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ON SOME MATHEMATICAL PRINCIPLES IN THE LINEAR
THEORY OF DAMPED OSCILATIONS OF CONTINUA IIl)

M.G. Krein and H. Langer

§5 ., A fundamental theorem on a quadratic operator equ-

ation and some of its consequences.

5.1. We shall say that the space L < HO= ml # HZ has an

angular operator K (with respect to H), where K is some linear

bounded operator, mapping H, in H,, if L = {x 8 Kx; % € Hl}.

It is easy to see that the theorem of Banach on the existence of

a continuous inverse operator of a linear operator which maps one
Banach space one-to-one and continuously on the other, admits to

state that the space L(CED) has an angular operator K if and only
if the projector P1 (projecting HO orthogonally on Hl) projects L

one-to-one onto Hl.

1) Note of the editor: This paper is the second and last part of
a paper published in Russian in "Proc. Int. Sympos. on Applicati-
ons of the Theory of Functions in Continuum Mechanics, Tbilisi
1963, vol II: Fluid and Gas Mechanics, Math. Methods, Nauka,
Moskow, 1965, pp. 283-322."

The first part appeared in this Journal V.1, No. 3, (1978). The
division into two parts is made formally. The editor is grateful
to R. Troelstra of the Wiskundig Seminarium of the Vrije
Universiteit at Amsterdam for make the translation.
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LEMMA 5.1. Let

G = (Cl, c B € R)

29

be some operator, acting in HO, and let LCCHO) be some subspace,
having an angular operator K. In order that the subspace L will

be invariant with respect to G, it is necessary (and if R(C;) = H

1
it is also sufficient) that the operator Z = KC; satisfies the

relation

(5.1) 72 + BZ + c,C

1 0.

-~

PROOF, If X € L, then X = x 8 Kx (x € #) and so
6% = Cle 8 (—C2X - BKx). 1In order that Gx € L it is necessary
and sufficient that its second component is obtained from the
first by applying the operator XK, i.e., -C2x - BKx = KC, Kx.

1
Therefore GL « L if and only if

(F =) KC1K+BK+ (12 = 0.

By multiplying this equation from the right by Cl, we get (5.1).
Converseley, if (5.1) holds, then FCl = 0, and if ﬁ(ClS = ¥, then
F = 0.

5.2. For further progress in the investigation of the
quadratic equation L(Z) = 0 we need some facts from the geometry
of spaces HO with J-metric and the theory of operators (J-self-
adjoint) in such spaces.

The subspace L(CHO) is called J-non-negative if
(J%, X) > 0 for all % € L. It is called maximal J-non-negative
if it is not a proper part of any other J-non-negative subspace.

The following proposition holds true (seel31, 2-31, and
also [u4]).

[o]
5.1 . In order that some subspace L <« HO will be maximal

J-non-negative it is necessary and sufficient that it has an
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angular operator K with IK 1< 1.

The space L < HO is called E—isotropic if (Jx, %) = 0 for
all % € L.

If L < HO is a subspace with angular operator K, then the
J-isotropicness of L means that (Kx, Kx) =(x, x) (x € Hl), i.e.,
it means that X is an isometric operator.

If H is a bounded J-self-adjoint operator, acting in HO’
then every root space EA’ corresponding to a non-real eigen-value,
is J—isotropic.N A more general proposition states that every two
root spaces EA(H) and EU(H) of the operator H with u # A are
J-orthogonal, i.e., if p # % (in particular,y = A ¥ %), then
(J%, ¥) = 0 for % € Ek(ﬁ) and ¢ € EU(H). This statement is a
direct generalitzation of well-known propositions from linear
algebra [25, 30, 10, 20]. TFrom these propositions it follows
that if A is some set of non-real eigen-values of the operator H,
not containing any pair of conjugated complex numbers, then the
linear span K of the root spaces EA(H) with A € A is an isotropic
space. Clearly the closure T will be a J-isotropic subspace toc.

The following theorem holds true [20, 1u] 1

o ~
5.2 . Let H be a bounded J-self-adjoint operator having

the compact component ImH = (H - Hd)/Qi, and let OO(H)= AU K be
a ggcomgosition of its non-real spectrum OO(H) inte disjoint
parts A and A which are symmetric with respect to the real axis.

Then there exists a maximal J-non-negative subspace L,(<H,) with
~ <]

[e)
the following properties: 1 ) H LA < LA and 2 ) the non-real
part of the spectrum of the restriction of the operator H to EA

coincides with A.

Every such subspace L has another similar property:

1) This theorem of H. Langer has to be considered zs a general-
ization of a well-known theorem of L.S. Pontryagin [30] (see also
[101) on self-adjoint operators in spaces NI . A simpler proof of
Langer's theorem and a simultaneous generalization has been given
by M.G. Krein [14]. This result allows to generalize the fund-
amental theorem 1.1 also. We remark that Langer's theorem in its
complete version [20 - 211 also allows to prove the validity of
theorem 1.1 in the case that B is an unbounded self-adjoint
operator.
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o -

3) LA contains any root space EX(H) corresponding to A € A:
With the aid of this theorem the following theorem 5.1,

which is fundamental for what follows, can be proved without

great difficulty.

THEOREM 5.1. Let B = B (€ R), C € §_ and C>0. Then for
any decomp031twon of the non-real spectrum o, (L) of the pencil
L(x) = A°T + AB + C into two disjoint parts A and 1 = 9 (L)~4h,

ion L(Z) = O has a root 7, (€ 8§ ) possessing the follow1#g prop-

[}
erties: l ) ZAZA < cC and 2 ) the non-real part of the spectrum

O(ZA) coincides with A.

