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Summary. I t  was p rev ious ly  s h o w n  t h a t  a b o u t  I 0 % of t h e  codons  ill c y t o c h r o m e  c 
are va r i ab l e  ill a n y  one m a m m a l i a n  species a n d  a n y  one  p o i n t  in  t ime  a n d  t h a t  t h e  
pos i t ions  of these  concomitantly variable codons (covarions) m u s t  change  as m u t a t i o n s  
are f ixed.  Va r i ab i l i t y  impl ies  t h e  ex is tence  of a n  a l t e rna t ive ,  non-de le te r ious  a m i n o  
acid t h a t  differs b y  on ly  one nuc leo t ide  r e p l a c e m e n t  f rom the  one  p r e s e n t l y  encoded.  
This  work,  ill a d d i t i o n  to o b t a i n i n g  a n  i n d e p e n d e n t  e s t ima te  of t h e  n u m b e r  of covar ions ,  
i nves t iga t e s  t he  ques t ion  : W h a t  is t h e  l ike l ihood t h a t  a c y t o c h r o m e  c cova r ion  will lose 
i ts  va r i ab l e  s t a t u s  as a r e su l t  of t h e  f i xa t ion  of a m u t a t i o n  in  a n o t h e r  covar ion  ? The  
resu l t s  show:  1, t h e  n u m b e r  of covar ions  is ill t h e  r ange  of 4 to  t 0 in  a g r e e m e n t  w i t h  
t he  ear l ier  resu l t  of 10 b u t  sugges t ing  t he  v a r i a b i l i t y  m a y  be  even  more  c i r cumscr ibed  
t h a n  or ig inal ly  t h o u g h t ;  a n d  2, t he  l ikel ihood of a cova r ion  loosing i ts  va r i ab l e  s t a t u s  
as a r e su l t  of f ixa t ions  e lsewhere  in the  gene m a y  be  g r ea t e r  t h a n  0.75, sugges t ing  a 
h igh  t u r n o v e r  r a t e  a m o n g  t he  covar ions .  

Key-Words: E v o l u t i o n a r y  R a t e s  - -  Molecular  Genet ics  - -  C y t o c h r o m e  c - -  M u t a -  
t ions  - -  Codon Var iab i l i ty .  

It  is abundantly clear in the gene for cytochrome c that  selective forces 
narrowly restrict the number of codons that are capable of surviving and 
fixing a mutation that alters the amino acid encoded. I t  has been shown 
that the number of covarions in cytochrome c in mammalian species (i.e. 
concomitantly variable codons that  can fix mutations at any one point in 
time and in a given particular species) is only about ten (Fitch and Marko- 
witz, 1970). Since more than ten codons have fixed mutations, it follows 
that a different (at least partially) set of codons must be concomitantly 
variable in different species. This too has been demonstrated by  showing 
that the variable codons in the fungi are largely independent of the variable 
codons in insects and fish (Fitch, 1971 a). But  if the concomitantly variable 
codons (covarions) in one species may  not be identical to those in another, 
it follows that the nature of the new amino acid resulting from a fixation 
must affect which codons may be capable of fixing the next mutation, a 
biologically reasonable conclusion. Moreover, if each mutation fixed may  
alter the codons that  belong to the group of covarions, we can immediately 
understand why there are so few covarions in any one species' gene for 
cytochrome c and yet observe that  more than 70 codons have fixed observ- 
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Fig. 1. Phylogeny from cytochrome #. The  p h y l o g e n y  is ident ica l  to  t h a t  prev ious ly  
d e t e r m i n e d  for the  t w e n t y  species  s h o w n  ut i l i z ing  o n l y  the  amino  acid sequence  da ta  
for its  construct ion  (Fi tch and Margoliash,  t968). The  he ight  of  a n y  g iven  node  is the  
w e i g h t e d  average of  m u t a t i o n s  f i xed  in the  descent  from t h a t  node.  For  s e g m e n t s  for 
w h i c h  t w o  or more m u t a t i o n s  were f ixed,  the  l ines conta in  va lues  ill the  form m/I) 
where  m is the to ta l  n u m b e r  of  m u t a t i o n s  f i xed  and D is the  n u m b e r  of  double  

mutat ions ,  i.e. the  number  of  codons  tha t  conta in  t w o  of the f ixa t ions  

able mutations upon examining the cytochromes c in species ranging from 
fungi to man. This raises, however, an interesting question: What is the rate 
of turnover of codons in the covarions ? Expressed another way, what is the 
likelihood that a fixation in one covarion will cause other covarions to loose 
their ability to fix the next mutation ? 

