
where e is the cardinality of the continuum, and for each unbounded sequence {Sn} with the set of the different 
partial limits of cardinality 7, there exists a regular matrix that sums the sequence {Sn} , but does not sum 
any divergent sequence with the set of different partial limits of eardinality different from 7. 
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BEHAVIOR OF SOLUTIONS OF FUNCTIONAL AND 

DIFFERENTIAL-FUNCTIONAL EQUATIONS WITH 

SEVERAL TRANSFORMATIONS OF THE INDEPENDENT VARIABLE 

G. A. D e r f e l '  UDC 517.948 

In this  p a p e r  which  d e a l s  w i th  the  s a m e  s u b j e c t  as  [1-5] ,  we s tudy  the b e h a v i o r  (at the or ig in)  of the  s o l u -  
t ions  of the  func t iona l  equat ion  

• ajhp~k[ (nip) = 0, (1) 
f=o h-o 

w h e r e  the  a jk  a r e  c o m p l e x  c o n s t a n t s ,  and a j  and t j  a r e  r e a l  n u m b e r s  such  tha t  1 = ~0 < ~1 < �9 �9 �9 < al; 0 = 
fl0 < 81 < �9 . �9 < tim. F o r  Eq. (1) to con ta in  a d e v i a t i n g  a r g u m e n t ,  i t  w i l l  be a s s u m e d  in the  fo l lowing  tha t  t h e r e  
e x i s t  quan t i t i e s  0 -< kl and k 2 _< m such  tha t  a0k ~ ~ O, alk 2 ~ O. W h e r e e v e r  i t  is  not s t i p u l a t e d  o t h e r w i s e ,  w e  
s h a l l  c o n s i d e r  so lu t ions  of Eq. (1) de f ined  in a punc tu red  ne ighborhood  of the  o r i g i n  (0 < ] p I < r ) ,  such  a s o l u -  
t ion be ing  a c o m p l e x - v a l u e d  funct ion f(p) of a r e a l  v a r i a b l e  p tha t  is  def ined  and cont inuous  fo r  0 < I p I < o~lr, 
and tha t  c a u s e s  Eq. (1) to be an i den t i t y  fo r  any 0 < I pl  < r .  

If the t k  a r e  r a t i o n a l  n u m b e r s  and the a j  a r e  m u l t i p l i c a t i v e l y  c o m m e n s u r a b l e ,  i . e . ,  a j  = q r j  w h e r e  q > 1 
and the r j  a r e  r a t i o n a l ,  then Eq. (1) r e d u c e s  to a s o - c a l l e d  q - d i f f e r e n c e  equa t ion  tha t  has  been s t u d i e d  in [6, 7]. 

With  the a id  of T h e o r e m s  1 and 2 be low,  i t  is  p o s s i b l e  to ex tend c e r t a i n  r e s u l t s  of the  t h e o r y  of q - d i f -  
f e r e n c e  equa t ions  to an equat ion of the f o r m  (1). 

T h e s e  r e s u l t s  a r e  app l i ed  ( T h e o r e m  3) to  the p roo f  of the  e x i s t e n c e  of f a s t  d e c r e a s i n g  (at inf ini ty)  s o l u -  
t ions  of the d i f f e r e n t i a l - f u n c t i o n a l  equat ion 

y(m~(x) = ~ ~ bj~g(h)(kjx) ' (2) 
i=o h=o 

w h e r e  the  b jk  a r e  c o m p l e x  c o n s t a n t s ,  and the ~j a r e  r e a l ,  wi th  

I ~ ~ 0 ~ . . - ~ t  (3) 

(it is  a s s u m e d  that  t h e r e  e x i s t s  a 0 -< Jl ~ / such  tha t  bjl  0 ~ 0). 

