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In this  pape r  we give a negat ive answer  to a quest ion posed by Morley in [7, p. 239]: Is it t rue  that fo r  

a homogeneous model ~ of a comple te  decidable theory  T to be s t rongly  cons t ruc t iv izable  it is sufficient 

that  the fami ly  S of all  types  rea l i zab le  in ~ be  computable ? 

In Sec. 2 we desc r ibe  an appropr ia te  counte rexample .  In Sec. 3 we give a p r ec i s e  c r i t e r i on  fo r  s t rong 

cons t ruc t iv izabi l i ty  of ~ ,  which, bes ides  the computabi l i ty  of 3 , contains a ce r t a in  e f fec t iveness  condition 

for  extens ions  of types  in S . 

1 .  P r e l i m i n a r i e s  

In this  pape r  we cons ider  only s igna tures  admitt ing a GSdel enumera t ion  of the se t  of all f o rmu la s  of this 

s igna ture .  

A countable or  finite model  T~ with enumera t ion  ~; A/°-~-m°l~r~] is cal led s t rongly  cons t ruc t ive  if the 

theory  T~ ~ ¢  is decidable,  where  ~7/v is the enr ichment  of the s ignature  of ~ by new constant  symbols  

C i , ~ < ~), so  that  C i can be in t e rp re t ed  by the e l emen t  ~(~)¢ I ~ 1 .  A sys t ema t i c  exposi t ion of the theory  of 

cons t ruc t ive  models  can be found in Ershov  [2]. 

A d i ag ram is a noncontradic tory  quan t i f i e r - f r ee  f o rmu la  ~ ( x a , : r l  . . . .  ,Xn. ~ ) of finite pred ica te  s i g -  

na ture  ¢~ which is  a conjunction of a tomic  fo rmu la s  or  the i r  negat ions over  the v a r i a b l e s  ~ , ~ , . . . ,  xn_ t , 

where  each  such f o r m u l a  (or i t s  negation) occurs  in ~ . If z~<n , then the d i ag ram ~ (~ , x1 , , . .  ,.Zm. ¢ ) 

is cal led a subd iag ram of ~ if ~ is obtained f r o m  . ~  by deleting all t e r m s  containing the va r i ab l e s  

By an ~ - type  p ( ~ , ~ , . . . , X ~ _ t ) ,  of a comple te  theory  T we mean a max ima l  se t  of fo rmu la s  con-  

s i s ten t  with T and containing only fo rm u l a s  whose f r ee  v a r i a b l e s  occur  among ~ , ~ , . . . ,  .Vn. 1. The functions 

< X ,  ~¢ ~ ,  ~Cn), K(n) a re  s tandard  r e c u r s i v e  functions of enumera t ion  of pa i r s  such that  / v - - < ~ ( n ) , / ( ( a ) ~  

fo r  all n (see [4]). 

suppose  . . . . .  W s , " "  s < i s  a G del e n u m e r a t i o n  of f o r m u l a s  of s gnature . We say  that 

a number  S is the r e c u r s i v e l y  enumerab le  (r.e.) index of the type p l~0, 21,. . , ,  ~:n.¢ ) , if n--ff(si , P =  {c~/I i ~ 

WK(s)~ , where  ~/~ is the ~ - th  r . e .  se t  in a Pos t  enumera t ion .  A t y p e  of index s will be denoted by P ( S )  . 

A family  of types  S is cal led computable  if  there  exis ts  an r . e .  se t  ~ such that  S = {P(~)I 0e ~ }- 

Ifp(~ro,Xp .... ~n-,) is a t y p e ,  O~[vo<i,<...<[,s.~<~ , then we denote by ,P~{g~,2~, . . . ,~ .s .~}  the $ - type  

(X0, ~r~,...,Xs_t) , which is  obtained by se lec t ing f r o m  ~ the fo rmu la s  with the indicated v a r i a b l e s  and then 

rep lac ing  in the fo rm u l a s  of the obtained se t  ~ i the va r i ab l e s  ZZo ,2~z , . . . ,  2is.¢ by the v a r i a b l e s  ~ ,  2~ . . . . .  Xs.~ , 

r e spec t ive ly .  We will call  ~ a subtype of p . 
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Suppose S is some countable family of types of a complete theory T . There  exis ts  a model of ?" 

real iz ing prec i se ly  the types in ~ if and only if ~ sat isf ies  the following conditions: 

1. ~ is closed under r ea r r angemen t s  of var iab les  in types .  

2. $ is closed under the taking of a subtype. 

3. Any two types P1~/~a E ~ a re  subtypes of some type ~ e ~ . 

4o For  any type p (a'o,,,.,X~_ t ) c J' and any formula  ~ (xo,...,Xn.~, ~?~ ) ,  if 3 ~  qb~p , then there  exists  a 

type ~(x0, .... ~ . t ,~)e  S ,  such tha t  p u ( q  b) ~- 7 '  

The re  exis ts  a countable homogeneous model of ~ real iz ing prec i se ly  the types in ~ if and only if 

bes ides  the  above conditions we have 

5. For  any two types p~(~ ,  .... ~ 'n- , ) '& ( 2 0 , ' " , 2 r n - , ) ~ S  and any g<m~n{m, nJ  , if /3, ~'{X o ..... 2~ . , )~  

Pz ~ {x0' .... x~. , )  , then there  exis ts  an (n+ra- ~) - type  ~ e ~ such t h a t / ~  c ¢,  P2 = ~ t' ( ~ ,  .... .v~., , X ,  . . . .  , Xa+ rn- ~ ~. 

