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The Jost-Schroer Theorem for Zero-Mass Fields
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Abstract. We extend the Jost-Schroer theorem to zero-mass fields in one time-
dimension and arbitrarily many space-dimensions.

Recently, some work has been devoted to free zero-mass fields [1, 2].
Tt might be useful to have a simple criterion for a field to be a free zero-
mass field. We shall give such a criterion for the sake of simplicity for
a neutral scalar field, though similar criteria can readily be obtained in
the more general case of fields transforming according to a finite dimen-
sional representation of the Lorentz group.

Theorem (Jost and ScHROER [3]). If ¢(x) is a hermitian scalar local
field, relatively local to a set of fields for which the unique vacuum Q is
eyclic, and if

1
(2 ¢(@) $(y) Q) = 7 Ay (@ — 9, 0)
then ¢ () is a free zero-mass field.
First, we shall prove this theorem for n space-dimensions with » = 2.
The case n = 1 will be treated separately.

n
Proof. We define j(x) = (.;,2._ - X 3%) ¢ (x). From the assumed
i=1

structure of the 2 point function it follows that j(x) annihilates the
vacuum. We then apply the Johnson-Federbush theorem [4] and conlude
that j(x) = 0.

It remains to be shown that [¢{x), ¢{y)]is a c-number. Again because
of the Johnson-Federbush theorem it is sufficient to prove

[16@, 601 T A (e — 9. 0} 2 = 0
i.e.
(Q, [ (), (@) [$9), ()] Q)
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Moreover, as a consequence of the positive definiteness condition,
integration of

W (9, Py, ps) = Fourier-transform of

e s S

— (2, [$er), (o)) [ (), Bw)] D))

over p, and p; with test functions € % will give a measure in p,. We
have assumed that £ is the only eigenstate belonging to the eigenvalue 0
of the energy momentum operator. Therefore, it will suffice to prove
that the support of W (py, s, ps) is concentrated in p, = 0. From the
spectrum condition we know that

SUPPW(PD P2 P3) C{P1s Do ’Pa/p% z 0, pyo = 0}

ie. W(py, Py, P3) = 0 unless p, lies in or on the forward cone.
kel=lky-ly— X kil;, B=k-k, k=(,....k).
i=1

In the first step, we show that

supp W(?jp Po> P3) C{Pr Po> 2| D5 =0, Ppo = 0},

ie. W(p;, Py, p5) = O unless p, lies on the forward cone.
From j(x) = 0 it follows that

supp W (py, 3, Ps) C {pl,pz, P[P Pa= 0,
9, i _ _
p1+7(* 0,p,-p3=0,

2
p§+%=0,p2%0,2?2020}-

We now smear W (p;, py, ps) in p, with a test function ¢ € & that
has {compact) support in

I;'+ = {p; | P3o >0, p% > 0} to obtain W,!,(pl, Ps) .

Then we notice that supp W,,, (py> p3) is compact. Consequently,
W {2, — 2, 3 — x,) is an analytic function of its variables, vanishing
because of locality for (@, — x,)? << 0 or (z, — %,)? < 0. Therefore

Wy (@ — @9, 3 — 2,) = 0.

This identity is true for all test function » ¢ & = Z: supp§ C I°7+.
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That implies
supp W (py, Py, Do)
Py Pas Ps [ PE=0.P20 = 0, Py " Py =15 P =0, pf = p§ =0}
= {P1 P2> Ps| P2 = 0, pi = p§ = 0}
VAP Pas Ps [ 3 =0, 98 > 0, oy = Apy, Py = s,
— 00 <A< A4 00, — 00 < pp <4 oo}
In the second and final step of this proof we show that indeed

supp W (p1, 72> 25) C {Pr, 2> 3/ 2= 0} -
For that, we choose a test function ¢ € & : suppP(p,) is concentrated
around some arbitrary point p, on the forward cone with pZ = 0, pJ > 0,