For any A € A the operator ZA and the pencil L have the

same Jordan chains.

If the system of Jordan chains of the pencil L, correspond-

ing to all possible A € A, is complete in H then the root 7, is

defined in _a unique way by the properties 1 and 2 . In that case
(5.2) AT+ B o+ Co= (u—z DO - 7,),
where B = - ZA = ZA’ C = A A

PROOF. It has been remarked in 8§82 already that the operator
H defined in H by the equation (2.4%) is J-self-adjoint, and
according to (2.2) its imaginary component ImH is compact; in
O(L)

On the basis of the propositions 5. l and 5. 2 there corresponds

addition o(H) = o(L) and honsequen‘tly 9 (H) =¢

to H an invariant subspace LA with angular operator KA such that

HKA < 1,all root spaces EA(H) with A € A are in lA’

the restriction of H has a non-real spectrum ceinciding with A.

and on LA

According to Lemma 5.1 we shall have for the operator

i
- 2
ZA = KAC
ZA + BZA + c = 0
1 . %
AsHKAllé 1, it follows that NZAXH é!lCZXII, i.e. ZAZA < C
Let us examine the spectrum of the obtained root ZA(€$m).
Let XO (# 0) be some eigen-value of ZA and WO, ?l, ""’Wp—l a

Jordan chain corresponding to AO
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(5.3) Z,¥, = Ag¥y, zij = Aowj + Wj—l (5 =1, «v., P-1).
According to lemma 3.1 the vectors WO, Wl’ ""wp-l form a
Jordan chain of the pencil L for the value AO’ and then, accord-
ing to lemma 2.1, the vectors (2.5) will form a Jordan chain of
the operator H for the same value X,. The vectors (2.5) can be

written in the form

(1.4) (5 =0, 1,...,p-1),

o]
=]
. Cd
—
1
=
RO
B3
1

A 3

and therefore they belong to the subspace LA. Therefore, if
AG € O(ZA) is non-real, it follows that AO € A. Conversely, let

AO € A and let WU’ Wl’

pencil L, corresponding to the value A

"Wp-l be some Jordan chain of the
0 Then the sequence (2.5)
will be a Jordan chain cf the operator H, corresponding to the
value AO' As AO € A, the vectors of the chain (2.5) will belong
to LA and their components will be connected by means of the

angular operator KA, i.e., we have

KAcl/2 Yo =AYy KAC%Wj = Ag¥y ¢ Yoy (5 =1, 2, veu, p-1D.

So the vectors WO’ Wl, ""Wp—l form a Jordan chain of the op-
erator ZA’ corresponding to the value AO' This completes the
proof of the first statement of the theorem. The second state-
ment will also be proved if we show that every rooct ZA gf the .
equation L(Z) = 0, which has the mentioned properties 1 and 2 ,
is obtained by the formula ZA = KAC%, where KA is ah angular
operator with HKA < 1 of some invariant subspace of the operator
H, on which the non-real spectrum of the restriction of H co-
ineides with A.

If we analyze the previous arguments we find that they

contain the following general conclusion.

o ~
5.3 . Let 1 be some invariant subspace of the operator H

with angular operator K. Then the spectrum of the non-zero
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1
- 2

eigen-values of the root Z = KC® of the eguation L.(Z) coincides

with the analogous spectrum of the restriction of H on L.

And what is more, from any Jordan chain of either H or 7 we
can get by explicit formulae a Jordan chain of the other operator,
where both chains correspond to one and the same eigen-value.

Therefore it remains to prove that if Z, is some root of the

20

OZ0 < C, then

is an angular operator of some subspace LO’

equation L(Z) = 0, possessing the property Z
1
- ]
ZO = KOC s Where KO
which is invariant with respect to H, and with HKOH < 1. This

t 1
< IC*x 1 (% € H) and, as R(C?) = H,

property means that "ZDX"
from this follows the existence of a unique operator KO (e E)
with 1Ky lg 1 such that Zgx = KOCZX (x € #), i.e. Z4 = KOCZ.
By lemma §.1 the subspace L = {x & KOX; x € K}, having the
angular operator KO, will be invariant with respect to H.

The third statement of theorem 5.1 holds true because of

the general theorem 3.2. So the proof of the theorem is complete.

REMARK 5.1. The third statement of the theorem means that
in the expression Zy = KC% the operator K is isometric and this
in “turn means that the subspace L(c HO) with the angular operator
Ky is a maximal isotropic subspace in Hy. On the basis of what
is said about isotropic subspaces on page 3 it is possible to
convince oneself directly of this fact. From the completeness of
the system of root spaces EA(ZA) (A € A) it follows that LA is
the linear closed hull of the rcot space system EA(H) (A € M.

As the root ZA is compact the following consequence holds:

COROLLARY 5.1. If the set of non-real eigen-values of the

e e s——— — ot

pencil L is infinite, then the point 0 is its unigue limit point.