It is not difficult to show that it suffices to requi re  the exis tence of ~ only in the case  fz---m = r~+/ 

A countable family ~ having all of the indicated proper t i es  is cal led homogeneous.  

The definitions and main resul ts  of the theory  of homogeneous models can be found in [5]. 

Suppose ~ is a nonempty r .e .  set  and ~:4/~-~-t°~ is a fixed general  r ecu r s ive  function (g.r.f.).  Let  A s 

denote the set  {~10),~(i), . . . .  ~(s- f ) ) ,  and wX the set  of sequences of e lements  of X . 

2 .  ~ C o u n t e r e x a m p l e  t o  t h e  Q u e s t i o n  o f  M. M o r l e y  

In this sect ion we descr ibe  a complete decidable theory  ~ and a computable homogeneous family of 

types ~ such that a homogeneous model T~ of )" rea l iz ing p rec i se ly  the types in ~ is not strongly con-  

s t ruct ivizable .  Tnfaet, 7~ is even not const ruct iv izable ,  since T 

The signature of the theory 7" is 

..... .... ; 

is a model-complete  theory .  

S< a ) ) ,  

where R is a binary and the ~ , ~ <a), a re  unary predicate  symbols .  We will also consider  the following 

finite par ts  of ~ : 

Consider  the following proposit ions of s ignature  ~o : 

AI °. ~/~ n R(X,X), 

Suppose 5< u),*~o (~ 'o , , . . ,  Z ~ _ / ) ,  .~ ,  (Xo, .... X a _ , , ~ )  a re  two diagrams of Ci s -models  consis tent  with A1 °, 

A2 °, and ~ ) o  is a subdiagram of ~ . The scheme A3~ contains axioms of the following fo rm  for  all pos-  

sible such pairs  "~o ' "~1 with a fixed S : 

• w0. . .  

The ax ioms of 7" are  a l l  of the f o r m u l a s  A1 °, A2 °, Aa s, S < u) ,  

LEMMA 1. 7" is a complete decidable theory admitting el imination of quant i f iers .  

Proof .  Let  T s denote the theory of s ignature  5 s for  which the axioms a re  hl °, A2 ~, Aa$. 
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We will prove the consistency of ~s by constructing a model. We will call a Os -model 7~ admissible 

if ~ sat isf ies  the axioms A1 ° A2 °.  

Suppose ~ is an admissible ~s -model .  Cons ider  one of the axioms of the scheme Aa~.  Suppose 

ao ..... /2a_1~ 7~ are s u c h t h a t  Y//~.~o(Oo,...,a~.,). Then the re  exists an extension ~7,~-~Y(/ s u c h t h a t  ~ .  

is an admissible 6~ -model and ~/! ~ - ~ S ~  (ao,...,a,_,,~ a) . Indeed, let 

On the set {%, ~,. , ,  ~ ~ we extend the definition of the predicates of si~n,*ure ~ so that ~ , (~0 , . . ,~ , ,  D .  

On the pairs  (~, d) such that  Cl E[ ~rl, I X[ao,...,~2a.,, g] we define the predicate 

The result ing model ~#7~ is the des i red one. 

We can now construct  in a s tandard way a chain 

symmetr ica l ly  in any fashion. 

~ -models  so that  the union ~Z of this chain is a model of the theory ~s " 

~ ,  9Z are two models of ~ . Let  /z(~/,T) denote the sets  ofa l l  finite partial  i somorphisms 

of admissible 

Suppose 

of T/~ into ~ . It follows direct ly f rom the a x i o m s  A3~ that /2 17~, ~/) possesses  the extension property,  

i.e., for any ~ e / ~ ( ~ , ~ )  andany a e ~  .~eTZthereexist ~,~2e/~(7~, ~ )  suehthat ~-,-~Z,~_~ Z and 

a E.~om),.,, ~£/~z~ ;L 2. It follows f rom these same axioms that //(~/Z, Y ~ ) ~  . Consequently, each ~be/~ Iq~, T 

is an e lementary mapping, hence T s admits elimination of quantif iers.  If T/~, ~ are countable, then each 

~/~ (~n, ~ )  can be extended to an isomorphism, hence ~ is countable-categoric~a. Obviously, T~ has ,o  

finite models.  According to Vaught 's cr i ter ion,  T s is complete. 

It remains  to observe that ~s c_ ~+! for any S < u) . 

Thus, 

T =  U 5 ,  s<a) 

is a complete theory with elimination of quantif iers.  By a theorem of Janiczak,  T, is a decidable 

is uniquely determined by a 

hence T 

theory.  