To answer this question, we first define a double mutation as two 
observable fixations occurring in a single codon between two successive 
branch points (nodes) on a phylogenetic tree (Fitch and Margoliash, t 968). 
For example, residue 19, which is next to the histidine that binds to the heine 
iron in all known cytochromes c, is threonine (encoded ACX) and occurs in 
all known cytochromes c except in Neurospora which has a glycine (encoded 
GGX). Given the phylogeny of these species, both the first and second 
nucleotide must have mutated since the most recent ancestor of Neurospora 
that is depicted on that tree. Indeed, it is one of the 5 double mutations on 
the branch labelled 30/5 in Fig. 1. The "must" depends upon assuming that 
no mutations will be postulated other than those that are forced upon us in 
order to account for any observed divergence. Excluding the possibility that 
the change AC-+GG occurred as a single mutational event (which is 



86 W . M .  F i t ch :  

reasonable in view of the non-existence of such double changes in in vitro 
studies of point mutations), it then becomes clear that  the ability of a codon 
to fix the second mutation must have depended upon its being among the 
covarions after fixation of the first mutation. Now tile likelihood that a 
second mutation will be fixed in the same codon as an earlier mutat ion 
depends upon two characteristics: (a) the number of covarions, and (b) the 
persistence of a codon among the covarions. Obviously, the fewer the number 
of covarions, the greater the probabili ty that  the next fixation will occur in 
any given covarion and, in particular, in a previously mutated covarion. On 
the other hand, the probability that  a covarion remains in the group drops 
as mutations are fixed in other covarions. The number of covarions, c, and 
the persistence of variability, v, are the two independent variables that  are 
used to derive the equations given in the appendix. These equations enable 
one to estimate, depending on the values of c and v assumed, how many 
double mutations would be expected for any particular number of mutations 

m n 

Table. Frequencies of double fixations 

Observed  E x p e c t e d  D 

D c = 4 . 5  c = 7  c = 1 0 . 0  

2 6 0.167 0.147 o.091 0.063 
3 2 o 0.403 0.418 0.439 
4 4 1.25 0.533 0.510 0.511 
5 2 1.0 0.667 0.611 0.594 
6 1 1.0 0.804 0.720 0.690 
7 t 1.0 0.946 0.838 0.798 
9 t 1.0 t .243 1 .I00 1.050 

10 2 0 1.397 1.244 1.193 
15 1 2.0 2.231 2.085 2.076 
16 1 2.0 2.409 2.278 2.284 
17 2 2.5 2.592 2.478 2.503 
19 1 3.0 2.969 2.901 2.972 
23 1 4.o 3.769 3.837 4.028 
30 1 5.0 5.314 5.749 6.232 

v = 0.04 0.12 0.23 
Z 2 = 3.16 3.34 3.62 

The values of m are the  n u m b e r  of nmta t i ons  observed  to have  been  f ixed in a given 
in te rnodal  in terva l  and  n is the  n u m b e r  of in te rnodal  in tervals  conta in ing  m fixations.  
The column m arked  "observed D "  conta ins  the  to ta l  n u m b e r  of codons observed  to  
have  f ixed two mu ta t i ons  in an in te rva l  of size m (see Fig. 1) d iv ided by  the  n u m b e r  
of such in tervals  to give the  observed  f requency of double  f ixat ions per  in terval  of 
size m. There  were  no tr iple f ixa t ions  in a single interval .  The observed  f requency  is 
to be compared  to  the  expec ted  n u m b e r  of double  f ixat ions  per  in terval  (D) as cal- 
cula ted  by  the  procedure  given ill t h e  me thods  section.  E x p e c t e d  values of D are 
calcula ted for th ree  values of the  n u m b e r  of covarions c, and  are given for t h a t  
pers is tence of var iabi l i ty  v t h a t  opt imizes  the  fi t  to the  observed  data .  For  t 2 degrees 
of f reedom, Z ~  3.57 implies t h a t  the  observed values  would,  by  chance,  differ f rom 
the  expec ted  values to  the  e x t e n t  shown ~ 99 % of the  t ime.  
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m occurring along some observed interval. These expected values may then 
be compared to values actually observed and the goodness of fit determined 
by the chi-square statistic. 

Fig. t shows the 20 species whose cytochromes c were used for this 
analysis. The topology, the mutations and the double mutations are identical 
to those given in Fig. t of Fitch and Margoliash (t968). Legs containing 
only one or no mutations can not have double mutations and therefore no 
numbers are shown for those legs. The remaining legs have two numbers: 
the first is the total number of mutations observed to have been fixed in 
that  portion of the phylogeny. The second number (following the slash) is 
the number of double mutations observed in that  same portion. In the Table 
we see the distribution of double mutations found as a function of the number 
of mutations observed. It  is our purpose to find that  number of covarions, c, 
and persistence of variability, v, that  would most closely approximate that  
distribution. A value of v near I would mean that  a covarion's ability to 
fix a mutation is largely independent of fixations in the other covarions 
while a value of v<<(l/c) would mean that  a codon's variability is very 
unlikely to survive more than one fixation in other covarions. The value of c 
has been estimated as t 0 by an independent method (Fitch and Markowitz, 
t970) and the closeness of the agreement between 10 and the number found 
here will be one indication of the adequacies of the procedures. 

Results 

The formal procedures are given in the appendix. In this section are 
presented results intended to provide a feeling for how the variables interact 
as well as results on cytochrome c in particular. 

