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Abstract. The dielectric response of a small metal particle to a perturbing potential
v, =1L Yy, € is considered within the random phase approximation (RPA). The static
dielectric polarizability is found and the size dependence of the surface plasmon frequencies
are then determined from sum rule calculations. When the particle radius a is large com-
pared to the Thomas-Fermi screening length r, the RPA equation is transformed into
a form appropriate for an analytical solution. The dynamic electric polarizability, the
position and the width of the surface plasma resonance are found in the limit a/ry > 1.

1. Introduction

Electromagnetic properties of small metal particles
have been the subject of rather intence investigations
in recent years [1-8]. These investigations have at-
tempted to obtain a more fundamental understanding
of the behavior of colloidal particles in external
electromagnetic fields and considerable progress has
been made. Two very different approaches have been
used in the theoretical studies of the properties of
small metal particles: the hydrodynamics of the
charged electron gas [6, 7] and the quantum mech-
anical theory based on the random phase approxima-
tion [9, 14, 15]. The hydrodynamic approach leads
to rather simple equations affording a determination
of the charge distribution, the effective field inside
the particle etc. However, there exist some doubts
concerning the justification of the applicability of the
hydrodynamic equations to the electron plasma in
metal particles. The fact is that the free path of
electrons | becomes large compared to the particle
radius a at sufficiently low temperature, while the
condition [ <a is required to hold for the applicability
of the hydrodynamics. Therefore the RPA approach
seems to be more preferable for the description of the
electromagnetic properties of small metal particles.
In this paper the RPA is used to calculate the fre-
quencies and the damping of surface plasmons in

small metal particles. Below we stick to the following
programme. In Sect. 2 the main assumptions are out-
lined and the RPA equation is formulated for the
renormalized electromagnetic field arising inside the
particle due to the screening of an external potential
by conduction electrons. The static solution of the
RPA equation is found in Sect. 3. This solution allows
us to obtain the static polarizability of the particle
in a multipole external field. This result being combined
with the Thomas-Reiche-Kuhn type sum rule defines
the mean square frequency of the surface plasmon.
In Sect. 4 the fact that plasmon frequencies become
independent of the size of the particle is used in order
to simplify the RPA equation. This simplified equation
is then solved and the effective field inside the particle,
the position and the width of the surface plasma
resonance are determined.

2. Description of the Model Employed

Plasma oscillations of conduction electrons in metals
is a typical example of collective excitations in a
many-fermion system which can be successfully de-
scribed within the RPA. As in the case of the bulk
metal we adopt here the jellium model, i.e. conduction
electron scattering by the ions is neglected. The metal
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particle is then replaced by a model in which the
ions are spread out into a uniform distribution of
positive charge and the conduction electrons move
inside the potential well u(r) forming by this positive
background. The Hamiltonian of the conduction elec-
trons then has the form (h=m=1, where m is the
electron mass)

H=H,+H,, @.1)

H(,:jd%w(r)[ ;;Z—i—u(r)]x//(r 22)
&rdr,

H1= jlr -y Y ) Ut ) ) ¥ (ry). 2.3)

Here ¥+, y are the creation and annihilation electron
operators.

Now consider the metal particle placed in an external
electric field acting on conduction electrons ¥7(z) and
calculate the linear response of the electron gas to
the perturbing potential e#” in the Hamiltonian (2.1).
We define the dynamic electric polarizability as follows

a(t)=ie? 0| TY () ¥ (0) |0} (2.4)

where

YO=[1V Oy @)y, 0dr
l//-f— (l', t):eiﬂz ¢+ (l‘, 0) e—in-

T is the time ordering operator and |0} is the ground
state of the electron gas. The Lehmann type expansion
is known to be valid for the Fourier transform of «(t)

a(w)= }O a(t) et dt

1 N 1
w—id wgtw—id

=T IS (ws_ ) 2.5)

where wg=Es—E, are the exitation energies of the
electron gas and 6 —+0. Among enormous number
of exitations contributing into the sum on the right-
hand side of Eq. (2.5) there are collective states (plas-
mons) arising due to coherent exitations of electron-
hole pairs. These collective states reveal themselves
as poles in o(w) with residues enhanced strongly as
compared with noncollective states. The absence of
the momentum conservation leads to the appearance
of the plasma resonance width related to the decay
of the collective state into noncollective electron-hole
ones. Thus, if a(w) is known then the position and
the width of the plasma resonance may be determined.
In this paper we calculate o (w) within the RPA.
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Let v(r, t) be an external electric field. Then the effective
field V inside the particle is the sum of four terms