{py, = 0} ¢ suppP(p,). In addition, we take an arbitrary test function
fi € ¥ (RY) and form

wa(?v P3) = [ apso [ D2 Fi(Pro) F (o) W(py, D2, 15) -
W}, (D1, ps) is a tempered distribution which, because of locality, after
integration over p, with a test function € &% gives a C*-function in p,.
Therefore, the restriction to an arbitrary fixed veector q; +0; p, = q,
exists [5] and defines a tempered distribution W[, (p,) in p,.

supp Wity (ps) C{ps|Ps= 0gr, P§ =0, — o < @ < + oo} .
The Fourier-transform of W% (ps), ie. W (25— ), vanishes for
(x5 — x4)* < 0. Again we choose an arbitrary test function fs € S (RY)
and form Whlw #(P3) = [ dPso f5(Pso) W,1 w(pa) which is a O*-function in
p,. However, since the support of W vl Ps) 18 concentrated on the line

Ps = 04q,, We run into a contradmtlon (for n = 2 only) unless

Wi n(Pa) =0
Apart from the constraint g, == 0, the vector q; is arbitrary. Thus we
obtain

Wf,,w,f,(l’vp:s / dplofdpﬁfdp?.ﬂfl(plﬂ (D) T3 (P30) W (D, P2, P5) =0

in {py, ps/ P + 0} .
From the continuity of W, , (P, Ps) in both variables (a conse-
quence of locality) we infer

Wﬁ:’l’,fs(pl’ p3) = O fOI' 3;11 p1= p3 b
and recalling that f, and f; were arbitrary test functions € % (R), we
conclude that
W,(ppps) =0 forall pcP with {p,=0}¢suppP(ps)
i.e.
supp W (y, Do D) C {1, Pos P3| P2 =0, Pi = p§ =0} . qed.
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In the second part of this contribution we shall prove the theorem
for one time and one space dimension. This case is of some interest for
field theoretic models. Many of those that are explicitly soluable are
models in one time and one space dimension. It is well known [6] that
in two-dimensional space-time no free scalar field of mass zero exists if
one imposes on it the usual requirements of guantum field theory,
especially the positive definiteness condition. Thus care is needed here.

To begin with, we shall prove the following lemma.

Lemma. If j,(x) is a hermitian local vector field in one time and one
space dimension, relatively local to a set of fields for which the unique
vacuwm £2 is cyclic, and if

(‘Q ?,u (SL') ?9(9} 'Q) 1} axp ay A(l)( - Y O)
then ,(x) is a free zero-mass vector field with
divj(@)=0, curlj{z)=20.

Proof. Fror the assumed structure of the 2 point function we obtain
at once that

[divj(z) 2]2=0 and |curlj(x) 2)2=0
ie.
divj(x) 2=0 and curlj(z)2=0.
The Johnson-Federbush theorem implies that
divj{x)=0 and curlj(z)=0,
and that gives immediately
o2 o .
(W - 3;“) h@) =0
We define
() = jol@) + j1 () ,
J-(®) = Jo(®) — o (=) -
The proof of the lemma will be established if we can show that the
commutators [j, (%), s, (¥)] are c-numbers (g; = + or —, 7 =1, 2). Once
more, because of the Johnson-Federbush theorem it suffices to prove that

(Q, o, (@1), 1, (@2)] [, (%5); I, (%) 1 £2)
= (2, o, (®1), o, (@)1 £2) (2, [1o, (23), o, (#9)] 2)
We introduce new coordinates z+ and 2~
zt=ua"+2', 2z =ab-— 2.
In these new coordinates div j(z) = 0 and curlj(z) = 0 read
oo @t a) =0 and o (vt ) = 0.

15 Commun.math. Phys.,Vol.12
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Now we consider

(97 [?.61 (%), 5"62 {wy)] -Q)

(@, o, (21), Jo, (@) [75, (23), Jo, (@0)] £2) -
The differential equations imply that these distributions depend only on
x5, x3* and =3, «%, x3, 2 rsp., ie.