In asking how many double mutations would be expected after 30 
mutations have been fixed, one recognizes that  the answer depends upon 
the number of covarions into which they may be fixed and how long a 
covarion lasts. Fig. 2 shows the curve of expectation for five covarions as 
a function of the persistence of variability. If the persistence is 1, then we 
expect the same five covarions to be always present and by the time 30 
mutations were fixed, we expect that  all five covarions would have fixed at 
least two mutations and hence the left-most value is essentially five. As the 
persistence of variability drops, the curve rises to a maximum, then falls. 
This is simply a reflection of the fact that  if the persistence value is too 
large, the codons remain variable too long after they have fixed a second 
mutation, whereas if the value is too small, they do not remain variable 
long enough to get a second mutation. 

In practice we would choose a persistence of variability that  would yield 
the number of double mutations actually observed in the line of descent 
containing 30 fixations. However, there are other line segments containing 
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Fig. 2. N u m b e r  of double  m u t a t i o n s  as a f unc t i on  of t he  pe rs i s t ence  of var iab i l i ty .  
The  cu rve  gives t he  e x p e c t e d  n u m b e r  of doub le  m u t a t i o n s  (D) for va r ious  va lues  of 
t he  pers i s tence  of v a r i ab i l i t y  (v) w h e n  30 m u t a t i o n s  h a v e  b e e n  f ixed and  the  n u m b e r  
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Fig. 3. Doub le  m u t a t i o n s  expec t ed  for five covar ions  as a func t ion  of t he  n u m b e r  of 
f ixat ions .  E a c h  l ine shows t he  expec t ed  n u m b e r  of double  m u t a t i o n s  (as a func t ion  of 
t o t a l  f ixat ions)  for  a d i f fe ren t  va lue  of v. T h e  po in t s  are  t h e  a c t u a l  d a t a  (see t he  

Table)  t h a t  m u s t  be  f i t  
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other numbers of fixations and we are constrained to choose the same 
persistence of variability throughout. Fig. 3 shows how the expected number 
of double mutations varies as a function of the total number of fixations. 
Each line is for a different persistence with the number of covarions being 
held at five. The points on the graph show the observational data to be 
fitted. Some curves fit better than others and chi-square is a measure of the 
goodness of fit with the lowest value of chi-square being the best fit. The 
goodness of fit as a function of the persistence of variability is presented, 
for five covarions, in Fig. 4. The best fit occurs at v-----0.06 which is one of 
the lines in Fig. 3. 

But  there is nothing to say that  five covarions is the correct number of 
covarions and similar curves may be drawn for other numbers of covarions 
and Fig. 4 also shows such curves for c = 2 and t0. The best fit will be that  
number of covarions that  gives the lowest minimum in such a plot. Portions 
of the curves in the region of their minimum for c-----3-+t0 are shown in 
Fig. 5 and are quite regular in shape. A plot of the minimum as a function 
of the number of covarions is given in Fig. 6. This minimum occurs for a 
value of c = 4.5. For c = 4.5, the minimum comes at a persistence of varia- 
b i l i t y =  0.04 which is plotted as the * in Fig. 5. That the optimum value 
of c is not a whole number is all right in view of our recognition that  it is 
only an average value and must be reasonably considered to vary somewhat 
from species to species and from time to time. 
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Fig. 4. Goodness of f i t  as a funct ion of the  persistence of var iab i l i ty  for several  numbers  
of covarions.  The  goodness of fit, measured  by  the  chi-square test ,  is be tween  the  actual  
values  of D observed and those expec ted  under  the  var ious values  of c and v assumed.  
For  all cases, there  are i 2 degrees of f reedom. Values calculated only for t he  points  

shown. Curves were f i t  by  eye. N u m b e r  of covarions are 2 ( x ) ,  5 (0), and t0  (a) 
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Fig. 7. Persis tence of var iab i l i ty  for best  f i t  for var ious  numbers  of covar ions  

Finally, one may ask about the relationship between the number of 
covarions and the persistence of variability that  minimizes chi-square for 
that  value of c. This is shown in Fig. 7. There are two straight lines inter- 
secting at a value of c = 4.5. 

Discussion 

Previous work (Fitch and Markowitz, 1970) suggested that  the number 
of covarions for mammalian cytochromes c was about 10. This s tudy 
suggests a value of 4.5. Since the methods are different, they verify the 
conclusion that  selective forces greatly restrict the permissible variability in 
cytochrome c. The actual discrepancy between the two values turns out not 
to be significant. Note that  the minimum chi-square for c =10  is only 3.62. 
A chi-square value of 3.57 means that  if our assumptions are true (in- 
cluding c = 10) then we would expect real data to give by chance a worse 
fit than these do 99 % of the time. We are suffering from the fact that  the 
probability surface is more of a valley than a well. The steep rise of the curves 
in figure five shows, in effect, the cross sections of the valley, the minima 
show the gentle rise as one travels up the valley. Given the number of 
covarions, we can reasonably estimate the persistence of variability and 
vice versa, but these data do not readily permit the simultaneous estimate 
of both with great accuracy. 

