Values of Mixed Games')
By SERGIU HART?)

Abstract: AUMANN and SHAPLEY [1973] have investigated values of games in which all players are
individually insignificant, i.e. form a non-atomic continuum, or “ocean”. In this paper we treat games
in which, in addition to such an ocean, there are also some “atoms”, i.e. players who are individually
significant. We define spaces of such games that are analogous to those investigated by AuMANN
and SHAPLEY, and prove the existence of values on some of them. Unlike in the non-atomic case, we
find that in general there are infinitely many values, corresponding to various ways in which the atoms
can be imbedded in the ocean. The results generalize those of MILNOR and SHAPLEY [1961]. Precise
statements will be found in Section 2.

1. Preliminaries

All the definitions and notations are as in AUMANN and SHAPLEY [1968].

Let (I,%) be a measurable space (i.e., I is a set and % is a o-field of subsets of
I), which will be fixed throughout. We will assume (AUMANN and SHAPLEY [1968],
assumption (2.1)) that:

(1.1) (1,%) is isomorphic to ([0,1], #), where # is the g-field of Borel sets on [0,1]
(ie., there is a one-one mapping from I onto [0,1] that is measurable in
both directions).

A set function will always be a real-valued function v on € such that v(@) = 0.

The members of I are players, the members of ¥ are coalitions, and the set
functions are games.

A set function v is monotonic if S C T implies v(S) < v(T) for S,T € %. A set
function is of bounded variation if it is the difference between two monotonic
set functions. The space of all set functions of bounded variation is called BV,
The subspace of BV consisting of all bounded, finitely additive set functions
(i.c., the bounded, finitely additive signed measures on (I,%)) is denoted F A.

Let Q be any subspace of BV. The set of monotonic games in Q is denoted Q™.
A mapping of Q into BV is positive if it maps Q* into BV ™.

Let # denote the group of automorphisms of (I,%) (i.e., one-one mappings
of I onto itself that are measurable in both directions). Each 6 € # induces a
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linear mapping 6. of BV onto itself, defined by (6.v) {§) = v{fS) for all Se%.
A subspace Q of BV is called symmetric if 0.Q = Q for all 8 e J.

Let Q be a symmetric subspace of BV. A value on Q is a mapping & from O
into F A, which satisfies:

(1.2) & is linear
(1.3) @ is positive
(14) 0. = 6. pforall e ¢
(1.5)(@v)(I) = v() forallve Q.

On BV we define a norm called the variation norm by |v| = inf (u(I) + w(l))
for all v e BV, where the infimum ranges over all monotonic set functions u and
w such that v = u — w. A chain  is a sequence of sets of the form:

@=SOCS1C'CSm:I

The variation of a set function v over a chain Q is

”UHQ = ZIU(S:') - ”(Si—1)|-
i=1
It can be proved (AUMANN and SHAPLEY [1968], Proposition 4.1) that

loll = sup|lella

where the supremum ranges over all chains Q.

The space of all real-valued functions f of bounded variation on [0,1] that
obey f(0) = 0 and are continuous at 0 and 1 is denoted bv'. The subspace of
bv' consisting of all left-(right-) continuous functions will be called /¢’ (r¢'), and
the subspace of b’ consisting of all continuous functions will be denoted c.

A carrier of a game v is a coalition I’ such that v(S) = v(Sn I’) for all Se&.
A coalition § is null if its complement is a carrier, and a player s is null if {s} is
null. If all the players are null, the game is non-atomic. The subspace of BV consist-
ing of all non-atomic measures (by “measure” we mean a completely additive,
totally finite, signed scalar measure) is denoted N 4. The subspace of BV consist-
ing of all measures with a finite carrier will be denoted F C. All measures in BV
that can be represented as the sum of two measures, one non-atomic and the
other with a finite carrier, form a subspace called FL (i.e, FL =NA + FC).

The closed subspace of BV spanned by the set functions of the form fo p,
where febv' and pe NA* is a probability measure (i.e, u(l) = 1), is denoted
bv'N A. In the same manner will be defined bv'FL, ICFL, r¢'FL, cFL: the
closed subspaces of BV spanned by the set functions f - w where febv’ (or I/,
rc, c respectively) and w e FL' is a probability measure. The subspace of b’ N 4
spanned by all powers of measures in NA™* is denoted pN A4, and the subspace
of bv'FL (in fact, of ¢cFL) spanned by all powers of measures in FL" will be
called pF L.
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2. Statement of the Results

In this paper, we will deal with spaces of mixed games, i.e. spaces of set functions
defined with the aid of measures that have a finite number of atoms and a non-
atomic part (measures in F L). We will show that on each of the spaces bv'F L,
IFL,r'FL,cFL,pFL,the number of values is infinite.

