W-I'P'(t?, 7). 

PROOF. - In order to get (2.14) we first observe that  by Proposition 2.3 (i) there 
exists a positive constant c = c(p, a,/3, L, ~) such that 

(2.16) HAu -Avllw-l,,,(~,~) <~ la(x, Du) - a(x, Dv)lP'71-P'dx <. 

P' "l(p-l-y)/(p-1) 7"P Y/(P 1) \ l /p '  

for every u and v in Wol'P(t?, 7) with ~. = a/(p - ~). 
Then, by (1.5), HSlder inequality and (2.16), (2.14) follows at once. 
By (S{'), (S~) of Proposition 2.3 and by (2.14) A turns out to be continuous, mono- 

tone and coercive, then, by applying, for instance, Corollary 1.8, Chapter III  in [10], 
we get at once that A is invertible. 

In order to prove (2.15) let us preliminarly observe that, in general, by HSlder 
inequality, we have 

(2.17) f IDu - DvlPt~dx <~ ( f lz~/P[r + ~(IDulP + lDvlP)](P-~)/P IDu- Dvl~dx) p/z" 

"( [ r + ~(IDulP + lDvlP)dx) 

for every u, v in Wol'P(t~, t~) every positive function r in L I ( ~ )  and every 
weight ~. 

Moreover by (2.6) and Poincar6 inequality in (1.5) there exists a positive constant 
cl = cl (p, ~, fl, L, t)) such that 

I IDA-l flP T dx <~ cl (l[fllw-l,p' (a,~,)llDA-1fl[w~,p(n,~) + I (m + la(x, O)lP' 71-P')dx) " 
D 

By applying Young inequality to the previous estimate we get the existence of a 
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positive constant c2 = c2(p, a, 8, L, K, ~) such that 

(2.18) "A-lf"~e~'P(~'~) <~ c2( I (m + la(x' O)lP')'l-p')dx + "f"Pw-l'P'(~'~)) 

for every f in W-I'P'(t~, ~). 

On the other hand, by condition (S~), (1.5) and by applying (2.17) with u = A - i f ,  
v =A-~g ,  r = m + la(x, 0)IP',~ I-p' and > = ~, we deduce that there exists a positive 
constant ca = ca(p, ~, 8, L, K, ~) such that 

(2.19) IIA-l f-A-lgHwj.p(~.~ ) <~ 

<<. c~( 5 I (m + la(x' O)lP'~ e-~' + ~IDA-~fl~ + 2 lDA- lg l~)dx)  (~-~)/(~(~- ~))" 

for every f and g in W-I'P'(t~, ;0. 

By (2.18) and (2.19), (2.15) follows at once. 

�9 [ I f -  g II ~'F~:-p~, ~), 

! 

Now we introduce the following notion of G-convergence (see also [3], [12], [14], 
[15] and [16]). 

DEFINITION 2.8. - Let p, ~, 8, L and K be positive numbers satisfying (2.1) and let t~ 
be a bounded open set. 

Let ah (h = 1, 2, ...) and a be functions in g ~  (p, ~, 8, L, K) verifying ($1)+ ($8) 
respectively with weights 2h and ~ in Ap (K) and functions mh and m in L l(t~) and 
such that lah(X, O)tP'~ 1-p' and la(x, O)IP'~ 1-p' are in Ll(t~). 

We say that the sequence (ah) G-converges to a in t~, and we write 

G 
a~--> a in t~ , 

i f  for every f in Ln(t~), being uh and u the solutions of the Dirichlet problems 

- div (ah(x, Dv)) = f in [a 

v �9 Wol'~ (~, ~h) 

it results that 

uh --+ u in W 1' 1 (t))-weak and 

- div (a(x, Dv)) = f in t) 
and v �9 W 1' p (~,)~), 

ah (x, Dub) --+ a(x, Du) in (L 1 (t)))n_weak. 

The following locality property holds for G-convergence. 

PROPOSITION 2.9. - Let ~ (i = 1, 2) be two bounded open sets with t~i c t~2 and let 
(ah)h be a sequence in g~2(L, K). 
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Let  us assume that ah satisfies ($1) + (S~) with func t ions  ~ h in  Ap (K), mh in L 1 ( t~ ~) 
and that: 

(i) there exists a cube Qo of  R~ wi th  ~2 c t~o such that the sequences (~h)h and 
()~I-P') h are bounded in  LI(Qo); 

(ii) there exists m in  L l ( t ~ )  such that m h - - ) m  in  Ll(t)e)-weak.  