V=0+8V,+8 V45V, (2.6)

where 6V,, 6V, 5V, are the polarization parts of V
arising due to appearance of the induced charge
densities: dp, in the electron gas, dp, in the dielectric
medium surrounding the particle and dép,, inside the
metal particle. The last term in Eq. (2.6) accounts for
the polarization of the ion lattice which is assumed
to be a dielectric medium with the dielectric constant
Ep-

Each polarization term on the right-hand side of
Eq. (2.6) may be expressed in terms of V

0p.(r;) & 61

1
5Ve=ej Ir—r

) Vi) dn d®r,

=e (QHV). (2.7)

(The symbolical notations () will be used below in
parallel with integrals.) Here Q=|r—r|™' and T is
the polarization operator of the electron gas which
has the form within the RPA [10]

nl—

e, —I- @% () ,(r;) (2.8)

I, )=, ¢, q)f'(rl)
AL

where ¢,, @, are the one-electron energies and func-

tions and n; —the occupation numbers. The term J ¥

is found in the following way [11]. The induced charge

density is dp,= —div P where the polarization vector

—1
P=—n,m) 2 yy.

Here ¢, is the dielectric constant and n,(r) is the
dimensionless density of the surrounding dielectric
medium (n;=1 in the uniform dielectric). Hence

5Vd=_[5pd(r1) P
e —r|
g1 1 0 6V)
T 4z j|r—r1] o, ('i('?r 5. @9)

Integrating twice by parts and remembering that
AQ= —4mé{r; —r,) we have

oVi=—(eg—Ung V
Sd—l 5} 1 )and 3
4 f(@rl fr—r |/ o Vi) d'n
= —(e;—1) n, a1 VQo-Vn, V). (2.10)
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The term JV,, is obtained from Eq. (2.10) by replacing
of the indices d to m. Finally we get the equation for
determination of the effective field V:

V=v+e(QIV)—(e,— ) ny V—(g,—1)n, V
g4—1 &m—1
+ UGV VP, ). @1

The polarizability a{w) may be expressed in terms
of V{12]

a(w)=—e2(VIIV) (2.12)

where 77 is the field acting on the electron gas. It
differs from the external field due to presence of two
dielectric media (the surrounding dielectric and the
ion lattice) and is determined by the following equation:

V=v—{g;—)n, ¥ —(e,,—)n, ¥

Y4 W -V v+
47

Em—

4n1(VQ.Vnm«V).

+

(2.13)

Below we confine ourselves to the consideration of
the muitipole external fields

v () =r" Y0 () (2.14)

where Y;,, are the normalized spherical harmonics

j Yiu (82) Y5 (2)dR2 =061 Oy (2.15)

3. Sum Rule Calculations

The solution of Eq. (2.11) is impossible without sim-
plifications. However, if one wishes to know the
plasmon frequency only, then the solution of Eq. (2.11)
with =0 may be avoided and instead the sum rule
technique may be employed [137]. Once two sum rules

Wy =e? %:ws |<O! VlS}[z (3.1)

and

w_,=¢2 Zws‘l |<0| 4 |S>|2 (3.2)
S

are known the mean square plasmon frequency can

be extracted from the ratio
2

wL=wy|w_;.

(33)

The sum rule w_4, as is seen from Eq. (2.5), is expressed
in terms of the static polarizability
w_y=3a(0) (34

while wy, as shown below, depends only on the ground
state density distribution of the electron gas. Since

the plasma resonance is very narrow (see Sect.4) the
frequency w; as defined by Eq.(3.3) coincides with
the position of the plasma resonance.

