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1. Introduction and summary,

Let x,, be an observation from p-variate normal distribution with
the mean vector g, and the covariance matrix A, ie., N(, A), 1=
1,2, ¢c0,m;; 1=1,2, .-, k. Let us use the following usual notations
and definitions:

&

fi=l§_‘{ x;;/n;, for the mean vector for the ¢-th sample,

k 14 k k
x=>3 n,Xx; / Sin, and p=> n.pk, / S m,, for the weighted grand mean
i=1 i=1 =1 i=1

vectors of Xx,’s and p,’s respectively, and

KN
k3

(S m—h)L=3 3 (ra—F) =%

t=1 l=1

for the pooled ‘within’ covariance matrix of the k samples.

In 1953, S. N. Roy and R. C. Bose [2] obtained the simultaneous
confidence bounds on all arbitrary double linear compounds of the dif-
ference between k& mean vectors g,’s and their weighted grand mean g,
that is, for all z,’s, all non-null p-dimensional scalar vector «’s and all

k
- b’s subject to 3 bi=1,

i=1

&

(1) bmni*a'(x;—x)—[(k—1)c.a'Laj"

Z

< ; bania! (1t — 1)< ;; bt e (%, — %)+ [(k— 1)c.a’ La]"

where ¢, is the 100« per cent point of the largest root of the p-th
degree determinantal equation in ¢: |L*—c¢L|=0, where L* is the ‘be-
tween’ covariance matrix, which is defined by

(k= D)L* = Sy (%~ %~ phet PN E— T 11

In this paper, the following three problems, which are to obtain
specific subsets of the set of bounds (1), are considered :
(i) to give simultaneous confidence bounds relating to a specific
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set of independent comparisons among f,’s,

(ii) when one of k experiments is a standard experiment or a con-
trol, to set the simultaneous confidence bounds relating to the differences
between the standard population mean and the other k—1 p’s and

(iii) to give the simultaneous confidence bounds on the contrasts,
a'(¢;— ) for all non-null @' and all 4£5=1,2, .-, k. This problem has
been formulated by Roy and Bose in [2].

The method of calculating 100a per cent points of the quantities
needed in setting these bounds is also explained.

2. Confidence bounds relating to the independent comparisons Among £;’s.

Let x,; be an observation from -th p-variate normal distribution
Ny, A4), (1=1, ---,m;;1=1,--+, k). In practical applications, for example,
in analysis of dispersion, we are often interested in the specified set of the
independent comparisons among ;’s rather than the set of all arbitrary
comparisons among them. There are k—1 independent comparisons among
’s. Suppose that we are interested in setting the simultaneous con-
fidence bounds on 'y, for all non-null @ and all 7=1,2, ..., k—1,
where

k
(2) 7]7,22 dinn}b/zlln, ’[:::1’ 2, ...,k_l R
h=1
and d,,’s are given scalars satisfying the conditions

i d. = 1=1,2, -+, k—1,
(3) i
2 dundn=0, i#5=1,2, e, k—1.

k
Without the loss of generality we can assume that 3 d},=1(=1,2, ---,
h=1

k—1). If we define analogous comparisons y,’s among k sample means,
Xx;’s, to comparisons 7,’s by

(4) yz:i dihn}zﬂxhy 7/:1y 2; A k—1 ’
h=1

then it is easily seen that y, is distributed according to N(7;, 4) in-
dependently of y,(i+7).

Now we consider the statement that, for all possible non-null vec-
tors a,
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la'(y,— 77@)‘/ [a'Lal*<g

or
(5) a(y,—n)w,—n)alaLasg’

where L is the pooled covariance matrix defined in Section 1 and g is
a given positive constant. Noting that

(6) T%:(yi—m)'L“l(yi—m):slip o'y, —7)y:—7n)ald' La ,

it is easy to see that, for given 7, the relation: ’f’%g g, is exactly equi-
valent to the relation (5). Furthermore, considering all ¢, we can see
that the statement: all T:<¢? is precisely equivalent to the statement :
Ti,,,x:m?x {Tf} <g* which is again equivalent to the statement that, for
all non-null ¢ and all <,

(7 ) a'y,—[g’a'Lal* < a'y), < a'y,+-{9°a'Lal'” .
Thus, if we denote the upper 100a per cent point of Timx by B(«a; p,

k

k—1, >\ n,—k)=B%«), we have a set of simultaneous confidence bounds,
i=1

with a confidence coefficient 1—¢,

(8) d'y,~[B(®)a'Lal*<a'n), = a'y,+ [ B (a)a’'La]”®

for all non-null a and all 7.