Then, i f  

G 
ah ~ bi in  t~ i (i = 1, 2) 

for  some func t ions  bi in  : ~ i ( L ,  K), it follows that 

b l ( x , ~ ) = b 2 ( x , ~ )  for  a.e. X e ~ l  and every ~eF~ ~. 

PROOF. - By (i) it is not restrictive to assume the existence of two weights ~ and 
in Ap(cK)  (where c = c(n) is the constant appearing in (1.6)) verifying (1.6) and 
(1.7). 

Let  us suppose that (S1)+(S~) hold for bi (i = 1, 2) with 2(i) in Ap(K)  and m (i) in 
L l ( t ~ )  (i = '1, 2) and set 

Ah (i) = - div(ah(x, D.)) :  W~'P(t~i, ~h) --> W-I 'P '  ( t~ ,  ~h), 

B (i) = - div(bi(x, D.)) :  W~'P(~9~, ~(i)) __~ W-l .p '  (t~i, ~(i)). 

By Definition 2.8 we get that  

[ (A(hi))-lf--~ (B( i ) ) - l f ,  in Wo 1, l(~gi)-weak, 
(2.20) 

l ah  (X, ~,~(~(~)~-lr~h J ~J ---) b~(x, D(B(~)) - l f )  , in (L 1 (t~i))~-weak, 

for every f in L~(~ i )  (i = 1, 2). 

For  every i = 1, 2, f and g in L~( t~)  let us set u(~ ~) = (A(~))-~'f, v(~ ~) = (A(~))-lg, 
U (i) --- ( B ( i ) ) - l f ,  v (i) = (B(i))-~g and denote by H~ (respectively H(~)) the functions in 
(2.2) with m = m~, a -  a~ (respectively with m -  m (~), a = b~). By (S~)+(S~) we get 

(2.21) (a~ (x, Du(~ ~ - ah (x, Dv(~))lDu(~~ - Dv(~ ~)) >i 

>I ),~/~ H(~ - ~)/~ (x, Du(~ ~) , r)o,(i), ~ r)o, (i) _ Dv(~i) I~ 

(2.22) la~ (x, Du(h i)) -- ah (X, DV(hi) l <- 

<~ L)~ ~/~ H(~ ~ - 1 - a ) / p  ( x ,  D u  ( i )  , Dv(~))(aa (x, Du(~ ~)) - a~ (x, Dv(~ i)) I Du(~ ~) - nv(hi)) ~/~ , 

a.e. in ;2~, for every h and i. 
I f  we set ~ = (p - 1)/p, ? = (fl - p)/pfl ,  ~ = 1/fl and th =-- Du(~ ~) - Dv(~ ~), s~ - ~1-~ ' ,  

Zh -- H~ (lJua~ (i), Dv(~)), wa -- (a~(x, Du(~ ~)) - a~(x,  Dv(~i))]Du(~ ~) - Dv(~)), the assump- 
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tions of Lemma 1.5 are satisfied, therefore taking the limit in (2.21), we get 

(2.23) (bi(x, Du (i~) - b~(x, Dv (i) ]Du (~) - Dv (i)) >I 

~/PH~i~-~)/P(x, Du  (i), Dv(~ - Dv (~ I ~ a.e. in t~i, 

for every u (0 and v (i) in (B(i))-i(Ln(t~i)) (i = 1, 2). 
Analogously, iby applying again Lemma 1.5 with 8= l / p ,  ~ = ( p -  1 -  a)/p,  

= a lp  and th -- ah(x, nu(h i)) - ah(x, nv(hi)), sh =- ~h, zh = Hh(x,  Du(h i), Dv(hi)), 
wh = (ah(x, Du(h ~ - ah(x, Dv(h~ lDu(hi) -Dv(h~ we can take to the limit in (2.22) and 
get 

(2.24) Ibi(x, Du  (~ - bi(x, Dv(~ l <. 