(82, T, (1), o, (22)] £) = Wi 0, (27", 257)

and

and
(‘Qs le (xl)’ jo'g (xz)] [?.65 (xs); 7'0', (934)] Q) = Hj’o’1 ©y 0y 0y (x?: xng x?, le) N
It follows from translation invariance that for all real ™, a%
Wo,0,(a% 95) = Wo, o, (0 + 0%, 7 - a7)
and
W 0,0,0, (20 5, 2§, 2F')
= W s,0,0, (25 + @, 23 + a™, 2§ 4 a%, 2§ + a™) .
For g, + 0, this means that
(&2, [ (®1), Jo, (%) ] 2)
is a constant and

(Q, U, (21): 5o, (€0)] [fo, (5), 75, (24)] £)
depends only upon 2§t — 2§ and xf* — 2" The locality condition then
requires both
(‘Qa [7.0'1 (.7}1), ?'az (x2)] 'Q) and (*Q: [jal(xl)i 7.02 (x2)] [7.62 (x3)7 jal (x4)] Q)

to be identical zero. Evidently, we have for o} = o,

('Q7 Ual(xl)’jag(xz}} [?.o'z(xs); f;al(x4)] Q)
= (£, o, (1), o, (%2)] £2) (2, [fa, (%3), Fo, (%) 1 £2) .

The argument that will lead us to the corresponding relation for the
remaining case g, = ¢y = ¢ is more involved. From the foregoing dis-
cussion we know that (‘Q, [?’G (xl): ja (5”2)] Q) and (*Q: [ja(xl): jo‘ (xa)] [7.0 (xs),

el 0
Jo(2,)] £2) depend only upon the variables a{ — 23 and 2§ — 3, A ; >
-3 ;— it , #§ — xf rsp. It follows from locality that the supports of

(2, [s(@1), 1o (@)1 2) and (2, [o(21), Jo(%2)] [ (2a)s 1o ()] £2) are concen-
trated in af — 2§ = 0 and #§ — 2§ = 0 = #§ — 2§ rsp. Thus, by invoking
the temperedness condition, we obtain the following representations:

Lg
(Qﬁ [jo‘ (xl)a jo' (952)] ‘Q) =1=Z(’) Cé'. 6(}') (-’E'{ - xg) N

My M
(82, [ (1), Jo(20)] [ (%5), I (204)] £2) = Z:) '205(“’ (@] — 5)
l_l - uw =
wf;”' (xg-zmg N xg—;xﬁ{)

8 (2§ — 2g) .
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Here, L,, M, and M, are some fixed positive integers, the cﬁ are
cfef a8 af+af

( 2 T 3
distributions whose Fourier transforms @&F#(p,) are polynomially
bounded complex measures which vanish unless p, = 0. This last
assertion follows from the temperedness, positive definiteness and spec-
trum conditions.

Next, we make use of the Lorentz covariance which yields

complex numbers and the w4# ) are tempered

Ls Ls
Z ok 6P (2] — 2g) = o? 2 ¢k 09 (a{ag — 23}) ,

M, M G | o0 g G
20 Zoaw) ml_xU) (,()’“‘ (CE1 é Ty $3—5Z4)5(#,)(xg“x2
p=0 =
M, M' o P

S R e P MEEL L)
u=0 =0

- 04N o {a§ — 2f})
for all positive «. These conditions imply that
k6P (x§ — ag) = o2ch 6P (o {af — 28})

for all positive o, 0 < A < L, and

0 o3 o
8 (af — ag) wh¥ (1"1’ —;— a§ 2§ ;{Z— x.;) 8 (28 — 29)
= o 00 (o {a§ — ag}) ¥ ((x{xg _; =5 _;— ot })6(‘")(05{905 —ag})
for all positive o, 0 < p < M,, 0 < p' < My, ie.
=0 for A1

and
~ J—_— o? - o
fdp P(= p) 5" (p) = Wfdp P (= ap) &7 (p)
for all test functions ¢ €% and for all positive o, 0 < u < M,,
0 < 4’ < M,. This homogeneity leads us to the relation
@—p—p) [dpP(—p) &L (p) = [ dp § (~p) p&L¥ (p) .
In the case: u 4 4’ = 2, with the particular choice
P(p) = p+e -2 B(p)
where @ (p) is an arbitrary test function € &, this relation becomes
Jadp(—py* =1 & (—p) 31 (p) =

