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1. I n t r o d u c t i o n  and  s u m m a r y .  

Let  x .  be an observation from p-variate normal distribution with 

the mean vector /2~ and the covariance matr ix A, i.e., N(Fz, A ) , I =  

1, 2, . . . ,  n , ;  i = 1 ,  2, . . . ,  k. Let  us use the following usual notations 

and definitions: 

~ . , = ~ x . / n .  for the mean vector  for the i- th sample, 

= ~ n ~  n~ and /~= n~/l~ n~, for the weighted grand mean 

vectors of ~ ' s  and ~ ' s  respectively, and 

for the pooled ' w i t h i n '  covariance matr ix  of the k samples. 

In 1953, S. N. Roy and R. C. Bose [2] obtained the simultaneous 

confidence bounds on all arbi t rary  double linear compounds of the dif- 

ference be tween  k mean vectors /2~'s and their  weighted grand mean /~, 

tha t  is, for all /A's, all non-null p-dimensional scalar vector  a ' s  and all 

b~'s subject  to ~ b~=l, 

( 1 ) ~ b~n~/~a'(X~ --  ~ ) - -  [(k-- 1)c~a'La] '1~ 
i = l  

<= ~ b~n~a'([~ - ~) <= ~ b~n~/~a'(~ - Ji) § [ ( k -  1)c~a'La] ~" 

where c~ is the lOOa per cent point of the largest  root of the p-th 

degree determinantal  equation in c: [L*--cL[=O, where L* is the ' be- 

t w e e n '  covariance matrix,  which is defined by 

/c 

(k - 1) L* = E n~(~ - ~ -  ~ + ~ ) ( ~  - ~ - / ~  + / ~ ) ' .  
i = l  

In this paper, the following three  problems, which are to obtain 

specific subsets  of the set  of bounds (1), are considered: 

( i )  to give simultaneous confidence bounds relating to a specific 
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set of independent  comparisons among /L~'s, 

(ii) when one of k experiments  is a s tandard experiment  or a con- 

trol, to set the simultaneous confidence bounds relating to the differences 

be tween the standard population mean and the other  k- -1  /~'s and 

(iii) to give the simultaneous confidence bounds on the contrasts,  

a ' ( / t~- /~)  for all non-null a '  and all i ~ : j = l ,  2, . . . ,  k .  This problem has 

been formulated by Roy and Bose in [2]. 

The method of calculating 100a per cent points of the quanti t ies 

needed in set t ing these bounds is also explained. 

2. Confidence bounds  relating to the independent  comparisons Among p z's. 

Let  x ,  be an observation from i- th p-variate normal distribution 

N(/z,, A), ( /=1 ,  .- -, n, ; i = 1 , . - . ,  k). In practical applications, for example, 

in analysis of dispersion, we are often interested in the specified set of the  

independent  comparisons among /z,'s ra ther  than the set  of all a rbi t rary  

comparisons among them. There are k - 1  independent comparisons among 

/2,'s. Suppose tha t  we are interested in set t ing the simultaneous con- 

fidence bounds on a'~, for all non-null a and all i = 1 , 2 ,  . . . , k - l ,  

where 

/o 

( 2 ) ~ - -  x ~ ,7 n~/~,, 
~ = 1  

i = 1 ,  2, . . . ,  k- -1  , 

and d~ ' s  are given scalars sat isfying the conditions 

( 3 )  ,~~ 
d ~ d j ~  = O, 

lo 

Without  the loss of general i ty  we can assume tha t  ~ d ~ =  ( i=1 ,  2, -. -, 

k - l ) .  If  we define analogous comparisons g~'s among k sample means, 

~ ' s ,  to comparisons zffs by 

i = 1 ,  2, . . . , k - 1  , 

i r  2, . . . ,  k - 1  . 

/o 

t t = l  
i = 1 ,  2, . . . ,  k - 1  , 

then it is easily seen tha t  g~ is distr ibuted according to N ( ~ , A )  in- 

dependent ly of y j ( i r  

Now we consider the s ta tement  that ,  for all possible non-null vee- 

tors a, 
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I a'(y~ - -  ~ )  I/[a'La] ~ g 

o r  

(5) a'(y~--~]~)(y~ - "  / 'L < --~/~) a , a  a = g  

where  L is the  pooled covariance matr ix  defined in Section 1 and g is 

a given positive constant.  Noting tha t  

( 6 ) T~ = (y~ -- ~]~)'L-~(y~ -- 7]~) = sup a'(y~ -- 7]~)(y~ -- ~]~)'a/a'La , 
c$ 

it  is easy to see that ,  for given i, the  relat ion:  T ~ g ~ ,  is exact ly equi- 

valent  to the relation (5). Fur thermore ,  considering all i, we can see 

tha t  the s ta tement  : all T~<=g ~, is precisely equivalent  to the s t a t ement  : 

~ , ~ x = m a x  {~b~} _<g~, which is again equivalent  to the s ta tement  that ,  for 

all non-null a and all i, 

( 7 ) a'y~ -- [g2a'La]~/~ ~ a'~]~ <= a'y~ + [g~a'La] ~/~ . 
^ 

Thus, if we denote the upper 100n per cent  point of T~AX by B~(a; p, 

k - - l ,  ~ n ~ - k ) - - B ~ ( a ) ,  we have a set  of simultaneous confidence bounds, 

with a confidence coefficient l - - a ,  

( 8 ) a'g~ -- [B~(vOa'La]'I2~= a'~]~ ~= a'y~ + [B~(v~)a'La] '/2 

for all non-null a and all i. 
^ 

The distribution of T~.~x is ext remely  difficult to obtain, ba t  the ap- 

proximate evaluation of B~(a), for ordinary significance level a,  can be 

made by adopting the method obtained by the author  in [3], which will 

be explained later.  