The values will be defined as follows (see definition (2.2)):

The value of the game v to an atom is equal to the “contribution” to v of the
atom in a “random ordering” of all the players; the value of the game to the
“ocean” (i.e., the non-atomic part — see MILNOR and SHAPLEY [1961]) is the
remainder after substracting the values to all the atoms from »(I) (remember
the efficiency condition (1.5)), and is distributed proportionally to its measure
(weight). .

What is a “random ordering” of all the players? Let p be a continuous prob-
ability distribution on (0,1). Think of the ocean as being uniformly?) spread
along (0,1). Place each atom at random in (0,1),in accordance with the distribution
p; the placements are assumed independent.

One can define a similar process for distributions p on (0,1) that are not
necessarily continuous. The ocean is spread on (0,1) as before. As for the atoms,
take n independent random variables T,,T;,...,T,, all identically distributed
according to p, and arrange them in non-decreasing order:

0<TH TP < ... < T™ < 1.

Choose an order on the atoms at random#), and insert them in the ocean in the
order chosen, at the points TV, 7@ ... T™,

We come now to the exact definitions.

For each positive integer i, let J; be the set {1,2,...,i}, and let J, = 0.

Definition 2.1:
Let febv, let n be a positive integer, and let & be a measure on J, with
0 < &(J,) < 1. For each ie J, and for each t € (0,1) define:

Let v = f o w, where febt', w e FL is a probability measure decomposing into
measures Ain NA* and £ in FC* (ie., o = 4 + £), and let J, be a finite carrier
of & Then A(i,t,£,f) is the “contribution” to v of the atom i, on the assumption
that the atoms “enter” in the order 1,2, ...,n, and the measure of the part of the
ocean preceding i is the fraction ¢ of its total measure w(I\J,) (= 1 — £(J,)).

Definition 2.2: »
Let v = fow, where febv', we FL' is a probability measure, ® = u + v its
decomposition, pe NA™ and ve FC*. Let N be a finite carrier of v, and n the

%) i.e., the weight of an oceanic set is proportional to its measure in 0,1).
4) Each order with probability 1/n!
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number of its elements. Let IT be the set of all one-one mappings of N onto J,
(there are n! such mappings). Let p be a probability measure on the Borel sets
of (0,1), and let T}, T;,...,T, be n independent random variables, all identically
distributed according to p. Let 0 < TV < T® < ... < T™ < 1 be the order
statistics }
(e, TY = min(T;, T, ..., T), ..., T™ = max (T}, Ty, ..., T),
and
T=(TO,T?, ..., T™),

Define a set function ¢,vin F 4 by:

((Ilpv)({s})=E(—%—ZA(nS,T"‘”,von_l,f)>, for seN

! nell
(@,0)(S) = a- u(S), for SCIN

where the expectation E is taken over the variable T, (see remark below), and
a = a,(v) is independent of S, and is defined by:

(o) = {Ef(l) — @ WN]/uD), i u(d)>0
o L i w=0.

Remark:

f is the difference of two monotonic real-valued functions {f € bv') hence
measurable. Thus, the expression in the brackets is measurable, and also bounded
(e.g., by 2 sup |f (1)]), therefore the expectation exists.

te[0,1]

For each such probability measure p, the function @, defined here is a “candi-
date” for a value on the previously mentioned spaces of mixed games.

The value of MILNOR and SHAPLEY [1961] was obtained in the same manner,
using the uniform distribution (for voting games, the contribution to v can be
only 0 or 1, and the later if and only if the player is pivotal, i.e. he and his predeces-
sors are a winning coalition, but his predecessors alone are a losing coalition).

A probability measure is called continuous if the corresponding distribution
function is continuous, i.e. the probability of any single point is zero.

Now we are in position to state the theorems we are going to prove:

Theorem A:
Let p be a continuous probability measure on the Borel sets of (0,1). Then
there is a value @on bv'FL, such that v = & ,v for all v as in definition (3.2).

Theorem B:

Let p be a probability measure on the Borel sets of (0,1). Then there is a value
@ on I FL (r'FL) such that v = @,v for all v = f - w as in definition (3.2),
where f e [ ¢ (rc/, respectively).