5.3. A theorem of H. Weil [6, 7 : 2] yields a more
precise result than is formulated in Corollary 5.1. According to
that theorem for any operator Z € §_ and any continupus function
£(r) (0 < v <=, £(0) = 0), such that the function f(e®)

(-~ < t < ®») is downwards convex, the following inequality holds:

n n
T (] Aj(z)l)g z

fls.(Z)) (n = 1, 2, ...
j=1 j=1 3
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Here {Xj(Z)} is a complete sequence of non-zero eigen-values,

in order of decreasing absolute values (taking into account their
algebralc multiplicity) (IA (Z)[>|X (z)]|2...). If the function
f(e ) is strictly convex and the sequence {A (Z)} is infinite,
then the relation

I f(x (D)) = 0 f(s.(Z))

j=1 J j=1 J

assuming that the rlght side 7; finite is valid if and only if Z

is a normal operator (z" Z = 22). L
Let us apply the theorem of Weil to the operator ZA As

ZAZA < C it follows that A (Z Z ) g AJ(C) (3 =1, 2, ...0

and consequently

(5.5)  s.(2.) < A.(CH = JICY (5= 1,2, ...
joAT = ] J

From this we obtain the first statement of the following

theorem.

THEOREM 5.2. If for the continuous function f(r)

(0 ¢ v <=, £(0) = 0) the corresponding function £ (o<t < )

is downwards convex then the following relation holds for the root

ZA’ given by Theorem 5.1:

n
(5.8) L f(IA.(ZA)I) <
j=1 ] "

A
inog

f(/AijS) (n =1, 2, ...7,
1

and consequently, if the seguence {Aj(ZA)} is infinite, then

(5.7 F(/A.(C)).

1 ]

™ g

AL(Z
. £,z D ;j

1™ 8

3

If the function f(et) is strictlx convex and both sums in (5.7)

are flnlte and equal, then l ) the operators B and C are commut-

ative, 2 ) B g4 C and 3 ) the root ZA is a completeZ) normal

1) This addition to the thecorem of Weil(which strictly speaking has
been formulated by Weil only in application to matrices) can be
found in the book [61].

2) A normal operator Z(€R) is called complete if it vanishes in O
only or, what is that same, if R(Z) = H.
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operator for which

(5.8) |xj(zA)| = /Aj(C5 (3 =1, 2, «...).

Q o]
If the conditions 1 and 2 are fulfilled, then for a given
A always a root

(5.9) ZA = %(-B + i J4C ~ B")

o]
can be found for which the condition 3 will be fulfilled.

PROCF. TIf the sums in (5.7) are equal and finite and the
function f£(el) is strictly convex, then it follows from (5.5)
that

. L . % ~ .o
(5.10) 5502 = A(CT, dien, A (2,7)) = A (O =1,2,...),
and
(5.11) T f(!x.(ZA>|) = I f(s.(Z,) ).
j=1 ] j=1
From (5.11) it follows that ZA is a normal operator.
As 2,7, ¢ C, it follows from (5.10) that 7,2, = C. Taking

into account that C > 0 we conclude that ZA is a complete normal
operator for which the relation (5.8) is valid. From the comp-

leteness of the normal operator ZA and the equality ZXZA = C the
factorization (5.2) follozs so that B = - ZA - ZA’ therefore the
commutativity of ZA and ZA implies the commutativity of B and C.

Simultaneously we get

F? & Z - Z x
2 ~ ¥ _ * 2 B A A
4C ~ BT = HZAZA (ZA + ZA) = [———Ef——l > 0.

So this proves the second statement of the theorem.
Let us pass on to the third statement. If the operators
B and C are commutative, then in ¥ an orthonormal basis {ej};

can be found, such that
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5.12 Ce, = x.(Q)e., Be. = u.e. (3 =1, 2, ...0
5.12) SHR DR Rt B R 1T ’
and so
2 i .

.13 4LCc - B o= (4L (C) - ulde, (3 =1, 2 D IN
(5.13) ( )e] 5 Uj 3 J > £
Therefore, if 4C - B2 > 0, then (0 - ug >0 (5 =1,2, ...

Consequently the equation

(5.18) A%+ Wid A0 = 0 GG =1, 2, ...

will have either a double real root (=5uj) or a pair of non-real
conjugated complex roots. In the first case the real root of the
equation (5.14), and in the second case the complex root which
belongs to is denotes by XQ. We form the normal operator ZA by
putting Zye, = Agej (G =1, 2, ,..;. As (zi +BZ, + Oey = 0,
(3 =1, 2, ...), it follows that ZA + BZA + C = 0; in view of the
fact that Ikgl = Aj(C) it follows that (5.8) holds t§ue. By
defining in a corresponding way the operator Y4C - B” with
alternating signs, it is easy to understand that the root ZA can
be written in the form (5.9).

This finishes the proof of the theorem.

COROLLARY 5.2. Let {A;(L)}§ (N ¢ ») be a complete sequence

and (taking into account their algebraic multiplicity) ordered

according to decreasing moduli (]AI(L){ > IX;(L)l > ....). Then
n [eo]
+
(5.15) FOAL(LY]Y < & £(/A. (T (n =1, 2, .., N,
o1 j = .l j
] =1
where f(r) (0 < r <, £(0) = 0) is an arbitrary continuous

function to which there is a corresponding downwards convex

function f(et) (-» < £t < =),

In particular

N +
(5.186) TOFCAaL(LY]) <
]=1 J

nm™ 8

FGALITD.
=1
If the function £(e®) is strictly convex and the right side
in (5.186) is finite, then in (5.16) the eguality sign holds true
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if and only if the operators B and C are commutative and
c-8%>0. In that case N = » and MSE AT (351,2,..00.