The distribution of T%MX is extremely difficult to obtain, but the ap-
proximate evaluation of B*«), for ordinary significance level a, can be
made by adopting the method obtained by the author in [3], which will
be explained later.

Expressing the confidence bounds (8) in terms of s and x,’s, we
have

% K
(9) > dinila'x,— | B(a)d' La|* < > dih,n}b/Qa’/’eh
=1

i
<3 dunias, +B@a'Lal"
rand when n,=n,= +++ =n,, (9) becomes
(10) S\ dud'%— [B(@n~d Lal < S, dd'p,
s ﬁ, d,a'x,+[B(a)n‘a’'La]'?,

where n denotes the common size of k& samples.
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3. Confidence bounds when one of %k experiments is a standard one.

Suppose that one of k& experiments, for example, k-th experiment
is made on a standard or a control category. In this case, we are in-
terested in setting the simultaneous confidence bounds relating to the
differences between the population mean g, in the standard experiment
and the other population means p,’s, that is, the confidence bounds on
the comparisons of the type: a'(y,—p,), for all non-null ¢ and all
1=1,2, ---, k—1.

Considering that, for all permissible non-null a,

la'(x; =%, — 1+ )|/ la’ Lal " < g
or
(11) a'(X;— X, — i+ ) (X — X — 4+ 1) ala’ Las g°
we can easily obtain the desired confidence bounds in the same manner

as the last section. The result is as follows: for all non-null @ and all
1=1,2, -+, k—1,

(12) a'(x;—x,)—[A(@)a'Lal" S a'(tt,— )= &' (X, — X))+ [A(@)a’Lal” ,
where A a)=A%«a; p, lc—l,é‘1 n;—k) is the upper 100a per cent point
of the distribution of TMAX,C defined by

Thiax.o=max {(F—F — o+ 16 LF— X 1+ 1)} -
This statistic Tﬁmx_c and T,%[AX in the previous section are similar sta-
tistics except that, in 7%,y yi—77i:éldi,,n}/?(},,,—ﬂh) is independent

of y,—7, for i+, whereas, in T%,y.c, (¥, — X, — 4+ %) is not independent
of (x,—x,—p;+ ) for 1+#7 and their covariance matrix is A /n,.

4. Confidence bounds on the contrast a'(zt;— ;).

A set of simultaneous confidence bounds on a'(z,—p,), for all
non-null ¢ and all ¢+#5=1, 2, ---, k, has been built up by Roy and Bose
[2] in the following form with slight modification :

(13) a'(x,—x;)—[Ria'La]*=a'(¢t;— )< a'(x;— x ;) +[Ria’' La]'?
for all non-null @’s and all pairs (¢, j) out of &k, where Ri=R%a;p,k,

k
thi—lc) is the upper 100a per cent point of R%,, defined by
=]
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Biax =rinJaX {Ri;} :n}a}x {Qo,— X, — ) L7 (e — 3, — ph+ 1)}

However, the method for evaluating R2 could not be obtained and hence
the confidence statement (13) has not been reduced to practical terms.
The author has given in [4] (in Japanese) the method for evaluating
R2 for the ordinary significance levels.

5. Evaluation of the upper 100 per cent point of T?“X.

The evaluation in this and next sections will be done by using the
method given in [3]. This is based on the following well-known formula
in probability expressed in terms of 7'*s which are defined in Section 2:

(14) Pr{fiu >t} =NPr{T:>t} -3 N(N—-1)Pr{T:>t", 1>t} +--- ,

where t* is a positive constant and N=k—1. For the reasonably large
value of ), a good approximation to Pr{T%MX>t2} is provided by the
first one or two terms of the right hand side of (14). Since T2, is
defined as max {T%} or max {(y:—n) L (y,—1:)}» y;—7, is distributed ac-
cording to N(0, A) independently of y,—7,(i+#J) and L has the Wishart
distribution with parameter matrix A4 and with u:ini—k degrees of
freedom, it is easily seen that each T% has the Hotélzlling’s T *distribu-
tion and then the first approximate upper 100« per cent point of Ty,
which is denoted by B¥a;p, N, v), is given by solving

(15) a/N=Pr{T?>Bxa; p, N, v)} ,
that is,
. _ 1 _ )
(16)  Bia;p, N, u)—v{ TR e 1} (see (3.7) in [3])

where C(a*; a, b) is the lower 100a* per cent point of the beta-distribu-
tion with parameters @ and b. By Bonferroni’s inequalities, we have,
for ##=Bi(a; p, N, v),

