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Abstract The method of moving asymptotes (MMA) which
is known to work excellently for solving structural optimization
problems has one main disadvantage: convergence cannot be guar-
anteed and in practical use this fact sometimes leads to unsatisfac-
tory results. In this paper we prove a global convergence theorem
for a new method which consists iteratively of the solution of the
known MMA-subproblem and a line search performed afterwards.

1 Introduction

In the last few years, the concept of convex approximations
has caused more and more interest in structural optimization.
A structural optimization problem written in the form

min  f(x) (x€R"), st. hj(x)<0, j=1...M,
xeX, (1)
where X = {x | z; < z; <T;, i = 1...n} is replaced by
a sequence of easier to solve, convex, separable subproblems
which approximate the original problem. The functions f
and h; (j = 1...M) are assumed to be continuously differ-
entiable and the feasible region is assumed to be non-empty.

The most general of these methods, the Method of Mov-
ing Asymptotes (MMA), is nowadays implemented in many
software systems (see e.g. Hornlein and Schittkowski 1992).
The experience of users is that if MMA converges, then it
approximates a solution rapidly by a sequence of steadily im-
proved designs, but the major drawback is that it diverges in
quite a few of applications.

This was the reason for the investigations which resulted
in this paper. By adding a line search subject to a func-
tion measuring the global convergence, the behaviour of the
method can be stabilized without losing the known advan-
tages. .
In the following section, we will describe the optimization
methods CONLIN and MMA and outline some of their main
features. In Section 3 we will explain the new method and for-
mulate the most important results including a proof of global
convergence. Section 4 contains one possibility to overcome
difficulties concerning the solvability of subproblems. The

numerical behaviour is illustrated by some examples in the
final section.

2 CONLIN and MMA

Using the idea of using reciprocal variables, Fleury and
Braibant (1986) developed the optimization method CON-
LIN (convex linearization). An approximation of a function

is defined by separate linearization for each component de-
pending on the sign of the partial derivative at the expansion
point. If the sign is positive, then the linearization is per-
formed with respect to the original variable, if the sign is
negative, then it is subject to the inverse variable, leading to
a convex approximation of the original function.

The Method of Moving Asymptotes (MMA), however, is
a generalization of CONLIN. Svanberg (1987) proposed a lin-
earization with respect to substituted variables
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respectively, where U; and L; are some chosen parameters.

Definttion 2.1. Let g be a continuously differentiable function
on X. An MMA approzimation § of g is defined by
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where E(E) means summation over all components
+

i where the partial derivative —61 at the ezpansion

Ty
point x¥ is non-negative (negative); § is defined on Dy : =
{x | max(L;, z;) < z; <min(U;,%;), i=1...n}.
It is easy to verify that § is a first-order approximation of

g, l.e.

§(x%) = g(x%) and V§x")= vg(x?),

and § is convex and separable, where g stands for the objec-

tive or constraint function, respectively.

Remarks

e The CONLIN method is obtained by letting L; = 0 and

U;—o0(i=1...n), and

e L; and U; are asymptotes for g.

The algorithm proposed by Svanberg (1987) can be outlined

as follows.

Step 0: Choose a starting point xo, let & := 0.

Step 1: Compute f(xk), h]-(xk), Vf(xk), th(xk), j =
1...M.

Step 2: Define a subproblem, replacing f, hj by f, 71]-, j=
1...M , according to (2.1).

Step 3: Solve this subproblem and let its solution be denoted
by xF*+1 Let k:=k+1 and goto Step 1.



We neglect here certain details, for example, the choice of the
asymptotes, which are in general updated in each iteration.
When applying this algorithm one sometimes may observe
difficulties concerning the objective function. It is possible
that the approximation is linear or almost linear leading to
useless subproblems. Therefore, Svanberg (1993) suggested
to append a term to the approximation of the objective func-
tion which guarantees strict convexity of the objective func-
tion. We use here the following mode, where we first rewrite
the original approximation,

fo) =T+ Y g ==Y —
+ 1 2 — 2 2

Definition 2.2. For the (continuously differentiable) objective
function of (1) we use the approzimation
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where € is some posilive number.
This approximation remains separable and is now strictly
convex with two major advantages.

o The subproblem has a unique solution (if it has at least
one).

o A very efficient dual approach for solving the subproblem is
applicable (cf. Fleury 1989; Svanberg 1987; Zillober 1992).

To simplify the notation, we shall use the following ab-
breviation.
Definition 2.3. By SP(xk) (subproblem) we state the opti-
mization problem

min f(x) subject to ﬁj(X)SO,j:l...M, xe X',

where x* is the expansion poini and the functions are chosen
according to (2.1) and (2.2) and X' := {x | max [z;, zf -
w(zf — L)) < o; < min [, «f +w(U; -2}, @ €01
fized).

We note that always X’ C X and all x € X' are bounded
away from the asymptotes. Next, we state a result which is
very important in identifying a solution.

Lemma 2.4. x* is a stationary point of (1) if and only if x*
is a stationary point of SP(x*).

Proof: Zillober (1992).