We begin by calculating o; (0). The main simplification
in Eq.(2.11) arising in the static limit is related to
the possibility of the replacement of IT(r,,r,) by a
delta function (see e.g. Ref. 10)

__ Dr

(r,1p)= T o(ry —ry) 3.5)
where pp is the Fermi momentum. Next, the dimen-

sionless densities n,(r) and n,(r) are assumed to be
step functions:

n(r)=0@r—a), n,r)=0(a—r (3.6)

where a is the particle radius and A(x)=1 at x>0
and 0 otherwise. With these simplifications Eq. (2.11)
takes the form at r<a

pr . dn
Em V=UL_7§ r—r| V(x)
+5a b j(i ! )5(r—a)V(r)d3r (3.7)
4n or [r—r] ! AN »
Let us define the function fj (r/r,) by the equality
tm V(0)= f1.(r/70) v, (1) (3.8)

where r,=(r &,,/4€? pp)'/* is the Thomas-Fermi screening

length. Using the well-known expansion for |r—r |~}

1 * 4z

Ir—r| szom By (r,n) z Y (2) Y5, (82)

L=-M

(3.9

where
By (r,r)=r* i 10 —r)+rEr 11 0(r—n)
we come to the following equation for f; (x)

1 [ —(2L+1) c 2L42
- x y R d
QL+1) § L8y

afrg . o L+1
* Ty - m ), (£),

fx)=1

(3.10)

Instead of f;(x) it is convenient to introduce a new
unknown function g (x) connected with f; (x) by the
equality

afrg

1
fu69)=2009 [ 1577 [ vt dy

N (ea—&m) (L+1) (a)]‘{ (3.11)

L1 St \p
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This expression substituted into Eq. (3.10) gives

1
2L+1

1 X x
[*xz—u—lof V2 g () dy— gygL(y) dy]-

Eq. (3.12) can be transformed into the linear second
order differential equation

2L+2) |

g.—8.=0

gr(x)=1-

(3.12)

gL+ (3.13)

with the initial conditions g;{(0)=1, g;.(0)=0. The
solution of this equation is
gL(x)=2""Fr(L+3) x "+, (x)

where I; | ; (x) is the modified Bessel function.
In order to calculate o (w) we must also solve Eq. (2.13)

for ¥°(r) at r<a. It is not very difficult to conclude
from Eqs. (2.13), (3.6) and (3.9) that

(3.14)

L+1
Y W=000) et a5 | 6.1
Hence
e 7’2L+3 afrg
1y ()= 22T 17 5.0)dy

m

[s +{es~—¢,) +1]_ [1 L afro Vd
m a5 T Py AL

St =l

(Egs. (2.12), (3.8), (3.11) and (3.15) are taken into
account in deriving of Eq. (3.16)). The integrals on the
right-hand side of Eq. (3.16) are

afro afry

[ 52 g (nydy=2"*3I(L+3) | y*+31, .. (y)dy
0 0

L+3
=214 [(L+3) (—:i) I,s (i)
0

o

(3.16)

ajro afro

OJ ye W dy=2"*r(L+3) | y= %P1, ,()dy
0

)
Using the relation
I s(@)=I_,(2)—QRL+1)z""' I, (2)
we finally get

2L41 a*t+t

4
" [gm + (8d - gm)

- (L=1%)

ot L, (—r‘i) —QL+1).
0

oy (0) = M, (%)) (3.17)

L+1 ]
2L+1
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where the size dependent factor M, (x) is
1=QLA+1)x Iy (/T3 ()

M, (x)= c—e
I (L ) x g ()T (%)

(3.18)

1+
At x—ooM; (x)—1. This expression is an extension of
our previous result obtained for the case L=1 and
gg=¢,=1[14].
Now let us calculate w,. The sum on the right-hand
side of Eq.(3.1) may be transformed in the following
way

;ws|<OI“V|S>IZ=%<0l[‘/C [H, 7 1]10> (3.19)

where [a,b]=ab—ba. The double commutator
[*,[H,77]] is easily found with the aid of Egs. (2.1)
to (2.3)

[V.[H,71]= y( > U () b ) P

Hence

2 K 2
=5 J O Y10y (5] &
e 07\
=——2—jn(r) (waT) d?

where n(r) is the conduction electron density. Inte-
grating Eq. (3.20) by parts we have