<~ L2 I/P HI~) - 1- a)/P(x, Du (~ Dv(i))(bi(x, Du  (i)) - bi(x, Dv (i)) IDu (~ - D v ( ~  ~/p , 

a.e. in t)i, 

for every u (0 and v (0 in (B(~ (i = 1, 2). 
By the density of (B(i))-l(L~(t~i)) in W~'P(t)i,)~ (i)) and by the continuity of 

bi(x, ") we deduce that (2.23) and (2.24) hold on the whole Wlo'P(t~i, )(i)). 
Therefore bi (i = 1, 2) satisfies ($1)+($3) with 2 and m, so, by Remark 2.4, there 

exist positive constant ci (i = 1, 2) such that 

~2.25)~ c~l )~(x)<<.)~(i)(x)<~ci~(x) a.e. in ~ i  ( i =  1,2);  

moreover by (2.25) we deduce that 

(2.26) W~,p(~i ,  ~(i)) = W01. p(t~i, 2) (i = 1, 2). 

Now let us set uh = (Ah(1))-lf, v~ = (A (he))-~ g, u = (B(1))-lfand v = (B(~))-~g with 
f e  Ln ( t~ l )  and g ~L~(t~) ,  then by (Se) it follows that 

(2.27) ~ (a~ (x, Dua) - aa (x, Dv~)lDu ~ - Dye)~ dx >I 0 ~ ~ ~(~1),  ~ I> 0. 

Since WI'p(t~,  2~)_c W~'~(t~e, 2~), by Theorem 1.2, (2.20) and (2.23), passing to 
the limit in (2.27), we have 

(2.28) ~ (b~ (x, Du) - be (x, Dr) I Du  - Dr) ~ dx >I 0 Y~ e d)(t) 1), ~ I> 0. 

for every u in (B(1))-~(Ln(t)~)) and v in (B(e))-l(L'(t~z)). 
Then, by (2.21)+(2.26) and by the density of (B(~ in W~'~(~i, 2), it 

ibllows that 

(2.29) (b~(x, Du)  - b~(x, Dv) lDu  - Dr) >1 0 a.e. in t~ ,  

for every u in W~'P(~ ,  )0( _c Wo~'~(t)e, 2)) and v in W~'P(t)~, )0. 
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For every t > 0, u, v in Wo~' ~ (t)~, ;() let us set w:= (1/t)(u - v), then by (2.29) we 
have (b~(x, D r +  t D w ) -  b2(x, Dv)lDw)>~ 0 a.e. in ~ and, as t - ) 0  + , that 

(2.30) (b~(x, Dv) - b 2 ( x ,  Dv)IDw) >t 0 a.e. in Vv, w e Wo~'~(t~l, ~ ) .  

For every fixed bounded open set ~o r162 t~l, let ~ in C~ (~r~l) be such that ~ - 1 in oJ 
and let v(x):= (~lx)~(x), w(x):= (Vlx)~(x) with ~, ~, in Rn. By (2.30) it follows 
that 

(bl(x, ~) - be(x, $)1~) ~> 0 a.e. in co, for every ~ and V in R" 

and hence the thesis. �9 

3. - A G - c o m p a c t n e s s  r e su l t .  

In this section we want to prove that from every sequence (ah)h in g~(L, K) it can 
be selected a subsequence (ah~)r that G-converges to a function a in g~(L', K) for some 
L '~>I .  

Let t~ be a bounded open set of R n with Lipschitz boundary, let p, a, fi, L and K be 
positive constants verifying (2.1) and let, for every h e R,  ah be in g ~  (p, ~, fi, L, K) 
verifying ($1)+($8) with functions ~h in Ap(K) and mh in L~c(~). ' 

Let us assume that 

(3.1) (2h)h and (2~-P')h are bounded in LI(Qo) for some cube Q o ~ ;  

(3.2) 

(3.3) m h o m  in Ll(/))-weak, for some function m in L I ( ~ ) .  

Let us preliminarly observe that by (3.1) and (1.8)+ (1.10) there exist c = c(n) and 
two weights ~ and ,~ in Ap(cK) such that, up to subsequences, 

(3.4) 2h -o~  and 2~-P ' -o  ~ 1-p' in Ll(Q0)-weak; 

(3.5) 2(x) <<. ~(x) <<. K~(x), for a.e. x �9 Q0. 

LEMMA 3.1. - Let Ah = - div (ah(x, D .): Wo 1' p (t), ~ )  --* W -1' p' (~'~,)~h), then there 
exist a subsequence (A~h) h of (A~)h and a continuous and invertible operator 
A: W~'P(~, ~)--* W-I'P:(t), ~) such that 

(3.6) A~l f - - ->A- l f  in w~'l(t~)-weak, for every f eLn( t~ ) .  