The l emma is proved. 

in view of the elimination of quantffiers,  any 1-type ~(m) 

sequence ¢~E ~ {0,4] , so that 

of the theory I 

Now suppose /z >12 . 

i-types 

Po=P~{%3, p,-p~{z,J,...,p=_,=p~{z,_,] 
and some d o -d iagram . ~  (a~o, ~ , . . . ,  •tz-i)E p .  

A type ~ ( z )  sat isfying condition (1) will be called distinguished if 

° c o = ~ ,  = " ' = ~ s  - " "  = /" 
A type ~ {~r) of the form (1) will be called admissible if there exists n < u) such that 

~n = ~:n+, - "" - o~+~ =... =/. 

4 
{,D o (X), ~' . . . ,~ ~), . .  • s<~} = ~  ( i )  (~C), % , ,  - 

Any r~ -type p lXo,~CT,...,~r~_/ of the theory T is uniquely determined by the 

292 



Suppose A c__. u) 

such that 

l) 
~:S+/, = 

2) O~zs = O ,  

8).%~ = t ~o~ 

A type ~Q(',,~) 

• We will say that a sequence ~ .  ~0,7~ is compatible with A if there  exists  

o, if i , ~=0, t , , , , , s - t ,  

~ ' ~ ' ~ S .  

is compatible with A if it is de termined  by a sequence compatible with A . 

s<u) 

We now turn to the descr ipt ion of the des i red  family of Wpes. Suppose J ~- u) . we denote by ~A the 

following set  of types of the theory T . 

a) A 1-type ~(z)cSA~---~ ~(~c) is an admissible  type.  

b) Suppose pf~o,a'1 ) is a 2-type consis tent  with T ,~o~-p~{~0j,~ , = p ~ }  Then p e S  A if and only 

if the following condition is satisfied: if R {x0, 0r~ ) e p  , then 

1) ~o is distinguished --m~ ~ is compatible with A , 

2) ~1 is distinguished b qo is compatible with A . 

c) An ~ - type P(~o," .,Xa_¢), ~ ~ 3 belongs to ~A if and only if each of its 2-subtypes belongs to S A . 

LEMMA 2. F o r  any ~ ~ u) , ~A is a homogeneous family of types of the theory T . 

Proof .  That ~A is c losed under the taking of subtypes and r ea r rangemen t s  of var iables  in types is 

obvious. 

Let us ver i fy  condition 4. Suppose p {~0 . . . . .  2~_ f ) e ~A ' and the ~s - fo rmula  c~ [~0,'", 2a-~, a~ ) is such 

that _~x~ c~ e p . There  exis ts  a ~a -d iagram =~(~r 0 ,...,a~.#, Z,  ) such that  the set  of formulas  

p(.°, .... (:,,...,z,_,, )} 

is consis tent  with T o In view of el imination of quant i f iers ,  it follows that  

Thus, it suff ices to enlarge the set  

, . .  . , % ,  ) { : v  ( % ,  . . . , z , _ ,  , ) } (2 )  

to a type which belongs to ~ . If ~)  contains a conjunctive t e r m  of the fo rm  X i -- ~r~ , g<g , then (2) can 

be uniquely extended t e a  type,  which necessa r i ly  belongs to ~ . Otherwise,  it suff ices to take an enlargement  

~/(a~o,. . . ,a~_,,x ~ ) such that the 1-type ~}tX~] is compatible with 

Finally,  let  us ve r i fy  condition 5. Suppose p, (:to,. ,. ,x~_~, :r~ ), ~(~r o .... ,2z . , ,~z)E ~A are such that 

. . . . . . .  . L e t  

a~. :, (Xo ..... :c._,, :c ). 

7 (%,..., 

Consider  the set  of formulas  
[ 

j C ~ , . . . , ~ , ,  ~.  ,r .+,) = z, (~., . ,  r ._, ,z.  )u & <~0, .... ~._,, ~.+,). 
45 

If fo r  some D</z we have {:r~= x~)Eps or  [:r~=,TT+t)£P; , t h en  p ~ de te rmines  a unique type 

x~.~,xn, xn÷ t ) which belongs to S A and is such that 
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~xzs= 0, ~ = ~ for #>ZS. 

In the opposite case  we must  add to p the fo rmula  

l ), 

and then the resul t ing  se t  of formulas  de te rmines  a unique type ~ which belongs to S A and sat isf ies  the 

re la t ions  (3). The condition (3) is the special  case  of condition (5) with ~-- 0 • 

The l e mm a  is proved.  

LEMMA 3. If 'A is  an r . e .  set ,  then SII is a computable family  of types .  

Proof .  It suff ices to prove computabil i ty of the set  ~ of 2-types in ~A " 

to find a computable family S' * ' such that ~ c S  c ~ , w h e r e  

Consider an arbitrary finite sequence/-(~,% ...... /s ), t~ e {0,~] ,and some ~<u). For the pair ~= (/,~) 

we will descr ibe  the p roce s s  of enumerat ing the 2 - t y p e / ~  ( ~0, ~7~ ) . We define two sequences ~ , /5  ~ ~ [ 0, { ) . 