Le t  us i n t r o d u c e  the n e c e s s a r y  no ta t ions  and de f i n i t i ons .  By kj we s h a l l  deno te  the s m a l l e s t  index  k s u c h  
tha t  ajk.. ~ 0. In the p lane  we plot  the poin ts  w i th  c o o r d i n a t e s  ( l n a j ,  flkj)- The Newton d i a g r a m  of t h e s e  points  
is  definJed by the c h a r a c t e r i s t i c  po lygona l  l ine L of Eq. (1). By # we  s h a l l  denote  the t angen t  of the  ang le  of i n -  
c l i na t ion  of the e x t r e m e  r igh t  s e g m e n t  of the  c h a r a c t e r i s t i c  po lygona l  l ine  L ( i .e . ,  tt is  the  a n g u l a r  c o e f f i c i e n t  of 
the  s t r a i g h t  l ine  on which  this  s e g m e n t  l i e s ) .  

T h e o r e m s  1 and 2 that  fol low a r e  c h a r a c t e r i z i n g  the  b e h a v i o r  of the  so lu t i ons  of Eq. (1) a t  the  o r i g in .  

K a r a g a n d a  S ta te  U n i v e r s i t y .  T r a n s l a t e d  f r o m  U k r a i n s k i i  M a t e m a t i c h e s k i i  Z h u r n a l ,  Vol.  34, No. 3, pp. 
350-356 ,  M a y - J u n e ,  1982. O r i g i n a l  a r t i c l e  s u b m i t t e d  N o v e m b e r  28, 1980; r e v i s i o n  s u b m i t t e d  D e c e m b e r  2, 
1981. 
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THEOREM i. K g = 0, then Eq. (i) has in a neighborhood 0 < [ p I < r of the origin a one-parameter family 

of solutions of the form 

[ (p) = C f  ~ c, ...... ,~ (p,,),, ... (p,~),m. (4) 
v,,...,~m=0 

! 

w h e r e  the  s e r i e s  is c o n v e r g e n t  fo r  I p l  < r ;  a is  a r o o t  of the  q u a s i p o l y n o m i a l  g (s) = ~ ' ,  ajoe ~'~j, and  ~ + ul/3~ + . . .  + 
i=0 

Um/~ m is no t  a r o o t  of g(s) f o r  any  n a t u r a l  vl, . . . .  Um; the  c o e f f i c i e n t  c 0 , . . . , 0  c a n  be t a k e n  a r b i t r a r i l y .  

T h e o r e m  2 y i e l d s  a n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n  of e x i s t e n c e  of a s o l u t i o n  tha t  i s  bounded  at  the  

o r i g i n  fo r  t~ ;~ 0. 

T H E O R E M  2. 1) If ~ > 0, t h e n  Eq.  (1) has  at  l e a s t  one  n o n t r i v i a t  s o l u t i o n  bounded  at  the  o r i g i n .  M o r e -  
o v e r ,  t h e r e  e x i s t s  a s o l u t i o n  tha t  has  in  a n e i g h b o r h o o d  of the  o r i g i n  a bound  

[f(P)l~Cexp{--~,lnZlpl}, 0 < ~ l p l < r  (5) 

w i t h  a p o s i t i v e  C and a n y # ~  < t ~ / 2 .  

2) If ~ < 0, t h e n  Eq.  (1) has  a u n i q u e  s o l u t i o n  f(p) - 0 bounded  at  the o r i g i n .  If the  s o l u t i o n  f(p) has  in  a 
n e i g h b o r h o o d  of the  o r i g i n  a bound  

]f(P)l~Cexp{~hlnZlp]}, O < [ p l < r  (6) 

w i t h  a p o s i t i v e  C and g2 < - 0 . 5 g  ln2(al/aI_l) /In 2 ~ l ,  t h e n  f(p) w i l l  v a n i s h  i d e n t i c a l l y .  