(3.20)

jn(r)( ) d3r——jn"Va—;:—ds

> o on
or? r=fv rﬁd

—fnyr

Taking into account the facts that A7 ~ Av, =0 and

n(r)=0 at r—oo one sees that the last integral only
contributes to w;. Assuming n(r)=n8(a—r) and using
Eq. (3.15) we obtain

62 Lna2L+1

2 L+17?
[8m+(8d—8m) m]

(3.21)

W=

Now the plasmon frequency is easy determined from
Egs. (3.3), (34), (3.17), (3.18) and (3.21)
-1
1 (4
M, (7‘0>

(3.22)

22 L [8 +(e s)———L+1]
CL=Do 5 [T 5

where w3 =4mnne? is the plasma frequency of the bulk
metal.
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4. The Limit of Large a/r,. Position and Width
of the Surface Plasma Resonance

This section is concerned with the solution of Eq. (2.11)
for the effective field V at w0 in the limit of large
a/r,. Notice, that the matrix elements V,, differs
appreciably from zero -at energy differences ¢, —
Lvg/a~exN~% where N is the total number of conduc-
tion electrons in the particle and ¢ is the Fermi
energy. These energy differences are seen to decrease
with increase of the particle size whereas the surface
plasma frequencies remain finite at large a/r, (see
Eq.(3.22)). This circumstance allows us to simplify
considerably Eq. (2.11) by expanding the denominator
(64—, +®)~! in the polarization operator (2.8) in
powers of (g;—e¢,)/w. Instead of this we represent
I (x,, 1) as the sum of two terms

I, n)=I0,5)+,({x5,15)
where

I, n)=-0"? ; @,(0) @F (1) (i —ny) (65— £2)
Qi) ¢ (ry) (4.2)

and IT,=II—1II,. The contribution of II, is small
(~vplaw; ~1yla~N~%) as compared with IT,. Noti-
cing that

1 0V v 9

er—ex)Vor=(Ho, V]r= (—TW__E W)“
. . 4.3)

and taking into account the relations

Y. @) @F (M) =d(r—r); Zm!% 1) =n(r) 4.4)

A

we transform the right-hand side of Eq.(2.7) in the
following way:

SV, = (QITV)~ e (QH, V).

But

IH(T, V) dn=w"? zz @, (1) 9% (r) (n,—ny) j n
oV 90, ) 8 v

o) g alrl LA Z—ér—(n(r)ﬁ). @.5)

(The term 0?V/or? in Eq. (4.3) does not contribute into
this sum.) Hence
0
(15 )

V___ -2 2
0 @ jlr rll(?r1

(4.6)

Eq. (4.6) is similar to Eq. (2.10) and may be transformed
in the same way

47 n(r)e e2 0 1 on

- 7 S L%
oV w? w? j(’J‘rl r—r| or, () d°

(4.7)

@.1)

The substitution of this expression into Eq.(2.11)
yields:

4 2 2
V(r)=v(r)+%(2r)e V(r —%(VQ-VnV)
1
42D go.rn "L po.va,y)
— (€= 1) ny(0) Vr)—(&,, — 1) m,, () V(). (4.3)

It should be emphasized that the particle shape has
not been specified when deriving Eq. (4.8). Therefore
this equation is applicable for consideration of
particles with arbitrary shape of boundary surface.

Now we solve (4.8) for the spherical particle assuming
the conduction electron density to have the sharp
edge n(r)=nf(a—r) and v=v,=r"¥,,,. Let us seek
the solution of Eq.(4.8) in the form V(r)=A4,v.{r)
at r<a. Then we obtain:

2 ~1
_ w5 L B L+1
AL_[E'“ 0 ALy1 8"‘)2L+1] 49)
and
CO2
V(ir)= v (r) (4.10)
[8 +(eg—2,) L+l (w? — &%)
1) d m 2L+1] (DL
where
L 1
—2 4 2 )
wp=4nne ST+l 4.11)