=

PROOF. 1Indeed, if we put A = {XT(L)}, then the sequence
{k;(L)}? will be a part of the sequence {Aj(ZA)} and the inequal-
-ities {5.15) will be consequences of the inequalities (5.8).

If the function f(et) is strictly convex and if in (5.16)
the equality sign holds, then it is clear that N = =,

{Ag(L)}; = {Aj(ZA)}; and in (5.7) the equality sign holds. By
what has been proved the latter implies the commutativity of B,
C, the normality of the operator ZA and the relations (5.8).

Let us choose in ¥ an orthonormal basis {ej}i such that

%
ZAej = kj(ZA)ej, ZAej = AjZZAsej (3 =1, 2,...).
Then
_ % _ 2 ‘ o * .
Cej = zAerj = |Aj(ZA)| ey Bej = -(Z, + ZA)ej = -2 Rexj(zA)ej,
B%e. = u[Re 1.(Z,)1% (5 =1, 2 )
3 3 7A 3 PR e

and consequently

2 i 2 2 .
(5.17) (4C - B )ej ={4 ]Aj (zA)f -[Rexj (zA)] }ej (3 =1, 2,...)
from which it follows that 4C - B2 > 0.
Conversely, if the operators B and C are commutative, then,
by choosing an orthonormal basis {ej} such that the equalities
(5.12) are valid, we have

2

(5.18) (A’T + 2B + Ox = & [A2 + Bk A (O] (2, eydes

If, in addition, 4C - B2 > 0, then according to (5.17)

ukj(C) - ug >0 (3 =1, 2, ...), and every equation

AQ + u.i + Aj(C) = 0 will have a pair of non-real conjugated com-

plex roots:
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AL = By i/uxj(c) R (3= 1, 25 «.)

3 ]

If for some WO # 0 and X = AO we have L(XO)WO = 0, then

it follows from (5.18) that the number AO coincides with one of
+
the numbers Ag, and if we assume for concreteness that Imxo > 0,

we have

It is clear that conversely for every WO(#O) of this form we
shall always have L(AO)WO = 0.

By means of (5.18) it is easy to verify that the pencil L
has no adjoint vectors. So {X;(L)} = {31}, and as IA;I = Aj(C)
(§ =1, 2, ...), this finishes the proof of the corollary.

We remark that the function f(r) = r2q (q > 0) has a
corresponding strictly convex function f(et) = eth. Therefore

for any q > 0 the following relation holds:

(5.19) Z|A;(L)lzq < sp 2,

If some q > 0 we have Sp c? < o, then in (5.19) the equal-
ity sign holds if and only if B and C are commutative and

2
4c - C7 > 0.

§6. A weakly damped pencil.

6.1. A pencil L is called weakly damped if the following
condition is fulfilled:

(6.1) (Bx, x)2 < 4(Cx, x)(x, x) for x # 0.

Clearly the condition (6.1) is equivalent to the condition
of positiveness of the expression (L(A)x, x) for any x # 0 and
real A. In other words the condition (6.1) is equivalent to the
positiveness of the operator L(A) = A2I + AB + C for any real A.

We leave to the reader to prove that if C € §_, then it
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follows from the condition (6.1) that also B € $°o and in addition:

2 . L .2
. (B 4a.(C = - . = A7 .
sj( ) < ]( ) (3 1, 2, , s](B) XJ(B ))

The latter inequality is easily obtained on the basis of
the minimax properties of the eigen-values of self-adjoint compact

operators. In this connection the following proposition holds:

o &%
6.1 . IfB=B €8%_,C€S$_,C>0, then the condition
€{6.1) of being weakly damped is equivalent to the condition of

absence of real eigen-values in the pencil L.

Indeed, if (6.1) is fulfilled then for any real A the oper-
ator L(A) is positive and consequently the pencil L has no real
eigen-values. But if for some X # 0 the inequality
(on, XO)2 > H(Cxo, XO)(XD’ xo) is fulfilled, then the set of
those A for which there are % # 0 such that (L(A)x, x) = 0 is not

empty; it contains the points

- 2
xl,2 = [—(BXO, xy) * JQBXO, XO) - B(CxyHxp) (% XO)]/(XU’XO)'

So according to a general theorem of P.H. Mﬂller {297 the
pencil has a real eigen-value.

We remark that if C € §_ and the operators B and C are
commutative, then the condition (6.1) is equivalent to the cond-
ition 4C - B2 > 0 (see also 5.3). Generally the latter condition

is more restictive than the condition (6.1) (see remark 2.1).

6.2. A compact operator Z will be called complete if the
system of all its root spaces EA (z2), corresponding to the non-
zero eigen-values is complete and the operator Z has the same
property.

If the operator Z is dissipative, Z € T_ and Sp(-ReZ) < =
then according to a theorem of M.S. Livsic (applied once before
in (2.5)):

(6.2) - £ Re Xj(Z) < Sp(-ReZ),
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where the equality sign is valid if and only if the system of
root spaces E (Z) is complete in H. But if this condition is
satisfied, 1t is also satlsfled for Z 3 so in that case the
system of spaces E (7’ ) (x € O(Z )) is also complete For a
dissipative operator Z we have always I(Z) = T(z ) as for such
operator the equation Zx = 0 is equivalent to the equations
(ReZ)x = (ImZ)x = 0, and hence to Z*x = 0. So a dissipative op-
ervator Z(€ $_) is complete if I(Z) = {0}, Sp(-ReZ) < = and in
(6.2) holds the equality sign.