P r o o f  of T h e o r e m  1. By r e d u c i n g  (if n e c e s s a r y )  a l l  the  t e r m s  of Eq.  (1) by the  c o m m o n  m u l t i p l i e r  pfi, 
w h e r e  ~ = rain ~k/ , i t  i s  a l w a y s  p o s s i b l e  to a c h i e v e  tha t  a t  l e a s t  one  point  of the c h a r a c t e r i s t i c  l i n e  L s h o u l d  

og]~<l 

l ie  on t he  x ax i s .  H e n c e  i f  t~ = 0, t h e n  i t  c a n  be a s s u m e d  w i t h o u t  l o s s  of g e n e r a l i t y  tha t  the  e x t r e m e  r i g h t  s e g -  
m e n t  of the  l i ne  L l i e s  on the  x a x i s ,  i . e . ,  

at~ =/= 0 (7) 

and  t h e r e  e x i s t s  a J0 = 0, . . . ,  l - 1 s u c h  tha t  

ai. o ::/= 0; aj0 = 0 for any ] -~ 0 . . . . .  ]o - -  1. (8) 

Le t  us  w r i t e  a j  = eTj and s u b s t i t u t e  (4) in to  (1). F o r  the  q u a n t i t i e s  ctq . . . . .  ~m we h e n c e  o b t a i n  the  d i f f e r e n c e  
e q u a t i o n  

adoe(CS+vt~'+"'+Vmf~m)7i ('i~ a ['~+vd~t+"'+{'Cl~-lIfit~+"'+Vmftm]VJl cv""~" + /~,~ i~e / c = 0 (9) 
i=0 v"'"'vh--L" 'vm 

h=l  ]~0 

with initial conditions 

C ........ h-t,'",vm = 0 '  for v 1 ~ 0  . . . .  ,vn = 0  . . . . .  v m ~ O .  

F o r  the  ~ o c c u r r i n g  in  (4), l e t  us  now t ake  a n u m b e r  s u c h  tha t  

(10) 

l 

E aJ~ = 0; (11) 
i=0 

(~+v~l+. +,m~)vj , (12) 
ajde :~ O, 

i=0 

i f  a t  l e a s t  one  of the  n u m b e r s  v~ . . . .  , v m i s  n o n z e r o .  F o r  p r o v i n g  the  e x i s t e n c e  of s u c h  a a ,  le t  us no te  tha t  
l 

a c c o r d i n g  to (7) and  (8) the  q u a s i p o l y n o m i a l  g (s) = ~ a j 0 e  svj has  i n f i n i t e l y  m a n y  r o o t s ,  a l l  of t h e m  b e i n g  l oca t ed  
i=0 

in  a s t r i p  d 2 _< R e s  _ d 2 tha t  i s  p a r a l l e l  to  the  i m a g i n a r y  ax is  ([8, Sec .  12.5]) .  By a s s u m i n g  tha t  d 1 is  an  e x a c t  
i n f i m u m ,  and  d 2 an e x a c t  s u p r e m u m  of the  r e a l  p a r t s  of t h e s e  r o o t s ,  we  f ind  tha t  t h e r e  e x i s t s  at  l e a s t  one r o o t  
s = a s u c h  tha t  d 2 - R e c r  </31. T h i s  r o o t  e v i d e n t l y  s a t i s f i e s  the  c o n d i t i o n s  (11) and  (12). 

I t  fo l lows  f r o m  (9), (10), and (11) tha t  the c o e f f i c i e n t  c o . . . . .  0 c a n  be t aken  as  d e s i r e d .  If c o . . . . .  0 has been  
s e l e c t e d ,  t h e n  Eq.  (9) m a k e s  i t  p o s s i b l e  to d e t e r m i n e  the  c v l , . . . , v  m fo r  w h i c h  
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v ~ + . . . + v ~ = l ;  v l > / 0  . . . . .  v ~ > / 0  (13) 

[by v i r t u e  of  (12) they  a r e  u n i q u e l y  d e t e r m i n e d ] .  