Put ~z= ~ for O-~Z-~s-l, 
1. 

~c~ = o, ~f, i ~A  '~, o~i,~,S-l, 

Clearly,  ~ is compatible with ~ if fo r  each #< u) we have 

We define the sequence # as follows: 

o ,  X 

F o r  this ,  obviously, it suff ices 

We cons t ruc t  the type p~ so that 

x,),P~ (%), 
S' 

Then the set  of all such types  P~ is the des i red  one. 

The l e m m a  is proved.  

F o r  an a rb i t r a ry  A ~ ~) we denote by ~A the function 

~[/ l)  == the number of elements in[O,/ .... , /Z-/}  FIA, 

A nr . e .  set  A will be cal led approxirnable if there  exis ts  a g . r . f ,  f(~r) such that 

LEMMA 4. If m is a n r . e ,  set  and a homogeneous model 

const ruct iv izable ,  then A is approximable.  

Proof .  We will f i r s t  show that  the family of 1-types 

rea l iz ing p rec i se ly  the types in S A is 

(4) 
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is computable.  ~A = {P i p is compatible with A } 

Let  ~a denote the type of an e lement  ~£ 27~. . Suppose a ~  

we denote by ~ . We will prove that 

I f T ~  ' R(O.,&), then / ~  

2-type ~ I~, ~ ) such that 

r ea l i zes  a distinguished type,  which 

must be in by definition of ae$ . Conversely, s u p p o s e  pe . Consider a 

Then ~ A  and is t he re fo re  rea l i zed  in qT~ on some pair  {~,'~) S ince  a '  and rea l ize  the type p 

and the model 77~ is homogeneous, there  exists  an automorphism % : ~ -+ 7~ such that %(~)=a ' . Let 

a=~b{~) . Then ~ R ~ z , l a )  , and / ~  coincides with p . 

The computabili ty of ~A follows immediately f rom (5) and the constructiVizabili ty of ~ . F r o m  ~A 

we se lec t  a computable  subfamily oc ~, /z < a) , such that 

the length of the "f ie ld  of compatibil i ty n of oc n with ~ is at leas t  z~ (6) 

(which is equivalent to the condition (~_~ ~2a) ¢ ~ = 0  )~. 

we define g.r.f ,  as follows: 

fo r  2 >0 is the smal les t  number  such that ~(~)Trr~ (~-/),2~+2) and such that  fo r  each /z<2 

the re  ex is t s  a number 5= S (/r,t) s u c h t h a t  2s<q¢~) and 

rt / t  /~ 

2){z, 

A ~ lt~ 
and 18~t) "- the number of elements in the set {0,/, .... t - / }  ~ . 

o # ~-# We can say that at the moment ~ we survey  the initial segments  of the sequences o~, ~ ...... , ~ of 

length ~(~) and within the zone of the survey  we obtain compatibil i ty of each of  these  sequences with the se t  

A $~ )~  A. However,  in cer ta in  c~a,a<~, there  can be zeros  outside the zone of the survey.  Let  ~ denote 

the smal les t  number  ~ >s  such that t he re  are  no zeros  outside the segment of length ~ (~) in oc ~ . Since 

the sequence ~n is compatible with A , we have at this  moment  the exact  equality 

. On the o ther  hand, in view of condition 2) in the definition of ~q(t) , at this same moment  we for  S - S  Cn,~) 

have 

The re fo re ,  in o r d e r  to prove that at this moment we have f(~)=~(~), i t  suff ices to show that ~ S ( / z ,~ )  . 

If /z=~-  t , this follows f rom (6). In the case  ~ < ~ - /  , note that ~ l~a- t )  ~" 2 ~  by definition of ~ , and 

by definition of ~ the re  must  be ze ros  in ~ to the right of ~ ( ~ - ¢ ) .  , f rom which the des i red  inequality 

follows. 
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Thus,  ?"fx) has  the p r o p e r t i e s  (4). 

The l e m m a  is proved.  

LEMMA 5. T h e r e  ex is t s  a nonapproximate  r . e ,  se t .  

Proof .  We will cons t ruc t  the des i r ed  se t  (which we denote by ~ ) in s teps .  Suppose A ~ is the finite 

pa r t  of ~ cons t ruc ted  a f t e r  s tep ~ . 

Suppose ~ L:z) . a <a) , is a Kleene enumera t ion  of all par t ia l  r e c u r s i v e  functions of one va r iab le ,  ~ 

is  the finite pa r t  of ~ computed to the moment  ~ , and ~ = g  fo r  r/~,~ . Assume  that  the function <x,~/> 
of enumera t ion  of pa i r s  p o s s e s s e s  the following proper ty :  fo r  any Z <#) 

increasing. 

We will now describe the construction. 

Step ~=O Put A °= ~. 