From the trivial inclusions pFL C ¢cFL C [¢'FL, it follows that each value @
of Theorem B is a value also on the spaces pF L and ¢FL.
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3. The Main Lemma and its Proof

We need the following definition:
Definition 3.1:

Let v = f o, where febv’ and w e FL' is a probability measure, w = p + v
its decomposition, pe NA* and ve FC*. Let N be a finite carrier of v, and n
the number of its elements. Let 7 be a one-one mapping of N onto J,.
Let © = (t{,7,,...,7,), where 0 < 1, < 1, < --- < 1, < 1. Define a set function
Yn.vin FAby:

W ){s}) = A(ms, 7, vom™Lf), for seN
(W, :0)(S) = o~ pu(S), for SCIN
where o = a, (v) is independent of S, and is defined by:
o (o) = {[f(l) ~ W dWRW, i p1)>0
0 , if u)=0.
Recalling definition (2.2) of @, v, it is clear that:

&0 = E(—!TZ l//n:TU)
n'neH -

wheré IT and the random variable T are defined there.
The crucial point in the proof of the stated theorems is the following main
lemma;:

Main Lemma:
n
Let v = ) fiowy, Where f1,f,,....f,€bv and w,,w,,...,0, e FL* are prob-
k=1

ability measures, decomposing: w, = y, + v, u,€ NA' and v, e FC* for all
k(1 < k < m). Let N be a finite carrier of all v, (e.g., if N, is a finite carrier of v,,
then N is the union of all N,), and n the number of its elements. Let 7 be a one-one
mapping of N onto J,and lett = (1,,7,,...,7,),where0 < 1, <1, < .- < 7, < 1.
We assume that:

(3.2) for all k, f, is continuous at the points:
(D) + veonT W), D) + vomnT (T )
foralli(1 <i < n).

Then: kzl‘//n,r(fk ° wk)

<o

Proof of the Main Lemma:
For each k,y, (fio o) eF A, hence the sum is also a member of FA. De-
composing I into its atoms and its non-atomic part, we get:

kilwn,r(fk cwy)|l = Z kglan,t(fk ° Wy) - iy

seN

m

Z l//n,r(fk ° wk)({s})

k=1

+ . (33)
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Since 7 is a one-one mapping of N onto J,, the first term of the sum is:

i kiA(i’T"’Vk"”—l’ﬁc)l- *)
Let Sir=
) 3,(S) = {uk(S)/uk(I), if () >0
SR i ) =0

for all § ¢ I\N. Then f, is either a non-atomic probability measure on I\N,
or is identically zero. The second term in the right side of (3.3) thus becomes:

i [fk(l) —;A(nn,vk : n-l,fk)]ﬁk : (%)

k=

We will define new functions f,(1 < k < m) on [0,1] by:
Je@ = ALt + von ' @] — Y AGTv0 ) (3.4)

ie(t)
for te[0,1], where J(t) = {ieJ,|t; < t}.
It is clear that f is a real-valued function of bounded variation on [0,1] since
frebv', and the sum Y, A(i) is a jump function). Furthermore, £:(0) = 0 and f,
ieJ(t) .
is continuous at 0 and 1 (0 < 7; < 1 for all i), hence f, e bv' for all k.
Letw = z Feoty = Y'fi o iy, where Y denotes the sum over all such k such
k=1 k k

that u,(I) > 0 (i.e, g T 0), thus webv'N A. Let & denote the unique value on
bv' N A (AUMANN and SHAPLEY [1968], Theorem A), then:

4 ow = ;,ﬁc(l) ' ﬁk :kglﬁc(l) : lak =k§1 |:fk(1) - glA (i"cisvk om” laﬁc):l . .ﬁk
Recalling (*) and (**), we get from (3.3):
kglllln,r(f;c ° wk)

For edch k, let f, + h, be its unique decomposition into an absolutely continuous
function g, and a singular function h, (with respect to the Lebesgue measure —

n

=2

i=

m

A(i,Ti,vk ° n—l,ﬁ‘)
1

+ [ ow]. (3.5)

k=

cf. AuMANNand SHAPLEY [ 1968], Chapter8).Letw, = Y g, o frandw, = Y ko i,
thenw = w; + w,. k=1 k=1

Before we go on with the proof, we have to bring some results from AUMANN
and SHAPLEY [ 1968].

Lemma I:

Let v in pN A be such that there exists y, f and U as follows: p is a vector of
non-atomic measures with range R, f is a real-valued function defined on R and
continuously differentiable there, U is a convex neighborhood in R of the diagonal
[0,u()], and

v(S) = f(u(S)) whenever u(S)eU.
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Then, given ¢ > 0, for any m large enough there is a set S* C I and a chain Q
given by:

®=S0CSIC"'CSZM=I
such that:

(@) #(S2) = (D). for 0<j<m,

. . |
B) A(S;500) = L @) + —p(s), for 0O<j<m—1,

and (c) [v]q > | ®0] — ¢
where & denotes the unique value on pN A.