Expressing the confidence bounds (8) in terms of /~'s and x / s ,  we 

have 

( 9 )  
k 

d~,~n~[~a,~,~_ [B2(~)a,La]~l~_ ~ ,7 ~.~/~.,,, 
h=l h--I 

< F, d~,~nFa'~:,~ + [B~(~)a'La] ~1~ , 
k = l  

and when n l = n 2  . . . . .  n~, (9) becomes 

(10) 
h=l h=l 

R, 

<= ~ d~a'Yz~ + [B~(~)n-la'La]i/2 , 
h = l  

where n denotes the common size of k samples. 
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3. Conf idence  b o u n d s  w h e n  o n e  o f  k experiments  is a standard one .  

Suppose tha t  one of ]c experiments,  for  example, k-th experiment  

is made on a s tandard or a control category.  In this case, we are in- 

te res ted  in set t ing the simultaneous confidence bounds relat ing to the 

differences be tween  the population mean /z~ in the s tandard experiment  

and the other population means /z~'s, tha t  is, the confidence bounds on 

the comparisons of the t ype :  a ' ( /~-- /~) ,  for all non-null a and all 

i = 1 ,  2, - . . ,  k--1 .  

Considering that ,  for all permissible non-null a, 

o r  

(11) a' ( $c~ ---2~ - ~ + / ~ ) ( ~  -- ~ -- [~ + ,a~)' a/ a' L a  <= g~ , 

we can easily obtain the desired confidence bounds in t h e  same manner 

as the last section. The result  is as fol lows:  for all non-null a and all 

i = 1 ,  2, - . . ,  k - - l ,  

(12) a'(x.~ -- a:~) -- [A~(o:)a'La]'/~<= a'([~ - - /~ )  <= a'(Yc~ -- ~:~) + [A~(o:)a'La] 1/2 , 

where  A~(a)~A~(c~; p, k - l ,  ~ n ~ - - k )  is the upper 100a per cent  point 
]t~l 

of the distribution of T~xoc defined by 

^ 2 _ _  �9 TMAX.O-- max {(~, -- ~ -- [~, +/~) 'L-~(x,  -- x~ --/~, +/z~)} 

This stat ist ic  T~Axc and ^: TMAX in the previous section are similar sta- 

tistics except  that ,  in ^~ k TMAx, y~--~yi= ~ d~n)j~(Yc~--/~) is independent 
h = l  

of y;--~]j for i c j ,  whereas, in T~x.c, ( ~ - - ~ - / L ~ + / ~ )  is not independent 

of ( ~ j - - ~ - / ~ + ~ )  for i c j  and their covariance matr ix is Ainu .  

4. Conf idence  b o u n d s  o n  the contrast a ' (~-- /~j ) .  

A set of simultaneous confidence bounds on a'(/~i-/l~), for all 

non-null a and all r 2, . . . ,  k, has been built up by Roy and Bose 

[2] in the following form with slight modification: 

(13) a'(~i - ~c~) -- [R~a'La]l/2~ a'([z~ -[~j)  <= a ' ( ~  - x j )  + [R~a'La] v~ 

for all non-null a ' s  and all pairs (/, j ) o u t  of k, where R ~ - - R ~ ( ~ ;  p, k, 

~_~ n ~ - k )  is the upper  100~ per cent point of R~,Ax defined by 
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R ~ AX ---- max {R ~j} = max {(xh -- ~:j --/A + ~j)'L-'(~', -- ~:j --/A +/~j)} �9 
~ , J  ~ , J  

However, the method for evaluating R~ could not be obtained and hence 

the confidence s ta tement  (13) has not been reduced to practical terms.  

The author  has given in [4] (in Japanese) the method for evaluating 

R~ for the  ordinary significance levels. 

^ 

5. Evaluation of  the upper 100~ per cent point  of  T~Ax. 

The evaluation in this and next  sections will be done by using the 

method given in [3]. This is based on the following well-known formula 

in probability expressed in terms of T~'-~ ~ which are defined in Section 2: 

(14) Pr{T~Ax>t~}=NPr(T}>t~}-~N(N-1)Pr{T~>t~,T~>t}+...^5 ~ , 

where  t ~ is a positive constant  and N = k - 1 .  For the reasonably large 

value of t 2, a good approximation to Pr{T~Ax>t ~} is provided by the 
^ 

first one or two terms of the r ight  hand side of (14). Since T~Ax is 

defined as max {T~} or max {(y,--~,)'L-I(y,--~)}, y , - -~ is distributed ac- 
l i 

cording to N(O,A) independently of yj-~j(i~=j) and L has the  Wishart  

distribution with parameter  matr ix  A and with v = ~  n , - k  degrees of 
/ = 1  

freedom, it is easily seen tha t  each T~ has the Hotelling's T~-distribu - 

TMAx, tion and then the first approximate upper 100a per cent  point of ~ 

which is denoted by B~(a;p, N, v), is given by solving 
^ 

(15) a/N=Pr{T~> B~(a ; p, N, v)} , 

tha t  is, 

(16) 1 1} (see (3.7) in [3]) 
B~(a; p, N, v)=v C(a/N; (v -p+l) /2 ,  p/2) 

where C(cr*; a, b) is the lower 100a* per cent  point of the  beta-distribu- 

tion with parameters  a and b. By Bonferroni 's  inequalities, we have, 

for t2=B~(a ; p, N, v), 

NPr{T~>B~(a)} --�89 {T21> B~l(OO, ~ T~>B,(a)} 

< Pr { ~" ~Ax > B~(a)} < NPr { T ~ > B~(a)} 

i.e. 