PROOF. - By (2.18) it follows that there exists a positive constant cl, independent 
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on h, sueh that  

(3.7) l[ Ah f]lw~.,(a, zh) <~ Cl (mh + lab(x, O)lP' )~l-")dx + Ilfllw-l,,,(~,)~) 

for every f i n  L'(~9) for ever2 h. 

By (1.2), (1.4), (3.4), (3.5), (3.7) we deduce that (Uh)h, where uh := A l l  f ,  is weakly 
compact in W]'I (~) ,  therefore, given f i n  L'~(f~), there exists u(f) in W~'I(~) such 
that, up to subsequences, (Uh)h converges to uff) in W~' l (t? )-weak. 

By (3.4), (3.5) and Lemma 1A (i), it follows that u ( f )  e W~' p (~, ,~); moreover, by 
Lemma 1.4 (ii), passing to the limit in (3.7), there exists a positive constant c2 such 
that 

1/(p- 1) ~ for every f e  L n(~) .  (3.8) Ilu(f)llw~,,(a,~) <~ c2(1 + j w-l,,,(~,).), 

Let X be a countable and dense subset of L ~ (f2); then, by means of a diagonal pro- 
cess, the existence of an increasing sequence (zh)h can be deduced such that, for every 
f i n  X, (Ajhlf)h converges in W~' 1 (t?)-weak to some function in W01, P (t?,)0. Let us de- 
fine the operator 

B : X - ,  W~'P(t), )0,  Bf:= l ~ A j ~ f  (in W~' ~(a)-weak), 

we want to prove that there exists an operator (that for simplicity we still denote by 
B) B: W-I'P'(t?, t )  -o W~,e(t~, ;() such that: 

(3.9) IlBf - Ugllw].,(~, ~) <~ 

c~ (1 + I)fll w -~, ~'(o, ,,; + Jig 11 w-',,'(a, a)) (~ - P)/((" - ~>(~ - 1))Ilf - g tl ~(~7,123, a) 

for every f and g in W-I ,P ' (~ ,  )~) and some constant c3; 

(3.10) B f = l i h m A ; 1  f (in wl'~(~)-weak), for every f i n  Ln(f~); 

(3.11) B is invertible. 

Let f and g be in X, we clearly have that 

(3.12) ( f  - g, B f  - Bg} = l im(f  - g, A2~l f - A g l  g}. 

On the other side let us observe that, by (2.18), (2.19), (3.2) and (3.3), it follows 
that there exists a positive constant c4, independent on h, such" that 

tlA;1 - 1  fl < f -  A, h gll~d,p(~,a ) 

~< c4 (1 + Ilfllw-~,~,(a, zh) + Ilgllw-i,~'(e, zh)) (~ - P)/(P - 1) ( f  _ g, d ~  l f _ d ~  l g} 

for every f and g in X, for every h in N. 
By (3.4), (3.5), (1.5) and Lemma 1.4 (ii), taking to the limie in the previous in- 
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equality we get that there exists a positive constant c5 such that 

(3.13) IIBf - Bgllw],~(~,~ ) <~ 

<~ c~ I~ -  1)( 1 + ltfltw-,,.'(., ~) + ttgllw-',.'(~, ~))(~-.) /(( . -:)(~-.)  I I / -  -,,:/(~-:) gllw-l,p'(~, A), 

for every f and g in X. 

Since X is dense also in W -1' P' (~9, 2), by (3.13) it follows that B can be extended to 
the whole W-I'P'(tg, 2) and that (3.13) still holds on the whole W-:'P'(t~, ~), hence 
(3.9) follows. 

Let us now prove (3.10). 
Let f a n d  g be in L~(t~), by (1.4) and (3.12) it follows that there exists a positive 

constant c6, independent on h, such that 

(j :_ \:/@(P-:)) 
(3.14) t iAj~lf-Aj~gttw].~(a.~=h) <~ c6 Z~;P dx )  �9 

for every f and g in L~(~9), for every h. 

Moreover let us observe that, i f f e L ~ ( t g )  and g eX,  we can write B f - A j h l f  = 
= ( B f - B g ) +  ( B g - A ~ : g )  + ( A ~ : g - A ~ l f ) ,  then by (3.1), (3.8), (3.14), being X 
dense in Ln(t~), (3.9) follows at once. 