In the following propositions it is assumed that in the
pencil L the coefficient C € $_, C > 0.

THEOREM 6.1. Let L be a weakly damped pencil with B > 0
Sp B < ». Then the system of root spaces of the root ZA of

and
the equation L(Z) = 0 is complete in H if and only if

(6.2) - T Re A = Sp B.
A€o (L)

If this condition is fulfilled for any choice of

A (K u {0} = o(L) ~A) the roots Z, and Zy will be complete diss-
ipative operators and will form a pair of solutions of the equa-
tion L(Z) = 0.

PROOT. let us denote by R the projector which projects H
orthogonally on the linear closed hull B of all root spaces of

the operator Z We put Z RZAR; from RL(ZA)R = 0 we get

At AT

easily that Zi + BZA + C = 0, where B = RBR 3 C = RCR
Theorem 3.2 is applicable to the pencil L(X) = A I + XB + C and

the root ZA’ considered in H.

Hence

So the operator ZA is dissipative and the application of the rel-

ation (6.2) on Z gives
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(6.4) (- I Rek=) -2 I Rek < Sp B (< SpB)
A€o (L) AEA - -

If the system of root spaces of the operator ZA is comp-
lete, then R = I, RBR = B and according to a theorem of M.S.
Livsic the equality sign holds true everywhere in (6.4). Conver-
sely, if the equality sign holds in (6.3), then it follows from
(6.4) that SpB = SpB, hence QBQ = 0 ( Q = I - R) and QB = BQ =
Multiplying each term of the equation Zi + BZA + C =20 on the
left and the right by Q we get QZAQ ~ QCQ. But then QZ Q
- QCQ as well. As Q7AQ AQ, it follows that (ZAQ) = —QCQ
As the operator ZA has no non=-zero eigen-value in QH = Hl, any
eigen-value of the operator ZAQ and therefore also any eigen-val-
ue of the non-negative operator QCQ = - (ZAQ) equals zero.
Therefore QCQ = 0 and as by our hypothesis the operator C is
positive it follows that Q = 0, R = I,

As by assumption C > 0, it follows that the kernel Z(Z)={0}
for any solution Z of the equation L(Z) = 0.

So, if the condition (6.3) is fulfilled the operators ZA
and ZK are complete and dissipative. They form a complete pair
of solutions by Lemma 4.3 and Remark 4.1.

This completes the proof.of the theorem.

A simple comparison of the Theorems 2.1 and 6.1 leads to

the following conclusion.

THEOREM 6.2, Let L be a weakly damped pencil for which
2

B>0, Sp B <= and lim inf n

An(C) = 0. Then for any choice of

A the roots ZA and ZK are complete and dissipative operators which

form a complete pair of solutions of the equation L(Z) = 0.

In addition we formulate the following propositions which is

a complement to Theorem 2.2 (for v = 1):

THEOREM 6.3. Let L be a pencil for which B > 0, 4C - B > 0

LT3 " ; . _
and 1im n xn(c) = 0. Then*anz solution Z0 of the equation L(Z) =

satisfying the condition ZOZ0 < C, is a complete and dissipative
operator. Tor any choice of A the roots Z, and Zy form a comp-
lete pair of solutions of the equation L(Z) = 0.
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For the sake of brevity we omit the proof of this propos-
ition. Let us comment upon the conditions of the theorem.
As we know, the condition B2 < 4C implies the pencil L is weakly
damped. From this condition (like, as a matter of fact, from
the condition of being weakly damped) it follows that
A (B) 2)%(C) (n =1, 2, ...), and therefore if lim n’r_(0) = o0,
then 1lim nkn(B) = 0. The latter condition is also fulfilled in
case the condition Sp B < = (B > 0) is satisfied, to which
condition it is very near, though it is nevertheless somewhat

weaker.
§7. A strongly damped pencil.

7.1. The pencil L is called strongly damped if

(7.1) (Bx, x) > 2 V(Cx, x) (x, x) for x # 0 .«

In this case the equation

((LOOxs x) =) (x, AL + (Bx, x4 + (Cx, ») = 0

(for any x # 0) has two different negative roots Al , =D
b

where

(7.2) pi(x) = §T§£;GZT [-(Bx, x) % JQBX, x)fr— B(Cx, x)(x, x)1.

It is clear that
p_(x) <p,(x) <0, p, (Xp_(x) = (Cx, x)/(x, x).
If for some ¥, # 0 and a complex AO we have L(XO)WO = 0,

then (L(AO)WO, WO) = 0, and therefore XO
number p+(W0) or with the other. From this the following

coincides with one

proposition follows:

o
7.1 . Every eigen-value of a strongly damped pencil L is

negative.

We shall introduce a series of general definitions for the
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*
pencil L with B = B , C > 0. Let L(XO)WO = 0 (WO # 0) , then
there are three possible cases: the value of IAOIZ can be equal,
WO). In

is called

less or more than the quotient (CWO, WO) / (WO,

correspondence to these cases the eigen-vector WO
neutral, of the first kind or of the second kind.

If Xy is non-real, then the eigen-vector ¥. clearly will be

0
neutral.

If all eigen-vectors corresponding to one and the same
eigen-value XO are of one and the same kind (first or second),
then the eigen-value is called definite and, according to the case
or of the second kind.