(17) a-~(a ;  p, N, v ) < P r  {T~Ax>B~(a)} < a ,  

where  B~(a)=-B~(a; p, N, v) and /3(a; p, N, v )=IN(N-1)Pr  {~'~>B[(a), 
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2~>B[(a)}. In order to examine the accuracy of B~(o O, we must evalu- 

ate the value of fl(a; p, N, ~) or Pr {T~>B~(a), T~>B~(a)}, which is 
done (asymptotically) by using the formulas (5.18) --(5.27) in [3]. Since, 

in the present case, y,-r] ,  ( i=  1, . . . ,  N = k - 1 )  are mutually independent, 

the formulas to be calculated are considerably shortened to the following: 

(18) 

(19) 

(20) 

(21) 

Pr {T~>B~(a), T~>B~((0} =A0+ AI~ +_~+0(~_~) 

A 3 = ( a / N )  5 , 

A, = (p/2) {(ZS+ p)(a/N)g~/:+, + g;/5+ 1} Z=(Z2+P) (a/N)g~l~ , 
2 

As-- Zs(Zs§ {(g~/~-g./~-l)(alN)+g~l:} 
16 

5 4 4  Z { Z +(13p-2)Z2+7P 5-4} (a lN)g~  
24 

PZ~(Z5 + P) Z5 + P a N 
- -  4 [ - --~{(g,/5+~--g~/5)( / )+g,/5+lgp/5} 

(g,/5+ ~-- g,/5)g,15+ , -  (a/ N)g,/5+ ll  + 

p(p+ 2)(p+ 4) {(gp/=+3-- 2g~/5+5 + g,/5+l)(a/N) 
3 

- -  P ( P  4-  2 ) ( p  + 3)  { (g , / 5  +~ - -  g , /~  + , ) ( a / N - -  g, /2  + 1) 4- g~,/5 +,} 

-- p(p~ + 3p + 4)(a/N-- g~/~+ 1)g~/2+1 

+ p(p + 2)(p + 4)(p + 6) {(g,~5 + , -  3g~/2 +3 + 3go  + g.,.,)(a/N) 
16 

-4- 4(g2,/5+ 3-- 2g~/2+ ~ 4- g~/2+,)g~/5+~ 4- 3(gp/~+2-- gp/:+ i) 5} 

+ p(p + 2)(p + 4)(p + 5) {(g,/5+3 -- 2g,/2+5 + g,/5+ 1)(oL/N) 
4 

- -  (g~o/~+3--5g~/:+2+4g~/2+~)g~oi2+~-- (g~12+5--g~o/:+~)2} 

-~ P(P+2)(p=+12p+23) {(g,/5+5--g,/5+l)(tz/N--2g,/2+.)+g~/=+.} 
4 

z r P(P+2)(pS+4P+ 7) (gp/2+2_g,m+~)5 
8 

zr p(2p 2 + 5p + 5) {2(a/N-- gp/2+l)gp/5+~, g~/~+ 1}, 
2 

where Zs--Z~(a/N; p) is the upper 100 a / N  per cent point of the chi-square 



N O T E S  ON M U L T I V A R I A T E  CONFIDENCE BOUNDS 173 

" 2 :  distribution with p degrees of freedom and g,~-g. ,(Z'/  ) [P(m)]-~(Z~/2) '~-~ 

e - ~ ( m > O )  with exception that g0(Z~/2)=O, and g_~l~(Z2/2)=-(47c) -~r~ 
(Z2/2)-~/2e-X2/2. 

T ab l e  5.1. Values of Ao, A1 and A2 

a = 0 . 0 5  a=O.O1 
N(----k-i) 