Proof:
This follows from the proof of Proposition 7.6 in AUMANN and SHAPLEY [1968]:

the chain Q satisfying (a) and (b) was obtained there, and (c) is implied by (7.8)—
(7.10).

Lemma I1:

Letg,,g,,...,d; be singular functions in bv/, let v,, v,, ..., v, be pairwise different
probability measures in NA, and let u¢ 4 C. Then

1
=Jlull + X llg,ll-
p=1

1
u+ Y g,0v,
p=1

Proof :

This is exactly Proposition 8.17 in AUMANN and SHAPLEY [1968], revised
version.

Lemma I11:

!
Letv=u+ ) g,°vy Wwhere g,,45,...,9, are singular functions in bv/,
p=1

V1, V,,..., Vv, are pairwise different probability measures in N4, and ueAC.
Let A be the subchain S, C S C §,, and let 6 > 0.
Then there is a set S, such that:

(@S, CS,C8s,,

(b)for all p (1 < p <)), g,, is continuous at v,(S,), and

© [lulla = llulla] <o,

where A, is the new subchain S, C S, C §,.

Proof :

The proofis exactly like the first part of the proof of Proposition 8.17 in AUMANN
and SHAPLEY [1968], revised version.

Let v in NA be such that u < v, and let & = (v,,v,,...,v;). By Lyapunov’s
theorem applied to I = S\S, we may, for each ¢ in [0, 1], find a set S, such that
§,CS CSCS,, and
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¢S = t&(Sy) + (1 — 1)&(S).
Then as t —» 0, we have v,(S\S,) » 0, and hence |u(S) — u(S5,)| — 0. So if  is
chosen sufficiently small, (c) is satisfied.

On the other hand, the g, can have only denumerably many jumps; so by
choosing ¢ appropriately, we can see to it that (c) holds and that the g, have no
jumps at v,(S,).

We return now to the proof of the Main Lemma.

Lemma 3.6:
Given ¢ > 0, there is a chain Q2 on I\N with the following properties:

0) [ lo > [|@ws ]| — e

(ii) for each i(1 < i < n) there is a member S of the chain @ such that u,(S) =
7 i (I) for all k(1 < k < m).

Proof :
For each k,g, is absolutely continuous, hence w; = Z geofl, isin pNA

(AUMANN and SHAPLEY [1968], Theorem C). By deﬁmtlon of pN A, there are
Ats Az, ..., A, probability non-atomic measures, n,,n,, ..., n, positive integers, and
dy,d,,...,a, real numbers, such that:

Without loss of generality, {f|f, ¥ 0} C {41,4;,...,4,) (we can add them to
the sum with coefficient zero).

Let 4 = (4;,45,...,4,) be the vector measure, and R its range (R C [0,1]).
We define a real-valued function f on R by:

¥

Wy — Z aqlgq

q=1

N
2

fX, X5, ... X)) = Y a, X} for (X,,X,,..,X,)eR
g=1
then f is continuously differentiable on R, and

vy = £ 4l <5

We make use now of Lemma I (for A instead of 4, and all R as the neighborhood
U of the diagonal) to get for any m large enough a chain Q: 9 =S, C S, C
C S, = I\N such that
(a)A(s2j>=Jn;-e for 0<j<m
()A(SZJH)— e+——-A(S+) for 0<j<m-—1, and

N7 Ao = llot- Al -



Values of Mixed Games 77

where e = (1,1,...,1) = A(\N), ST C \N and & denotes the unique value on
pN A (hence ||®|| = 1).

Let m be large enough so that the next two conditions will also be satisfied:
(d) between any two different consecutive ;s there is a number of the form

j .
~—(1<j<m-—1),and
m( <j<m ), an

(e —:;—-(2n gl|aq|-nq) <—Z—.

Then, for each 7; there is an integer j such that L <t <
7; satisfies this (follows from (d)).