A f t e r  f i nd in g  a l l  the  cvl  . . . .  ,Um w h o s e  m u l t i i n d e x  (v~ . . . .  , Vm) b e l o n g s  to the  ( m -  1 ) - d i m e n s i o n a l  s i r e -  
m-1 

p l ex  S k = { v~ >- 0 . . . . .  Um ->- 01 v~ + . . .  + U m  = k},  i t  is  p o s s i b l e  to d e t e r m i n e  [un ique ly ,  by v i r t u e  of (12)] 

m - ~  = {v~ -> 0 . . . . .  v m 01 vt + + fo r  w h i c h  (v~ . . . .  Vm) E Sk+ ~ > w i t h  the a id  of Eq.  (9) a l l  the evi  ' . . . .  Vm . . . .  

v m : k + 1}.  In th is  e a s e  we have  the  bound  

l c~,,..~,~ I ~ M (mD)~+'+~% v~ ~ 0 . . . . .  v.~ >/O, (14) 

w h e r e  M = I c 0 , . . . , 0 [ ,  D b e i n g  a p o s i t i v e  n u m b e r .  

F o r  p r o v i n g  (14), we s h a l l  p ro v e  the v a l i d i t y  of the  i n e q u a l i t y  

rn 

Ic ........ ,, [ < o ~  [C.r 1 I, ~ 1 >  0 ,  ~ m / ~ O .  ( 1 5 )  t '""~ - , '",~;m " "  ' 
h = I  

I n d e e d ,  

I 
a e(~ 

Lo(vl . . . .  'Vra) = l~,a 1o I 
i = 0  

If the  n u m b e r  v~/3~ + 
and ,  t h e r e f o r e ,  

i 

= l ar II e"V~ ]J eW'~'+ ' +"l~'m~V~l 1 + ~-a~--~ '~  e ("+~'~'+'' '+~m~(v~-vt-0 
alo 

(16) 

�9 . . + Umfl m > R is  s u f f i c i e n t l y  l a r g e ,  t hen  the  l a s t  f a c t o r  in (16) w i l l  be  l a r g e r  than  i / 2  

l 
L o (v 1 . . . . .  v~) > Dt~e(V#'+'"+vm~m~vL,where D n = -~ [ at, II eov~ I. (17) 

But  i f  ~ 1  + �9 �9 �9 + Vmflm -< R,  then  

r', (vl~Jt-P...+Vm~m)u 
L0 (v I . . . . . .  vm) = ~v ....... me 

and  i t  fo l lows  f r o m  (12) tha t  Dr1 . . . . .  Vm ~ 0. Le t  us d e n o t e  

D 1 = rain (Dv,....,v~, D~) > 0. 
Ivt ~O....,'Vm~,Olvt~,-b...+Vm[tm ~R} 

(18) 

It t hen  fo l lows  f r o m  (17) and  (18) tha t  

L 0 (v L . . . . .  v~) ) D t e  m~'+'' .+vm~,~Jv~, 

M o r e o v e r ,  

(19) 

[a+v,P,+...+(va--l)~k-V-..+vra~mlYl ~ aV i , em~,+...+vk~a+...+'~m ~ l  I ~ ~ r Lk(vl . . . . .  vm) = ] ~ ,  a~e I ~ ] a J ~ , l l e  
i=o i=o 

(20) 

l 
w h e r e  D~ = ~ l a j h t l e ~ i l .  H e n c e ,  f o r m u l a  (15) w i l l  fottow f r o m  (19) and  (20). 

i = o  

Le t  us a s s u m e  that  the bound  (14) ho lds  fo r  a l l  (vl . . . . .  urn) tha t  b e l o n g  to the s i m p l e x  S~ n - l .  By v i r t u e  
of the  i n d u c t i o n  h y p o t h e s i s ,  the  i n i t i a l  c o n d i t i o n s  (10), and the  i n e q u a l i t y  (15), we then  c o n c l u d e  t ha t  f o r  a l l  
(~1 �9 ~ m )  e S  m-1 . . . .  k+l we  have  t c v l  . . . . .  ~m t -< D m ( m D ) k M  = (roD) k+l M. Thus  we  have  p r o v e d  (14). By v i r t u e  of 

the  fac t  tha t  (14) shows  that  the  s e r i e s  in (4) is  c o n v e r g e n t  in a n e i g h b o r h o o d  of the o r i g i n  I p l < r ,  we  have  o 
c o m p l e t e l y  p r o v e d  T h e o r e m  1. 