NPr{T?>B¥a)} —sN(N—1)Pr{T"> B¥«a), T2> B{a)}
<Pr{T%x>Bi(a)} < NPr{T:>Bi(a)}

ie.
(1" a—pB(a; p, N, v)<Pr {T%,,>B )} <a,
where Bi(@)=Bia; p, N,v) and B(a; p, N, »)=3N(N—1)Pr {T:>B(a),
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T§>Bf(a)}. In order to examine the accuracy of Bj(a), we must evalu-
ate the value of B(a; p, N,v) or Pr {T%>Bi(a), T ;> Bi{«)}, which is
done (asymptotically) by using the formulas (5.18) —(5.27) in [3]. Since,
in the present case, y,—7; (t=1, ---, N=k—1) are mutually independent,

the formulas to be calculated are considerably shortened to the following:

(18)
(19)

(20)

(21)

A L A

Pr {T3>BYa), T:>Bi(a)} =A,+ S 0()

Aoz(a/N)2 s

A =02 {0+ DN/ NGy oar+ 92paen) —-"—(’iziﬂ(a/zv)gm :

A= LELEP) g g NN)+ g3}

16

2 4 — 2 2__
- U2 (g,

_ P+ X +p (Gapors

4 | ™5 —~ 0o ) Q/N)+Gpps19p)

+(gp/2+1_gp/2)gp/2+1_(a/N)ng/2+1:|

_1’(1’_"‘23)(10_"'@{(gMH——2910/2+z+gp/2+1)(a/N)

+3(gp/2+2_gp/2+1)gp/2+1}
—p(p+2)(]0+3) {(gp/2+2_gp/2+1)(a/N_ gp/2+1)+g?v/2+1}
_p(p2+ 310+ 4)(“/N—‘ gp/2+1)gp/2+1

n p(p+2)p+4)p +‘6) {(Gppres

16 _3gp/2+3+3gp/2+2_g11/2+1)(a/N)

+ 4(gp/2+3— 2gp/2+2 + gp/2+ 1)gp/2+1 +’ 3(g13/2+2— gp/2+ 1)2}

n p(p+2)(p4+4)(p+5) {(Gpraes

—20,142F gp/2+1)(a/N)

~{(Gpi2+3—5Gp 124240 pj2+ )G 501~ (Fpres— Gppa+1)’}

2)(p*+12p+23
‘|‘p(p+ )(]02— p+ ){(gplz+2_

2)(p*+4p+-T7
+p(p+ )(1)8"{‘ p_l_ )(gp/2+2—g1:/2+1)2

+ p(2p° ‘|‘25p+ 5) {2(a/ N—

Gore NN =29 501) + 901}

gp/2+1)gp/z+1*gz%/2+1} ’

where *=)a/N; p) is the upper 100 a/N per cent point of the chi-square
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distribution with p degrees of freedom and g,,=g,(X*/2)=[T(m)]~'(/2)"*
e **(m>0) with exception that g,(x%2)=0, and g_,(X/2)=—(4r)"""*
(X2/2)—3/26—X2/2-

Table 5.1. Values of Ao, A1 and Aa

a=0.05 a=0.01
N(=k-1)
Ay Ay A, Ao Ay Ay
| p=1
2 0.0%25 | 0 .01052 0.05259 Y 0.0425 0.039492 0.01124
3 0.032778 0.0%5917 0.03312 0.0t1111 0.0%4972 0.027208
4 0.081563 0.023878 0.02660 0.05625 0.033120 0.0%5169
5 0.031 0.022775 0.02202 0.054 0.032165 0.023957
6 0.046944 0.022102 0.01867 0.052778 0.031603 0.023164
7 0.0¢5102 0.021658 0.01612 0.052041 0.031247 0.022618
8 0.043906 0.021347 0.01413 ;| 0.051563 0.049939 0.022203
10 0.0425 0.089492 0.01124 0.0%1 0.046840 0.021651
12 0.041736 0.087108 0.029235 0.086944 0.045018 0.021297
14 0.041276 0.035555 0.027790 0.085102 0.043878 0.021059
16 0.0%9766 0.0%4480 0.026698 0.083906 0.043089 0.038846
p:
2 0.0%625 0.028505 0.06393 0.0425 G.087018 0.01176
3 0.032778 0.024657 0.04414 0.041111 0.033615 0.027102
4 0.031563 0.023000 0.03306 0.0%625 0.032244 0.024920
5 0.031 0.022121 0.02609 0.054 0.031545 0.023670
6 0.046944 0.021592 0.02133 0.052778 0.031137 0.022875
7 0.045102 0.021246 0.01791 0.0%2041 0.048759 0.022360
8 0.043906 0.021006 0.01534 0.051563 0.016982 0.021912
10 0.0425 0.037018 0.01176 0.051 0.044772 0.021426
12 0.041736 0.035215 0.029410 0.086944 0.043491 0.021104
14 0.0t1276 0.024050 0.027767 0.065102 0.042678 0.038867
16 0.0%9766 0.023249 0.026560 0.083906 0.042126 0.0%7324
p=3
2 0.03625 | 0.027551 0.07690 0.0425 0.085966 0.01197
3 0.032778 0.024082 0.05040 0.0¢1111 0.033047 0.027032
4 0.031563 0.022608 0.03656 0.0%625 0.081881 0.024768
5 0.031 0.021833 0.02820 0.054 0.031290 0.023509
6 0.06944 0.021369 0.02266 ! 0.002778 0.019460 0.022612
7 0.045102 0.021068 0.01876 0.052041 0.047211 0.022172
8 0.0¢3906 0.038596 0.01589 0.051563 0.045783 0.021808
10 0.0425 0.035966 0.01197 0.051 0.043938 0.0213811
12 0.041736 0.034408 0.029430 0.086944 0042873 0.021006
14 0.041276 0.083419 0.027708 0.085102 0.042208 0.038003
16 0.059766 0.032736 0.026450 0.083906 0.011791 0.036743