By (), 4(52) = e, (S242) =

measure is A(S*) = 7;-e, and S,; C §* C S,;, , (this follows from the convexity

of the range of A by Lyapunov’s theorem [Lyapunov, 1940], or directly from

AUMANN and SHAPLEY [1968], Lemma 5.4). Now we replace S, , in the chain

Q by S§*. Doing this for each t; (for equal 7;s only once) we get a new chain Q*

on I\N. Clearly Q* satisfies (ii): if 4, F 0, then 2,(S*) = 1, or e (S) = 7;- w ()

(recall that ji, = 4, for some g), and the same is true for i, = 0 (e, p, = 0).
Replacing S,;,, by $*, the change in the variation of f - A will be

|1 o 21] {825 € Szj41 € Szjua} — [|f o 4[| {S2; C 8* C 82545}
< 2|(f°/1)(52j+ 1) — (f°'1)(S*)‘= 21 Z,l aq[lzq(52j+ - AZ“(S*)]

J+1

, and no different

j+1

- e, hence there is a set §* whose

r ¥ 3 1
<2 Z |aq|'nq'l}‘q(s2j+1) - Aq(s*” <2 Z Iaql'nq'_
a=1 a=1 m

(because _rJrT = A4(82)) € A4(82541) < A,(82542) = J :11 and the same holds for

4,(8%)). The number of such changes from Q to Q* is at most n, hence:
’ 1 g
1722l = 1 2larl < -2 3 gy my i < 2
. a=1
(the last inequality is (e)). From (c) we get:
If o e > @ (o2 = 5

fou

and finally:
[Willae 2 f o Allge = llwy = f o Alge ><\|¢>(fo/1)” - %) -

> [ ow,]| = 0w, —8(Fo ] - 5

£
4

3
= [low, |l = @]l wy = o 2] = =5 > [ @w, ]| ~ o

Thus Q% satisfies also (i), and the lemma is proved.
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Lemma 3.7:

Given & > 0, there is a chain Q on I\N with the following properties:
) [wllo > lowl] — .
(ii) for each i(1 < i < n) there is a member S of the chain Q such that p,(S) =
T, (I) for all k(1 < k < m). (Note that (ii) is the same as (ii) in lemma (3.6)).

Proof :

Let @ be the chain obtained in lemma 3.6 for —;—; then

Iwille > w5 (property (i)

First, we assume that all non-zero measures i, are pairwise different. Then
w=w; + Z’hk'ﬁk
k

satisfies all the assumptions of Lemma IIl. We apply it to each § in  such that
some h, has a jump at i, (S), to get a new chain @, (still on I\N), such that

lwillg, > [@w]| - —g— (we took &’s small enough), *)

and h, is continuous at fi,(S) for all S in the chain @, and for all k (with g, F 0).

Now we make use of the assumption (3.2): the continuity of f; at the mentioned
points implies the continuity of f, at 7; (see definition of f, — (3.4)), hence the
continuity of h, at 7, (g, is absolutely continuous, thus continuous, and h, =
fk = %)

The chain  satisfies (ii), i.e., for each 7; there is a member S of £ such that
B (S) = 1, if y, F 0. Therefore, all h, are continuous at f1,(S) for all such S, and
from the construction of £, it is clear that they will be also members of the new
chain Q, (they need no replacement). Hence, , satisfies too (ii).

Let :0=S,CS, C-- CS,=I\N,let I’ =5)S;_, and

% ={SnD|Se%}.
As in the mentioned proof, we define w' on (I, ¢”) by:
W"(S) = M)(S ) Sj"l) - W(S]—I)

for S € ¥ and in the same manner we define wj ; the functions hj are defined for
te[0, fi(I)] as follows:

hi(t) = h(t + ,ak(sj—l)) = M (5 (S;- 1))
Obviously w/ = w] + Z hj- fiy for all j and: Z |8l = ||| for all k.

Applying Lemma I1 to w’, and using the 1nequa11ty lu]| = JuD)], we get
W]l = [wi(S) = wi(S;-0)] + Zk Il i
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(this is possible because hj is continuous at 0 and f, (I’), which follows from the
construction of ). Let Q; be a chain on I’ such that

1wl = [ws(8) = w18, 0)] + T Al — 7er 9

Let Q* be the chain (on I\ M) obtained by inserting between any two consecutive
members of ,,5;_, and §;, all the coalitions of the form S;_; U T where T
ranges over ;. Then, by definition of w/, if follows that:

r
o= HWJ”n,»
j=1

hence we get by summing (**) overall1 <j <r

wloe = 3 [walS) = wi(S;- 0] + ¥ Sl =5 = llwillo, + 1]l = =
j=1 j=1 k k

But ||w, || = }7||A| (Lemma III), and let @ be the unique value on bv’N A
k

[lw

(whose restriction on p N 4 is the unique value there and ||| = 1 — cf. Aumann
and SHAPLEY [1968]), then we get (recall (¥))

& &

Il > (sl = 5) + ol = 5
2 [ow || + [low.]| — & = 0w, + wy)|| — & = ||low| —&.

Thus the chain Q* satisfies (i). Being a refinement of Q,, it satisfies also (ii),
and we proved the lemma in the case that all non-zero i, are pairwise different.