P r o o f  of T h e o r e m  2. Le t  f(p) be a s o l u t i o n  of Eq.  (1). Le t  us w r i t e  

- -  - ~  InZp 
f(p) = e  g(P). (21) 
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Then the funct ion  g(p) wi l l  s a t i s fy  the equat ion 

~ ~ a,ke- ~'V~p~k-~Vl g ((z,p), (22) 

/ = 0  h=0 

where, as before, ,/] = ln~j.  This equation is of the same type as (1). Its characterist ic  polygonal Line L' can 
be obtained from thecharac te r i s t i c  polygonal line L of Eq. (I) by a transformation F: (5, fi) --  (% fi -PT) of the 
(% fl) plane into itself. If a segment of L lies on a straight line fi = 77~/ + b with an angular coefficient 7?, then 
the corresponding segment of L' will lie on a straight line fi = 07 - ~)Y + b whose angular coefficient is smal ler  
by a quantity p. In part icular,  the extreme right segment of the polygonal line L' will be horizontal. Hence 
Eq. (22) will satisfy the conditions of Theorem 1, and this equation will have a solution of the form (4). Thus 
the assertion I of Theorem 2 follows directly from (21). 

Below we shall prove that if a function f(p) satisfies gq. (1) and it has a bound (6) at least for 0 < p < r, 
then this y i e lds  f(p) - 0. 

If # < 0, then it  can be a s s u m e d  wi thout  loss  of g e n e r a l i t y  that 

az,--~O, al.=O, l n a , - - l n %  ) - - ~ "  for i = 0  . . . .  , g - - 1  (23) 

(as above ,  kj is the s m a l l e s t  s u b s c r i p t  k such  that  a jk  j # 0). Hence 

13kl ~ g = - -  t~ (In % - -  In ~I-1), (24) 

and in a su f f i c i en t ly  s m a l l  ne ighborhood 0 <- p < r of the o r ig in  we have the i nequa l i t i e s  

m 

h===0 

m ~n 

h=O k~h]-l-I 

] = 0 . . . . .  l - -  1, (26) 

w h e r e  D 1 = 2 max l a~k[. Let  us denote  
/ '=0 , . . . , l  

h = 0 , . . . . m  
m rn 

h=0 k=0 

[ i+,  = ~ / %  0 < ~  < . . .  < ~= < 1, 

bi+i(P)----at(P), 
/=0,...,1--1, 

(27) 

then we obta in  f r o m  (1) the bound 

and by v i r t u e  of (25) and (26) we have 

! 

If (p)[ ~ Z [bj (p) f (},jp)I, 

]bj (p) ] ~ D2p~. 
Let 0 < Po < r ,  let us denote  l n =  [~'+lpo,~]'po], M ~ =  max]/(p)], n =  O, 1 .... , 

PEIn 
and let us prove the inequality 

(28) 

(29) 

Mn~Dnexp{---~In2-%-'n21Mo, r J 
(30) 

w h e r e  D is a pos i t ive  n u m b e r .  F o r  this  pu rpose  let us note that for  any 0 < p < P0 and n = 0, 1 . . . .  it is pos-  
s ib le  [by i t e r a t i o n  of (28)] to e s t i m a t e  the va lue  of the funct ion  f at the point p in t e r m s  of the va lue  of this  func-  
t ion in the i n t e r v a l  I n wi th  the aid of the inequa l i ty  
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l 

If (P) I ~ ~.~ bh (P) bh ('~.hP) "'" b.j, (~h "'" ~h- lP )  f (~Jt, "'" ~hP)[, (31) 
h, . . . , l s= 11 

~h...~]sP~ln 

where  the s u m  is taken over  at[ poss ib le  co l l ec t ions  Ji = 1 . . . .  , l; i = 1, . . . .  s such  that  ~jl" " "~Js p E I n . The 

s u b s c r i p t  s in the r i g h t - h a n d  s ide of (31) r eaches  its m i n i m u m  va lue  Smi n for  ~j~ = . . . = ~Js = (I, and i ts  m a x i -  
m u m  value  Sma x for  ~j~ = . . . = ~js = ~l" F o r  p 6 I n we hence obtain 