Let us now prove (3.11). 
Let f a n d  g be in L~(~) and set uh = A ~ l f i  vh = Ajhlg.  By (2.16) and (2.17) it fol- 

lows that there exists a positive constant c7, independent on h, such that if m~' (x): = 
= re(x) + tab(O, x)iP')<~-P'(x), y = ~t(p - ~<), then 

(3.15) I I f -  gilw-:,.'(~,>~) = IIA=.uh - Ao~vhllw-:,. '(,,,,,) 

for every h. 

On the other side, by (2.19), (S~) of Proposition 2.a and by (3.15), we get that 
there exists a positive constant cs, independent on h, such that 

c~ (s + Ilf l lw-:,.<~, >~) + I lg l l~- , , . ( , ,  ~))~ ( f -  g, A U f -  A:'g)~i~, 

for every f and g in L~(t~), for every h, 

with ~ = (p - 1 - r)/r + (Z - p)/fl. 
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By (3.4), (3.5), (3.9) and by Lemma 1.4, taking the limit in (3.16), we get that for 
some positive constant c9, independent on h, 

(3.17) IIf- c (1 + <f-  g, B f -  Bg) p/~ , 

for every f and g in L ~ (~9). 

Moreover, by the density of Ln(t~) in W -I'p' (t~, ~) and by the continuity of B, it 
follows that (3.17) holds on the whole W-~'P'(t~, i(). 

Therefore, since B: W-I'P'(~9, ~)~W01'P(t~, ~) is continuous, monotone and co- 
ercive, (3.11) soon follows, for instance, from Corollary 1.8, Ch. II! in [10]. 

Finally if we take A: = B - 1 : W~' p (t), 2) --> W~' p' (t~, 2) the thesis follows. [] 

LEMMA 3.2. - Let (Ah)h and (zh)h be as in Lemma 3.1. Then there exist a subse- 
quence (~h)h of (zh)h and a continuous operator M: W -I'p' (~, ~) --. (L p' (t~, ~i -p,))~ 
such that 

(3.18) a~h(x, DA~l f )  -->Mf in (Ll(t~))~-weak, for every f in Ln(~). 

PROOF. - Let us set for simplicity ~h = 2 ~h, mh -= m~,  ah -= a~ h , Ah - A~ h and define 
the operators Mh: W-I'P'(t~,)~h)--->(LP'(t~, 1-p' n _ _  )~h )) , Mhf: ah(x, DA[l f ) .  

Then, by (2.4), (1.4), (3.2), (3.3) and (3.7), it follows that, given f e  Ln(~), the se- 
quence (Mhf)h is weakly compact in (Ll(t~)) ~. Therefore, if X is a countable and 
dense subset of L ~ (t)), by means of a diagonal process, we can assume that, for every 
r e X ,  the sequence (Mhf)h converges, up to subsequences, in (Ll(D))%weak to a 
function Mf. 

Let us prove that 

(3.19) Mfe  (LP'(t~, ~l-p'))~ for every f e X .  

By HSlder inequality and (3.4) we get 

(3.20) ~f ,Mf,,~,dx ~lin]hinf(j IMhf,P')~I-P'd2c)I/P'(j ]~,P~dx) lip V oEC~ 

hence, by (3.5) and (3.20), (3.19) follows at once. 
We now want to prove that M can be extended to a continuous operator on the 

whole W -I'p' (t~, i() and that 

(3.21) Mf= 1~ ah(x, DAZlf )  (in (Ll(t~))n-weak), for every f E  Ln(~) .  

By (2.16)+(2,19), (3.2), (3.3), (3.14) and by (3.4), (3.5) and Lemma 1.4 it 
follows that there exists a positive constant c~, independent on h, such that, if 
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= (p(fl - ], - 1))/((p - 1)(~ - 1)) and ~. = ~ / (p  - ~), 

(3.22) liminf IMhf - MhglP' 7~-P' dx < 
h 5 

e (1 + + I I f -  ~ 

for every f and g in X. 

