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Abstract. As proposed by Bredov et al. [2, 3] the phonon spectrum can be obtained ap- 
proximately from coherent neutron scattering by polycrystals if suitable averages over 
scattering angles are considered. The accuracy of this method is estimated by comparison 
with analytical results for simple lattice models (discussed here in particular for Aluminium). 
The errors are about 5 ~ for low order moments and about 50 ~o near van Hove singularities 
for "cold" neutrons (wavelength of the order of the nearest-neighbour-distance). 

1. Introduction 

In Bravais lattices the phonon spectrum is given by: 
3 

g(e)= 1/3 V. ~ S dq 6 (e -  hco~(q)) (1) 
a = l V  

q, a, hco~(q): phonon wave vector, polarization, energy 
V: volume of the Brillouin zone (BZ). 

The spectrum can be obtained by neutron scattering 
in two ways [4]: 
a) from coherently scattering single crystals one ob- 
tains co~(q) and then determines g via (1), 
b) incoherent scattering by single or potycrystals gives 
g directly. 
For coherently scattering polycrystals neither method 
can be applied. Bredov et aI. [2] and Oskotskii [33, 
however, proposed a method to obtain g approxi- 
mately in this case; the main idea is to average over 
scattering angles for fixed energy transfer (Sections 3 
and 4). Bredov's approximation has been used vari- 
ously [2, 5], but its validity still remained unclear [63. 
In this paper we check its accuracy by comparison 

* This paper is a condensed version of the report [1], Berichte der 
Kernforschungsanlage Jiilich - Nr. 1035-FF (71 pages), available 
from: Zentralbibliothek der Kernforschungsanlage Jtilich GmbH,  
D-5170 Jtilich 1 (Fed. Rep. Germany), Postfach 365. 

with analytical results obtained from simple lattice 
models; in particular we compare: 
a) g(e) near fixed e defined by van Hove singularities 
b) integral properties of g, e.g. ( e2)=  Sdeg(e ) e2. 

2. One-Phonon-Absorption Cross Section 

In standard neutron scattering theory the differential 
one-phonon-absorption cross section** for scattering 
by a single crystal at temperature T, containing N 
atoms of mass M, is [4]*** (see Fig. 1): 

d 2 a  
K = de d ~  -= C(~, k o, T) I(K, e) (2) 

3 

I(s:, e)= STr k k o Z ~ dq 6 (e -  hm~(q)) 
o ' = 1  

�9 ,~(~r (q. e'~ (q)) 2. F(q) 

** Without  loss of generality only phonon absorption (e>0) is 
considered. 
*** For convenience we did not employ the standard notat ion 

4~r k o h Sc~ ~r176 ; 

a c = 4 ~ a ~ ;  1 . Soo h. "scattering law"for  one phonon absorption. 
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Fig. 1. Coherent scattering by a single crystal (rec. space); incoming 
neutron: mass m, wave vector k o, energy Eo; outgoing neutron: 
mass m, wave vector k, energy E; h lr momentum trans- 
fer; e=E-Eo:  energy transfer; 0: scattering angle, dO: solid angle 
for outgoing neutron 
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ko 

Fig. 2. The polycrystalline cross section for fixed 0 is obtained by 
averaging over all directions of ~r 
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Fig. 3. 0-dependence of ~c(0) for fixed e 

C(e, k o, T)= Na~ hz/(16n M kg). 1/(a(exp(e/kT)- 1)) 

e~ polarizat ion vector, F(q): Debye-Waller  factor 
(DWF), a c: coherent  scattering length. 

Scattering takes place if g is located on a constant  
phonon  energy surface in reciprocal lattice, ho)~(q)= ~, 
and if (K. e~(~c))=k0. The polycrystalline cross section 
is obta ined by averaging (2) over all rotat ions of the 
rigid scattering triangle (k o, ~, k) (fixed `9, ~, Fig. 2), 
i.e. averaging over all directions of ~: 

3 =  1/4n-~ df2~ b ( t c -q )  = 1/2n q.  6(g 2 _q2)  

and 

K = C.  ](~c, a)= C Y, ~ dq 6(a - hco~(q)) �9 (q. e~ (q)) 2 
(7 

�9 (I/q) 4 k k o 6 (~2 _ q2) F(q). (3) 

One gets scattered intensity from those points of the 
reciprocal lattice, where the spherical surface of radius 
~: intersects hco~(q)=e; for given k o and e there is a 
one- to-one correspondence between ~: and the seat- 
tering angle `9" 
t c 2 = k Z + k 2 - 2 k  kocos,9, i.e. with increasing ,9 the 
radius of the sphere increases from x = k - / c  o (forward 
scattering) to ~ = k + k o (back scattering, ,9 = n) (Fig. 3). 