L+17°
[8"'”’5‘1 ) 2L+1]
We see from Eq. (4.10) that V(r) has a pole at w=a,,
which means the existence of nondamping plasma
oscillations with the frequency w=@,;. In order to
obtain the damping arising due to the plasmon decay
into noncollective electron-hole states, transitions
with energy difference ¢,—¢, ~@; have to be taken
into account. We make it including I1, into our con-
sideration in a perturbation manner. According to the
ideology of the first order perturbative theory the
coordinate dependence rLY;,, of the solution of
Eq. (2.11) is assumed to be not affected by the presence
of Il, on the right-hand side of Eq.(2.11), but the
eigenfrequency @, is slightly modified by shifting into
the lower half-plane of the complex variable w. This
means the solution of Eq.(2.11) to have the form
atr<a:
V()= Cr(w) v, (r) (4.12)
where the function C,(w) is to be determined. To this
end we substitute Eq.(4.12) into Eq.(2.11), multiply
both sides of Eq.(2.11) by v, (r') II(r',r) and integrate
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over r and r’. The result is

Cp(w)
_ (v llvg)
L+1 '
[ent a5, | CeTTo0) = u1010,)

(4.13)

The term e* (v, ITQIIv;) is transformed by using the
relation e?(QIT,v;) = Lw? v, /w* (2L +1) as follows

& (v IIQMv;)=e* (v, QUL vy) + € (v TTQIT, vy )

wi L

~ (v o)+l v)] 62— m

and the term e? (v, 11, QI1, v;) is neglected. Hence

CO2

L+1
[8m+(8d_8m) 2L+1]

Cplw)=
[ -7 (1-2ig)]
(@.14)

where, to within the accuracy of the terms of the first
order in I,

_Im(@Ly)

Dg— -
& (v I, v;) nLa*t+!

Im (v IT,v,). (4.15)

It is not very difficult to recognize that Im (v, IT,v;)=
Im (v, ITv,) ie.

Im v =nw ) |(W); . 1 (e, —2p) 6 (e, — &5 + )
iz
(4.16)
dn,
de,

The calculation of g is performed in the Appendix.
The final result is very simple:

where the expansion n,—n, = (e,—¢,) 1s used.

_6 L Pr
T m2L+1 aw

g 4.17)

The dependence g~w™! can be understood from

semi-classical arguments. The matrix element (v ), is
proportional to the Fourier component of v (r(z))
where r(t) is defined by the classical equation of
motion. If the potential u(r) in Eq. (2.2) is a rectangular
well, then #(f) has a J-function singularity at the
moment of collision between electron and the particle
boundary. Therefore the Fourier transform of vy (r(¢))
behaves like @™ 2 at w 3> vp/a where a/vy is the electron
free path time. Since w~ @, > vz/a then

Im (ULHUL)~0)_37

and accounting for the factor »® in Eq. (4.15) we con-

clude that g~ ™.
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Now we calculate the dynamic electric polafizability
oy ()= —e*(YIIV)

_eZ nLaZL“

L+l ]2(w2—6ﬁ(1—2ig)).

[8,,, +(eg—¢,)

2L+1

5. Discussion

In Sect.2 we have calculated the dependence of the
plasmon frequencies and the static polarizabilities on
the particle size. This dependence is determined by
the factor M, (a/r,) which is shown in Fig. 1 for the
case of silver particles in the glass: ¢;,=2.25, ¢,=49.
The influence of the particle size on the dipole static
electric polarizability has been discussed in Refs.
[14,15] in connection with the experimental observation
[16] of the absence of the Gor’kov-Eliashberg effect
[17] in small metal particles. There has been shown
that the appreciable deviation from the classic value
a® of the static dipole polarizability might appear in
very small particles. The results of the present paper
show that the size effect can be enhanced considerably
if the particle is embedded into a dielectric medium
with the large dielectric constant. In Fig. 1 the func-
tion M (a/r,) is shown for g;=40.

The plasma resonance wave length 4, =2nc/w, (L=1)
is shown in Fig. 2 as the function of a/r, for the silver
particle in glass. It is interesting to note, that this
dependence is in a sharp contradiction with recent
observations by Smithard [8] who has discovered the
increase of 4; with decrease of the particle size. Rea-
sons for this disagreement is not clear to us. Further
experiments are required.