In the general case, we may group terms in w, (e.g., if &, = fi, ¥ 0, we will
write (h; + hy)o 1, instead of hy o fI;, + h, o fi,) to get a new representation

w=w; + ) hfe
k
where the i, in )" are pairwise different, and each h} is the sum of some ks,

hence also singular and continuous at all the points t;. Using the result in the
previous case, we get the chain satisfying (i) and (ii) (both properties are independ-
ent of the representation of w,), and the lemma is proved.

We return now to the proof of the Main Lemma.

Let Q: 0= 8§,CS8, C-- C8§, =I\N be the chain obtained in lemma 3.7 for
a given ¢ > 0.

We will build a chain & on I in the following manner: for each i(1 < i < n),
let j = j()(1 <j < r) be the index such that p,(S;,) = 7;u,(I) for all k (such j
exists because Q satisfies (ii)). We will also denote j(0) = 0 and j(n + 1) =r.
Let ( be the chain

P=UyCU;C CU,yp=1
where

U,=S,;urn~t(J) for j)+i<qg<jli+D)+G+DO<i<n).
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The meaning of this definition is that to each S in Q coming between S 110 and
Sj4+1) corresponds Sun”H{J) in Q; if § = S, then both S;, v n™'(J,_)
and S, U n~ ! (J;) are members of 4.

Therefore, the variation of v = Y f; o a; over the chain €3 can be decomposed
k=1

into the variation over the links {S;, Uun™(J,_;) C 8;p U n~ (J)} (the links
where the atoms are added) and the variation over the rest of the chain. The first
one is:

Z IU(Sjm N~ 71_1(1.‘)) - U(Sj('i} o R“(JH)} = Z ! Z [fk(#k(sj(i))

i=1 Pre'l Pl

+ Vo ﬂwi(vfi)} e J‘}c(ﬂk(sj(i)} + von” (J; 1))]1

By definition of j(i), i (S;q) = 1:4(]) for all k, hence we get

P HRIERELEN?

The second variation is then

no i+ 1) B D | om
Z Z ‘U(Sq v nnl(']i.)) - U(Sq-»l un” l(Jz))l Z Z Z mu’l’k(sq)
i=0 g=jH+1 im0 g=H{i)+ 1

e ) = (S, + vkon‘luz»]ﬁ

When j{i) + 1 < ¢ < j(i + 1), both ,(S,) and (3, (S, ) are between 7, [ = /1, (S ;)]
and 7341 [= f(Sjq+ 1)), for all non-zero f. Recalling the definition of f; (3.4), the
expression in the brackets [ ] is exactly

[};c (zetfc (Sq)) e ﬂc (ﬁk (844 1 ))]

{because the sum Y 4(i) to be subtracted is the same). For f, = 0, hence g, = 0,
we get zero, hence finally

n Hi+1} . ) . P ,
PIDIN g’(ﬁomss~g§<f;oﬁk><sq_i>} = % WS = wiSe-)|

= [wlle> [low] -«

(the last inequality holds because @ satisfies (i} in lemma 3.7).
Adding the two variations we get from (3.5):

Iolla> %

But |jvl| > ||v||5 hence:

+llowl -2 =

12| £ puticon]

(both sides are independent of ¢), and the main lemma is proved.

: {(frowd|| —

X Al veonp)

\E Vel fio )
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4. Proof of the Theorems

Before proving the theorems, we need the following:

Lemma 4.1 (R. J. AUMANN)®):
Letdy,4,,...,4, bemeasureson(l,%).Let X, X5, ..., X,,bereal-valued random
variables on the space (J, 2).

m

ZXk'Ak

k=1

Then

is a random variable (on (J, 9)), and

m

2 Xic g

k=1

<E

S E(X)- A
K=1

Proof :
Without loss of generality, let (I,%) be ([0,1],4) (assumption 1.1). Let & be

the family of all unions of dyadic intervals (i.e., intervals of the form [—g’k—, Ln_;}-_l_

for positive integers m and k). & is countable, and it is well known that for any
measure 0 on (I,%), every measurable set in I can be approximated in §-measure
by a member of &.