Now we exploit the fact that the @7 (p) are complex measures with
contributions only from the points p = 0 and conclude that

L (p) =k 8(p) for u+p =2,
15*
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Here the ¢ # are complex constants. Tt follows from the homogeneity that
ck¥ =0 wunless p+p' =2.
In the cases p-+py =1 and u=py =0 we conclude that the
@F# (p)’s are constant and linearly increasing rsp., i.e.

B (p)y=c Op), p+p =1
and

@3°(p) = 2P O (p) .

However, (2, [1,{x,), jo(0)] [ola), fo{2,)] Q) is antisymmetric under the
interchange of #, and @,, or of z; and x,. Thus, cj'j’" = Qunless y = p' =1,
and we are left with

(‘Q? [5o(21), 1o (22)] Q) = ¢ 00 (x§ — 5)
11
('Q: [jo'(xl)v 70‘(m2)] [ja(xa)a 7.0(9%)] ‘Q) = V% 6(1) (w‘{ - mg) oM (xg‘ - xZ) .
From the hermiticity and the positive definiteness condition, it follow that
¢! is purely imaginary and that ¢! is real and non-positive. From the assu-
ot

med uniquenessof the vacuum we infer that Tor = (¢})*and we end up with
7L

(Q; [.'ia (%'1), fio' (372)] [jo' (%‘3), ja(x4)] Q)
= <Q3 {jo'(xl)i jo (xz)} ‘Q) : (Q) [7.6 (x3)7 ja(wti)] Q) N qed
In one time and one space dimension we can no longer impose the

positive definiteness condition upon the hermitian local scalar field ¢ (x)
because

A (@ —y,0)= "2'1—71“[ dw(p) etz -9
with

do(p) = 3 (Dot r) -+~ 8(00 + 1) + b O(g) O(py)
( (Po+ Pi)+

1
Do~ Pil+
is not a positive measure [6]. We rather impose the positive definiteness
condition upon the derivatives of ¢ (). In order to prove the Jost-Schroer
theorem also in this case we only need to make sure that the commutator
[4(x), ¢ (y)]is a c-number. As we saw it is only at this point that our general
argument fails to be conclusive for two dimensional space-time.

We observe that the vector field 0,¢ (x) satisfies the assumptions of
the lemma from which then we conclude that for all test functions
fgeP = {bh e, [ dwh@) =0} [$(f), ¢(g)]is a c-number. We denote
by 9 the set of all test functions € & with compact support.

Now we take test functions f € % and g € &. From the locality it
follows that [¢(f), ¢(9)] = [S(f), #(§)] is a c-number, where

@) =g(@) — ¢ (@) [ dug(z) € &
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with 47 €2, [ da 47 (x) = 1 and suppy’ space-like to suppf. We apply
this argument once more and infer that [¢(f), ¢(g)] is a c-number for
all test functions f, g € 2. Finally, by appealing to continuity we find
that {&(f), ¢(9)] is a c-number for all test functions f,9 € &%. q.e.d.

It is quite remarkable that once a hermitian scalar local field has the
2 point function

(@, $(@) $(9) D) =+ Ay (& — y. m)

all higher order Wightman functions are fixed for m > 0, n = 1 and
m=10, n =z 2. (For m=0,n=1 all higher order truncated Wightman
functions are trivial in the sense that they do not depend on their
arguments. The assertions concerning the case m = 0 are consequences
of our theorem and lemma.) In general, that need not be so. There are
counter examples in the class of Wick polynomials where not even the
2 and 3 point functions fix all the remaining Wightman functions.
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