STABILITY AND UNIQUENESS OF THE SOLUTION OF THE INVERSE
KINEMATIC PROBLEM OF SEISMOLOGY IN HIGHER DIMENSIONS
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The following inverse kinematic problem of seismology is considered. In the
compact domain M of dimension VY2 with the metric olsa=<}%d$bd:rxi, we con-
sider the problem of constructing a new metric du=nd$S according to the known
formula T(&))= Srwbs where &, QE’BM and Ky ) 1is the ‘geodesic in the metric du,
connecting the pglnts ¥ » . One proves uniqueness and one obtains a stability
estimate '
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where the refraction indices My , 1, are the solutions of the inverse kinematic
problem, constructed relative to the functions 74 y (Ez, , respectively,

<j=oteflimz QT"T" is the differential form on ?3¥MxoM
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where T=7-T,, D.§=d,§"%%l , J),L=d)zb-ﬁzr .

One of the fundamental problems of geophysics is the investigation of the inner construc-
tion of the Earth, including the investigation of the distribution of the velocities of the
elastic waves inside the terrestrial sphere.

The problem of the determination of the velocity from the known running times of waves
between pbints on the éurface is called the inverse kinematic problem of seismology. A wide
literature has been devoted to its mathematical aspects. One has proved the uniqueness of
the solution in the class of refraction indices close to a constant for sufficiently small
convex domains in the plane [1]. One has obtained a stability estimate and one has proved
uniqueness in the case of a bounded domain in the plane [2, 3].

In the present note we give a stability estimate and we prove the uniqueness of the
solution of the inverse kinematic problem of seismology for the case of domains of dimension
greater than two.*

We consider a compact domain M of dimension V > 2 with a smooth boundary OM . Assume

- that in M there is given the metric ’352- =%l}j detdx! . In geophysics, M is a three-dimen-
."The results of this paper have been presented at the Leningrad Otd. Mat. Inst. Seminar on
the mathematical problems of diffraction theory, on April 25, 1978.
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sional ball, being the model of the Earth, and gbj = 8'/.] Assume that a function T , defined
on M x IaM, is known, its physical meaning being the running time of waves between points on
the surface.

The question is, can one introduce a new metric dy =nd$, such that the function T

is representable in the form

U3.y) = | nds
)
where E ,}ze’dM , and :}fg,? is the geodesic in the metric du, joining the points g and
N 7 The formulated problem (the determination of the refraction index n from the hodograph
of V) is called the inverse kinematic problem.
It is directly related to the boundary value problem
Vg(Vmw)LO xe M\OM, £eoM
‘ (1
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where V, , Vg are the gradients in the metrics of M and OM , respectively.

Clearly, the inverse kinematic problem is nonlinear since the family of geodesics is not
known in advance.

We describe the class of refraction indices in which a stability estimate is obtained.
Let §'7* (x) be a sphere of sufficiently small radius with center at an arbitrary interior
point ¥ of the domain M and let {%g,m’; be the family of geodesics of the metric nds,
joining X with the points § of the boundary oM. Then, through each point on the sphere

Sv-i(m) there passes a unique geodesic of the family pf/g,w} . We consider the mapping Kmi
-1

x (2)
which associates to the point eeSQ-i(ao) the point 'g of the boundary M , lying on the
same geodesic from the family {(}ig’x} as the point 9.

We denote by N the class of refraction indices (real positive functions in the domain
M ) such that for any point L€ M\BM the mapping (2) is an orientation bpreserving C1 -
diffeomorphism.

We elucidate the physical sense of the last condition. It is satisfied if the domain
and the refraction index are such that a source, placed at an arbitrary interior point, il-
luminates the entire boundary 9M , which can be smoothly "contracted" along the geodesics
into a small sphere around the source. '

THEOREM. If the solution of the inverse kinematic problem exists in the class N, then

it is unique and we have the stability estimate
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where the refraction indices MW, ., N, are the solutions of the inverse kinematic problem from
the class N, constructed from the functions ('74 oq;a , respectively; %:d/etgbj . Here Q”‘ﬂz

is a differential form which can be written in the form
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By A we have denoted the operation of the exterior multiplication of differential forms.

We consider the functions UJG'(E,(B) §=4,2

we(g,%) = j nds,
. g .
which are the solutions of the problem (1), with the boundary condition u€(§,5)=‘55(§,}2)

where )zeaM . With the functions Ug one can associate the. differential forms "solid

angle" [4] .wf(gsm)’ 8 e Sv-i(m), such that
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Here So_i (x) is a sphere of sufficiently small radius with center at the point xe M\?M .
A fundamental role in the proof of the theorem is played by

LEMMA. If the conditions of the theorem hold, then we have the identity
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where Q ! is a differential form representable in the form
| (A-90-2

e, )
( s ) ——'i—)—'—a'l %QExWADE;WA(D D§wi) A (]) _Dguxz)

where

- .

W=y, D =°{wa’ Dfd’g%r‘ '
?

D D dmo/\dg 3 ‘agﬁ’ D=Dm+D§,

xe M\aM,; e M i=1,..9; =1,....3-1.
In order to obtain the estimate (3) one has to integrate the identity (4) over M xM and
to make use of Stokes' formula. The uniqueness of the solution of the inverse kinematic
problem follows from the estimate (3) if one notes that from the fact that .Tl =T2 there
follows the equality W,=1,
Remark 1. From the theorem of the present paper follow the results of [1-3].
Remark 2. The estimate (3) for the case V=3 , which presents interest in geophysics,

has the form
g g
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FINITE-DIMENSIONAL OSCILLATORY MODELS IN THE GENERAL
THEORY OF RELATIVITY AND IN GAS DYNAMICS

0. I. Bogoyavlenskii and S. P. Novikov UDC 530.12+533.6+513.83

The methods of the qualitative theory of differential equations are applied for
the investigation of homogeneous cosmological models and to models of stellar
explosion in the classical gas dynamics. The strong degeneracy of the singular
points of a dynamical system are investigated by their successive solving with the
aid of special changes of coordinates. The trajectories of the system are approx-
imated by sequences of separatrices of nondegenerate singular points. The limit

cycles are Investigated.

1. Qualitative Theory of Homogeneous Cosmology Models

As it is known, in the general theory of relativity, one investigates the four-dimen-
sional space—time manifold ML’ with the Einstein metxric %Lj (L,j =0,I,2,3), satisfying the

Einstein equations

kT
LJ ’“%‘J o ‘J‘ (1.1)

The homogeneous cosmology models are determined by the fact that the manifold Mq admits a

group & of motions (for the sake of definiteness, acting on the right-hand side) with space-
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