The generally low values for the persistence of variability (optimum 
values of v are < 0.25 for all values of c checked) are particularly interesting. 
Most importantly, it means that  the variable positions are largely inter- 
dependent and that  a mutation at any one of them effects most of the others 
to a considerable degree. This reemphasizes the very limited tolerance that  
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cytochrome c has for variation in its structure. On the other hand, it should 
also be recognized that variability may be lost as a result of fixations in 
genes whose products interact with cytochrome c. We know nothing of 
these rates, but  the longer the interval between fixations in the cytochrome c 
gene (and it is longer than most), the greater the likelihood that the loss of 
variability is the result of fixations elsewhere. This does not effect the 
computations but  it must temper their interpretation. 

The problem of explaining a double mutation in the terms of a strict 
selectionist theory in which every mutation fixed confers an advantage is 
interesting in terms of these results. Consider the replacement of proline 
(CCX) by  valine (GUX) which occurs at position 44 of the rabbit. The in- 
termediate possibilities are alanine (GCX) or leucine (CUX). The strict 
selectionist asserts that  either alanine or leucine must have been superior to 
proline and replaced it and that subsequently valine was superior to the 
replacing amino acid and in turn replaced it. The valine superiority assures 
that the once mutated codon is among the covarions. On the other 
hand, this analysis suggests that covarions do not persist long so that  
in effect the two mutations must have generally followed each other 
successively or nearly so. But  if that  is true, then one of the inter- 
vening amino acids must have provided an intermediate degree of 
evolutionary fitness. This leaves us with an apparent contradiction. On the 
one hand, the genetic code seems to be fashioned so that single nucleotide 
replacements minimize deleterious changes and maximize the possibilities 
of advantageous changes. On the other hand, the optimum amino acid is 
very frequently two nucleotide replacements away and one of the two 
intervening amino acids has an intermediate fitness. In the present data 
there are 223 mutations of which 64 (32 doubles) are involved in this 
particular form of change. Thus 29 % of the mutations fixed were to get to 
a more fit amino acid two nucleotide replacements away from that originally 
encoded. Does this really square with the idea that cytochrome c is highly 
evolved and tolerates little change ? And what we see can only be those 
potential improvements for which an intervening amino acid has inter- 
mediate fitness. Surely there must be others for which the intervening amino 
acids are deleterious in which case "you  just can't get there from here".  
But  if these latter cases that  we can't  observe number anywhere near as 
many as those that  we have been able to observe in the former, then the 
fraction of amino acid substitutions that  confer an advantage but  require 
two nucleotide replacements becomes unreasonable. 

From this s tudy I would conclude: I, the number of covarions in the 
gene for cytochrome c averages between 4 and t 0; II, the turnover averages 
75 % or more among the covarions not fixing the last mutation; and I I I  the 
frequency with which codons incorporate replacements in two of their 
nucleotide positions in relatively close succession argues more for the flex- 
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ibility permitted at that site than for successive selective improvements. 
This last conclusion is consistent with the observation that the genes for 
alpha hemoglobin (Fitch, 197tb) and cytochrome c and fibrinopeptide A 
(Fitch and Markowitz, 1970) are evolving at the same rate per covarion. 
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Appendix 
I t  was  prev ious ly  shown  t h a t  on ly  a b o u t  t e n  of t h e  codons  in  t he  gene for m a m m a -  

l i an  c y t o c h r o m e s  c could accep t  (fix) a m u t a t i o n  a t  a n y  one  p o i n t  in t i m e  (F i t ch  a n d  
Markowi tz ,  t970).  These  were called t he  concomitantly variable codons (covarions) .  
B u t  th i s  n u m b e r  is cons ide rab ly  less t h a n  t h e  70 or more  codons  t h a t  are  knowr~ to  
h a v e  h a d  f ixa t ions  in  t h e m .  These  two fac ts  are  n o t  i ncons i s t en t  u n d e r  t h e  h y p o t h e s i s  
t h a t ,  as m u t a t i o n s  were fixed,  t he  codons  t h a t  could fix s u b s e q u e n t  m u t a t i o n s  c h a n g e d  
so t h a t  whi le  few codons  in a n y  one species could change  a t  a n y  one  t ime,  m a n y  could 
change  d u r i n g  t h e  evo lu t ion  of m a n y  species.  I t  is t h e  pu rpose  of th i s  a p p e n d i x  to  
e x a m i n e  t h e  r a t e  a t  wh ich  p rev ious ly  c o n c o m i t a n t l y  va r i ab l e  codons  are  rep laced  b y  
new ones  a n d  to  e s t i m a t e  t he  n u m b e r  of such  covar ions  b y  a p rocedure  qu i t e  d i f fe ren t  
f rom t h a t  g iven  or ig inal ly  (F i t ch  a n d  Markowi tz ,  1970). Th i s  is done  b y  e x a m i n i n g  t h e  
r a t e  a t  wh ich  second m u t a t i o n s  are f ixed in  codons  t h a t  h a v e  a l r eady  f ixed a m u t a t i o n  
as a f unc t i on  of t h e  t o t a l  n u m b e r  of m u t a t i o n s  f ixed a n d  showing  t h a t  mu l t i p l e  f ixa t ions  
in  a single codon  h a v e  t h e  p r o p e r t y  of a Po isson  func t i on  showing  contag ion .  