174 MINORU SIOTANI

Table 5.1 shows the values of A, A, and A, calculated by the
above formulas for p=1, 2, 3; ®=0.05, 0.01 and N=k—1=2(1)8, 10(2)16.
When p=1, it is easily proved that

(22) Pr {1:>t, T§>t2}:4gv St (%, v; O)dudw ,
where
. _ 1 u—z‘ouQ)_I_rv —{v+2)/2

which is the bivariate generalization of Student’s ¢-distribution. Dunnett
and Sobel [1] have obtained exact formulas for evaluating the integral
of (22) (formulas (10) and (11) in [1]). In order to see the degree of
accuracy of the first three terms of our asymptotic formula (18), we
shall compare the values obtained by (18) for p=1 with the exact values
calculated by Dunnett and Sobel’s formulas. Table 5.2 shows this com-
parison for N=5, 10, 16; v=20, 30 and «=0.05,0.01. From this table,

Table 5.2. Comparison of values by (18) with exact values

N values by (18) ‘ exact values | values by (18) t exact values
=1y | a=0.05 a=0.01
20 0.032938 l 0.032931 0.0%2472 l 0.0%2668
P w0 | ewmn | oo | comes | o6z
10 20 0.081005 0.031022 0.05855 I 0.05999
30 | o013 | o0.0w73 | 00512 | o088
20 0.044891 0.0%5165 0.0415 [ 0.0%521
o0 | ooms | oomms | oomo | oo

it is seen that the discrepancy between the values by our formula (18)
and the exact values is not so large at least, for v>20, 16 >N>2, a=
0.05, 0.01 and p=1, and does not matter for the evaluation of the second
approximation to the upper 100« per cent point of YA’I%IAX, which will be
explained below. Since, for fixed a, N, v, B(«; p, N, v) with p=1,2, 3
are found to have the magnitude of the same order, we shall roughly
assume that, when p>2, at least when p=2, 3, our asymptotic formula
(18) gives also a satisfactory estimate of Pr {T‘;’> Bi(w), T§>B§(a)} . From



NOTES ON MULTIVARIATE CONFIDENCE BOUNDS 175

the numerical examination it is seen that the effect of A(«a; p, N, v) is
significant, especially when a«=0.05 and so the second approximation to
B*a; p, N, v) is to be considered. However, since the great deal of
labour is necessary to do this and, moreover, the second approximation
underestimates the true value, it will be more appropriate for our present
evaluation to use the following modified procedure than to use the
second approximation itself. The modified second approximate upper
100« per cent point of 7'%4,, which is denoted by Bf¥a; p, N, v), is given
by solving

(24) a+B8(e; p, N, v)=NPr {T:=y.L'y,>B#*(a; p, N, v)} ,

where B(a; p, N, v) is the value calculated for Bi(a). This estimate will
have the good accuracy for practical applications and is given in Table
I at the end of this paper.

6. Evaluation of the upper 100 per cent point of ’f’fm.c when n,=

Ny= +++ =Ny,

In this paragraph, we shall consider the evaluation of the upper
100« per cent point, A*«; p, N, v), of 'f“f’m,o, which was defined in Section 3.
Since the evaluation is extremely complicated in the general case when
the sample sizes, %, +-,n,,are not the same, we shall hereafter treat the
special case when %,=-..=n,=n and consider the extreme statistic
nT%mX_C, that is,

(25)  nliaxc=max {nT}
4
=1max {1, — X — s+ (4) L7 (R =X — i+ 1)} -
In this case we can obtain the good estimate of the upper 100« per cent
point, W*a; p, N, v), of nT%{AX.C in the same way as in the last section.
Obviously W*«; p, N, v)=nA*«; p, N, v).