Of course the choice of asymptotes is a crucial point for
the behaviour of the algorithms discussed in this paper, but
it is not our central scope. For theoretical purposes we now
restrict the set of possible choices.

Definition 2.5. A strategy for the choice of asympiotes is
called continuous, if for any sequence {xk} — X we have
Li(xF) — L;(x) and U; (xF) — U;(x), respectively, for all
i=1...n and for all x,xk € X.

By the notation Li(xk), Ui(xk) we mean the asymptotes
resulting from the evaluation of the chosen strategy at the
point x*. These asymptotes may depend on the current iter-
ation point, additionally on previous iteration points as the
strategy in Section 5, or may be independent of the iteration
point (note that, for example, the CONLIN method results,
if L; = 0 and U; = 4o0 are chosen foralli =1...n). In
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the theorems stated later we will assume that the strategy
for the choice of the asymptotes fulfills (2.5). The reason is
that (together with other assumptions) the feasible regions of
the subproblems then vary continuously with respect to the
expansion point. Tests with different strategies showed that
global convergence of the new method is observed by apply-
ing non—continuous strategies. In other words, the continuity
of the strategy for the choice of the asymptotes is sufficient
for global convergence, but not necessary.

For the CONLIN method, Nguyen et al. (1987) gave a
convergence proof but only for the case that (1) consists of
concave functions, which is of less practical interest. They
indicated furthermore by some examples that a generaliza-
tion to non-concave functions is not possible. Zillober (1992)
showed that a similar convergence analysis could be applied
to MMA. Using the flexibility of the asymptotes which in-
fluence the curvature of the approximations, it is possible to
omit the concavity assumption. However, the resulting re-
striction on the choice of the asymptotes leads to a very slow
numerical convergence of the algorithm so that the theoreti-
cal improvement does not result in a more efficient algorithm.
This was the motivation to look for another way to prove con-
vergence of the method without losing the good behaviour of
the original method. These results are reported in the next
section.

3 Sequential convex programming

It is well-known that by adding a line search with respect
to a function measuring the global convergence of an algo-
rithm, the behaviour of an optimization method is improved.
Generally, such a line search needs additional evaluations of
the original functions of (1). Therefore most people reject
this idea to globalize MMA, since its numerical performance
is excellent even without a stabilization. In this section, we
prove that MMA, together with a line search subject to an
augmented Lagrange function, leads to a globally convergent
optimization method. The examples in Section 5 are chosen
to illustrate this fact. However, first we rewrite (1) in order
to obtain a simplified notation in this section,

min  f(x) st hi(x)<0,7=1...m, (2)
where m = M + 2n, i.e. we also write the box constraints

in the form hj(x) < 0. Now we introduce the augmented
Lagrange function.

Definition 3.1. The augmented Lagrange function &,
R*™ — R associated to (2) is for a fized parameter r > 0
defined by

o () = f(x) +

m | ugh;(x)+ th(x) if — Y hi(x)
J 27 ’ r = 7

4
J=1 5
This function is also used in the general purpose optimization
method SQP (Sequential Quadratic Programming) by Schitt-
kowski (1981) as a merit function and is known to work well
for stabilizing the method.

The motivation to choose the augmented Lagrange merit
function results from the following two well-known state-
ments.

otherwise
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(1) A point (3 *) 1s stationary for @ if and only if ({fi) is
stationary for (2).
(2) Under some regularity conditions there is an 7 > 0 such
that x* is a global minimizer for &,(x) := @r(x,u*) for
all r > 7.
To simplify the notation we use the following definitions.
Definition 9.2. Let u € R™ be a vector of multipliers and
x € X be an arbitmry point. Then

o= (uy,.. um) , where U; =

{uj'} if ——r—<h(x)
0, otherwise

o h(x) = (h1 (), b ()T,

o h(x) = (By(x), ..,,hm(x))z , where
B = d B, if == <hj(x)
Rix)=4 YW . j

J( ) 0, otherwise
h(x) := (hy(x), ... hm(x))T | where

u
A hix), i~ < hi(x)
h](x) = { ]u' r ! )
7 .
—= ., otherwise
o Ax) = (Thy (), -, Vo ()T
uy
oJ —'{]]1<]<m,————<h (x)}
o K:={j|1<j<m;j¢J}.
Hence, the gradient of the augmented Lagrange function
is
v, (5) = { T+ AGO + (o)
h(x)
Before we formulate the algorithm we state some auxiliary
results.
Lemma 3.3. Let us consider SP(x*) where x¥ is an arbitrary
element of X. Then

(a) hj(x) and f(x) are uniformly bounded on X for all j =
1...m;
(b) v

()
(d)

) and Vf(x) are uniformly bounded on X for all

5(x
..my

) and f(x) are uniformly bounded on X' for all j =
.m;

Il:~

.

J

/-\

Q-
;-a

(x) and Vf(x) are uniformly bounded on X' for all
1

( vk k)Z
o)
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(e) €% = min _min [26
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:I} (> 0) is a lower bound such

that zékforallxeDf(izl...n).