Method 
The  basic  ques t ion  is, a f t e r  m obse rvab le  m u t a t i o n s  h a v e  b e e n  f ixed in a g iven  

gene, how m a n y  codons in t h a t  gene  will h a v e  f ixed  two or  more  m u t a t i o n s  ? To calcu- 
la te  t h e  n u m b e r  of d i f fe ren t  codons  f ix ing two  or more  m u t a t i o n s  in  t he  course  of a 
t o t a l  of m m u t a t i o n s  be ing  f ixed we need  to know:  (A), how m a n y  covar ions  c t h e r e  are  
in  w h i c h  t h e  m u t a t i o n s  can  be  f ixed;  (B), t h e  p r o b a b i l i t y  v t h a t ,  fol lowing a f i xa t ion  
in a n o t h e r  codon,  a va r i ab l e  codon  will r e m a i n  va r iab le ,  t h a t  is, t h a t  i t  will r e t a i n  i t s  
ab i l i ty  to  f ix a m u t a t i o n ;  (C) t h e  expec t ed  n u m b e r  e i of covar ions  t h a t  are sti l l  va r i ab l e  
a n d  h a v e  f ixed  a t  leas t  one m u t a t i o n  a f t e r  i f ixa t ions ;  (D), t he  p r o b a b i l i t y  fi t h a t  t h e  
m u t a t i o n  fol lowing t h e  i th is f ixed in a n y  g iven  one of t h e  e i p rev ious ly  m u t a t e d  
covar ions  [this,  in  c o n j u n c t i o n  w i t h  (B), p e r m i t s  us  to  d e t e r m i n e  t i le  p r o b a b i l i t y  ri+ 1 
t h a t  t h e  m u t a t i o n  fol lowing t h e  i th is f ixed in  a p rev ious ly  u n m u t a t e d  codon]  ; (E), t h e  
p r o b a b i l i t y  Pk t h a t ,  fol lowing a codon ' s  f i r s t  f ixa t ion,  i t  h a s  n o t  f ixed a second  in k 
s u b s e q u e n t  f ixa t ions ;  a n d  f ina l ly  (F), t h e  p r o b a b i l i t y  Sih t h a t  a t  l eas t  one  of h sub-  
s e q u e n t  f ixa t ions  occurs  in  t h e  same  codon  as f ixed t he  i th m u t a t i o n .  

Our  p r o b l e m  is to  ca lcu la te  t he  expec t ed  n u m b e r  of d o u b l y  m u t a t e d  codons  D 
t h a t  will h a v e  f ixed two  (or poss ib ly  th ree )  o b s e r v a b l e  m u t a t i o n s  a f t e r  a t o t a l  of in  
f ixa t ions  in  t he  gene. I f  we know t he  p r o b a b i l i t y  r i t h a t  t he  i th f i xa t ion  is in  a p r ev ious ly  
u n m u t a t e d  codon  a n d  t he  p r o b a b i l i t y  sij t h a t  a t  l eas t  one  of t h e  ensu ing  m - - i  = j  
o b s e r v a b l e  f ixa t ions  will be  in  t h a t  same  codon,  t h e  p r o d u c t  risij is t he  e x p e c t a t i o n  
t h a t  t h e  ith f ixa t ion  is t h e  f i rs t  of two (or th ree )  o b s e r v a b l e  f ixa t ions  in  t h a t  codon.  
The  e x p e c t e d  n u m b e r  of obse rvab le  double  f ixa t ions  is s i m p l y  t he  sum of such  p r o d u c t s  
for all va lues  of i f rom t to  m --  t .  This  m a y  t h e n  be  c o m p a r e d  w i t h  obse rved  f requencies  
of mu l t i p l e  f ixa t ions  to  d e t e r m i n e  t he  a d e q u a c y  of th i s  model .  T h e  p r o b l e m  now is 
to  d e t e r m i n e  r and  s. 

T h r o u g h o u t  t he  ensu ing  discussion,  t he  on ly  m u t a t i o n s  b e i n g  cons idered  are  those  
t h a t  are f ixed a n d  are observab le .  W e  a s sume  t h a t  t he  p a r t i c u l a r  codons  classif ied as 
c o n c o m i t a n t l y  va r i ab l e  are  h igh ly  d e p e n d e n t  u p o n  t h e  n a t u r e  of t he  p a r t i c u l a r  a m i n o  
acids in  var ious  p a r t s  of t he  p r o t e i n  so t h a t  we would  n o t  necessa r i ly  e x p e c t  t he  same  
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codons to  be concomi tan t ly  var iable  in the  gene for a fungal  cy tochrome  c as in t he  
gene for t he  dog cy tochrome  c. Ne i the r  do we expec t  t h a t  the  n u m b e r  of covarions c is 
cons t an t  f rom species to species nor  f rom t ime to t ime,  b u t  we do assume t h a t  t r ea t ing  
as a cons t an t  the  average value t aken  b y  c in m a n y  species over  long periods of t ime  
will give a useful approx imat ion .  