3. Average over Scattering Angles 

To obtain g one has to cover at least one whole 
BZ which is not  possible for one 0; therefore one 
must vary ,9. The simplest method,  which also is used 
experimentally [5] ,  is to integrate over all 0 with 
equal weight equivalent to averaging over `9, 

+ 1  

1/2. S d(cos`9) ..., resulting in 
- 1  

K =  C 7 =  C Z S  dq 6 ( e -  h~o~ . G~(q) (4) 

(q. e Iq)))q �9 o , ,  

1 k -  q<_k+k o 
o q =  k~ - 

0 otherwise.  

The q-vectors involved in the scattering process fill 
now the spherical shell V s given by Oq (Fig. 4). Parti-  
t ioning the q-integral into integrals over all BZ's Vr 
in V s a round  reciprocal lattice vectors T yields: 

R = C Z Z Y dq 6 ( e -  h J ( q ) )  �9 G~ (4a) 
a c V ~  

4. Bredov's Approximation 

The decisive assumption of Bredov's approximat ion  
is that, whereas 6 ( e -  hm~(q)) is periodic in reciprocal 
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k - k  o 
_1 

k + k  o - I  

Fig. 4. Average over scattering angles (schematically): shaded area = 
q-integration volume; one set of equivalent critical points, q~, is 
shown 

space, G~(q) is slowly varying in V,* such that it can 
be replaced by its mean value G, averaged over a 
and q in V,: 

G,=1/3.  ~ -  1/V ~ dq G~(q) 

and 7(e) by 

IB(g) = Z G, Z ~ dq b ( e - h  o~'(q)) 
T a v e  

= Y,  3 (5) 

A(e)=3 V~, 0 , =  5 dq q V(q) 
"r VS 

(hco~(q) is periodic in reciproca ! space). Consequently 
Bredov's assumption implies that g is approximately 
given by 

gB (~) = f (e)/A (e) (6) 

where 7(5)= R.(e)/C is directly measured and A(e) can 
be calculated if F(q) is known; in the following we 
will always assume F ,.~ 1 : 

C ~,  ~ d q  a (e - h co ~ (q)) ( q .  e ~ ( q ) ) 2 . 1 / q  

C ~ ~ dq(q. e~(q)) 2. 1/q 
a Vs 

1 
=8TCkko(k2- j -k  2) ~aVfs dq b(e-hc~176 (q " C(q)) 2/q" 

(6a) 

* Strictly speaking this assumption only refers to the irreducible 
part of the BZ (1/48 V for cubic crystals); this makes the assumption 
less restrictive, but for convenience here we refer to the whole BZ. 

For practical applications this approximate spectrum 
gB still has to be normalized (cp. Section 5b): gB(e)---' 
gB(e)/S gn(d) de'. 

5. The Accuracy of Bredov's Approximation 

Generally the deviations of gB from g arise for two 
reasons: 

a) polarization averaging: 1/3 - ~ G ~ (q), 
a 

b) q-averaging: 1/V. S dq G~(q), 
V 

the latter being dubious especially near the boundaries 
of Vs, where only parts of V,'s are covered ("surface 
errors"). However, both approximations are justified 
well if many large z-vectors (z >> V l/a) are involved; 
in this case polarization averaging is permitted for 
cubic crystals [1] and the "surface errors" are negli- 
gible. Consequently Bredov's approximation will be- 
come the more accurate the more one approaches 
the range of validity of the "incoherent approxima- 
tion" [4] (ko>>V1/3)**.Toget a feeling of the errors 
involved we employ a nearest-neighbour-coupling 
model for a fcc lattice*** and compare two analytically 
calculated properties of the exact spectrum with those 
of gB: 
a) In 3-dimensional lattices the strongest singularities 
of g are of the square-root type at critical values e c 
where the first derivative becomes singular [8]: 

g'  (e) = s % ) .  % - e ) -  1/2 (e --, - 0).  