On the other hand, by using arguments similar to the ones employed in the proof 
of (3.19), it can be proved that 

(3.23) I]Mf - MgII(L,' (~,~-,'))~ <~ liminf I I M h f  - Mhg]P'71 -p' dx ; 

hence, by (3.22) and (3.23), it follows that 

8 (3.24) []Mf_MgH(L,,(~,~_p.))~<<ca(l +]]fl]w_~.,,(a,~)+]]g]]w_,.,,(a,~)) ]]f_,~ rp'/(~-l) Y W-I,p'(D,~),  

for every f and g in X. 

By the density of X in W -I'p' (t~, 7) and (3.24) M can be extended to an operator, 
still denoted by M, defined on the whole W -I'p' (t~, 7), moreover (3.24) holds on the 
whole W-I'P'(t),  7). 

Let us now prove (3.21). 
Let f be in Ln( t ) )  and g in X; since we can write 

M f  - ah (x, DA~- l f )  = 

= ( M r -  Mg) + (Mg - ah(X, D A [ I g ) )  + (ah(x, D A h i g )  - ah(x, D A h l f ) )  

by (3.15), (3.24) and by the density of X in L n (~), (3.21) follows at once and so the the- 

sis follows. �9 

Now we can prove a partial G-compactness result. 

PROPOSITION 3.3. - Let t~ be a bounded open set of R n with Lipschitz  boundary and 
let ah be in : ~ ( p ,  ~, ~, L ,  K) (h = 1, 2, ...) verifying ($1)+($8) with funct ions  7h in 
Ap(K)  and m~ in Ll(t~).  

Let us assume that (3.1)+ (3.3) hold, then there exist a subsequence (ahr)r of  (ah) 
and a funct ion  a in : ~  (p, ~, ~, (cK)I/pL, cK) (where c = c(n) is a positive constant 
depending only on n) such that 

o 
ahr ~ a in t~ . 

PROOF. - Let us first observe that by (1.6), (1.7), (3.1) we can assume that (3.4) and 
(3.5) hold. 
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Let  Ah be as in Lemma 3.1, then by Lemma 3.1 and Lemma 3.2 we can as- 
sume that there exist two continuous operators A: W~'P(t~, ~)--* W -I'p' (t~, ~) and 
M: W-1, p' (t~, ~)-- ,  (L p' (t~, 21-p'))~ with A invertible such that, up to subsequences, 
(3.6) and (3.18) hold with h = oh - ~h. 

Moreover let us observe that  by (3.9) it follows that 

(3.25) Y : = A - I ( L ~ ( t ~ ) )  is dense in W01'p(t~, ~). 

Let  us define the operator 2t~:= M o A  and, for given u and v in Y, let uh = A [ 1 A u ,  
v~ = A [ I A v  be in WI'p(t~, ~h). 

If  Ha is the function in (2.2) with m - mh, a -= ah, then by ($1)+ ($3) we get 

(3.26) I Duh - Dvhl <. 

<<. ~ ~ 1/p H(hZ - p)/p~ (x, Dub, Dvh)(ah (x, Dub) - a(x, Dvh) I Duh - Dvh) 1/~ , 

(3.27) lab (x, Du~) - a(x, Dvh) l <~ 

<~ L~ 1/p H(p - 1-a)/p (X, BUh, Dvh)(ah (X, Dub) - a(x, Dvh) lDuh - Dvh) ~/p , 

a.e. in t~, for every h. 
Set ~ = ( p - 1 ) / p ,  p = ( f l - p ) / p f l ,  ~ = 1 / / ~  and t h - D u h - D v h ,  s h = ~ - P ' ,  

zh =- Hh (x, Dub, Dvh), wh - (ah (x, Dub) - ah (x, Dvh) lDuh - Dvh), then by (3.4), (3.6), 
(3.19) and Theorem 1.2, the assumptions of Lemma 1.5 are fulfilled hence, taking the 
limit in (3.26) we get  

(3.28) I Du  - Dv I <~ 

< ~ -1/P[m + (l~'IulDu) + (l~/IvlDv)](z-~)/~z(l~'Iu - IV1vlDu - Dv) 1/~ a.e. in t~, 

for every u and v in Y. 
Analogously, by applying again Lemma 1.5 with 8= l /p ,  ~ = ( p -  1 -  a)/p,  ~ = alp, 

t~ =- a~(x, Dua) - a~(x, Dv~), Sh -- )~,  Wh = (a~(x, DUb) -- ah(X, Dv~)IDuh - Dye) and 
taking the limit as h--* + ~ in (3.27), we get 