Step ~;,0 . Put  A ~-- ,4f-~M ~ , where  M #, i s  the se t  of all Q.<u.) 
are  sa t i s f ied .  We f i r s t  ca lcula te  a = <a, ~f>, ~ = < a , ~ + / > .  

is the des i r ed  one. Suppose ~a Ix) We will show that  the se t  

will p rove  that  

the function ?~(X,,¢;" is monotone 

, for  which the following two conditions 

isag.r.f, and w e  

Suppose .T.o></z,O>. Choose ~ s o t h a t  < / z , ~ > < ~ < n , h + 4 >  . Let  a=< /z ,~> ,  g=<~,~+{> . Consider  the 

f i r s t  s t ep  { where  both of the above conditions a r e  sa t i s f ied  for  a . Then O~2 , - /~e~ t ,  hence 

The l e m m a  is proved.  

A proof  of L e m m a  5 was found independently of the author by K. A. Mei rembekov .  

Remark ,  It is not difficult  to show that  if 2~ is approximable  and $ <m • (even if A is r . e .  and A~<~ ~ ), 

then ~ is approx imable .  It follows f r o m  this and L e m m a  5 that  a c rea t ive  se t  K is not approximable .  

Now cons ider  ~ = ~t , where  /I is an r . e .  nonapproximable  se t .  By L e m m a  2, the re  exis ts  a homogene-  

ous model ~]~ of the theory  7" rea l iz ing  p r e c i s e l y  the types  in ~ . The family  ~ is computable by L e m m a  

3, but the model  ~ cannot be eons t ruc t iv izable  in view of L e m m a  4. 

Also, we can  reduce  the s ignature  of the theory  7" to a finite one, using, fo r  example ,  a method of the 

author  (see [3, Sec. 5, L e m m a  4.4]). In this  way we can reduce  the s ignature  to two b inary  p red ica tes  and 

then, by s o m e  wel l -known method,  to a single b inary  pred ica te .  

3 .  C r i t e r i o n  f o r  S t r o n g  C o n s t r u c t i v i z a b i l i t y  

Throughout this  sec t ion  we a s s u m e  given a comple te  decidable theory 7" of s igna ture  d , a computable  

homogeneous fami ly  of types  ~ , a homogeneous model  ~r~ of ~ de te rmined  by ~ , and a Gi~del enumera t ion  

qb o, c~7 . . . .  , 9 ~ S , . . . ;  8 < u ) ,  of all  f o rmu la s  of s igna tu re  ~ . 

THEOREM 1. The following conditions a re  equivalent: 
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1. There exists a g.r . f .  ~ (g) 

the family of (a~-/) - types in ~ extending P(~) 

2o There exists a g . r . f .  TIZ,$) such tha t  

then there  exists  if0-- if0 (~) such that for ~ , ~a 

(~+1)-typesin ~ extending P(g).  

such that if P(~) is an t~ -type in ~ , then { Plg) ] i E g/z¢~)} is precise ly  

~Z,~ [PIi,)I~E W~-(z,~)~ c--,.,e , andif P(z) is an /z -type in ~ , 

the set  {P(~)I ~E ~]Fcz,~)} is precisely the family of 

3o There e x i s t s a g . r . f .  ~ ( % 8 )  such that if P(g)  is an /~ -type in ~ and q5 a(a~ a .... ,2a., ,2~) 

is such that P ( z ) t / ~ b s )  is consistent with T , t h e n  P(~(~,3) )  is an ( a + ¢ ) - t y p e  in S extending [)(m) 

and containing c~ 8 . 

4. There exists  agor.f°  H(g,s,~) such that ~ , s , ~ P l H I ~ , s , ~ )  ) E ~ and for each ~Z-a) there exists 

~0=~0(~) such that if ~(~)  is an /~ -type in ~ and c'/°s(~Oo,.,,,S,z_t, .T) is such that Plg)u{c~ is consistent 

with 7-,  then for ~ 0  we have that P{]qC~:s,~I) is an ~+/) -type in ~ extending P(Z)U {q~s ~" 

5° 9"~ is strongly constructivizable.  

The proof follows the scheme 

We will prove only the two implications (4) > (5) y (1), , since the others are obvious. 

(s)~--~-->(1). Suppose 0 is a s t r o n g c o n s t r u c t i v i z a t i o n o f  ~ I  . Consider any ~<a) such tha t  P(~)  

is an /~ -type in S ° We will construct  in steps the family 

.;  <oJ} 
of all (a+Y) -types in 8 extending P(g) o Let us describe the concepts needed for the construction process .  

1. ~ ,  ~ ,  . . . ,  ~'s," "" is a G~del enumerat ion of all formulas of signature ~ whose free variables  axe in- 

cluded among ~o,arl,...,~. 

2. ao~ a t , . . . ,U  s ~ . . . ,  s < a) is an effective enumerat ion with respec t to  the v -numbers  of all p roces -  

sions of length /~ of elements of the model ~]Z. 

3. If C- is a procession of length (tr+/) in ~ , we put 

4° t is the finite part  of the type ~i constructed after  step ~ o We assume that ~L ----J~" for  g ~ • 

5. ~ is the conjunction of the set  ~ 

0 b:, < ,  =e o,o ont, o,  

7. f(~) is an auxiliary function, whose values are defined in steps.  