These singularities are caused by critical points q~ 
in reciprocal space at which gradqhm~(q)=0, 
h c& (qc) = e~; both S(e~) and the corresponding Bredov- 
prefactor SB(8c) can be calculated exactly [1]; they 
are determined by the immediate neighbourhood of 
q~, hence the deviation of S B from S is mainly due 
to "surface errors": with increasing shell volume V s 
there will be jumps in S B whenever new critical points 
are collected by V s (cp. Fig. 4). The example given in 
Fig. 5 refers to the longitudinal branch at the X-point 
(critical point by symmetry, e~=41 meV). The asymp- 

** The weight of very large q-vectors is reduced by the DWF (for 
convenience we neglect the q-dependence of the DWF, i.e. assume 
F(2k0)~ 1, hence G~(q)~q). Further difficulties entering the deter- 
mination of g from the "incoherent approximation" are resolution 
problems and multi-phonon processes. 
*** The three force constants of this model can be fitted uniquely 
to the elastic constants [7] ; therefore one obtains phonon dispersion 
curves, which by construction agree with experimental r for 
small q. Here we fit to the elastic data of Aluminium; in symmetry 
directions this model reproduces experimental dispersion curves 
with less than 10~/o error at the boundary of V. For  the choice 
of the lattice model cp. Section 6. We chose Aluminium because 
Bredov's method was applied to it by several authors [2, 5]. 
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Fig. 5. Behaviour near van Hove singularities: gis)= 
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totical  j u m p  height (large ko) can be es t imated roughly  
as ~ 1/(k o d)~(V/Vs) 1/3 (d: neares t -ne ighbour  dis- 
tance) [1]. 
b) Whereas  the behaviour  near  van Hove  singularities 
refers to fixed e c and is determined by points in 
reciprocal space, there are contr ibut ions  f rom all 
p h o n o n  energies through the whole BZ to average 
values as (e2).  The  exact value can be obtained 
easily [7];  the cor responding  Bredov average value, 
( e 2 ) B = ~ d e  gB(e) e 2, however,  cannot  be calculated 
in a s t ra ightforward way, since the q- integrat ion 
boundar ies  k(e)_+ k o entering 7(e) and A(e) explicitly 
depend on e*. This difficulty can be c i rcumvented  
if one replaces e in k(e) by  a suitable mean  value 5 
(which implies the normal iza t ion  of  gB), e.g. (e2)  ~/2 
or (e2)~/2: in the latter case then ( e 2 ) ,  has to be 

* This furthermore implies that in general gB(e) is not normalized. 

de termined self-consistently. The  actual  choice of  ~, 
however,  does not  affect (e2)B much  if g is varied 
a round  (e2)  1/2 [1]. The  relative deviat ion of (e2)B 
(self-consistently calculated) f rom (e  2) is shown in 
Fig. 6; asymptot ica l ly  one has: - 12 cos (2 k o d)/(2 k o d). 

6 .  C o n c l u s i o n s  

The results given in Section 5 are quite typical:  they 
are confirmed by other  examples**  (other averages 
and other  van H o v e  singularities) discussed in detail 
in [11 which can be summar ized  as follows: 

** In [1] are treated furthermore: (e2)B with ~=@2)1/a; (e2)B, 
(er and Sde gB(e) with ~=0, i.e. em,x<Eo; ec=0 (spectrum for 
small e, g~2):  100% error for Eo~5meV, ec=32meV (saddle 
point of the longitudinal branch in (ll0)-direction): 20~o error 
for E o ~ 5 meV. 
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a) The position of van Hove singularities is repro- 
duced exactly including ~ =0 and e = ~max (max. phonon 
energy). 
b) The deviations of gB(e) from g depend on the 
incident neutron energy E 0. Both the integral ((e2)B) 
and the specific (SB(ec)) properties of g~ display an 
oscillating behaviour around the exact results; in 
general gB is not normalized. 
c) For the indicated lattice model (maximum phonon 
energy 41 meV) and for cold incoming neutrons 
(E 0 ~ 5 meV) gB approximates g with respect to integral 
properties to about 5 ~o and with respect to specific 
properties to about 50 ~ .  
Because roughly speaking Bredov's approximation is 
an averaging procedure in reciprocal space, it is 
obvious that gB will describe those properties of g 
more reliably which do not refer to points or well 
localized regions but to larger parts of the BZ. This 
point of view furthermore allows to estimate the 
dependence of the results on the lattice model employed 
(nearest-neighbour-coupling, fitted to the small-q-limit 
of experimental dispersion curves): a more realistic 
model including longer range coupling will introduce 
changes in co~(q) only for larger q-vectors (in V) such, 
that for higher e the surfaces hcJ(q)=e have a more 
complicated shape and extend over a larger region 
in the BZ; therefore for larger e the errors in gB arising 
from q-averaging will be even smaller than those ob- 
tained from the nearest-neighbour-coupling model. 
Consequently, the calculations given in this paper (and 

in [1]) will describe fairly well the typical (maximum) 
deviations of Bredov's approximation from exact 
results and can serve as an estimate of its accuracy. 
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