Ao A1 A2 Ao A1 A2 

p = l  

2 

3 

4 

5 

6 

7 

8 

i0 

12 

14 

16 

0.03625 

0.032778 

0 . 0 q 5 6 3  

0.031 

0. 046944 

0. 045102 

0.043906 

0.0425 

0.041736 

0.041276 

0.059766 

O. 01052 

O. 0"25917 

O. 023878 

O. 022775 

0.022102 

O. 021658 

0.021347 

O. 039492 

O. 037108 

O. 035555 

O. 034480 

] 0.05259 

0.03312 

0.02660 

0.02202 

0.01867 

i 0.01612 

0.01413 

0.01124 

0.029235 

0.027790 

0.026698 

0. 0425 

0 . 0 q l l l  

0.0~625 

0.0~4 

0. 052778 

0. 052041 

0. 051563 

O. OOl 

O. 066944 

0.0~5102 

0.063906 

0. 039492 

0.024972 

0.033120 

0. 032165 

0.031603 

0.031247 

0. 049939 

0. 046840 

0.045018 

O. 043878 

O. 043089 

p = 2  

0.01124 

0. 027208 

0.025169 

0,023957 

0.023164 

0.022618 

0.022203 

0.021651 

0.021297 

0. 021059 

0.028846 

2 

3 

4 

5 

6 

7 

8 

10 

12 

14 

16 

0.03625 

0.032778 

0.031563 

0.031 

0.046944 

0.045102 

0.043906 

0.0425 

O. 0q736  

O. 041276 

O. 0~9766 

0.028505 

0.024657 

0.023000 

O. 022121 

O. 021592 

0.021246 

0.021006 

0.037018 

0.035215 

0.034050 

0.023249 

0.06393 

0.04414 

0.03306 

0.02609 

0.02133 

0.01791 

0.01534 

0.01176 

0.029410 

0.027767 

0.026560 

O. 0425 

0.041111 

O. 0~625 

0.054 

0.0.~2778 

O. 0~2041 

O. 0o1563 

O. O nl 

0.0G6944 

0. 065102 

0. 063906 

0.037018 

0. 033615 

0. 032244 

0. 031545 

0.031137 

0. 048759 

0.0~6982 

0. 044772 

0.043491 

0. 042678 

0.042126 

0.01176 

O. 027102 

O. 024920 

O. 023670 

O. 022875 

O. 0'-'2360 

O. 0~1912 

O. 021426 

O. 021104 

O. 0~8867 

O. 037324 

2 

3 

4 

5 

6 

7 

8 

10 

12 

14 

16 

p = 3  

0.03625 

0.032778 

0. 031563 

0.031 

0.046944 

0.0~5102 

0.043906 

0.0~25 

O. 0q736  

O. 041276 

O. 0o9766 

O. 027551 

O. 024082 

O. 022608 

0.021833 

O. 021369 

O. 021068 

O. 038596 

O. 035966 

O. 034408 

0.033419 

O. 032736 

0.07690 

0.05040 

0.03656 

I 0.02820 

0.02266 

0.01876 

0.01589 

0.O1197 

i 0.0~9430 
[ 

i 0.0~7708 i 
I 
[ 0"026450 

O. 0425 

0.041111 

O. 0.~625 

O. 054 

O. 0~2778 

[ 0.0~2041 

O. 0o1563 

olo~1 
O. 066944 

0.065102 

O. 0~3906 

0,035966 

0.033047 

0. 031881 

0. 031290 

0.0~9460 

0.047211 

0.045783 

0.043938 

0" 042873 

0. 042208 

0.0~1791 

0.01197 

0.027032 

0.024768 

0.023509 

0.022612 

0.022172 

0.021808 

0.021311 

O. 021006 

O. 038003 

O. 036743 
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Table 5.1 shows the values of A0, A~ and A~ calculated by the 

above formulas for p = l ,  2, 3; c~=0.05, 0.01 and N - = k - l = 2 ( 1 ) 8 ,  10(2)16. 

When p = l ,  it is easily proved that  

(22) Pr {T~>t 2, T~>t '~} =4  ~ _j~(u,  v; O)dudv, 

where 

(23) g ~ ( u ' v ; P ) = 2 t / ~  I I+ - 9 J 

which is the bivariate generalization of Student ' s  t-distribution. Dunnet t  

and Sobel [1] have obtained exact formulas for evaluating the integral 

of (22) (formulas (10) and (11) in [1]). In order to see the degree of 

accuracy of the first three terms of our asymptotic formula (18), we 

shall compare the values obtained by (18) for p = l  with the exact values 

calculated by Dunnet t  and Sobel's formulas. Table 5.2 shows this com- 

parison for N = 5 ,  10, 16; 9=20, 30 and a=0.05,  0.01. From this table, 

Table 5.2. Comparison of values by (18) with exact values 

values by ( 1 8 )  exact values values by (18 )  exact values 
(kN1) 

a=0 .05  a=0.01 

20 0. 032938 0.0;~2931 0. 042472 0. 042668 
5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

30 0. 032170 0.032176 0.0~1562 0. 041627 

20 0. 031005 0.031022 0.05855 0.05999 
1 0  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

30 0.0~6913 0.0~6973 0. 05512 0. 05558 

20 0. 044891 0.045165 0. 04415 0. 05521 
16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

30 0. 043214 0.043286 0.0~240 0.0~274 

it is seen that  the discrepancy between the values by our formula (18) 

and the exact values is not so large at least, for 9>20, 1 6 > N > 2 ,  c~= 

0.05, 0.01 and p = l ,  and does not mat ter  for the evaluation of the second 

approximation to the upper 100c~ per cent point of ^2 T~Ax, which will be 

explained below. Since, for fixed c~, N, 9, ~(c~; p, N, 9) with p = l ,  2, 3 

are found to have the magnitude of the same order, we shall roughly 

assume that ,  when p_~2, at least when p-=2, 3, our asymptotic formula 

(18) gives also a satisfactory estimate of Pr {T~>B[(c~), T~>B~(c0}. From 
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the numerical examination it is seen tha t  the  effect of fl(a; p, N, v) is 

significant, especially when c~=0.05 and so the second approximation to 

B~(a; p, N, v ) i s  to be considered. However, since the grea t  deal of 

labour is necessary to do this and, moreover, the second approximation 

underes t imates  the t rue  value, it will be more appropriate for our present  

evaluation to use the following modified procedure than to use the 

second approximation itself. The modified second approximate upper 

100c~ per cent  point of ^~ TMAx, which is denoted by B~*2(a; p, N, v), is given 

by solving 

(24) c~+/9(c~; p, N, v ) = N P r  { "~-  ' --1 *2  . T~--N~L NI> B2 (~, p, N, v)} , 

where fi(a; p, N, v) is the value calculated for B~(a). This est imate will 

have the good accuracy for practical applications and is given in Table 

I at  the end of this paper. 

TMAX.C w h e n  n l =  6. Evaluation of the upper 100or per cent point  of  ^2 

n 2 ~  �9 �9 �9 ~ n / c .  

In this paragraph, we shall consider the  evaluation of the upper 
^ 

100a per cent  point, A'~(a; p, N, v), of 2 TMMAx.c, which was defined in Section 3. 

Since the evaluation is ext remely  complicated in the general  case when 

the sample sizes, n , . . - , n ~ , a r e  not the same, we shall he rea f t e r  t rea t  the 

special case when n~ . . . . .  n ~ n  and consider the ext reme statistic 
^ 2  nT~Ax.c, tha t  is, 

(25) n ~V~Ax.c = max {n T[.c} 
t 

= max {n(:~,-- ~ - -  ~, + /~) 'L-I (~ , - -  ~ - -  g, +/2~)} . 
i 

In this case we can obtain the  good est imate of the upper 100a per cent  

point, W~(a; p, N, v), of nT~Ax.r in the same way as in the  last section. 

Obviously W2(a; p, N, v)=nA2(a; p, N, v). 

The first approximation to W~(a; p, N, v) is given by W~(a; p, N, v) 

(=-W~(a)) sat isfying the equation 

(26) a/N=Pr {nT~.c=n(~--~--l~+tt~)'L-~(~i~--.2~--[21+[2~)> W~(a)} , 

tha t  is, 

(v+l--p)/2,1 p/2) 1},  (27) W~(a; p, N, v)=2v[  
C(o:/N; 
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where C(a*; a, b) is again the lower 100a* per cent point of the beta- 

distribution with parameters a and b. 