Let A= )Y X, 4. ForeachteJ, A(t) = Y X,(t)- 4 is a measure on (I,%).
k=1 k=1
By the Hahn decomposition, there is a set S = $(t) in ¥ such that
12O = [AO)S)] + |ABN\S)]

(cf. AUMANN and SHAPLEY [1968], proof of Proposition 7.6). Since we can approxi-
mate S(¢) in A(t) — measure by members of &, it follows that:

120 = sup (2(05)| + 20D "

(the opposite inequality is always true: for each S € # let A be the chain® C§ C 1,
then:

2O = [[A®|l4 = |26)S) — 2@ + | AB)I) = 25)(S)] = [ AOE)] + | 1O !\S)]

because A(t) is a measure, hence additive). For each fixed S,
AS) = kz Xy 4(8)
=1

is a linear combination of random variables, hence measurable. Thus | A(S)| +
|2(I\S)| is measurable for each S in &. Since the supremum of a denumerable
number of measurable functions is measurable, if follows from (*) that || Al is
measurable, i.e. a random variable (on (J, 2)).

Next, let & = Y E(X,)- 4. Then ¢ is a measure on (I, %), and let (S,1\S) be
k=1
the corresponding Hahn decomposition. We get:

%) Private communication.
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€1l = [E®)] + [EX\S)| = [E()(S) |+ [E(4 I\S)| < E(|A(S)] + A\ < E|| A]]

SE ‘ﬂ'k

as was to be proved.
Proof of Theorem A:

m
Letv = Y fi o, be as in the main lemma. Then
k=1

S o,0h-00| = 2| T onhe o)) + | § oo
The first term is
) iE(—ﬂ— ) wn,ﬂfkowk)({s}))' < E(—lT 5 (Z $ (o w)((s) ))
seN|k=1 \ ' gem N gelr\seNjk=1

The second term is

m

£ 2(5r S turthic )
* nell !

k=1

Z O 7 © ) by

k=1

SE(lz

° nell

)

(by lemma 4.1). Adding the above two inequalities, and recalling(3.3),we obtain

< E(JT 5 S vrlhe o ) @2)

*rell || k=
For each k(1 < k < m), f, is the difference of two monotonic functions, hence
the number of its discontinuities is countable. Since p was assumed to be a con-
tinuous probability measure, the probability that at least one of the 2n points
TOu,(I) + veon™*(J) and TOu(I) + vgorn '(J;—,) (1 < i< n)is a disconti-
nuity point of f, (i.e, (3.2) is not satisfied) is zero. Furthermore, let M, be such
that | £,(t)] < M, for all £€[0,1]. Then, by (3.5)

m

Z (fico @)

Z ZZ M, + Z(2n+1) M, = (4n+1)iMk.
k=1

i=1k=1

S Y fie @)
k=1

Hence, the expectation in (4.2) over all values 7 of T such that condition (3.2)
is not satisfied is zero (a bounded variable over a zero-probability set). Using the
main lemma for all other values © of T, we get finally

lé;(pp(fkowk) <|v]]. (4.3)

Let A be the subspace of bv'F L consisting of all set functions v of the form
v=Y fiow, where f1,f5,....f,€bv’ and w,,w,,...,w, e FL" are probability
k=1

measures. We define ¢ on A4 by:
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ov = qs( 5 fkowk) = 3 0,(c ).

It follows from (4.3) that @ is well defined on A4 (i.e., for any representation of v,
®v is the same), and ||®|| < 1. By definition, 4 is a dense linear subspace of
bvFL; @ is a linear continuous operator from A into F A, which is complete
(cf. AUMANN and SHAPLEY [1968], Propositions 4.3 and 4.4). Hence ¢ can be uni-
quely extended to a continuous linear operator from bv'F L into F A4, (we denote
it also @), such that ||®|| < 1 (in fact, ||®|| = 1 because the restriction of @ over
pN A is the unique value there).

We will show that @ is indeed a value on b’ F L. @ is linear by definition, hence
(1.2) holds. For all v of the form v = f o w(f €bv/, w € F L' a probability measure),
(@v)(I) = (D,v)() = f(1) = v{I). Hence, (Pv)(I) — v(I) is a continuous linear
functional that vanishes on a spanning set of bv' F L, and is therefore identically
zero; this proves (1.5). Let 8 be an automorphism in #, then it is easy to verify
that $6«v = 6:Pv for all v = f o w, hence for all v € b FL{(®0- — 6. is con-
tinuous and linear, and vanishes on a spanning subset); thus (1.4) holds. From
(1.5) and ||®|| < 1 follows the positivity (1.3) (cf. AUMANN and SHAPLEY [1968],
Proposition 4.6). @ satisfies (1.2)—(1.5), hence is a value on bv' FL, as was to be
proved.

Proof of Theorem B:

The proof of Theorem B is exactly the same as the proof of Theorem A, taking
Ic (rc’, respectively) instead of bv'. The only thing to prove here is inequality
(4.3) for all p (not necessarily continuous).