1 x
(f) There are £ and € > 0 such that € > ﬁk > ¢ for all k.
Corollary 8.4. Let yk'H be the optimal point of SP(xk).
Then

(a) V£(x*)T (xF fxky -
E+1_ k|2

x ” , where nf = §2— and ||

yEy > FiyFhy+

nF ”y || denotes

the Euclidean norm throughout.
(b) If xF s feasz'blleor (2) then Vf(xk)T(xk _ yk‘H) >
" Hyk-{—l _ xk\

(c) There are 7 and n > 0 such that 7 > nk >n for all k.
Lemma 3.5. Ifx € X and 0 < uj umax forallj=1...m,
then &y (‘)i) is uniformly bounded from below for all v > 1.

The proofs for these statements are straightforward and
omitted here. The interested reader is referred to the doctoral
dissertation by Zillober (1992).

Now we formulate the SCP (Sequential Convex Program-
ming) algorithm in order to show the similarity to the SQP-
method.

Step 0 : Choose x? € X, u® >0, 0 < ¢ < 1 (e.g. 0.001),
0<y<l(eg 05), r>0(eg. 1),let k:=0.

Step 1 : Compute f(xF), ¥ f(x*), h]-(xk), Vh]'(xk), i=
1...m.

Step 2 : Compute Lf and Uik (i=1...n) by some scheme;
define f(x), hj(x), j=1...m [cf. (2.1) and (2.2)].

B+l
Step 3 : Solve SP(xk); let (zkﬂ) be the solution, where

vE+1l denotes the corresponding vector of Lagrange

multipliers.
k
Step 4 : If yk+1 =xk stop; (ﬁk) is the solution.
E_ k41
x —
Step 5 : Let sk := (u’“—ik“) L6k = || y* 1 —xE ||, 7F as

defined in (3.4).

k k e T
Step 6 : Compute @, (ﬁk), V&, (ﬁk), V&, (ﬁk) sk,
v T k 6]6 2
Step 7: If Vo, (X) sF < LG
Step 6; otherwise compute the smallest j € Ny, such
T
k . k . k
that @, [(ﬁk) - Wsk] <&, (5k) — IV, (i) s
(Armijo); let PLIEV
sk + «F E
Step 8 : Let (uk“) = (uk) —oksk ki=k+ 1, goto Step 1.
The major difficulties in provmg global convergence for
the new method are to show that the search direction defined
in Step 5 of the algorithm is a descent direction for @; and
that the resulting sequence of penalty parameters is bounded.

To prepare the proofs we proceed as follows.
For x € X' we rewrite the approximating functions

Fo) = Foc) + VM) (= xF) + Rp(),
hj(x) = hy(x*) + Vi (k)T (x — xF) + Ry (%),
where R » 7 R~
Since we have convex approximations we conclude R f(x),
R;Lj(x) >0forallx € X'.

Since the approximations are of first-order for objective
function and non-box-constraints, and the box-constraints
can be rewritt.en as hj(x) := h;(x)+x; with k; > 0 constant,
we further write:

F) = 16F) + v (x - xF) + Rp(x),

h(xk)+Vh (xk)T(x xk)+R (x) Jj=1..

let r := 107 and goto

: IR® — IR are continuously differentiable.

hj(x) =
T
Next we define: A(x) := [hl(x), R hm(x)} and Rj (x) :=
T .
[Rill (x); -, Rizm (X)} . Hence h(x) = h(xk)-{-A(xk)T(x_
xk) + R (x) .



For the optimal solution yk'*'1 of SP(xk) we define and con-
clude as follows.

Corollary 3.6. Lei AxF = yk'i'1 —x*. Then

(2) AT AxF = RyFH) — h(xh) - By (yH D),
(b) Rj(x) >0 for allx € X!,

(¢) W+ rh(x) >0,

(d) i~z(yk+1) <0 since y*t1 s feasible for SP(xk).

A result from perturbation theory together with (2.5) tells us
that Ax* is a continuous function with respect to x¥. This
is the main reason for introducing the qualification (2.5).
The next lemma shows that the elements of the sequence
(x u ) k=0,1,2,... are all elements of a predefined compact
set.
Lemma 3.7. Let the sequence (x u )k =0,1,2,... be produced
by SCP, all subproblems be solvable and gmdzents of active
constraints at the optimal poinis of SP(xk) be linear inde-
pendent as well as those of SP(x*) where x* is any possible

k

accumulation point of (Xk)k=0,1,2,...~ Then all points x* are

in X and all u¥ are in a compact set U.
Proof: Zillober (1992).
Remark. The property x¥ € X is a trivial conclusion of the
definition of X',
Now we are able to state the first main result.
Theorem 3.8. Let the assumptions of (3.7) be valid; hence

there is @ umax with uf-,vf'*‘l < umax for all k > 0 and

j=1...m. Let xF € X and uf > () be given where xF is not
a stationary point or (2), sk,nk and §F are defined as in the
algorithm and let the choice of asympitotes be continuous.
(1) Then there is a penally parameter 7 > 0 such that s*

a direction of descent for all v > 7* for the augmented
Lagrange function &y, i.e.