After step ~ the following conditions will be satisfied: 

~).qz,~Ci~ I za,...,z,,.~,x,~)e P{z), o - , ~ t - f .  
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The construction:  

step Put  f--Z for l ~ <.),/'~)=0. 
step ~÷t . The re  a re  two cases .  

Case 1. If ~+!. -_ ~t  0-. < L~;~-t, is the e lement  with smal les t  number  different  f rom all 
L b '  

-t+/ is in accordance with 1), then condition 2) holds (if we rep lace  ~ by ~+/ ). In this 

case  we cons ider  the at tempt successful  and step ~ +!  has been c a r r i e d  out. 

Case 2. The definitions given above lead to a violation of 2). In this case  we find the smal les t  possible 

value pf~÷#) ~P~7) , for  which we can choose a sys tem of e lements  , . . . . .  so that  conditions 1) and 2) 
: 2+I 

are  sa t isf ied and also the following condition: 3) ~ ~ ~i ~ 0 ~ i  ~ ~ - I  . This  completes  step ~+/ . 

Suppose ~ is the  smal les t  number  such that  ~ rea l i zes  the type P(z) . The idea of the cons t ruc -  

t ion is that  t he re  occurs  a moment  ~o such that i l ~ )  ~ ~ for  all ~ ~ 0  • Then for  all ~ 0  we are  in 

Case 1, hence ~ will be p rec i se ly  the se t  {TpW(~,ff)IffE]2~J.  s ince ~ is homogeneous,  ~ is as 

des i red .  

The p rocess  descr ibed  above depends uniformly on ~ , hence the re  exis ts  a g . r . f .  E(z) , such that 

(4) ~-------~ (s) . The proof  given he re  is, in essence ,  only an "elaborat ion"  of M. Mor ley ' s  proof of the 

main t he o re m of [7, T h e o r e m  6.1], which says that if the family of all types consis tent  with a complete de -  

cidable theory  T is computable,  then a countable sa tura ted  model of T is s t rongly  construct ivizable .  

Suppose ~ i s a n r . e ,  set ,  3 ffi {P(D I i e A~ sa t is f ies  the conditions of homogeneity,  H(%s,~) is a func-  

tion satisfying condit ion 4 of the theorem,  and < ~(/~),K(~)> =/~ is a s tandard enumerat ion of the pai rs  of 

natural  numbers .  Fix a g . r . f .  ~ :~on to  A o Put ~S)=P(~(~(S))), Then Sffi{~(~)tL<u)} a n d i n t h i s  l is t  

each type P £ $ has an infinite se t  of numbers .  

We will a ssume without loss of general i ty  that the s ignature  ~ of the theory  T is purely predicate .  

Consider  

o ' = o o { c o . c ,  . . . . .  c ,  . . . .  , 

Suppose 00, ~ , . . . , ~ , . . ; ;  S<a) is a GSdel enumerat ion  of al l  proposi t ions of s ignature ~* . We will con-  

s t ruc t  by steps with r e spec t  to $ ce r ta in  proposi t ions ~(~) such that 0 ( 0 )  is an identically t rue  formula  

and 0 (~÷/ )  is e i ther  8 ( ~ ) a ~  or  g (~ )~ '18~  . The resul t ing sequence ~(~) is a set  of axioms of a 

complete decidable Henkin theory ,  and a canonical model of this theory  is the des i red  one. 

• At the same t ime,  we will cons t ruc t  auxi l iary functions ~{%~l), ](a,~,  ,~ (n,~), X (/~, ~),  Y(n, ~), R ( a , ~ )  . 

Fo r  brevi ty ,  we will somet imes  omit  the second argument~ replacing it if n ece s sa ry  by the phrase  "at  the mo-  

ment  ~ n 

At the moment  ~--0 the functions i(n),y(/t), +~ (rt) will be general  r ecu r s ive .  At most  one value of 

each of these functions can va ry  in a step.  

The objects ~, Y at the moment  ~ depend on ~ as follows: 

: < c o  . . . . .  c. ,- , ,  c f <o, . . . .  , 

Y c,,) = % ,  , >, 
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where rr~=ma~(~{$') lf~'~<n} and Y0z) is cons idered  only for  those ~ such that J(Jz+f~--m+[ , i .e. ,  fo r  

, z - , ,  4. s, ,s,  . . . . .  /+ Cs+5). 

The objects h ~ are  the following asser t ions  concerning 8 = ~(~); 

where  "either it fo l lows  f rom 8 that h a s n o t y p e  , 

o r 8  is consis tent  with the fact  that <Q,...,0y~m_! ,C~t,~> has type ~ (]((~)) ," 
II '" 

I2~) = " ~ is consis tent  with the fact  that ~(l~) has type Z (][z)) ," 
~(2/~+/)"  " ~ is consis tent  with the fact  that ~/(~) has type P(,~{/t))." 

l/ 
In the conditions R I&z), ~ (En+0  , the n u m b e r  of var iab les  of a type is always equal to the length of the 

corresponding process ion .  The conditions Rl(2z) . fo r  which this is violated and also the conditions ~ (2R+/) 

for  which Y(z) is not considered a re  taken to be t rue  by definition. 

The inductive construct ion is as follows. 