The modified second approximation, W*2(a; p, N, 19), is given by 

solving 

a+/~*(c~; p, N, v ) = N P r  {n~V~.c> W * 2 ~ a  �9 , , p , N , , ) } ,  (28) 

where 

~*(c~; p, N, u)=�89 {n~'~.c> W~(a), n~'~.c> W[(a)} . 

The asymptotic expression for Pr {nTiS.c> W~(a), n7~.r W#a)} is written 

in the form 

(29) Pr {n~'~.c> W~(a), 2̂ W~(a)} =B0+B~ + R~ +0(v -3) nT~.c> 
I9 19" 

Since ~ / n - ( x ~ - x ~ - / ~ + y ~ )  is distributed according to N(0, 2A) and the 
covariance matrix of V ~ - ( ~ - - ~ - Z ~ , + / ~ )  and t / n - ( i j - ~ - y ~ + / ~ ) ,  
(i=/=j) is A, the calculation of B0, B~ and B2 can be done by the formulas 

(5.18)--(5.27) in [3] with 7 = 2  and 3=1.  Table 6.1 gives the values of 

B0, B~ and B2 for p = 2  and a=0.05 ,  0.01; N = k - - l = 2 ( 1 ) 8 ,  10(2)16. 

Table 6.1. Values o f  Bo, B1 and B,~ when p = 2  

a=O.05 c~=0.01 
N ( =  k -  1) 

Bo B1 B~ Bo Bl  B~ 

2 

3 

4 

5 

6 

7 

8 

10 

12 

14 

16 

0.023156 

0.021771 

0.021178 

0.038590 

0.036641 

0.035344 

0.034428 

0.033236 

0.082505 

0.032019 

0.031674 

0.01832 

0.01277 

0.029775 

0.027900 

0.026393 

0.025685 

O. 024977 

O. 023974 

O. 023298 

0.0~2813 

0.022448 

0.02216 

0.01932 

0.01757 

0.01587 

0.01465 

0.01364 

0.01279 

0.01140 

0.01033 

0.0~9460 

0.028746 

0. 033236 

0. 031833 

0.0~1226 

0.0t8975 

0.0~6959 

0.0~5614 

0.0q662 

0.0~3418 

0. 042653 

0.0~2142 

0.0't1779 

O. 023974 

0.022618 

0.021937 

O. 021528 

O. 0~1257 

O. 021065 

O. 0:~9211 

O. 037221 

O. 035909 

O. 034984 

O. 034298 

O. O1140 

O. 0~9086 

O. 0~7630 

O. 026616 

O. 025862 

0.025277 

O. 0~4807 

O. 024098 

O. 023583 

O. 023192 

O. 022882 

(30) 

When p = l ,  we have, for any positive w ,  

2 o 2 2 Pr {nTl.c>W", nT~.c>w } 

i i o i [:I l _ _ - w  - ~  + + + g~(u, v; 0 . 5 ) d u d v  , 
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where g~(u, v; 0.5) is the density of the bivariate Student's t-distribution 

(23) when p=0.5, from which the exact value of Pr {nT~.c>W~(a), 

nT~.c> W~(a)} can be calculated. Table 6.2 below corresponds to Table 

5.2 in the last section and gives the comparison between the exact 

values obtained from (30) and the values from the first three terms of 

(29). 

Table  6.2. Comparison of values by (29) with exact values 

N values by (29) exact values values by (29) exact values 
( k - l )  v 

a=0 .05  ~=0.01 

20 0.0~1371 0.0~1367 0.031925 0.021911 
5 

30 0.021242 0.021241 0.031623 0.031622 

20 0.0~5835 0. 035810 0.048476 0.0~8253 
10 

30 ] 0.035135 0.035129 0.046909 0.0~6876 

20 0. 033299 0. 033275 0.0~4882 0. 044796 
16 

30 0.0:~2842 0.032836 0.043886 0.043862 

I 
N = 5  : 

a = 0 . 0 5  N = 1 0  

~ N = 1 6  

I 
N = 5  : 

a = 0 . 0 1  N = 1 0  

~ N = 1 6  

It is seen from this 

sufficient accuracy. The 

approximation procedure 

this paper. 

B0=0.039926, B1=0.037316, B3=0.0~5074 

: Bo=0.033817, B1=0.0'-'3790, B3=0.024917 

B0=0.032002, B1=0.022377, B3=0.0~4329 

B0=0.031079, B1=0.021513, B3=0.0~3589 

: B0=0.044199, B~-~0.0"~7293, B1=0.032520 

B0=0.042208, B1=0.034405, B3=0.021885 

table that  estimated values have considerably 

values, W*2(~), obtained by the modified second 

(28) are contained in Table II at the end of 
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^ 

TABLE Ia. Upper 5% points of T~A x when p=2 .  (N=k-1) 