T k §k\2
v,k 1) s> 1 ( (65 for all 7> 7.
(2) For each fized § > 0 there is a finite 7 7 such that for all
k
Er) with §% > 6 we have

g T kigk\2 g2
ver (X)) sk > 17-(4—)2 anor al r>7

Proof. V&r (fl:)Tsk =
~vixR)T axk - [ﬁk + rﬁ(xk)} T Ay Axk —
iz(xk)T(vk'H _ uk) - —Vf(xk)TAxk _ [(ﬁk+
k)] AR = hixk) - Ry )] -

h(xF)T (vEFTL — uFy of. (3.62) = =V F(xF)T axF -
a* + rh(x")] TRkt 4 [ + rh(xh)] hek)y +

<0

[ﬁk + rﬁ(xk)] T Rﬁ(yk'H) —iz(xk)T(vk_{'1 -

>0

uky of. (3.6b,c,d) > —~VFxF)T Axk + @) h(xF) +
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rﬁ(xk)Th(xk) - iz(xk)T(vk+1 - uk) = - Vf(xk)TAxk +
—— ———

(a)

Z u?h]‘(xk) +7r Z h?(xk) — Z hj(xk) (U;H'l - u;c) +
jeJ jeJ jeJ

(5) (c) (4)
Z ﬁ (v’-”'l - uk) cf. (3.2)

r J J TATTE

JEK

(¢)

Using the last inequality we first prove part (2) of the
theorem. For this purpose, we will show that critical terms
are sufficiently small for large penalty parameters.

Let x* be feasible. By (3.4b) we then have

—VixFT axk > b “Axk”2 =% (52 > 0.

If J=0: (b), (c) and (d) are empty sums,
1 1
ie)] = - Z u;c <U§+1 —uf) < ;mu?nax independent
JjEK

of the size of K. Hence we have for r > r; :=
4ul 62 . NG
_171;1_2:1)(, I(e)] < -714— This means Vdir(flk) sk >
nk (8k)?

3———forallr>ry.

HJ#£0:

2
We have (¢) > 0. Similar to the above is |(e)] < ﬂi— for all
r2ri

(b) : Assume |(b)] > ~— (otherwise there is nothing to

show!)
I(5)] < umax z |h (xk){ = z |h )| > . This
Sumax
sum consists of at most m elements and is essentially not
, 1 82
influenced by those elements where |h -(xk)‘ < N L
m 8umax
n6?
Since j € J we have for all j with \h (xk)’ :
k & m 8Umax
1 ps? U
——J‘S (k)< ylJ and — —L > _Umax
r m 8umax r r
8umax

However, for r > r9 := m 52 this j is in K and does

therefore not increase (b).

1 n6?
(d) : Analogously either \hj(xk)‘ < = U ,or j € K for
m 8u ax
ns?
r > rg such that |(d)] < ra

k

For each feasible x* we conclude

r T k(sky2
Vér (ﬁk) sk > 77—(—2——)- for all r > max{r{,ry}.
Now we assume that x® is infeasible. Therefore there is
at least one j with hj(xk) > 0. This j is an element of J
for all positive » and is a non-box constraint because of the
definition of X'.
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Corollary (3.4a) tells us that (a) > f(xF) — Fiys+y 4
nk(ék)Z. Since x* is now infeasible we can no longer con-
clude that f(xk) - f(yk"H) > 0. However, there is 81 > 0,

such that for all x*¥ where ’xk —y’H'1

I > § we have:

N _ 2
max hi(ek) < By = k) — FyHHT) > 105 8y does

1=1l..m
not depend on xk(e X) since the feasible region is compact.

)Z3M

pared with (3.4b) a weaker condition is also valid for expan-
sion points xk , which are “slightly infeasible”. Now we have
to consider the other terms,

2
I(d)] < Umaxjglhj(xk)l < % o %lhj(xk)l

2
" This condition is fulfilled, if (e.g.) all 'hj(xk)‘
8umax

1 s

m 8umax
this j then belongs to K.
(b): Since uf > 0all j € J where hj(xk) > 0 are positive
elements in (b) and can therefore be neglected; i.e. with the
52
same arguments as above we have for r > ro : (b) > —%.
Now let 8 := min{f;; B2} and assume h]-(xk) < S for all

These conditions yield (a . In other words, com-

IA

IA

=t By . M hj(xF) < 0 it is valid for r > ry, since

2
J. Since (¢) > 0 and {(e)| < 17—2—— for r > r1 we conclude :

T k(sky2 52 52 52 k (5k)2
V() o 2 gTU e I T O
for all » > max{ry, rq}.