Our result concerning the plasma resonance width is
very close to that of Kawabata and Kubo [9] ob-

1.4
1.2+
ML1.0F
C.8r
0.6
0.4+
0.2Fr
o

£4=2.25

£4=40

| L | |
6 9

24 27 30 33

[ | | 1
12 15 18 21
alty
Fig. 1. Size dependence of the dimensionless static polarizability
M, (L=1) for silver particles in glass (¢, =4.9, §,=2.25) and in a

dielectric medium with g;=40

w

0]
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2500

Rl

T

T

T

J I
O 3 6 9

| ! | 1 1 | 1 L
12 15 18 21 24 27 30 33
alre

Fig. 2. Size dependence of the dipole plasma resonance wave length
for silver particles in glass (g, =4.9, ¢,=2.25)

tained for the case L=1. However, our expression for
the width (Eq. (4.17)) is somewhat simpler since we
have used the formal requirement wy/ep<1 of the
validity of the RPA. In real metals this condition does
not hold, therefore other mechanismes such as decay
of the plasma resonance into two electron —two hole
states may contribute to the plasma resonance width.
Thus the comparison of the theoretical and experimen-
tal widths contains the information about the relative
contribution to the width of different mechanismes.
Our width is half the experimental one [4] for silver
particles with a=60 A.

Appendix

Here we calculate

Im(u ITv)=n w’ Z (e2— 8/1')4 I(UL)M'|2 0(g;—¢&; +w)
A

-0(e;,—&p)-

Let us begin with the calculation of the matrix element.
We choose the one-electron potential in the form

(Al

u(r)=uy 0(a—r). (A2)
Then

(&1 —& Y v = ([H, [H, U]])z Vo-Vu),

+ volume terms. (A3)

The volume terms decrease with increase (g;,—¢;)
whereas the surface term (V v - ¥V u), ;. is independent of
(&;,—e;). Indeed

v,

[d*r 5, Hod(r—a) ¢, o}

=La"*! ug Ry, 1, (a) R,.1, (@) f dQ Yo YLﬂ:Ml Y, (A4

where R,; is the radial part of ¢;. It is not very difficult
to obtain (see Ref. 9)

tim ug R, 1 (@R, L, @=k, 1 Kn,1,0” 3 (A5)

where

ky=2ma *(L+2n) and e=k*/2. (A6)

Hence

([H> [H, UL]])“':LaZ 2k ky j d2 Y Y, Yiu,
(A7)

and

Im@ Mv)=nw *1?a*L=* Y kik3S(ep—e)

ninz Ly L2
6(6y — &+ w) Z |(Yore Y25 aay YL2M2)|2- (AB)

MiM;

The angular part of the sum is evaluated as follows

2 (Vo Yo, Yiou)?

MM

1
= Yo Y 2
2L+1 M%Mj( Lag Y05 0y Yioar,)l

QL +DQL+1) |
T 22L+)) _jldx&(x)fil(x)PLz(x)

(A9)

where F(x) is the Legendre polinomials. Since
Ly, L, ~appr>L we replace the integral on the right-
hand side of Eq. (A 9) by 6, ;, i.e.

1
2
_jl dx&(x)ﬁl(x)ﬂz(x):méLle‘ (A 10)
Combining Eqs. (A 9) and (A 10) we get:
L
Z |(Yous Yo, YL2M2)|2zf_‘|%1/75LlL2- (Al1)

MiM»
Substituting Eq. (A 11) into Eq. (A 8) gives:
T L2 a2L—4

;;7;@;§3uﬁﬁém—m

nnzLy

Im (v, I1v;)=

(e — 8y + ). (A 12)

Let us replace the sums on the right-hand side of
Egq. (A 12) by integrals

dn a . de
= d = d —_—
;f”“dgnl/g (A13)
Then we obtain instead of Eq. (A 12):
22l 2p2 Lm ‘
Im (v o) =—e—2F_ [ L dL, (A 14)

rw?(L+1/2) §
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where we put )/ 2 (e, —w)x 1/ 2ep=prand Lyy=2apg/n.
Finally we get

CIm@div) 2L pp
 (wdvy)  mQRL+1) ao

(A 15)
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