(3.29) I/~u - / ~ v  [ ~< 

- ~ ( p -  1 - ~ ) / p  ~ 

< L ~ l / p [ m + ( M u l D u ) + ( M v l D v ) ]  [ ~ u - l ~ v l D u - D v )  ~/~ a.e. in t ) ,  

for every u and v in Y. 
By (3.25) we get also that  (3.28) and (3.29) hold on the whole W 1' ~ (t~,)~); moreover 

from (3.5), (3.28) and (3.29) it follows that 

(3.30) I M u  - Mvl -< 

<~ L~/(~-~)~P-~[m+(lYluIDu)+(IVIvlDv)]  (~-~-~)/(~-~) I D u - D v )  ~/(~-~) a.e. in t~, 

for every u and v in W~' ~ (t~, ~). 
We now construct a function a for which A = - div (a(x, D .)). 
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Let (09j)j be an increasing sequence of open sets of R ~ such that Ogj C ~ for every j 

and --[Jl oJj - -  ~ and let (~j)j be a sequence of functions in Co 1 (t)) such that ~j = 1 in o~j 
J 

for every j. 
For every ~ �9 F~ ~ let us define the functions ~ )  by ~.~ ( ) .  Cj(x)(~[x) (x �9 

and let a be the function defined by a(x, E): = (M~.~))(x) if x �9 ~j.  By (3.30) it follows 
that a is well defined since ( l t ~ ) )  = ( / ~ I  ~)) a.e. in ~j, if i > j .  Moreover, by (3.5), 
(3.28) + (3.30) it follows that a �9 g ~  ((cK)I/PL, cK). 

In particular, by (3.30), a(x," ) turns out to be a continuous function on R n , for a.e. 
x i n ~ .  

Then, in order to get the thesis it is sufficient to prove that 

1Vlu = a(x, Du) a.e. in t~, for every u �9 W 1' p (t~, 2); 

but this can be proved by the Minty trick (see, for instance, proof of the Theorem 1.1 
in [8]). �9 

REMARK 3.41 - If we replace condition (3.1) with the following one: for every cube 
Q of Rn(~a)h and (~-P ' )h  are bounded in LI(Q), then, by Remark 1.3, it follows that 

�9 Ap(K) and that (3.5) holds on the whole R n. Therefore by (3.29) we get that 
a �9 g ~  (K1/PL, K). 

Now we can prove the main result of this paper. 

THEOREM 3.5. - Let p, ~, 8, L and K be constants verifying (2.1). Let ah (h = 
= 1, 2, ...) be functions in g~(p, ~, 8, L, K) and assume that each ah verifies (S1)+ (S3) 
with functions 2h in mh and Llloc(R~). 

Moreover let us assume that: 

(i) for every cube Q of FJ the sequences (2h)h and (2~-P')~ are bounded in 
LX(Q); 

(ii) for every cube Q of F~ ~ there exists a positive constant c = c(Q) (depending 
only on Q) such that 

I [ah(x, O)[P'~-P'dx <<- c(Q) for every h; 
q 

(iii) there exists a function m in Llloc (R  n) such that mh--) m in L 1 (Q)-weak for 

every cube Q of R ~. 

Then there exist a subsequence (ah,)r of (ah,)h and a function a in 
g~(P, :r 8, LK1/p, K) such that 

c 
ahr-o a in t~ , 

for every bounded open set t2 of F~ ~ with Lipschitz boundary. 
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PROOF. - Let us begin to observe that, by Remark 1.3, we can assume that there 
exist two weights ~ and ;~ in Ap (K) for which (3.4) and (3.5) hold for every cube Q. 

For every j e 1N, let Qj = ( - j ,  j)~, then by Proposition 3.3, Remark 3.4, it follows 
that there exist a subsequence (a~(1)) h of (ah)~ and a function a (1) in g~Q~(LK 1/p, K) 
such that a~ (1) G a(1) in Q~. 

Analogously, by applying again Proposition 3.3 to the sequence (a~(~))~, we get the 
existence of a subsequence (a~(e))~ of (a~(~))~ and of a function a (~) in ~Q~(LK ~/~, K) 
such that 

(3.31) a~ (2) -~ a (2) in Q2. 

On the other side we have also that 

(3.32) a(2 )_~e a(1) in Q1,  

then, by Proposition 2.9, it follows that a(1)(x, ~)=a(2)(x,  ~) for a.e. xeQ~, for 
every ~ e R ~ . 