Otherwise, there is at least one j with hj(xk) > 3. Gen-
erally we have:

(@] < [VFEH)IAE) < max 7)) max 1 4xt]] =

‘M (3.3b)
k
b)| < : = .
[(B)] < mumax xI}Cue”)(( h](x ) =172, (3.3a)
()] < mumax max hj(xF) =y,
xkeX
()] < gy = 73 for 72 1,
k(ckN2
n* (8 1_
T < L5 max axk =iy (3.4
4 4: xkeX
In our situation we have in addition (¢) > B2
«F T % . ﬂk(ék)2
= Vor(yk) s8> —m -1 —y3 -+’ > = forr>
rg > llﬂzl%mj—ﬂ independent of x*(e X)
w T k(sky2
This yields V@, (ﬁk) sk > 77_(6_)_ for r > o=

max{r{, 79,73}, which proves the second part of the theo-
rem.
Replacing 6 by 6% and 7 by nk we can show the existence
of corresponding ry,rg (instead of 71,7y, independent of k)

for a fixed (ﬁk) where x* is feasible, with the same argumen-

tation and hence of #*. However, with these arguments we

can no longer guarantee the boundedness of 7* since 6F can
be arbitrarily small.
For infeasible x* there is at least one j€{l,..,m} where

hj(xk) = f# > 0. Therefore the condition is fulfilled with

E(cky\2

- (87)
4

trntrtrs
= .
small we cannot conclude the boundedness of the penalty
parameter in this case also without further arguments.
The next theorem shows us conditions which guarantee

t}ée boundedness of the penalty parameter also in the case of
)

r > Since @ might be arbitrarily

— 0.

Theorem 3.9. Let the assumptions of (3.7) be valid and as-
sume a continuous choice of asymptoies. For sk # 0 we
lof — vEHE k
W)—é—. Let (uk) , where xX° is not a
stationary point for (2), be determined by the SCP-algorithm
and fulfill the following two conditions:
(a)j € J if and only if Aj(y**1) = 0 (j = 1...m) (ie.
subproblems and the original problem identify the same
set of active constraints),

(b) there is an « € IR independent of k, such that af < o <

define: af =

oo
Then there is a 6y > 0, such that
w T E(sky2 A
v, (5% sF > T o an (%5) with ¥ <6, ,

. .9
where 7 := min{lOJ 17 € Ny, 104 > —a}.
Ui

Proof. Since we know the correct set of active constraints we

have uf = v]]?'l'l = 0 for all § € K because of the station-

J
arity conditions of SP(xk). Therefore: uf = u vFtl =

Vk"'l,iz(xk) = E(xk). Moreover, ﬁj(xk) = hj(xk) is valid
also for active box-constraints.

Using Taylor’s formula and the sufficient differentiability
of the approximating functions in X', we can write:

Fox) = 165 49 £ (e k) 2 k) T2 Fk) -
<)+ fRx), hi(x) = hj(x) + Vi ()T (- xF) +
5 (= X8 2 ock) (e — k) 4 o ()

where fR: Ej,R ( € J) : IR® — R are differentiable like f
and ﬁj. Considering Lagrange’s remainder we conclude

fr(®), izj,R(x) =0 (Hx - kag) .

Hence, we write the gradients

V() = VIh) + V2P - xF) + V()
Vhj(x) = Vh;(x*) + V2h;(x*)(x — xF) + VE; p(x),
where ”VfR(x)H , HVBJ"R(X)“ =0 (”x - xk’|2> .

Using these equations the stationarity conditions for
SP(x*) are



(i) va(;ck) + VIFk) Rt - xF) + Vip(yFth) =
= 3 AFL[Th0h) + V2R )T - xb)+

j=1
Vh; RG],

(i) v§+1 [hj(xk)+vhj(xk)T(yk+1 ~xF) + Lyh -
xk)Tvzﬁj(xk)(yHl—Xk)+7lj,R(yk+1)] =0, j =
1...m

(iid) Ry (%) + Vhi(k) T (yhH - *) + Lkt -
<DV 2R (k) (L — xb) + hj py*HY) < 0, 5 =

1...m,
(iv)vf'{'lzo, j=1...m
(i) yields : —Vf(xk)TAxk = (Axk)TVZf(xk)Axk—l—

VfR(yk+1)TAxk + (vk+1)TA(xk)TAxk+ T

{ il v§+1 [Vzﬁj(xk)Axk + Vﬁj’R(yk+1 )] } Axk
]_From the definition of Bj we know

()T axk = By — h(e) - H(ax®) — hp(y*Hh),

where

hr(FHY) = [y R(y

and

k+1)’” k+1)

5 T
< hin, R(Y ]

(k) = [LHH -T2 ) = ),

)

T

1 .
5(yk-|-1 XM T2 (k) (k- xk)]
If j € J, then
Ihj (k)] = 1Ry ()] = [hj(xF) — i (r* D)
[since hj(yk+1) =0]=
[ (k) — hj(xk) = ek +8(y*H —xF)T (rF ! P,
(where 0 € [0;1]) =
|— Vhj(xF +0(yFH —xk)T (A1 —xF)| < L]yFH ),
with L > 0 (3.3d).