Let v = ) fyo oy, wheref,,f,...,f,€ Ic,and ®,,0,,...,0, € F L probability
k=

1
measures. For each 1 satisfying (3.2), the inequality
H S elfio )
k=1

holds by the main lemma. We will prove that it holds for all 7.

The number of discontinuities of each f, being countable, for each t and e > 0
there is 7 = (1%,1%,...,7) (0 < 7}, < 7, < -+ £ 1), < 1) such that:

(i) ' satisfies (3.2)
@t <rforalliil <i<mn
(iii) |fk[‘5i#k(1) + e )] — Seltimd) + vio TC—‘(J;'):” <
and
|felesmD + vio n™ (2 )] = fltimD + veo n o] < 7[,%"_

foralli(l <i < mand k(1 < k < m)((iii) holds because each f, is left continuous).
From (3.5), we get:

3 vedlfic )

< ||vl| (5.4)

g
4dnm

- “kgll//n,t'(fk ¢ wk)

gk
3]
=
o
Ii
o

n m 8
< 2- +
i=zl k;1 dnm
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Applying the main lemma to 1’ (by (i)), it follows:

S Yoo )
k=1

The inequality holds for all ¢ > 0, hence (4.4) also holds—for all values = of T.
Summing over n € IT and taking expectation, it follows from (4.2) that

S @, (fio )
k=1

ie. (4.3) is proved, and we continue as in the proof on Theorem A. In case of
rc'F L, only condition (ii) needs changing to: 7} > 7, for all i(1 < i < n).

<|o|| + e.

< |lef

5. Discussion

It is obvious that the values we have defined are different. Let p, and p, be
different probability measures (we will assume them also continuous such that
®,, and ¢,, will be values on bv'F L), then by definition of the Borel o-field of
(0,1) (on which p, and p, are defined), there are 0 < a < f < 1 with p,((o, f]) ¥
p2((2, B]). Let fe bv' be:

B
jo O<t<1ri—w
f@) =

B

m<t$1;

[1

let ue NA™ with u(I) = , and let ve FC™ with carrier N = {1} and

1
1+ -9
__B-ua et , . .

v(N) T G- Then » = fo(u+ v)ebv'FL. It is easy to verify that

A(i,T,v,f) is 1 for 7 e (a, f] and O otherwise, hence:

@,,0({1}) = p, (@] F (=, 8] = (@,,0)({1}).

Thus @,,v + ¢,,v and &,, F &2

Therefore, there is no unique value on the spaces of mixed games, whereas
this is the case on the spaces of non-atomic games (cf. AUMANN and SHAPLEY
[1968]) and games with finite carriers (i.e., “finite games” — cf. SHAPLEY [1953]).
Furthermore, the number of values is uncountable.

This suggests that an improvement in the definition of the axiomatic value is
needed, such that only the value corresponding to the uniform distribution will
be a value (cf. SHAPLEY and SHAPIRO [1960] and MILNOR and SHAPLEY [1961];
this is the limit of the values of games where the “ocean” was divided into a large
number of “minor” players with measures tending to zero).

We will remark that each value ¢ defined here restricted to bv'N A is identical
with the unique value there, and the same is true for the space FIN of all finite
games (obviously FIN C bv'FL).
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A problem that is still open is whether Theorem A remains true for non-
continuous probability measures p (i.e., whether ¢, defines a value on bo'FL or
not).

Acknowledgement

The author wishes to express his gratitude to his teacher and advisor, Professor
R. J. AumanN for his guidance and invaluable help.

References

AUMANN, R. J., and L. 8. SHAPLEY: Values of Non-Atomic Games, Part 1: The Axiomatic Approach.
The Rand Corporation, RM-5468-PR, November 1968, also Research Program in Game Theory
and Mathematical Economics, Department of Mathematics, The Hebrew University of Jerusa-
lem, RM 42, December 1968.

—: Values of Non-Atomic Games, Part II: The Random Order Approach. The Rand Corporation,
RM-5842-PR, July 1969.

LyaPuNoOV, A.: Sur les fonctions — vecteurs complement additives, Bull. Acad. Sci. U.S.S.R. Ser.
Math. 4, 465 —478, 1940,

MILNOR, J. W, and L. S. SHAPLEY: Values of Large Games, II: Oceanic Games. The Rand Cor-
poration, RM-2649, February 1961.

SHAPLEY, L. S.: A Value for n-Person Games, in: Contributions to the Theory of Games, 11, Princeton
University Press, Princeton, 307 —317, 1953.

SHAPLEY, L. S., and N. Z. SHAPIRO: Values of Large Games, I:-A limit Theorem. The Rand Cor-
poration, RM-2648, November 1960.

Received November, 1971