As each m u t a t i o n  is f ixed ill t he  popula t ion ,  the re  m u s t  be a p robab i l i ty  (0 ~ v  ~ t) 
t h a t  any  given codon will r emain  among  the  concomi tan t ly  var iable  group i.e., v is 
the  pers i s tance  of variabi l i ty .  All o the r  var iables  in this  discussion are d e p e n d e n t  
solely upon  c and  v. These  are our  given pa ramete r s .  We shall  assume t h a t  if a codon 
is r em oved  f rom the  group of covarions,  it  is replaced by  an o t h e r  codon t h a t  has  no t  
recent ly  1 been  among  the  concomi t an t l y  var iable  codons.  We  assume t h a t  v applies 
to each codon except the  codon f ixing the  mos t  r ecen t  muta t ion .  The codon f ixing the  
last  m u t a t i o n  we assume remains  variable.  Such an  a s sumpt ion  m u s t  be correct  when  
the  last  f ixat ion has no s ignif icant  selective advan tage .  I t  need  not ,  bu t  could also 
be t rue  if the  last  f ixat ion was  selected for. 

The p robab i l i ty  t h a t  any  one of the  covarions will fix the  f i rs t  observable  m u t a t i o n  is 
1/c. However ,  we are only in te res ted  in observable  mu ta t i ons  and  our  abi l i ty  to  observe  
subsequen t  f ixat ions depends  upon  pr ior  f ixations.  If  a codon has  no t  f ixed a m u t a -  
t ion previously,  all m u t a t i o n s  which  change the  amino  acid encoded  are observable .  
I f  a m u t a t i o n  has a l ready been  f ixed in t h a t  codon, t h e n  the  n e x t  one will be observ-  
able only  if a nucleot ide  is a l te red  in a posi t ion d i f ferent  f rom t h a t  changed  in the  
first  f ixat ion.  This  is because  successive nucleot ide  f ixat ions such as A - + C - + G  be- 
tween  an ances tor  and a d e s c e n d a n t  appea r  to t he  outs ide  observer  as A - +  G the re  
being no record of the  i n t e r m e d i a t e  C. Thus  the  p robab i l i ty  t h a t  the  n e x t  observable 
f ixat ion will occur in a once m u t a t e d  codon is only  0.604 t h a t  of a codon which  has  
no t  previously  f ixed a m u t a t i o n  2. If  fi is t he  p robab i l i ty  t h a t  the  n e x t  m u t a t i o n  is 
f ixed in a covar ion t h a t  has  a l ready  f ixed a m u t a t i o n  and  f} is the  probabi l i ty  t h a t  
i t  is f ixed in a previously  u n m u t a t e d  covarion,  t h e n  f i =  0.604 f~. Since e i is the  ex- 
pec t ed  n u m b e r  of previously  m u t a t e d  covarions,  c -  e i is t he  expec ted  n u m b e r  of 
covarions w i thou t  pr ior  m u t a t i o n s  being f ixed in them.  And  since the  n e x t  f ixat ion 
occurs somewhere  wi th  p robab i l i ty  one, f ie ld-  fi (c - -  el) = 1. Solving, 

fi = 0.604/(c - -  0.396ei). (,) 

Thus fi is the  p robab i l i ty  t h a t  a f te r  i f ixations,  t he  n e x t  f ixat ion occurs in a par t i cu la r  
previously  m u t a t e d  codon. We  shall  le t  g i = l - - f i -  Af te r  t he  f i rs t  f ixat ion there  is 
precisely I covar ion t h a t  has  f ixed a m u t a t i o n  and  therefore  e 1 = 1, f rom which fl m a y  
be calculated.  To find the  subsequen t  values of fi requires  the  subsequen t  values  of e i 
for which we now derive a recurs ion relation.  

I Recen t ly  is here  a re la t ive  te rm.  The calculat ions are based  upon mu ta t i ons  
be tween  an ances t ra l  form (the node  of some phylogene t ic  tree) and  its n e x t  immed ia t e ly  
known descendan t  (the n e x t  node  or a p r e s e n t d a y  species). The  model ,  as formal ly  
s ta ted ,  does no t  pe rmi t  a once m u t a t e d  codon to be r emo v ed  f rom the  variable group 
and subsequen t ly  r e tu rned  to t h a t  group in the  same in te rnoda l  period.  Never theless ,  
even  if r emoval  and re tu rn  occur  ill the  same in te rnoda l  interval ,  t he  model  still works  
if v is i n t e rp re t ed  as a func t ion  t h a t  reflects  t he  average  a m o u n t  of t ime  a concomi tan t ly  
var iable  codon is likely to be variable.  

2 The value 0.604 was ar r ived a t  as follows. Exc lud ing  mu ta t i ons  involving 
t e rmina t ion  codons,  the re  are precisely 166, 176, and 50 ways,  of al ter ing the  first, 
second and  th i rd  nucleot ides  of codons, respect ively ,  so as to  change  the  coding f rom 
one amino  acid to  another .  This  is a to ta l  of 392 ways.  The probab i l i ty  Pi t h a t  the  i m 
nucleot ide  is involved in an observable  mu ta t i on  is therefore  a s sumed  to be t 66/392, 
176/392 and 50/392 or 0.423, 0.449 and  0.t28 for i = t ,  2 and  3 respect ively .  The 
probabi l i ty  t h a t  a second m u t a t i o n  will be f ixed in a nucleot ide  posi t ion o the r  t h a n  