Now we are able to derive the necessary inequality

r T
Ve, (i) sF=
~viRT axk - @F + rh(x*)T AT Axk -
B(xk)T(vk-}-l _ uk) — (Axk)TVZf(xk)Axk +
va(yk-{—l)TAxk —|—(vk+1)TA(Xk)TAxk +
e —
O[(8%)3]

vf‘l'l (Axk )TV21~1]~ (xk)Axk +

s

)
It
A

>0 (convexity)

NgE

1oy —
,Uj+ Vh],’R(yk-l-l)TAxk _(uk +
1

<.
1l

O[(6%)?]
rh(ENT AF)T Axk — h(xk)T (vE+! —ub) >
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(AxEYT72 f(xk) axk 1 (vFHT 4 (k)T ax —

> (6) (3.4),(3.3¢)

¥ 4 M) AR T Axk — (k)T (P~ ub) +

=E(xk )T (vk+1_uk)
O1(6%)3] > nF (6%)% + (VT Th(yF+1) (VT h(xF) -
=0 (i1)
(vk+1)TH(Axk) _ (Vk-i-l)TilR(yk-f-l) _
O[(6%)?]

[ + R T RyF ) HEk + oh(xF ) Th(x*) +
=0, cf.(a)

@ 4 RO (k) + 1+ et R (yh ) -
oLy

T k\T k k. ck k T k

(xR T (v —uk) 1 0[(6%)] > nF (6%)2 — (vE )T h(x) -
= (V1) TR(xk)

T g(AxF) + (@) hxF) +2 B?) T a(xF) +

~(uh)TH(xk)

=h(x*)Th(xk)

@7 H(AxF) +eh(h)T B(AxR) - BT (A o) +
=(uh)T H(Ax*)

Ol(6%)%) = ¥ (6%) + rh(x*)T [A(xF) + 1 (Ax*)] -
(TR 1 H(axb)] + (uF)T R + H(axb) +
O[(6%)%] = n* (%)% + e[h(x®) + H (axF)T (h(xF) +
H(AxM)] + 200k — vF YT [R(xF) + H(axR)] - B (AT
R(xF) + B(AxR)] - (0F - vF YT H(Ax?) 4 0[(6%)%) =

o cky2 =15 (xck NN S S 25 2_
o4 + |VERG) + () + )H

>0

2
ot -1 rH(AxF) TR — i (axb) H(AXF) -

O[(6*)7] O[(6%)*]

(uF = VPO H(Axk) 10[(6%)%] > oF (6%)% -
O1(8*)3] cf.(b)

2
ikt I OL8)*) 2 2 (84)2 + n(sh)? -

k
a_((5£)_2 + O[((Sk)3] ,of (b) = %Uk(ék)z N
(gn= D6+ 01612 316 + 0Le*)).
\__;6___/
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k
Now let g(ljik) be the (rest-) function which is O[(ék)?’].

k
: . g(uk)
Thus, there is an My € IR (. is fixed !), such that (55)3 <
T
k
Our goal is: |g(3x)| < 1n#(s%)? . This is fulfilled with 6% <
U ol o nf(F)?

=: 6y = const. > 0, such that VQT_(ﬁk) sk > —

AM, 4

k
for all (%i) with 6% < 6;.

k
Corollary 3.10. Let the sequence (ﬁk)k=0 1.9 be produced

by SCP. If the assumptions of (3.8) and (3.9) are valid, then
the corresponding sequence of penally parameters is bounded,
i.e. there is an T < oo, such that k=7 for allk >k>0.

Proof. We consider r and & of (3.9). Using (3.8,2) there is

< oo such that for § := 8y we have

T k(cky2
vm(ﬁi) sk > ”—%l— for all » > 7 and all (ﬁi) with
sk > 6.
If 7 < r then the assertion follows directly since then r
is the required 7.
I > r we have to make some additional considera-
tions. By the assumptions of (3.9) we have for the func-

an r

T
tion ¥ : [1,00[— R with ¥(r) = wsr(l’j';) sk oW is
one-dimensional and continuously differentiable with ¥'(r) =
—_H(xk)TA(xk)TAxk = const. [cf. first row of the main in-
equality in the proof of (3.9) using A(x¥) = A(x*)]. That is
¥ is linear and since Tl_x)nolo (r) > 0 [cf. (3.8,1)] we conclude

7 (8%)?
that ¥/(r) > 0. This means that LP(F‘S) > U(r) > a1 for

k
all (ﬁk) where §¥ < § . That is the penalty parameter also

does not need to be enlarged in these points and 7 = .

Now we are able to formulate the main result of this pa-

per.
k

Theorem 3.11. Let x° € X and the sequence (iclk)kz() 1.2
produced by SCP fulfill the assumptions of (3.8) and ,(5”?})
Then the sequence either terminates at a stationary point, or
it has at least one accumulation point and each accumulation
point is a stationary point for (2).
Proof. X is compact and convex. Since each subproblem 1s
uniquely solvable, its solution yields yk+1, which is different
from x* as long as x¥ is not a stationary point (2.4). Hence
the search direction s¥ does not vanish. Theorem (3.8) tells
us then that we can find an r > 0 such that s* is a direction of
descent for the augmented Lagrange function @,. The step

size procedure (Step 7 of the algorithm) results in a point
k+1
(§k+1) where xFt1 ¢ ]xk,yk+1] and uftl ¢ ]uk,vk+1].

k
Using (3.7), (ﬁk)k=0,1,2,... is therefore a sequence in the com-
pact set (X,U). Hence, (I)i’“)kzo 192 has at least one accu-

*
mulation point (3.) € (X,U).
If a stationary point is an element of the sequence, then
the algorithm terminates because of (2.4) and Step 4 of the

algorithm. Otherwise an infinite sequence is produced.
Let us now assume that there is an accumulation point

(ﬁ*) which is not stationary.
By (3.10) we have a finite 7, such that

N E(sk\2
V(br(ﬁk) s > Q(Z—) for all » > 7 and k£ > 0.