The first approximation to W3a; p, N, v) is given by Wia; p, N, v)
(= Wi(a)) satisfying the equation

(26) @/N=Pr {nT%c=n(X,—Xe— h+ ey L7 (X,— X — o+ 1) > W)},
that is,

o - 1 _
(27) Wia; p, N, ”)_2’){ C(a/N; (v+1—p)/2, p/2) 1}’
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where C(a*; a, b) is again the lower 100a™ per cent point of the beta-
distribution with parameters a and b.

The modified second approximation, W *«; p, N, v), is given by
solving
(28) a+B%a; p, N, v)=NPr {nT%:> Wi*a; p, N, v)} ,
where

B*(; p, N, v)=3N(N—1Pr {nT2%:> Wi), n T:e> WHa)} .

The asymptotic expression for Pr {nT§.0> Wia), nT;.C> Wi«)} is written

in the form

@) Pr{nfie> Wi@), nfte> Wi} =Bet 2o+ B o)

Since V'n (X;—X,— g4+ ,) is distributed according to N(0, 24) and the
covariance matrix of 1y (X,—X,—pattt) and Vg (X,— X, — 24+ 0),
(i#J) is A, the calculation of B,, B, and B, can be done by the formulas
(56.18)—(5.27) in [3] with v=2 and &§=1. Table 6.1 gives the values of
B, B, and B, for p=2 and a=0.05, 0.01; N=k—1=2(1)8, 10(2)16.

Table 6.1. Values of By, By and By when p=2

a=0.05 a=0.01
N(=lk—1)
By By B By B; B,
2 0.023156 0.01832 0.02216 0.033236 0.023974 0.01140
3 0.021771 0.01277 0.01932 0.081833 0.022618 0.029086
4 0.021178 0.029775 0.01757 0.031226 0.021937 0.027630
5 0.038590 0.027900 0.01587 0.018975 0.021528 0.076616
6 0.0%6641 0.026393 0.01465 0.0%6959 0.021257 0.025862
7 0.0%5344 0.025685 0.01364 0.045614 0.021065 0.025277
8 0.034428 0.024977 0.01279 0.0%4662 0.0%9211 0.024807
10 0.0%3236 0.023974 0.01140 0.043418 0.037221 0.024098
12 0.032505 0.023298 0.01033 0.042653 0.035909 0.023583
14 0.032019 0.022813 (.029460 0.012142 0.034984 0.023192
16 0.0%1674 0.022448 0.028746 0.041779 0.034298 0.022882

When p=1, we have, for any positive w,

(30) Pr {inTic>w?, nTie>w

:U_%:S_T? +S_7?”S°°w +S°°w S_T; +Sw,,, Sww ]gv(%, v; 0.5)dudv ,

vy vy vy~ Vg
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where ¢,(u, v; 0.5) is the density of the bivariate Student’s t-distribution
(23) when p=0.5, from which the exact value of Pr {nf’i.c> W),
nTie> Wi(a)} can be calculated. Table 6.2 below corresponds to Table
5.2 in the last section and gives the comparison between the exact
values obtained from (30) and the values from the first three terms of
(29).

Table 6.2. Comparison of values by (29) with exact values

N values by (29) exact values values by (29) exact values
(=) | ° a=0.05 a=0.01

5 20 0.021371 0.021367 0.0%1925 | 0.031911
30 | o022 | o 0.0s1241 | 0.01623 | 0.0°1622
20 0.0°5835 0.0%5810 0.048476 l 0.048253

1 0 | 0.0%5135 I 0.055120 | 0 046909 --------- [ 0 046876 VVVVVVVV
20 0.033299 0.033275 l 0.044882 0.044796

R I | ooess | oomsss | o.ossz

N=10: By=0.033817, B1=0.023790, B,=0.024917

N=16: By=0.032002, B1=0.022377, B,==0.024329

N=5: By=0.0%1079, B1=0.0%1513, B,=0.023589
a=0.01{

N=5: By=0.0%9926, B,=0.0%7316, B,=0.025074
a=0.05 {

N=10: Bo=0.0%4199, B;=0.027293, B;=0.022520
N=16: By=0.0%2208, B:==0.034405, B,=0.021885

It is seen from this table that estimated values have considerably
sufficient accuracy. The values, Wi%«a), obtained by the modified second
approximation procedure (28) are contained in Table II at the end of
this paper.
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TABLE Ia. Upper 5% points of ZA’@AX when p=2. (N=k-1)