3 
the  pos i t ion  of t he  first  f ixa t ion  is ~, Pi (Pj d- Pk) where  i 4= j ~= k 4= i. 

i = l  
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To f ind ei+ 1 we no t e  t h a t  t h e  f ixa t ion  fol lowing t he  i th occurs  a m o n g  t he  p rev ious ly  
m u t a t e d  covar ions  w i t h  p r o b a b i l i t y  e i f  i. T he  r e m a i n i n g  e i -  e l f  i p rev ious ly  m u t a t e d  
covar ions  are sub jec t  to  loss of t h e i r  cova r ion  s t a t u s  b y  v i r t u e  of t he  effect  of th i s  l as t  
m u t a t i o n  so t h a t  on ly  e i (1 --  fi) v of t h e m  r e m a i n  va r iab le .  To th i s  g roup  m u s t  be  a d d e d  
t i le  cova r ion  t h a t  f ixed t he  las t  m u t a t i o n  so t h a t  

e i + l = e i ( t - - f i ) v  + i  = e i g i v  + 1 .  (2) 

T h u s  g iven  a n y  el, fi can  be  ca lcu la ted  f rom e q u a t i o n  I and  g iven  a n y  e i a n d  fi, ei+l 
c an  be  ca lcu la ted  f rom e q u a t i o n  8. Since e 1 is t ,  all  e i a n d  fi are ob t a inab l e .  

Now, since the  p r o b a b i l i t y  t h a t  t he  i th + t f ixa t ion  occurs  in  a p rev ious ly  m u t a t e d  
cova r ion  is elf  i t h e n  

ri+ 1=1  - - e i f  i (3) 

is t h e  p r o b a b i l i t y  t h a t  t he  i Ch + 1 f ixa t ion  occurs  in  a p rev ious ly  u n m u t a t e d  covar ion .  
The  f i rs t  f ixa t ion  m u s t  occur  in a n  u n m u t a t e d  covar ion,  hence  r 1 = 1 .  All o t h e r  r i c a n  
be o b t a i n e d  f rom Eq.  (3). 

W e  now proceed to  ca lcu la te  t he  p r o b a b i l i t y  Sih of a second f ixa t ion  in a cova r ion  
in  t h e  h f ixa t ions  fol lowing t he  i th f ixat ion.  Consider  a specific codon  wh ich  fixes i t s  
f i rs t  m u t a t i o n  a t  t he  i th f ixat ion.  Af te r  th i s  in i t ia l  f ixa t ion,  t he re  follow k s u b s e q u e n t  
f ixa t ions  in t he  gene. W e  shal l  le t  Pik be  t h e  p r o b a b i l i t y  (a), t h a t  t he  i th f i xa t ion  
occur red  in a p rev ious ly  u n m u t a t e d  codon  A N D  (b), t h a t  t he  i th f ix ing  codon  was sti l l  
va r i ab l e  be/ore t he  k th s u b s e q u e n t  f i xa t ion  A N D  (c), t h a t  t he  k th s u b s e q u e n t  f i xa t i on  
was n o t  f ixed in t h a t  same  i ~h f ix ing codon.  Fo r  b r e v i t y  we will t e m p o r a r i l y  d rop  t h e  
subsc r ip t  i. W e  shal l  deve lop  a recurs ion  r e l a t i on  for Pk- Since t h e  k Ch f ixa t ion  occur red  
in  a d i f fe ren t  codon, t he  p r o b a b i l i t y  t h a t  t h e  i th f ix ing  codon  r e m a i n s  va r i ab l e  a f t e r  
t h e  k th s u b s e q u e n t  f ixa t ion  b u t  has  no t  f ixed a second m u t a t i o n  is VPk , whi le  (1 --  v) Pk 
is t he  p r o b a b i l i t y  t h a t ,  as a r e su l t  of t he  k ~h s u b s e q u e n t  f ixat ion,  i t  will be  r e m o v e d  
f rom the  va r i ab l e  g roup  and  the re fore  c o u l d n ' t  f ix a f u t u r e  m u t a t i o n .  F u r t h e r m o r e ,  
l e t t i ng  j -= i + k, t he  p r o b a b i l i t y  t h a t  t he  n e x t  m u t a t i o n  will be  f ixed in t h a t  codon  is 
t h e n  f jvPk  a n d  t h a t  t he  n e x t  one  w o n ' t  be  f ixed the re ,  even  t h o u g h  i t  is possible,  is 
g jvPk .  To s u m m a r i z e  r ega rd ing  a codon  f ix ing i ts  second m u t a t i o n  w i t h  t h e  n e x t  
f i xa t ion  : 

Pk is t h e  p r o b a b i l i t y  i t  could h a v e  b u t  ha s n ' t ,  1 - - P k  t h a t  i t  c o u l d n ' t  or ha s  
a l r eady ;  

Vpk is t he  p r o b a b i l i t y  i t  st i l l  can, ( 1 - - v ) p  k t h a t  i t  c a n ' t ;  
f jvPk  is t he  p r o b a b i l i t y  i t  will, g jvpk  t h a t  i t  w o n ' t  b y  chance .  The  p robab i l i t y ,  