If the condition (7.1) is satisfied, any eigen-vector ¥, will
belong to one kind or the other, namely: it will be of the first
kind 1f A, = p+(WO) and of the second kind 1f i, = P-(Wo)'

0 0
Let us put

(7.3) a (LY = - sup p_(x), a (L) = - inf p (x).

It turns out that

(7.4) p_(x) < p, (y) (x, vy €EH 3 x, v # 0),
hence
(7.5) (0 <) a<(L) < a>(L).

and therefore the following proposition holds true

Q
7.2 Every eigen-value of a strongly damped pencil is

definite; it is either 2 - a<(L) or g - u>(L); if it is > - u<(L)

and < - o (L), then it is of the second kind.

In the algebraic case (H finite-dimensional) all statements
mentioned above have been established before by R. Duffin [8]; in
that case always a (L) < o,(L). From this result the inequality

(7.5) follows immediately, even in our case (H infinite dimensional)
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Indeed, let us denote by H(O)

the linear span of the pairs
of eleménts %, y € H, x, v # 0 and by P the orthogonal projector
projecting H on H(O) 0 of the
(o) is a strongly damped pencil again. TFor the
iO) [8, Theorem 41 we have

(y); on the other hand piO)(z) = p,(z) (z €H

It is clear that the restriction L
pencil PLP in H
corresponding functionals p

20y < p(®

(0)
N ).

[o]
7.3 If the condition (7.1) is satisfied the operator B is

uniformly positive, namely

(7.86) (Bx, ®) 2 a (L) (x, %) (x € H).

Indeed, according to (7.2) and (7.3):

(Bx, x) / (x, x) 2 -p_(x) 2 o (L) (x € B, x £ 0).

7.2. In the previous conclusion, except in the condition
(7.1), we used only the fact that C is a positive operator from
1)
R .
If we suppose that the positive operator C € $_, then it is

possible to state on the basis of Theorem 5.1 that the equation

L(Z) = 0 has a pair of solutions Zl and Z, = -B - Z; for which
lel < C
For any x € H, x # 0 we put
1
- % .

al{x) = (Ble, le)/ZﬁC Z1xl Hle i (> 1).
As for any x € H

2 2
((Zl + BZl + O)x, le) = 0, (Ble, le) = - (le, le) - (Cx, le),
and

x|

-

1 3
| (Ccx, le)] < 1C% u-uc2zl

*
f(lelle, %) |

| (23%, 2,%)|

HA

ziz. )% 1 (zF7 )%
1200 2 %0 (220 % 0 g

3 3
1C°Z.x 1 » 1C?%x 1,

1A

1

1 . . . .

The authors, however, have succeeded in generalizing in that
case a series of successive conclusions as well, which will be
shown elsewhere.
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it follows that D

1 1 1

X . _ “ . %

2q(x) 1 C le 1 HZlXII = (Ble, le) < 20 C Zlﬁl 1c=xl
7.7 2% 1€ 23— 1 C2x | (x € B)
1% "= g(x) '
Hence
*
(7.8) ((C = 2,2)%, %) 3 (1 - —=—) (Cx, 0> 0 (x € H,x # 0),
. q (%)
From the relation Z;Zl = C it follows that
> 2 _
1C%% 1~ = (le, sz) < len HZZX 0.
Comparing this with (7.7) we get
1
1 Z,x 12 q(x) 1C?x | (x € ).
Therefore
% 2
(7.8) ((2222 - Ox, x) 2 (g"(x) - 1) (Cx, x) (X €H, x 7 0),
On the other hand it follows from Z2 = - B = Z; that the
%

positive operator H2 = Z;Z2 - C can be represented in the form
H2 = B2 + T, where T € §_.

Therefore, if pis the greatest lower bound of the spectrum
of the operator B2 w2 uf(L)), then for any € > 0 the spectrum
left to the point p-e of the positive operator H2 consists of a
finite number of isolated eigen-values of finite multiplicity,
which are positive because of (7.9).

So the operator H2 = Z;Z2 - C is uniformly positive:
m(HZ) = inf[(Hzx, x) / (x, x)1 > 0.

At the same time we conclude that the operator Z, is cont-

inuously invertible, as

12, P = (Hyx,x) + (Cx, ) 3 (Hyx, x) 2 m(H,) bx 12 (x € ).

Now the proof of the following fundamental theorem does not

take us much trouble.

1) Continuing this_argument we can prove that

I|leI|§ (q(x) - qz(x) - l)HC%xH.
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THEQREM 7.1. TFor a strongly damped pencil the following

statements are true:

o
1) the guadratic eguation L(Z) = 0 has oneand only one root 7, with

1y = .
the property lel < C 3
o %
2 ) the root Zl and the accompanying root Z2 =~-B - Z1 are

symmetrized by one and the same uniformly positive operator

E
S=B+ Z + Z, = - (B+ 2

1 1 + Z2) = 2. - %

2 T 23

o
3 ) the root Zl is similar to a negative compact cperator; its

spectrum lies on the segment [ -a (L), 01 ; the eigen-vectors
(-values) of this root are exhausting all the pencil's eigen-

vectors (-values) of the first kind;

o]

% ) the root 7, is similar to a negative bounded operator; its
spectrum lies on the segment [-IB | - ViCl, —a>(L)]; the eigen-
vectors (-values) of this root are exhausting all the pencil's

eigen-vectors (-values) of the second kind;

50) the spectrum o(L) = G(Zl) U c(Zz);

=]
6 ) the roots Z1 and 22 form a complete pair of operators.