Step ~=0. ~(O) is a tau to logy ,  ~(n,O) - 0 for  all z l ,  ](~,O),/~[tz, O) are  defined to be the r ecu r s ive  func-  

t ions assuming the smal les t  poss ib le  values such that  the number  of var iab les  of the types they de termine  c o r -  

respond to the lengths of the process ions .  

Step ~>0 . Put  ~(~)--~(~-t)&~_t, where T is chosen so that the la rges t  possible initial segment  

of conditions is sat isf ied:  

Find the smal les t  s < ~ such that ~' (s) is false.  If the re  is no such S , then step ~ is complete  (the 

values of all functions at the moment  ~ are  the same as at the moment ~ - t  ). I f  there  is such an S , then 

we consider  two c a s e s .  

Case 1° The f i r s t  violated condition is R(Z~z) . Then we put ?C/z,~) equal to the smal les t  v such 

that C$ does not occur  in ~(~) (thus condition R'(2z) will be sat isf ied),  We next put f l~ r ,~ )  equal to 

the smal les t  number  g r e a t e r  than ~ (/z,~- t) fo r  which K t ~) is sat isf ied.  

Case 2. The f i r s t  violated condition i s  R(2,7+/) . Suppose c~ is a function such that 

~ !  
We cons t ruc t  a fo rmula  by replacing in ~ )  each constant Cs occurr ing  in Y(a) by the var iab le  ~$  

where Suppose is obtained f rom ~ by r e p l a c ~  all remaining constants by different  

var iab les  and quantifying them by means of ._~ . Final ly,  le t  

Suppose * is the r . e .  index of the type ~[f(~)) , and S is the G6deI number  of the fo rmula  ~Y . Put /~(n)= 

i s  the smal les t  number  such that ~ '>~ ~ and the number  of var iables  of the type /-/(z, s i ~ ' ) ,  where ' 

(/-/(~,s,~/)) is equal to the length Of the p rocess ion  y ( n ) .  step ~ is complete.  

We will show that fo r  any fixed /Z<~) the value of each of the functions ~,~,/~ s tabi l izes  as ~ inc reases .  

At the moment  ~ = 0  we have ~(0) ~ 0 and ](0) = is equal to the smal les t  S such that ~ (S) is a 1 -  

type.  These  values cannot change, s ince in the construct ion of ~(~) t he re  is always the possibil i ty of choosing 

~" so that the condition /~ (0) is not violated.  

Now assume that  that  f[~) ,fi(~.) ,/~ (~) stabi l ize fo r  all ~</~ , beginning with the moment ~ '  . We 

will show that ~ (z )  and 5 ( z )  s tabi l ize.  If Y~z-t) is not defined, put Z ( z )  =X(~-Y),p=~t~(/z-¢)) ; o the r -  
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wise,  suppose 

is the type of 

note the number  of var iab les  of the type ~ (K(n}) . We cons ider  severa l  cases .  

Case 1. Suppose s=  ~b~) + / and 

Stabilization is achieved at the moment  when the following conditions a re  sa t isf ied (here ~ is the length of 

the p rocess ion  ~(~J  ): 

Z, (~)=<~, . . . ,C~,~ , . . . ,C f i~_~j> and  p is the type of ~ (~) under the condition that P(,/I[n-#)) 

Y(/z-~) ( p is obtained f r o m t h e  type ~(/~(a-~)) by a r e a r r an g em en t  of var iables) .  Let  S de-  

(s> 

J 
If ~ (n) at some m o m e n t  ~ >~ # does not sat isfy these conditions, then the condition ~ (2n} is violated° But 

then we must  change the value ~ ( n )  , and thus we remove f rom X (tz) any additional conditions imposed by 

the increas ing  proposi t ion ~ (~) , except  for  the conditions (8). The re fo re ,  a value ~ t~) sat isfying the con-  

ditions (8) wiU ult imately be found. 

Case 2. S-~{/z)4-  t ° In this case  the condition RI~2~J is t rue  by definition. There fo re ,  only the con-  

dition (8.1) is imposed on ~ Cn) . As in the previous case,  af ter  a s e r i e s  of violations of the condition R~l(2~) 

w e w i l l  f i n d a v a l u e  ] ( t t )  sat isfying this condition, and f rom this moment ~Uz) and ~(~) no longer  vary .  

Case 3. S--~(~)÷ t , but condition (7) is violated.  In this case ,  the inc rease  of ~(~) implies that the 

condition /~(2,'1) will be sat isf ied constantly f rom some moment  on. Then the s tabi l izat ion of p(n) and ~ (~) 

occurs  as in Case  2. 

If YCn)" is defined, then the s tabi l izat ion of ~(~) occurs  at the moment  ~---4+raax~o(z) , ~ ' J ,  where 

is the index of the type L (~C~9 ,~o(~) is the number  in condition 4 of the theorem,  and ~' is the moment  of 

stabil izat ion.  