By repeating the above construction for every j e N,  we get a sequence (a(hJ))h and 
a function a (j) in ~Q~(LK 1/p, K) such that 

(3.33) a~ j) ~ a (j) in Qj, 

(3.34) a(J)(x,$)=a(~)(x,$) for a.e. xeQj ,  every ~ e R  ~, j e N  and every l <<.i<.j. 

Therefore if we define a: R ~ • R ~ --* ~:~n as 

a(x,~):=a (j)(x,~) if x�9 ~eR n; 

by (3.34) it follows that a is well defined and that a e g~(LK 1/p, K). 
Now let us consider the diagonal sequence 5 h -  ah(~); clearly, it follows that 

(3.35) G 
a h ~ a  in Qj, for e v e r y j .  

On the other hand, ff t~ is a regular bounded open set of R ~, by Proposition 3.3 
there exist a subsequence (ahr)~ of (~a)~ and a function a (a) e g ~  (L(cK) 1/p , cK) such 
that 

(3.36) 5hr G a(~) in t~. 

Let J0 e N be such that t~ c QJo, by (3.42), (3.43) and by Proposition 2.9 we get that 
a(x, ~)= a(~)(x, ~) for a.e. x e t~, for every ~ e R n, hence the thesis follows. [] 

As a particular case, by Theorem 3.5, we deduce the following corollary. 
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COROLLARY 3.6. - L e t  p/>2, K ~  > 1 and let ah: R ~ • R'--~ R ~ ( h =  1, 2, ...) be 
Carathgodory functions verifying (0.2) with L >t 1 and ~h in Ap(K) for every h such 
that, for every cube Q, ([zh)~ and (~-P')~ are bounded in LI(Q). 

Then there exist a subsequence (ah~)~ of (ah)h, a weight ~ ~ in Ap(K) and a 
Carath~odory function a~ : R ~ • R ~ ---> R ~ verifying (0.3~ with ~ ~ and with a suit- 
able positive constant L' such that, for every regular bounded open set t~ and for 
every f in L ~ (t~), the solutions Ur of the problems 

( P r )  - d i v ( a h ( x ,  D v ) ) = f  i n t ) ,  veW~'P(t),lzh~) ( r = l ,  2 , . . . )  

converge in W~' l(t))-weak to the solution u~ of the problem 

- d i v ( a ~ ( x ,  D v ) ) = f  in t), veWl'p(19,  t ~ ) .  

Moreover the weak convergence in (L 1 (t~)) ~ of the momenta (a~(x, Du~))r to the 
momentum a~ (x, Du~) holds. 

PROOF. - By Proposition 2.3(ii) it follows that ah verifies ($1)+($3) with 
function 

(3.37) 2h(X)=Clt~h(X), mh(x)=c2~h(x) ,  a = l ,  f l = p  and / ~ > 1 ,  

being ci (i = 1, 2) and/~ suitable positive constants independent on h; hence (ah)h is 
contained in g~(p, 1, p,/~, K). 

By (3.37), (1.6) and (1.7) we can apply Theorem 3.5 and get the existence of a sub- 
sequence (ah~)~ of (ah)~ and of  a function a~ in g~(p, 1, p, LK 1/p, K) verifying 

Lloc(R ) such that ($I) + ($8) with functions 2 in Ap (K) and m in 1 n 

G 
(3.38) ah,--> a~ in t~, for every regular bounded open set t~. 

Moreover, by Proposition 2.3 (i), it follows that a~ verifies (S~') and (S~') with 
~ , ( x ) = c4 2( x ), m ,  ( x ) = cs )~( x ), ~" = 1/ ( p - 1),/~ -- p for suitable positive constants L~ 

(i = 1, 2). 
For every r e  N and every regular bounded open set t~, let wr be the (unique) solu- 

tions of the problems in (Pr) relative t o f  = 0; then, since by (0.2) abe(x, 0) - 0, it turns 
out that w~ = 0 a.e. in t~. By (3.38) it follows that 

0 - abe(X, D w r ) ~  a(x, 0) in (L1 (t)))n-weak, 

and, being t~ an arbitrary regular bounded open set, that a(x, O) = 0 a.e. in F~ ~. 
Finally, if we take ~ | (x):= (1/L2)~(x), the thesis soon follows. �9 
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