N]2l3‘4 5 | 6 7t8|10 12’14|16
20 | 9.415/10.656/11.569]12.422/12.900/13.418]13.87514.65015. 2041584816 331
22 | 9.194110.385(11.250(11.953(12.520/13.025/13. 458]14. 195(14. 807]15.332/15.798
24 | 9.015[10.167|11.010[11.678[12.232{12.707[13.124/13.83014. 416|14.918|15.357
26 | 8.861| 9.987]10.805/11.452(11.989|12. 448/12.851/13.532/14.09614.580/15.. 002
28 | 8.744| 9.837110.634[11.263(11.785(12.230(12. 622{13. 283(13. 830|14. 209|14.707
30 | 8.639] 9.709]10.489(11.10311.612]12.047/12.428/13.072/13.605|14.060/14..457
32 | 8.549] 9.60010.364]10.966|11.464]11.890/12.263]12.89213.411|13.856(14.243
34 | 8.471] 9.505(10.256(10.84711.336/11.753(12. 119(12.735(13. 24413 67914058
36 | 8.402] 9.42110.161[10.742[11.224]11.634/11.993/12.59813.09813.525(13. 896
38 | 8.341) 9.34810.077]10.651[11.124]11.52811.882/12.477/12.969]13 . 388]13.754
40 | 8.287 9.28210.003(10.568[11.036(11.434|11.783]12.370(12.854/13.267/13.626
42 | 8.238 9.223) 9.936(10.495[10.957/11.351(11.695[12. 274]12.752]13.159/13.513
44 | 8.195 9.170 9.875(10.429(10.886(11.275/11.615(12.187/12.659(13.06113.411
46 | 8.155) 9.123 9.821[10.369[10.822[11.207|11.543]12.109/12.576/12.973(13.319
48 | 8.119] 9.079) 9.771[10.315/10.763/11. 14511 .478/12.035/12.500[12.89313.235
50 | 8.086| 9.039 9.726[10.265(10.710[11.088|11.418[11.973/12.430(12.820{13. 159
55 | 8.015) 8.953 9.620[10.15810.595[10.966/11.280|11.83412.281/12.662(12.994
60 | 7.956| 8.882 9.548]10.070/10.500/10.865(11.184/11.719(12. 158|12.533]12.858
65 | 7.907] 8.823 9.481] 9.997(10.421[10.781/11.095(11.622]12.057|12.425(12.746
70 | 7.865| 8.772) 9.424 9.934]10.35310.710/11.020/11.541{11.969{12.33412.650
80 | 7.798] 8.692] 9.333] 9.834/10.246/10.595(10.900[11 . 410/11.830[12. 187|12. 496
90 | 7.747] 8.629 9.262| 9.756/10.163[10.50810.807[11.311|11.724[12.074]12.379
100 | 7.701] 8.580] 9.206| 9.696/10.097[10.43810.734[11.231/11.630|11.985(12. 286
120 | 7.645| 8.507) 9.124] 9.605/10.000/10.33510.626[11.114/11.514/11.85412. 148
150 | 7.585| 8.435 9.042] 9.516) 9.904[10.233110.519[10.998/11.391[11.72312.012
200 | 7.526] 8.364] 8.961 9.428] 9.809(10.133]10.41410.884[11.270|11.596[11.879




NOTES ON MULTIVARIATE CONFIDENCE BOUNDS

TABLE Ib. Upper 1% points of f’ﬁAx

when p=2, (N=k-1)

2

3

4

5

6

7

8

10

12

14

16

20
22
24
26
28
30
32
34
36
38
40
42
44
46
48
50
55
60
65
70
80

100
120
150
200

14.901
14.411
14.021
13.702
13.438
13.214
13.024
12.859
12.714
12.587
12.475
12.374
12.284
12.202
12.128
12.060
11.914
11.795
11.695
11.611
11.476
11.393
11.290
11.169
11.050
10.932

16.403
15.828
15.371
14.999
14.690
14.430
14.208
14.016
13.849
13.701
13.571
13.454
13.349
13.255
13.169
13.090
12.922
12.784
12.669
12.572
12.416
12.297
12.203
12.063
11.926
11.792

17.507
16.867
16.358
15.945
15.602
15.313
15.067
14.855
14.670
14.507
14.362
14.234
14.118
14.014
13.919
13.832
13.647
13.495
13.368
13.261
13.089
12.958
12.855
12.702
12.551
12.404

18.386
17.691
17.136)
16.692
16.322
16.010
15.744
15.516
15.316
15.140,
14.985
14.846
14.721
14.609
14.507
14.414
14.214
14.051
13.915
13.799
13.615
13.474
13.363
13.199
13.038
12.879