2 3 4 5 6 7 8 10 12 14 16 

20 

22 

24 

26 

28 

3O 

32 

34 

36 

38 

40 

42 

44 

46 

48 

5O 

55 

60 

65 

70 

8O 

9O 

100 

120 

150 

2OO 

9.415 I0.656 ii. 569 12.422 12,90C 13.41~ ~13.875 14.650 15.294 15.84~ !16.33] 

9.194 10.385 11.259 ii .953 12,529 13.025 13.458 14.195 14.807 15.332 15.79~ 

9.015 I0.167 11.010 ii .678 12,232 12.707 13.124 13.830 ~4.416 14.918 15.357 

8.86J 9.987 10.805 11.452 11.98 c 12 . 448 '12 . 851 13.532 14.096 14.58C'15.00~ 

8.744 9.837 10.634 ii .263 Ii .785 12.23r 12.622 13.283 13.830 14.29co 14.707 

8.63 c 9.709 10.489 ii. 103 ii .612 12.047 12.428 13.072 13.605 14.06C 14.457 

8.549 9.600 10.364 10.966 Ii .464 ii.89( 12.263 12.892 13.411 13.85( 14.24~ 

8.471 9.505 10.256 10.847 ii .33~ ii .75~ 12.119 12.735 13.244 13.67 c 14.05~ 

8.402 9.421 i0.161 10.742 ii .224 i1.634 11.993 12.598 13.09~ 13.525 13.89( 

8.341 9.348 10.077 10.651 11.124 II .528 11.882 12.477 12.96 c 13.388 13.754 

8.287 9.282 10.003 i0.568 11.03~ ii .434 11.783 12.370 12.854 13,267 13.62( 

8.238 9.223 9.936 10.495 10.957 11.351 Ii .695 12.274 12.752 13.159 13.5K 

8.195 9.170 9.875 i0.42 c t0.886 11.275 11.61512,187 12.65c~ t3.061~13.41] 

8.155 9.123 9.821 i0.36 c i0.822 ii. 207 ii. 543 12,109 12.57~ 12.973 13.31(, 

8.119 9.079 9.771 10.315 10.76311.14511.47812,035 12.50( 12.89313.23~ 

8.086 9.039 9.726 10.265 10.710 11.088 ii .418 Ii .973 12.43C 12.820 13.15,( 

8.015 8.953 9.629 I0.15~ I0.59510.96611.289 Ii.834 12.281 12.66212.99~ 

7,956 8.882 9.54~ 10.070 10.500 10.865 Ii. 184 ii .71 c !12.15~ 12.533 12.85~ 

7.907 8.823 9.481 9.997 10.421 10.781 ii.095 Ii .622 12.057 12.425 12.74( 

7.865 8.772 9.424 9.934 10.353 i0.71011.020 11.541!II.96c~' 12.33412.65( 

7.798 8.692 9.332 9.834 10.246 10.595 10.90(] ii .4K 11.830 12.187 12.49( 

7.747 8.629 9.262 9.75~ I0.163 10.508 10.807 Ii .311 Ii.724 12.074 12.37 (. 

7.701 8.580 9.20~ 9.696 10.097 10.438 10.734 ii.231 11.639 11.985 12.28( 

7.645 8.507 9.124 9.60510.00010.33510.62~11.114 II.51411.85412.14~ 

7.585 8.435 9.042 9.51( 9.904 10.233 10.519 I0.99~ ll.391 iI.72312,01~ 

7.526 8.364 8.961 9.428 9.809 i0.133 10.414 10.884 Ii .270 ii.596 11,87 r 
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^ 

TABLE Ib. Upper  1% points of T~A x when p=2, ( N = k - 1 )  

2 3 4 5 6 7 8 10 12 14 16 

20 14.901 16.403 17.507 18.38~ 19.121 19.751 20.307 21.24s 22.035 ~2.711 23.305 

22 14.411 15.828 16.867 17.691 18.37 c 18.968 19.487 20.36C 21.097 ~1.726 22.277 

24 14.021 15.371 16.35817.13~ 17.791 18.349 18.839 19.66~ 20.357 ~0.949 21.467 

26 13.702 14.999 15.945 16.692 17.315 17.847 18.314 19.103 19.75 c 20.321 20.812 

28 13.438 14.690 15.602 16.322 16.92( 17.432 17.880 18.637 19.265 19.80~ 20.273 

30 13.214 14.430 15.313 16.01(] 16.58 c 17.083 17.515 18.246 18.851 19.36~ 19.821 

32 13.024 14.208 15.067 15.744 16.30r 16.786 17.205 17.913 18.49 c 19.00( 19.437 

34 12.85914.01614.85515.51C16.065 16 . 52916 . 93817 . 62618 .19~18 . 68~ 19.107 

36 12.714 13.849 14.670 15.31C 15.85( 16.306 16.705 17.377 17.932 18.40~ 18.820 

38 12.587 13.701 14.507 15.14(] 15.664 16.110 16.500 17.158 17.701 18.164 18.568 

40 12.475 13.571 14.362 14.985 15.49 c 15.937 16.319 16.964 17.49C 17.95( i8.346 

42 12.374 13.454 14.234 14.84C 15.351 15 782 16.158 16.791 17.314 17.75~ t8.147 

44 12.284 13.349 14.118 14.721 15.21 c 15.643 16.013 16.636 17.15(] 17.58E t7.970 

46 12.202 13.255 14.014 14.60~ 15.10C 115.518 15.883 16.497 17.003 17.434 t7.810 

48 12.128 13.169 13.919 14.507 14 . 992115 . 405 15.765 16.370 16.86~ 17.294 17.665 

50 12.060 13.090 13.832 14.414 14.895 15.301 15.657 16.255 16.748 17.167 17.533 

55 11.914 12.922 13.647 14.214 14.682 15.079 15.425 16.008 16.487 16.895 17.250 

60 11.795 12.784 13.495 14.051 14.50~ 14.898 15.236 15.806 16.274 16.672 17.019 

65 11.695 12.669 13.368 13.915 14.364 14.746 15.07915.638 16.097 16.487 16.827 

70 11.611 12.572 13.26113.79g 14.242 14.618 14.946 15.496 15.947 16.331 16.665 

80 11.476 12.416 13.08913.615 14.047 14.414 14.733 15.269 15.708 16.082 16.406 

90 11.393 12.297 12.958 13.474 13.89~ i14.258 14.571 15.095 15.526 15.89] i16.209 

100 11.290 12.203 12.855 13.363 13.78] 14.135 14.443 14.959 15.381 15.742 16.054 

120 11.169 12.063 12.702 13.19C~ 13.607 13.953 14.254 14.757 15.17(] 15.52( 15.824 

150 11.050 11.926 12.551 13.03~ 13.437 13.775 14.068 14.560 14.962 15.304 15.600 

200 10.932 11.792 12.404 12.87 c 13.27( 13.600 13.886 14.366 14.75 c 15.091 15.380 
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TABLE IIa. Upper 5% points of 7tTMA x ^ 2  .C when p = 2 .  ( N : k - l ?  