Pk+l, t h a t  a second f ixa t ion  will no t  h a v e  occur red  in th i s  loca t ion  is t he  sum of t he  
p robab i l i t i e s  t h a t  i t  c a n ' t  (because t he  codon  is no  longer  var iab le )  a n d  t h a t  i t  w o n ' t  
(because  of r a n d o m  processes) .  Thus ,  P k + l = P k ( 1 - - v + g j v )  or, r e t u r n i n g  t he  sub-  
sc r ip t  i, 

Pi, k+l = pi, k (1 - -  fj V) (4) 

is t he  p r o b a b i l i t y  t h a t  t he  codon  f ix ing t h e  i Ch m u t a t i o n  will no t  h a v e  rece ived  a second  
m u t a t i o n  a f t e r  t he  k t h + l  s u b s e q u e n t  f ixa t ion .  Since we k n o w  t h a t  t he  m u t a t i o n  
fol lowing t he  i th is no t  f ixed in t he  i th f ix ing  codon  w i t h  p r o b a b i l i t y  1 -  f i =  gi, t h e n  
we also k n o w  t h a t  Pi l  = gi '  Thus ,  k n o w i n g  Pi l ,  v a n d  all fi, p e rmi t s  one to ca lcu la te  all  

i + k - - 1  
values  of Pik" This  p roves  to  be  P i k = g i  U (1 --f jV).  

j = i + l  
Since fi is the  p r o b a b i l i t y  t h a t  t h e  n e x t  f i xa t i on  will be  f ixed in  a n y  p a r t i c u l a r  

one  of t he  p rev ious ly  m u t a t e d  covar ions ,  i t  m u s t  t h e n  also be  t he  p r o b a b i l i t y  t h a t  t h e  
f i r s t  s u b s e q u e n t  m u t a t i o n  f ixed will be in  t h e  same  codon  as f ixed t he  i th. W e  k n o w  
f u r t h e r  t h a t  f jvPi  k is t he  p r o b a b i l i t y  t h a t  t h e  second f ixa t ion  will occur  in  t h e  i th 
f ix ing  codon  on  t he  j~h+l  t r i a l  g iven  t h a t  t h e  i t~ f ix ing codon fai led to fix a second  

3 No te  t h a t  for large va lues  of i, e i + l ~ e  i. T h u s  s e t t i ng  ~ = ~ g v + l  yields  t h e  
l imi t ing  va lue  6 = 1/(1 - -  gv) .  
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m u t a t i o n  in  t h e  p rev ious  k t r ia ls .  Therefore ,  

k - -1  
Sih = fi+k~= : jVPik (5) 

is t h e  p r o b a b i l i t y  t h a t ,  in  t he  course  of h s u b s e q u e n t  f ixat ions ,  a second  f ixa t ion  will 
occur  in  t h e  same  codon as f ixed t h e  i th. As before,  j = i  + k .  No te  t h a t  S i l = f  i. The  
recurs ion  r e l a t i on  for  s is S i h + l = S i h + f j v p i h .  N o t e  also t h a t  t h e  p r o b a b i l i t y  t h a t  a 
second f ixa t ion  occurs, does  n o t  p rec lude  a t h i r d  obse rvab le  f i xa t ion  in t h e  same  
codon.  

I f  a t o t a l  of m m u t a t i o n s  ha s  b e e n  fixed, how  m a n y  codons  will  h a v e  h a d  two  or 
more  f ixa t ions  ? Consider  t h e  i ~h f ixa t ion.  T h e  p r o b a b i l i t y  t h a t  t h e  i th f i xa t ion  is a n  
in i t ia l  f i xa t ion  is r i and  t h a t  t h e  i th f ixa t ion  will h a v e  a second f ixa t ion  in t h e  s ame  
codon  in  t h e  fol lowing j = m - - i  f i xa t ions  is sij. Thus ,  t h e  e x p e c t a t i o n  t h a t  t h e  i th f ixa-  
t ion  is in  a p rev ious ly  u n m u t a t e d  codon  a n d  will be  fol lowed b y  a n o t h e r  f ixa t ion  in t he  
same  codon  is r i s i j  a n d  t h e  e x p e c t e d  n u m b e r  of codons  f ix ing two  or  more  m u t a t i o n s ,  
g iven  m t o t a l  m u t a t i o n s  f ixed,  

111--1 
is  D ~ ~ r i s i j .  

i ~ l  

A c o m p u t e r  p r o g r a m  has  b e e n  p r e p a r e d  t h a t  ca lcu la tes  D (double  f ixat ions)  for  
all  va lues  of m for  a n y  g iven  se t  of va lues  for c and  v. These  D are  c o m p a r e d  w i t h  t he  
n u m b e r  of doub le  m u t a t i o n s  found  in t he  descen t  of 29 species of c y t o c h r o m e  c to  
de t e rmine ,  b y  a ch i - squared  e s t ima te ,  how well  t he  a s sumed  va lues  of c a n d  v f i t  t h e  
obse rved  da ta .  Tr ia l  a n d  e r ror  t e c h n i q u e s  were ut i l ized to  o b t a i n  t h e  be s t  f i t t i ng  va lues  
of c a n d  v. 
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