The des i red  model ~ = ~ / 4 ;  g> is cons t ruc ted  as follows. Suppose M~-[C0,C 7 ..... Cs,... ; S < o) ~° The p r e -  

dicates of ~ are  defined on M in cor respondence  with the sequence ~ (~ )  . If we consider  the mapping 

h / ° n t ° ' '  : ' m defined by the rule  ~CD J ~- Oi , then we can show by a s tandard  argument  that  ~ ,  Y) is a s t rongly  

const ruct ive  model of T o The conditions ~I I2~)  guarantee the homogeneity of ~[i~, the rea l iza t ion  in 

of all types in ~ , and also the Henkin condition, f rom which it follows that ~ is a model of T . The con-  

ditions ~ ~ + t )  do not allow the real iza t ion in ~ of extraneous types.  The conditions ~ ( 2 ~ )  play a 

determining ro le  in the s tabi l izat ion of the functions.  

It is easy  to see that in the example of Sec. 2 there  is a violat ion of condition 1, namely,  if ~ is the index 

of a distinguished type,  then any value fo r  E(~)  is unsuitable, since the family of 2-types in ~ extending a 

distinguished type is not computable.  

We now give two co ro l l a r i e s  of our  theo rem.  We assume that 7" is a complete  decidable theory .  

COROLLARY 1.1. (Goncharov and Nurtazin [1], Harr ington [6]). If T has a p r ime  model ~ and the 

family ~ of principal  types is computable,  then ~ is strongly construct ivizable .  

Proof .  Condition 4 of Theo rem 1 is sat isf ied for  ~ . Indeed, i n t h e  ro le  of H(~s .~)  we take the index 

of the f i r s t  type found in ~ containing ~(~)t and ~0 s , where ~(g)~ is the finite par t  of the type ~:P(~) 
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computed a£ter ~ s teps .  If P(~)~ with 9~ s is inconsis tent  or  if c~ s contains superf luous va r i ab le s ,  we 

define HIc, s,~) t r iv ia l ly  in any fashion. The ro le  of ~a ~ )  is played by the moment  when the generat ing 

type ~ ( ~ ) ~ o c c u r s  in PC'~) . 

COROLLARY 1.2 (Morley [7]). If T has a sa tu ra ted  model ~ and the fami ly  ~ of all types  is c o m -  

putable,  then ~ is s t rongly cons t ruc t iv izable .  

Proof .  Condition 3 of T h e o r e m  1 is obviously sa t i s f ied  for  ~ . 

The re  na tura l ly  a r i s e s  the following quest ion.  Suppose 7" is a comple te  decidable theory and S is a 

computable  fami ly  of types  possess ing  the p r o p e r t i e s  1-4 given in Sec. 1. Such fami l i e s  can be cal led ad-  

miss ib le .  Does the re  a lways  exis t  at l eas t  one s t rongly cons t ruc t ive  model of T rea l iz ing  p rec i se ly  the types  

in S ? The answer  turns  out to be negat ive,  s ince we have the following 

THEOREM 2. Suppose S is a computable  admiss ib le  family  of types .  Then conditions 1, 2, 3, 4 of 

T h e o r e m  1 a re  equivalent  to each other  and to 

5'° There  ex i s t s  a s t rongly cons t ruc t ive  model of T real iz ing p rec i se ly  all types  in S . 

The proof  of this t heo rem follows the s ame  scheme  as that  of T h e o r e m  1. 

The proof  of the impl icat ion (s I ) ~ (1) is somewhat  more  compl ica ted.  This  is r e l a t ed  to the fact  

that  the fami ly  of all (n+Q - types  in S extending a given ~ - type PC~) may  not be r ea l i zed  over  some  

one rea l iza t ion  of the type P(f~) . The re fo re ,  it is  n e c e s s a r y  to organize  a s ea r ch  of the points of rea l iza t ion  

of the type PC't) • 
The proof  of the impl icat ion (4) ==~ (B) is an a lmos t  v e r b a t i m  repet i t ion  of the proof  in T h e o r e m  1. The 

only thing requi r ing  any essent ia l  a l te ra t ion  is the condition R~(2z) and everything connected with it. It  must  

be adjusted so that  we obtain a Henkin theory  and can r ea l i ze  all types in ~ . 

COROLLARY 2.1. Suppose ( ~ ,  V ) is a s t rongly  cons t ruc t ive  model of a comple te  theory 7" and the 

family  S" of types  rea l i zab le  in ~'~ is homogeneous .  Then the homogeneous model ~r]~ r, defined by the 

fami ly  8 is s t rongly  cons t ruc t iv izab le .  

It  follows that  in the example  of Sec. 2 there  ex is t s  no s t rongly cons t ruc t ive  model  rea l iz ing  p rec i se ly  

the types  in S . 

In conclusion,  the author would like to mention that  the main resu l t s  of this paper  were  obtained inde-  

pendently by Goncharov [8]. Conditions 1 and 3 of T h e o r e m  i were  found by the author l a t e r ,  as a r e su l t  of a 

joint d iscuss ion .  

The author is gra teful  to all of the par t ic ipants  in the mathemat ica l  logic s e m i n a r  at Alma-Ata ,  who con-  

t r ibu ted  to an act ive d iscuss ion  of the r e su l t s  of the p re sen t  paper .  
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