2 3 4 5 6 7 8 10 12 / 1 4 1 1 6  

16 19.747 i22.164 23.878 25.199 26.28c 27.153 27.911, 29.150 

18 19.033 21.312 22,929 24.174 25.20C 26.019 26.736 27.910 

20 !18.48920.66622.20823.39724.37425.15925.84426.968 

22 18.061 20.15921.64422.78723.72724.484],)5.14626.230 

24 17.716 i9.750 21.189 22.297 23.20~ 23.942 24. 583 25.636 

26 17.432 19.414 20.815 21.894 22.'778 23.49~ 24.121 25.147 

28 17.1951 [9. 132 20.502 21. 556 22.42(~ 23.122 23.734 24.739 

30 16.993 18.893 20.236 21.27C 22. IIC 22.806123.406 24.392 

32 16.81 c 18.688 20.008 21.024 21.85~ 22.534123.124 24.094 

34 16.668 I8.509 19.810 20. 811 21.62c 22.298 22.879 23.835 

36 16.536 18.353 19.636 20.624 21.43( 22.091 22.66423.608 

38 16.418 18.215 19.483 20.458 21.255121.909 22.475 23.408 

40 16.313 18.092 19.346 20.311 21.099t21.746 22.306 23.230 

42 16.220 17,981 19.223 20.17 c 20.959121.600 22.15523.070 

44 16.13517.88219.11320.06(120.83321.46922.01922.926 

46 16,059 17.792 19.014 19.953 20,719/21.350 21,896 22,796 

48 15.989 17.710 18.922 19.85[ ),0.615,21,242 21,78422.677 

50 15.926 17.635 18.839 19.76~ 20.521 21.143 21.681 22.568 

55 i5.789 17.473 18.66G 19.573 20.316 20.929 21.46022.335 
I 

60 15.67517.34( 18.51219.414120.14720.75421.27822.142 

65 i15.58117.22918.38919.28120.00~ 20.60721.12621.982 

70 [5.500 17.134 18.284 19.168 19.887 20 483 20.997 21.845 

80 [5.371 16.982 18.116 18.987 19.69~120.282 20.789 21.625 

90 ~5.271 16.865 17.986 18.84~ 19.54~'20.129 20.630 21.456 

100 15.19316.77317.884 18.737 19.431 20.007 20.50421.323 

120 15.075 16.636 17.732 18.574 19.257 19.826 20.316 21.125 

150 14.960 16.500 17.581 18.412 19.08( [9.648 20.13t 20.929 

200 114.845 16.366 17.433 18.253 18.917 i]_9.472 19.948 20.736 
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^ 

2 T A B L E  I Ib .  U p p e r  1 %  p o i n t s  o f  nT~xA, c w h e n  p = 2 .  ( N = k - 1  

2 3 4 5 6 7 8 10 12 14 16 

16 3 2 . 3 4 1  3 5 . 4 7 5  3 7 . 7 1 0  3 9 . 4 3 7  4 0 . 8 3 6  42 .00~  r  44 . 645 45 . 946 47 .01~  ~7.91~ 

18 3 0 . 7 0 1  3 3 . 5 8 8  3 5 . 6 4 5  3 7 . 2 3 6 3 8 . 5 2 6  39 .60E r  42 . 050 43 . 260 44 .25~  r  

20 2 9 . 4 7 4 3 2 . 1 7 9 3 4 . 1 0 4 3 5 . 5 9 5 3 6 . 8 0 4 3 7 . 8 1 7 3 8 . 6 8 6 4 0 . 1 1 4 4 1 . 2 5 6 4 2 . 1 9  c r  

22 2 8 . 5 2 2  3 1 . 0 8 7  3 2 . 9 3 3  3 4 . 3 2 5  3 5 . 4 7 2  3 6 . 4 3 2  3 7 . 2 5 9  3 8 . 6 1 8 3 9 . 7 0 6  4 0 . 6 0 6  4 1 . 1 6 7  

24 2 7 . 7 6 3 3 0 . 2 1 7  3 1 . 9 6 4 3 3 . 3 1 5 3 4 " 4 1 2 3 5 . 3 3 2 3 6 . 1 2 3 3 7 . 4 2 6 3 8 . 4 7 1 3 9 . 3 3 6 4 0 . 0 7 ~  

26 2 7 . 1 4 3 2 9 . 5 0  c 3 1 . 1 9 1 3 2  . 492 33 . 549 34 . 436 35 .198  36 . 456  37 . 465 38 . 302 39 . 01~ 

28 2 6 . 6 2 8 2 8 . 9 2 (  3 0 . 5 4 9 3 1 . 8 0 9 3 2 . 8 3 3 3 3 . 6 9 2 3 4 . 4 3 1 3 5 . 6 5 0 3 6 . 6 3 0 3 7 . 4 4 4 3 8 . 1 3 7  

30 26 .193 28 . 425 3 0 . 0 0 7 3 1 . 2 3 3 3 2 . 2 2 9 3 3 . 0 6 5 3 3 . 7 8 4 3 4 . 9 7 1 3 5 . 9 2 6 3 6 . 7 1 9 3 7 . 3 9 E  

32 2 5 . 8 2 2  2 7 . 9 9  c 2 9 . 5 4 5  30 .741  3 1 . 7 1 3  3 2 . 5 2 8  3 3 . 2 3 0  3 4 . 3 9 1 3 5 . 3 2 4  36.10(3 3 6 . 7 6 2  

34 2 5 . 4 9 9 2 7 . 6 3 ]  2 9 . 1 4 5 3 0 . 3 1 6  ~1. 267 32 . 067 32 . 754  33 . 890  34 . 805 35 . 566 36  . 21~ 