-. In ~i 
smi . = n - -  1; s~.= ~ (n -t- l)  1 ~  z . (32) 

The s u m  in (31) cons i s t s  of not more  than / smax  t e r m s  each of which  has in a c c o r d a n c e  with (29) a bound 

. . . . . .  ~ . D  s 8.~ .~ 6 jns , , .~x t~  s2. I bj, (p) b/, (gi,p) ... hi, (~h lh-~P) f (~h ~hP) [ "-~ 2p (ghp) ... (~5 h ... ~hP) 'Ma ~ " 3  ~ m'nMn 
(33) 

with a pos i t ive  D 3. F r o m  (31), (32), and (33) it follows that  

M J D/1~ 
/12 

0 ~ 4~l  Mn" (34) 

By r e p l a c i n g  in (34) the quan t i t i e s  5 and Q by the va lues  f r o m  (24) and (27), we obtain the sought  inequa l i ty  (30). 

Let us note that for  p 6 I n we have 

(In p - -  In p0)/ln ~ - -  1 ~ n ~.~ (In p ~ In po)/ln ~t. (35) 

Moreove r ,  for any non t r iv ia [  so lu t ion  f(p) of Eq. (1) we have M 0 ~ 0. T h e r e f o r e ,  a s s e r t i o n  2 of T h e o r e m  2 
follows f r o m  (30), (35), and the r e l a t i on  41 = 1/c~l. 

By v i r t ue  of P a r t  1 of T h e o r e m  2 we can prove the fol lowing t heo rem.  

THEOREM 3. If condi t ion  (3) holds,  then for  any posi t ive  c and ~3 < m / ( 2  InXl) Eq. (2) wi l l  have a non-  
f in i te  so lu t ion  defined on the e n t i r e  axis  and having a bound 

l Y ( x ) l ~ C e x p { - - ~ t 3 1 n 2 ( l  + l x l )  }, - - o o ~ x  ~ o o .  (36) 

In [5] we have proved T h e o r e m  3 under  the addi t iona l  a s s u m p t i o n  of mu l t i p l i c a t i ve  c o m m e n s u r a b i l i t y  of 
Xj ([5, T h e o r e m  1.4]). The method of proof used in the p r e se n t  paper  makes  it  poss ib le  to get r id  of this r e -  

s t r i c t i o n .  

P roof  of T h e o r e m  3. Af te r  having proved T h e o r e m  2, we can comple te  the proof of T h e o r e m  3 in the 
s a m e  way as the proof of [5, T h e o r e m  1.4]. T h e r e f o r e ,  we sha l l  out l ine  he re  only the s c h e m e  of the proof.  

The sought nonf in i te  so lu t ion  of Eq. (2) that s a t i s f i e s  (36) and the addi t iona l  in i t i a l  condi t ions  y(k)(0) = 0, 

k = 0 , . . . ,  m - 1 can be obta ined with the aid of the Laplace  t r a n s f o r m .  F o r  this purpose  the funct ion 

ao 

f (p) = ~" g (x) e-'~ (37) 
0 

must  sa t i s fy  the equat ion 

l m - - I  

1=o h=o 

with  cons tan t s  Cjk. Equat ion (38) is an equat ion of the f o r m  (2), and in this case  we have/z _> m / l n X / .  By v i r t ue  
of P a r t  1 of T h e o r e m  2, Eq. (38) has a n o n t r i v i a l  so lu t ion  in a ne ighborhood of the o r ig in  that  s a t i s f i e s  (5). It 
is easy  to see  that this so lu t ion  can be ana ly t i ca l ly  cont inued  in the e n t i r e  complex  plane wi th  a cut  a long the 
negat ive  r ea l  axis in such  a way that the bound (5) is r e t a ined  in the cut  ne ighborhood of the o r ig in  (0 < I p I < r; 
-Tr < a r g p  < 7r). Moreove r ,  the inequa l i ty  