This means that reaching some iteration index the penalty
parameter does not need to be enlarged and is therefore con-
stant. Let us now consider this remaining sequence with con-
stant penalty parameter 7. Hence, in Step 7 of the algorithm
we always have the same function @;. The remaining se-

¥
: . X
quence now contains a subsequence which converges to (u*)'

Let ||Ax*|| =: 26; § > 0 because of (2.4). Since Axk
is a continuous function of x* there is a k € Ny such that
|Ax¥|] > 6 for all elements of the subsequence with k > E,
i.e. for infinitely many iteration points. For these elements
of the subsequence we conclude now that the scalar product
of the gradient of the augmented Lagrange function and the
search direction is uniformly bounded away from zero, i.e.

g T 52
x kST
V&i(qr) s > e
Standard arguments of optimization tell us further that
this fact leads to a sequence of step sizes (ak) which is
bounded away from zero by a ¢ > 0. This means (cf. Step 7
of the algorithm)
k k "62

e T
&5 (ﬁk) — &5 [(ﬁk) - O’ksk] > CO’kVQ;(ﬁk) Sk > CQT ,

k
for infinitely many iteration points, yielding klim o (I’ik) =
— 00

—o00, which is a contradiction to (3.5). Hence the assumption
is wrong and the assertion proved.

At the end of this section we want to prove a result which
is weaker than (3.11) because it makes no use of (3.9). This
means that we do not assume a® < o any longer, but allow

an unbounded sequence of ok,
k
0 X
Theorem 3.12. Let x° € X and the sequence (uk)k=0,1,2,...

produced by SCP fulfill the assumptions of (3.8). Then the
sequence either terminates at a stationary point, or it has at
least one accumulation point and at least one accumulation
point is a stationary point for (2).

Proof.

(1) There is at least one accumulation point similar to the
first part of the proof of (3.11).

(2) If the sequence of penalty parameters is bounded, then
the proof of (3.11) is transferable and the therein cited
stronger results hold. Therefore we assume a non-bounded
sequence of penalty parameters.

k
(3) There is an infinite subsequence of (fl’c)k=0,1,2,... with

sk — 0; otherwise the sequence of parameters would be
bounded because of (3.8,2).
(4) Since this subsequence is in the compact set (X, U) it has

at least one accumulation point where sk = 0. Using
(2.4), this is a stationary point.



4  Artificial variables

Orne important assumption in the theorems (3.8) and (3.9)
is the solvability of the subproblems, i.e. non-empty feasible
regions. This cannot be ensured in advance and in fact it is
sometimes not fulfilled, especially in the first iterations, when
we are still far away from the solution. However, there are
various techniques to overcome this situation (see e.g. Fleury
and Braibant 1986; Svanberg 1987; Schittkowski 1983). In
this section we briefly describe one possibility and state a
result which preserves the convergence of the method.

We look at the situation, where there is at least one
7 €{1,...,m} with hj(xk) > 0. Otherwise x* is feasible and
therefore SP(xk) is solvable.

Definttion 4.1. The auziliary problem APp(xk,l) is defined
by
win { 76| By, < 0,5 = 1m0 < <1, j € M,

where M = {j € {1,...,m}[hj(xk) > 0}, F'(x,p) =
f®)+3 X pind,
JEM

o) = { O, e
hj(x), ifi¢gM

p; (i € M) are some positive parameters.

We note that (x¥,1) is feasible for APp(xk, 1) and that
5 (j € M) are additional primal variables. The functions of
the auxiliary problem remain convex and separable.

The solution of APp(xk, 1) still yields a descent direction
for the augmented Lagrange function.

and

Theorem 4.2. Let xF and uf > 0 be given, where xF 18
not feasible for SP(xk). Let the gradients of functions h;
belonging to active constraints of APp(xk,l) in the solution
point (yk+1,vk+1,uk+1) be linear independent. If uf_H <
1 for all j € M then there is a penalty parameter ¥ > 0,
k Jk+1

such that sk = (uk—zk"‘l) 15 a descent direction for the
augmented Lagrange function & for all v > 7, i.e.

v T ksk\2
Vo, (ﬁk) sk > %)— forallr >7.
Proof. Zillober (1992).

Now we have to answer the question, whether the solv-
ability condition was replaced by another strong condition
(p5 < 1for all j € M), or if this condition is weaker.
Lemma 4.3. Let the gradients of ilj belonging to active con-

straints of APp(xk, 1) be linear independent at each feasible
point. Then there is for arbitrarily fired 0 <i; < 1 a param-

eter p; < oo, such that ,u?"{'l < Hj for all p; > p; (j e M)
in the optimal point (yk+1,vk+1,uk+1) of APp(xk, 1).
Proof. Zillober {1992).