19.121
18.379
17.791
17.315
16.920
16.589
16.306
16.063
15.850
15.664
15.499
15.351
15.219
15.100
14.992
14.893
14.682
14.508
14.364
14.242
14.047
13.898
13.781
13.607
13.437
13.270

19.751
18.968
18.349
17.847
17.432
17.083
16.786
16.529
16.306
16.110
15.937
15.782
15.643
15.518
15.405
15.301
15.079
14.898
14.746
14.618
14.414
14.258
14.135]
13.953
13.775
13.600)

20.307
19.487
18.839
18.314
17.880
17.515
17.205
16.938
16.705
16.500,
16.319
16.158
16.013,
15.883
15.765
15.657
15.425
15.236
15.079
14.946
14.733
14.571
14.443
14.254
14.068
13.886

21.249
20.366
19.668
19.103
18.637
18.246
17.913
17.626
17.377
17.158
16.964
16.791
16.636
16.497
16.370
16.255
16.008;
15.806
15.638
15.496
15.269
15.095
14.959
14.757
14560,
14.366

22.035
21.097
20.357
19.759
19.265
18.851
18.499,
18.196
17.932
17.701
17.496
17.314
17.150
17.003
16.869,
16.748
16.487
16.274
16.097
15.947
15.708
15.526
15.381
15.170
14.962
14.759

22.711
21.726
20.949
20.321
19.803
19.369
19.000
18.682
18.406
18.164
17.950
17.758
17.586
17.434
17.294
17.167
16.895
16.672
16.487
16.331
16.082
15.891
15.742
15.520
15.304
15.091

23
22
21
20
20
19

18
18

17
17
17
17
17
17
16
16
16
16
16
15
15
15

19.
19.

18.
18.

.305
277
.467
.812
273
.821
437
107
.820
.568
346
147
.970
.810
.665
.b33
.250
019
.827
.665
.406
.209)
.054]
.824
.600
.380
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TABLE Ila. Upper 5% points of nf'z
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MAX

K

when p=2.

(N=k-1)

2]

| 4 ‘ 5 | 6 | 7 | 8 ‘ 10 | 12 1 14 | 16

16
18
20
22
24
26
28
30
32
34
36
38
40
42
44
46
48
50
55
60
65
70
80
90
100
120
150
200

19.747
19.033
18.489
18.061
17.716
17.432
17.195
16.993
16.81¢
16.66€
16.536
16.418
16.313
16.220
16.135
16.059
15,985
15.926
15.78%
15.675
15.581
15.500
15.371
15.271
15.193
15.075
14.960
14.845

21.312
20.666
20.159
19.750
19.414
19.132
18.893
18.683
18.509
18.353
18.215
18.092
17.981
17.882
17.792
17.710
17.635
17.473
17.340
17.229
17.134
16.982
16.865
16.773
16.636
16.500

16.366

21

20
20

19

19

19

18

17

17

17

21.
20.
.502
.236)
20.
19.
.636
19.
19.
.223
19.
.014
18.
.839
8.
18.
18.
18.
18.
.986
17.
732
17.
.433

22.16423 . 878
22.
22.
.644

929
208

189

815

008

810

483
346

113
922
660
512
389
284
116

884

581

25.199,
24.174]
23.397
22.787
22.297
21.894
21.556,
21.270
21.024
20.811
20.624
20.458
20.311
20.179
20.060
19.953
19.855
19.766
19.573
19.414
19.281
19.168
18.987
18.848
18.737
18.574
18.412
18.253

26.289]27..153
25.200126.019
24.37425.159
23.727124.484
23.20623.942
22 778123.496
2242023123
22 116(22.806
21.856(22.534
21.62922.298
21.430[22.001
21.255(21.909
21.009121.746
20.959(21.600
20.83321.469
20.719}21.350
20.615/21.242
20.521[21.143
20.316{20.929
20.147]20.754
20..008120.607
19.887120.483
19.695[20.282
19.548{20.129)
19.43120.007
19.257/19.826
19.086[19.648
18.917[19.472

26

23
23

22
22

21

21
21

20

20

20

19

27 .

25.
25.
24.
24.

23.
22.
22.

22.
22.
21.

21.

21.

20.

20.

20.

911
.736
844
146
583
121
734
.406]
124
879
664
AT5
.306
155]
019
896
.784)
681
.460|
278
126
997
.789
630
504
.316
131
.948

29.150(36.130

27.910
26.968
26.230
25.636
25.147
24.739
24.392,
24.094
23.835
23.608,
23.408
23.230
23.070
22.926
22.796
22.677
22.568;
22.335
22.142
21.982
21.845
21.625
21.456)
21.323,
21.125
20.929
20.736

28
27
27

25

24

23
23
23
23
23
23
23
22
22

21

21

.823
.862
.094
26.