PROOF. Temporarily ignoring statement lO we continue the
investigation of the root Zl (havigg the property Z;Z1 < C) and
the accompanying root 22 = - B - Zl’ the existence of which is
guaranteed by Theorem 5.1.

From Z% + BZ + C = 0 it follows that (Z + Z + B)Z = Z'7 - C.

C
Putting Z = Zk (k =1, 2) we get

N _ . _ o, % _
(7.10) SZk = - Hk (k =1, 2 Hk = (=1) (Zka c)).

So each root Zk is symmetrized by the operator S:

52, = zﬁs (k =1, 2),

and also by its operator Hk:

Sz, = - Z

(7.11) H Z = 2. H = -1 " i

*
2y Hy sz, (x = 1, 2).

%
k

1) It is possible to prove that the accompanying root Z2 = - B - Z;
is completely defined by its property 22Z2 2 C.
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The latter means that the operator Z, is symmetric with

k
respect to the scalar product (x, Y)k = (Hkx, y) (k =1, 2).

As the operator H, is uniformly positive, the scalar product

2
(x, y)2 is topologically equivalent to the scalar product (x, y)
given in H. With respect to the scalar product (x, y)2 the

operator 22 is a negative self-adjoint operator with the follow-

ing spectral decomposition
b
(7.12) 22 = ! KdEZ(A),
a
where, respectively, a and b are the smallest and the largest

number respectively of the spectrum U(Zz), for which

(7.13) (—% PBI <) -Bi-/TCIg a <b < - a(L).
Let us explain where the inequalities (7.13) come from.
f
As Z2 = -B -~ Z; and Zl € $_, the condensation spectrum of the

operator Z, coincides with the condensation spectrum of the
operator ~B, and according to (7.6) the entire spectrum o(-B) is
contained in the interval (-w, —a((L)). On the other hand every

AO € O(Zz) not belonging to the condensation spectrum of 22 is an

eigen~value of the operator Zy, of finite dimension, and if WO is
a corresponding eigen-vector (ZZLPD = AOWG), then

2 2 2 :
|21 Ty i = 1 Z,¥,1 > (CY¥#y).

So AO is an eigen-value of the second kind of the pencil L,

and therefore AO < -u>(L).

= %
From 22 = - B - Zl it follows that HZZHSHBII+ HZlH and from
&% EA b :
Z;72y < C and (7.1) we get I1Z, 1 <hC%i= VICT < %IB kL It still

171 = 1
remains to remark that the number -a coincides with the norm

Wz, = - inf[(sz, x)2 / (x, x)2 ], and as the operator 22 is

2" 2
symmetric with respect to the scalar product (., .)2 we have
according to a general theovem [18]}: -ag HZZH

From (7.11) it follows that & = H?Z2H;% - H;%Z;H§ -¢" <o,
and therefore it is possible to state that the operator Z, is
similar to the self-adjoint negative operator G.

Let us show that the operator S is uniformly positive.

As S = —szglit follows that
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-1 -1 1 m(Hz)
(sx, x) = - (sz2 X, X) = - (22 X, x)2 > TET(X’ x)2 2 _TET—(X’ x).
From (7.8) and (7.10) it follows that (Sle, X) = (—Hlx, x) < 0
(x € B, x # 0).

So the root Z1 is similar to a negative compact self-adjoint
operatoi.

Consequently the root Zl possesses a system of eigen-vectors
{ng)}z which form a Riesz basis in H:

(1) (1), (D) .
Z, VY. = ALY (3 =1, 2, ...).
17 i 3 15
2 2 2
If 2% = XY (¥ # 0) then [A]5 wws =0z, ¥ < (cY, ).

So all vectors Ygl) (numbers A;l))are eigen-vectors (eigen-values)
of the first kind of the pencil L.
%
As LOV) = O = 2,) (AT = 2,), it follows that

-1 ) -1 * -1
LTH0) = (AT - 27T - 2,07

Taking into account thag the operator Z; is similar to the
operator Z2 and therefore O(Zz) = 0(22) and also that the inter-
section of the spectra U(Zl) N o(Z,) may consist of one point
only (the minimal eigen-value of Zl)’ which always belcngs to the
spectrum o(L), we conclude that o(L) = G(Zl) u 0(22).

From this it follows already that the eigen-vectors (eigen-
values) of the operator Z, are exhausting all eigen-vectors
(eigen-values) of the first kind of the pencil L.

As by what has been proved the eigen-vectors of the first
kind form a complete system in ¥, it follows that by the equations
Z¥ = A¥ (¥ is an eigen-vector of the first kind of the pencil L,
A is the corresponding eigen-value) the root Z, with the property

Z:’:Z1 < C is completely degined; .
So all statements 1 -~ 5 have been proved. It remains
to remark that statement 60 is contained in statement 20, accord-
ing to which the operator S = Zq - 22 is uniformly positive.

This completes the proof of the theoremn.

o]
REMARK 7.1. We remark that it follows from statement 6
of theorem 7.1 that, if the condition (7.1) if fulfilled, then

any twice continuously differentiable (in the strong sense}
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solution v(t) of the equation

¥V + Bu+ Cv=o0

can be written in the following form:
v o= exp(tZl)xl + exp(tzz)x2

The elements 2q and x, are uniquely defined by the initial

- _ A .
conditions N R and Vg le + ZQXZ, where Vs Vg € H
may be given arbitarily.