The lemma tells us that an iterative process is needed to
obtain a suitable solution of the auxiliary problem since a
sufficient parameter p is not known in advance.

5 Examples

By the following 2 examples we compare the convergence be-
haviour of SCP to that of the MMA method. The efficiency of
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MMA in the case of convergence is well-known. The examples
are computed using the Finite-Element-System LAGRANGE
(Kneppe et al. 1987). The examples analysed are called “tb-
dyn” and “aplate2”. In the table below we show the weight
of the structure in each iteration followed by the maximum
constraint violation and, in the case of SCP, the step size
(crk in Step 7 of the algorithm). We neglect the units and
further details since they are not essential for our purposes.
The asymptotes are chosen identical for both methods due to
a slightly modified scheme by Svanberg (1987). Let k be the
iteration index; then for all i = 1...n we choose as follows:

k=0,1: Lf =z; —0.1(%; — ;) Uz-k =%; +0.1(z; — ;) ,
k=23,... : if sign (:ciC - mf“l) = sign (a:i-c_l - xf—z) :
k-1 k—1 k-1 k-1
x; - L U -z
JA I i S T ——, k=gl i ——.

If sign (aF — 2¥1) # sign (oF~1 = 2F72) .

k_ .k

=

k-1 k-1 k_ .k k-1 k-1

7

where ¢ €10, 1[ is a parameter. We chose ¢ = 0.7.

5.1 Ezample “thdyn”

We consider the famous 10-bar truss and minimize the weight
of the structure subject to one major constraint. There is a
lower bound on the smallest eigenfrequency. Additionally,
there are lower and upper bounds on the design variables.
The initial weight is 3630. The optimal weight is 2185.19.
The constraint is active at the optimum.

[ It. | SCP | MMA |
0] 3630 / 0 / - 3630 / 0
3 (185700 / 072 / 1 [1857.00 / 0.72
4 1185701 / 070 / 0.10]1857.10 / 0.79
5185662 / 0.69 / 0.16|1856.75 / 0.72
6 [1855.80 / 068 / 0.1 [1852.95 / 0.79
7 185585 / 0.68 / 0.03|1855.94 / 0.72
8 |1860.44 /  0.67 / 0.04]1847.271 / 0.79
9 [186556 / 065 / 0.041853.22 / 0.73
10188342 / 059 / 0.11]1842.03 / 0.79
11190500 / 052 / 0.13[1847.78 / 0.73
121192459 / 046 / 0.13[1960.98 / 0.73
13]2127.57 / 012 /] 1 [184464 / 0.73
14211935 / 011 / 0.1 [1953.24 / 0.72
36| 2185.19 / 251077 / 1 |192478 / 053

The first 3 iterations are equivalent (i.e. oF =1 in Step
7 of the algorithm). MMA is cycling between designs that
are very different from the optimal one. SCP overcomes this
situation and finally converges to the optimum.

5.2 Ezample “aplate?”

This is a minimum weight problem of a plate with 49 finite
elements, 7 design variables, 49 stress constraints, 2 displace-
ment constraints, i.e. 5l major restrictions and lower and
upper bounds on the variables. The initial weight is (scaled)
5.282, the optimal weight is 3.217.



[Tt ] SCP | MMA ]
0 [5.282 / 0 / - [528 / 0

7 [3159 136 / 1 |[3159 / 1.36
8 13148 111 /01 | 3046 / 9529
9 | 3162 / 061 / 047 |3.093 / 3875
10 (3174 / 0.4l / 034312 / 1523
113177 / 037 ]/ 01 |3145 / 592
12 3180 / 033 / 01 |3175 ] 445
13 13210 / 4141072 / 3227 / 1.70
143211 / 391072 / 0063267 / 049
15 (3217 / 1071073 / 1 [3217 / 0.06
16 | 3.217 / 8.4610~7 / 1 [3.28 / 220
17 3.088 / 78.04
18 3111/ 17.04
19 3143 ] 17.23

The first 7 iterations are equivalent. MMA also cycles
in this example, but close to the optimal solution without
approximating it. SCP, however, converges directly to the
optimal design.

Finally we must mention that in many other test cases
SCP and MMA produce the same sequence of iteration
points. Sometimes the sequences differ but both methods
converge to the optimal solution and in some examples MMA
diverges, contrary to SCP. Two of them have been shown in
this section.

6 Conclusion

The method we described in this paper has the advantage
of guaranteed global convergence in contrast to the original
MMA method. Numerical experience shows that this is not
only a theoretical property, but has significant practical im-
pact. The SCP method is a stabilized version of MMA and
solves problems for which MMA cycles.

In our opinion, more attention should be paid to the
choice of the asymptotes in the future. These parameters
are essential for the behaviour of MMA or SCP. First tests
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showed significant differences between some preliminary ver-
sions.
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