36 2 5 . 2 3 8  2 7 . 3 1 1  28 .797  2 9 . 9 4 5  3 0 . 8 7 9  3 1 . 6 6 3  32 3 3 7  3 3 . 4 5 3  3 4 . 3 5 1 3 5 . 1 0 0  3 5 . 7 3  c 

38 2 4 . 9 7 0  2 7 . 0 2  c 2 8 . 4 8 9  2 9 . 6 1 9  3 0 . 5 3 6  3 1 . 3 0 7  3 1 . 9 7 1  3 3 . 0 6 8  3 3 . 9 5 2  3 4 . 6 8 8  35 .31~  

40 2 4 . 7 5 0 2 6 . 7 7 ~  2 8 . 2 1 7 2 9 . 3 2 9 3 0 . 2 3 3 3 0 . 9 9 2 3 1 . 6 4 C  32 . 727 33 . 598 34 . 324 34  . 94~ 

42 24 . 553 26 . 555 2 7 . 9 7 4 2 9 . 0 7 1 2 9 . 9 6 2 3 0 . 7 1 1 3 1 . 3 5 (  3 2 . 4 2 2 3 3 . 2 8 2 3 3 . 9 9 9 3 4 . 6 1 2  

44 2 4 . 3 7 7 2 6 . 3 5 4  27 . 755 28 . 838 29 . 718 30 . 458 31 .  09~ 3 2 . 1 4 8 3 2 . 9 9 8 3 3 . 7 0 6 3 4 . 3 1 2  

46  2 4 . 2 1 7 2 6 . 1 7 2  2 7 . 5 5 8 2 8 . 6 2 8 2 9 . 4 9 9 3 0 . 2 3 ( ~ 3 0 . 8 5  c 3 1 . 9 0 1 3 2 . 7 4 2 3 3 . 4 4 2 3 4 . 0 4 2  

48  24 . 072 26 .  00~ 2 7 . 3 7 9 2 8 . 4 3 8 2 9 . 2 9 9 3 0 . 0 2 3 3 0 . 6 4 (  3 1 . 6 7 7 3 2 . 5 0 9 3 3 . 2 0 3 3 3 . 7 9 7  

50 2 3 . 9 4 0 2 5 . 8 5 7  2 7 . 2 1 5 2 8 . 2 6 4 2 9 . 1 1 7 2 9 . 8 3 4 3 0 . 4 5 1  3 1 . 4 7 2 3 2 . 2 9 4 3 2 . 9 8 4 3 3 " 5 7 2  

55 2 3 . 6 5 5 2 5 . 5 3 4  ~ 6 . 8 6 5 2 7 . 8 9 1 2 8 . 7 2 6 2 9 . 4 2 8 3 0 . 0 3 2  3 1 . 0 3 3 3 1 . 8 4 0 3 2 . 5 1 4 3 3 . 0 9 2  

60 2 3 . 4 2 2 2 5 . 2 6  c 2 6 . 5 7 5 2 7 . 5 8 5 2 8 . 4 0 5 2 9 . 0 9 5 2 9 . 6 8  c 3 0 . 6 7 2 3 1 . 4 6 6 3 2 . 1 2 9 3 2 . 6 9 7  

65 2 3 . 2 2 7 2 5 . 0 4 7  2 6 . 3 3 5 2 7 . 3 3 0 2 8 . 1 3 8 2 8 . 8 1 7 2 9 . 4 0 2  3 0 . 3 7 2 3 1 . 1 5 4 3 1 . 8 0 7 3 2 . 3 6 ~  

70  2 3 . 0 6 2 2 4 . 8 5 ~  2 6 . 1 3 2 2 7 . 1 1 4 2 7 . 9 3 2 2 8 . 5 8 2 2 9 . 1 6 (  3 9 . 1 1 7 3 0 . 8 9 0 3 1 . 5 3 6 3 2 . 0 8  c 

80 2 2 . 7 9 2  24 .  557 2 5 . 8 0 6  2 6 . 7 6 8  2 7 . 5 4 9  2 8 . 2 0 6  2 8 . 7 7 2  2 9 . 7 1 0  3 0 . 4 6 7  31.10(3 3 1 . 6 4 4  

90 2 2 . 5 9 4 2 4 . 3 3 (  2 5 . 5 5 7 2 6 . 5 0 3 2 7 . 2 7 2 2 7 . 9 1 9 2 8 . 4 7 4  2 9 . 3 9 8 3 0 . 1 4 4 3 0 . 7 6 7 3 1 . 3 0 q  

100 2 2 . 4 3 4  24 .14~  2 5 . 3 5 9  2 6 . 2 9 4  2 7 . 0 5 2  2 7 . 6 9 1 2 8 . 2 4 1  2 9 . 1 5 2  2 9 . 8 8 8  3 0 . 5 0 4  3 1 . 0 3 2  

120 2 2 . 1 9 7  2 3 . 8 8 0  2 5 . 0 6 8  2 5 . 9 8 5  2 6 . 7 3 0  2 7 . 3 5 5  2 7 . 8 9 4  2 8 . 7 8 8  2 9 . 5 1 0  3 0 . 1 1 5  3 0 . 6 3 4  

150 2 1 . 9 6 4  2 3 . 6 1 5  2 4 . 7 8 2  2 5 . 6 8 3  2 6 . 4 1 1 2 7 . 0 2 5  2 7 . 5 5 4  2 8 . 4 3 1  2 9 . 1 3 9  2 9 . 7 3 2  3 0 . 2 4 1  

200  2 1 . 7 3 4  23 .357  2 4 . 5 0 0  2 5 . 3 8 2 2 6 . 0 9 8  26 .70C 2 7 . 2 1 9  2 8 . 0 8 0 2 8 . 7 7 4  2 9 . 3 5 6  29 .85~  
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