476

979
25.
25.

542
181

.870
24.
24.
24.

601
364
155

.956
.803
.653
.517
.394
.281
.037
.836
.669
22.
22.
22.
21.
775
21.
.362,

526
297
121
982

571

30.933
29.605
28.597
27.806
27.169
26.644
26.205
25.833
25.513
25.235
24.991
24.775
24.584
24.411
24.257
24.117
23.989
23.872
23.621
23.413,
23.240
23.093
22.856
22.674
22.530
22.316
22.105
21.897

31.608
30.251
29.219
28.409
27.756
27.219
26.770
26 . 388
26 . 060,
25.774
25.525
25.303
25.106
24.930
24.772
24.628
24.497
24.377
24.118
23.906
23.727
23.576
23.333
23.147
22.999
22.780
22.563
22.349




TABLE IIb. Upper 1% points of n7?

NOTES ON MULTIVARIATE CONFIDENCE BOUNDS

MXA

.C

when p=2.

(N=k-1)

STz s a5 6|78 |w0] | u

16

16
18
20
22
24
26
28
30
32
34
36
38
40
42
44
46
48
50
55
60
65
70
80
90
100
120
150
200

32.341
30.701
29.474
28.522
27.763
27.143
26.628
26.193
25.822
25.499
25.218
24.970)
24.750
24.553
24.377
24.217
24.072
23.940
23.655
23.422
23.227
23.062
22.792,
22.594
22.434
22.197
21.964
21.734

35.
33.
32.
31.
30.
29.
920
.423
.999
.631
311
.029
778
26.
26.
26.
26.
.857
25.
25.
.047
24.
24.
24 .
24.
.880

28
28
27
27
27
27
26

25

25

23

475
588
179
087
217,
509

55b
354
172
008

534
269

858
557
330
148,

23.615
23.357

37.710
35.645
34.104]
32.913
31.964
31.191
30.549
30.007
29.545)
29.145
28.797
28.489
28.217
27.974
27.755
27 .558
27.379
27.215
26.865
26.575
26.335
26.132
25.806)
25.557
25.359
25.068
24..782
24 .500,

39.437
37.236
35.595
34.325
33.315
32.492
31.809
31.233
30.741
30.316
29.945
29.619
29.329
29.071
28.838!
28.628
28.438
28.264]
27.891
27.585
27.330,
27.114
26.768]
26.503
26.294
25.985
25.681
25.382

40.836
38.526
36.804
35.472
34412
33.549
32.833
32.229
31.713
31.267
30.879
30.536
30.233
29.962|
29.718
29.499
29.299
29.117
28.726
28.405
28.138
27.912
27.549
27 .272
27.062
26.730
26.411
26.098

42.005
39.605
37.817,
36.433
35.332
34.436
33.692
33.065
32.528
32.067
31.663
31.307
30.992
30.711
30.458
30.230
30.023
29.834
29.428
29.095
28.817
28.582]
28.206
27.919
27 .691
27.355
27.025
26.700

43.006
40.531
38.636
37.259
36.123
35.198
34.431
33.784
33.230
32.754
32.337
31.971
31.646
31.356
31.095
30.859
30.646
30.451
30.032
29.689
29.402
29.160
28.772
28.474
28.241
27.894
27.554
27.219

44.645
42.050
40.114
38.618
37.426
36.456
35.650
34.971
34.391
33.890
33.453
33.068
32.727
32.422
32.148
31.901
31.677
31.472
31.033
30.672
30.372
390.117
29.710
29.398
29.152
28.788
28.431
28.080)

45.946
43.260
41.256
39.706
38.471
37.465
36.630
35.926
35.324
34.805
34.351
33.952
33.598
33.282
32.998
32.742
32.509
32.294
31.840
31.466
31.154
30.890)
30.467
30.144
29.888
29.510
29.139
28.774

47.016
44.258
42.199
40.606
39.336
38.302,
37.444
36.719
36.100)
35.566
35.100
34.688
34.324
33.999
33.706
33.442
33.203
32.984
32.514
32.129
31.807
31.536
31.100
30.767
30.504
30.115,
29.732
29.356

47.917
45.101
42.998
41.167
40.073
39.015
38.137
37.396
36.763
36.216
35.739
35.318
34.945
34.612
34.312
34.043
33.797
33573
33.092
32.697
32.368
32.089
31.644
31.300
31.032
30.634
30.241
29.852
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