] f ( p ) l ~ C4e x p{ - -F41nZ lp] } ,  [ p J > r .  - - n < a r g p < n ,  (39) 

is a lso  sa t i s f i ed ;  here  C 4 and /~4 a r e  pos i t ive  cons t an t s .  It follows f r o m  (37), (5), and (39) that  y(x) s a t i s f i e s  

(36). 
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By an ana lys i s  s i m i l a r  to that  used in the proof  of T h e o r e m  3 (based on P a r t  1 of T h e o r e m  2), it is easy  
to see  that  the condit ion of mul t ip l ica t ive  c o m m e n s u r a b i l i t y  of the t r a n s f o r m a t i o n s  of the a r g u m e n t  can be 

dropped  a l so  in [5, T h e o r e m  4.2]. 

The solut ion y(x) c o n s t r u c t e d  in the proof  of T h e o r e m  3 sa t i s f i e s  not only (36), but a l so  the e s t ima te  
[ y ( x ) l ~ C e x p { _ ~ t s l n 2 l x l } ,  - o o < x < o o ,  with s o m e  0 < P 5 - # 3  (see [4, T h e o r e m  3]). 

Under  the condit ions of T h e o r e m  1 the re  exis t  so lut ions  of Eq. (1) that  cannot  be wr i t t en  in the f o r m  (4) 

(see [6]). 
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SYLOW 2-SUBGROUPS OF THE COUNTABLE ALTERNATING GROUP 

Y u .  V. D m i t r u k  UDC 519.44 

In this paper we deseribe the structure of the Sylow 2-subgroups of the countable alternating group, i.e., 
the group of all even permutations of a countable set which move only finitely many points. The representation 
of Sylow p-subgroups of finite symmetric groups as polynomial tableaux introduced in [3] plays an important 
role in our description; it generalizes in a natural way to the case of countable permutation groups. 

Let V be a k-dimensional vector space over the field Fp with p elements; let S(V) and A(V) be the sym- 
metric and alternating groups of degree pk acting on the set V; let el, e2, . . . .  e k be some fixed basis for V. 
Let V i be the subspace of V spanned by the vectors el, e 2 . . . . .  el, i = 1, 2 . . . .  , k; V 0 = {0} ~ V I ~ ..- c-_ Vh = V 
is the flag consisting of the subspaces V i. The group of all permutations in S(V) preserving this flag (term-by- 
term) and inducing the identity permutation on each quotient Vi+ I/V i is a Sylow p-subgroup of the symmetric 
group S(V) = Spk. It was shown in [3] that this group (which we denote by Ppk below) has a convenient represen- 
tation by sets of truncated polynomials of the type 

a = [ a i ,  a 2 (x1) . . . .  , a h (x1, x 2 . . . . .  X•_l)] ,  (1) 

w h e r e  the ai(xl,  x 2 . . . . .  xi_ 1) E Fp[x~, x~ . . . . .  x/_l] a re  t runca ted  po lynomia l s ,  i .e . ,  r e p r e s e n t a t i v e s  of mini -  
mal  d e g r e e  of the c o s e t  c l a s s  modulo the ideal  I = (x p - xl,  x2 p - x2 . . . . .  xiP_l - xi_ 0 .  The tableau (1) c o r r e -  
sponds to the pe rmuta t ion  in S(V) given by t - - t a  = (tl + al, t2 + a2(tt), . . . .  t k + ak( h . . . . .  tk_l)) , whe re  t = 
(tl, t2, �9 . �9  t k) is a point in the space  V. The product  of two tableaux with coord ina t e s  ai(xl, x2, . . . .  xi_l) and 
bi(xl, x2, . . . .  xi_l) , r e s p e c t i v e l y ,  is the tableau wi th  coo rd ina t e s  

a~ (x .  xz . . . . .  x~_,) + bi (xl + a .  x2 + r (x~) . . . . .  xi- ,  + a~-i (x~ . . . . .  x,_~)), 
(2) 

i = 1 , 2  . . . . .  k. 
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