With the associated equation

(7.14) Cvy + Bv + v =20

the situation is different.

In an generalized sense for any x., X, € H the vector func-

1
tion
(7.15) v = ex (tZ-l)x + ex (tZ_l)x
. Pitsy Ixq Pitay 7%,
will be a solution of the equation (7.14). This solution will

have one(or two) continuous derivatives if Xy € R(Z )

(or Xy € R(le)). If % € R(Z ) the vector functlon (7.15) will
be a solution of the equation 1n the usual sense. If the cond-
ition vg = ZZVO € R(Zl) ig fulfilled, then the equation (7.14)
will have a continuously differentiable solution of the form

1

(7.14) satisfying the initial conditions v(0) = Vg v(0) = vy

REMARK 7.2. Fror tha unlform positiveness of the operator
L
H2 = lel - C and the equation ZQZl = C it is not dlfflcult to

deduce that there exists a positive p < 1 such that lel < pzc.
But then HZlug pvIC |, and consequently a 2 - Bl -pv1

so that in (7.13) the lower bound is never reached.

REMARK 7. 3. For the sake of brevity we omit propositions
concerning the behavior of eigen-values of one kind or the other
for a strongly damped pencil L under monotone alteration of the
operator B {(see the corresponding algebraic propositions in

[81). On the basis of these propositions, in particular for
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sequences of eigen-values of the first kind of the pencil L
(Xil)(L) < XéZ)(L) < ... (<0)) it is possible to obtain the

following upper bound:

1B - /IBI2 - 42 (0 2% _(C)
n n

- A(l)(L) > > = - =
n s 1B+ ¢ MBI - 1) (O

A_(C) x_(C)
n

- n -
= _ITT[1+°(1)]>T'B—T (n =1, 2, ...)

and the following lower bound:

2Xn(C) Xn(C)
= By [1+o0(1)]

(L
- A,

A

n(B) + /rZ(8) - ua_(0)
which are valid beginning with those n for which
uA_(0) < m’(B) = inf[(Bx, x)/(x, ) 1°.
If the operator B has the form

(7.16) B =BT + T (T € %),

then the following asymptotic equality holds

A (C)

(7.17) A;l)(L) s- L toW] o).

REMARK 7.4. The authors will prove elsewhere that with
some complications, the results of this section can be generalized
to the case where instead of the condition of being strongly
damped (7.1) the weaker condition that the operator B is uniformly
positive is fulfilled or the even weaker condition contained in
the requirement that the condensation spectrum of the operator
B is positive.

Among other things if the latter condition is fulfilled
(and ¢ > 0, € € 3_), then the pencil L always has no more than
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a finite number of non-real eigen~values.

In particular this condition is fulfilled if B has the form
(7.16) with any 8 > 0 and T € §_. In this case, even when the
condition (7.1) of being strongly damped is violated, the asymp~-
totic formula (7.17) remains valid as soon as the following add-

itional condition is fulfilled:

A4, (C)
. +1
(7.18) lim n =1
iy ‘T;TET“

REMARK 7.5. Recently it was proved by S.G. Krein [18] that
the problem of small vibrations of a viscous fluid contained in
an immovable vessel and having a free surface can be reduced to

the equation

(7.19) y = uGy + % Hy

where G, HE€ S , G >0, Hz 0, u is a complex parameter (stemming
from the expression v{(g&,n,z, t) = e_utw(i,n,c) for the velocity
vector of a fluid particle with Euler coordinates &,n,Z).

The substitution u = - l-l ~-"a (a » 0) transforms the

equation (7.19) into the following equation:

22(a%G + aT + H)y + A(2aB + I)y + Gy = 0.

Whatever the operator o = H* (€ER) may be (none of the
conditions H € §_, H 2 0 is necessary), for sufficiently large a
the operator T = aZG + H + al will be uniformly positive. By
taking such a and by substituting in the equation (7.19) x = F%y,

we transform this equation into the equation La(k)x = 0, where

2
L,(A) = x°L + xB_ + C,

B, = F¥%(2a0 + T)F%, ¢ = Fiar i,

It is easy to understand that the obtained pencil La is
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strongly damped if and only if D

(7.20) y(6x, %) (Hx, %) < (%, x)2 (x € H, x # 0).

and that in this case all of the previous theory can be applied
to (7.19).

If in addition, H € $_, then the condition (7.16) is
fulfilled for Ba with 8 = 1/a, and if An+l(G)/An(G) + 1 for n»ew,
then the condition (7.18) will be fulfilled for B and
A AB_ Y/ A _(G) » 1/a.

n a’"n

All this allows one to obtain a series of essential
extensions to the articles [1, 22]. For instance, in case the
condition (7.20) and the conditions G, H € §_, G > 0 are fulfilled,
it is possible to state that the equation (7.20) has a Riesz basis
consisting of the eigen-vectors of the first kindZ) of the
equation (7.19), and that for the corresponding complete sequence

1y . (1),
Ul S U2 s
(7.19) the following asymptotic formula holds true

of eigen-values of the first kind of the equation

(1
i

n = '—r—l(w-[l + o(1)1 (n » =),

n

1) We remark that for H < 0 the condition (7.70) is automatically
fuifilled; and if H = Hy - H_ (H, .2 0), then the condition (7.20)
will e.g. be fulfilled for &4 Teh - W, 1< 1,

2) Tt is not difficult to understand how to translate the notion

of eigen-vector (walue) of the first or the second kind for the
equation (7.19).
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