manuscripta
mathematica
© by Springer-Verlag 1979

manuscripta math. 28, 235 - 268 {1979)

BLOW~UP OF SOLUTIONS OF NONLINEAR WAVE

EQUATIONS IN THREE SPACE DIMENSIONS
Fritz John
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Let u(x,t) be a solution, Ou 2 AlulP for x ER,y, t 20

where [0 is the d'Alembertian, and A, p are constants with
A >0, 1< p< 1+ /2. It is shown that the support of u
is contained in the cone 0 s t < t, - ]x-xol, if the "ini-
tial data” u(x,0), ut(x,o) have their support in the ball
]x-xol S ty. In particular "global solutions'of u = AjulP
with initial data of compact support vanish identically.

On the other hand for A > 0, p > 1 + ¥2 global solutions
of OJu = A|ulP exist, if the initial data are of compact
support and |lul] is "sufficiently small” in a suitable norm.
For p = 2 the time at which u becomes infinite is of order

ull =2.

Let [] denote the d'Alembertian

2 2 2
O -2 .a-25 ] =
2 2 .
ot ot i=1 3x,
i
acting on functions u(x,t) = u(xT,xz,x3,t). We are con-

cerned here with global solutions of a nonlinear wave
equation of the form

(1) Ou = ¢(u)
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2 JOHN
or of an inequality of the form

(2) [ uz ¢lu)

with a prescribed function ¢ and prescribed intitial data

(3) u(x,0) = £(x) ., ut(x,O) = g(x) .

A global solution of (1), respectively (2), shall mean a
solution of class C2 in the closed half-space x e:m3,
t 2 0, for which f € C3, g € 02 for x E:R3. "Blow-up"

consists in non-existence of a global solution for given
£, g, ¢. In that case instead of global solutions there
may still exist local solutions u defined for x e:m3 and

sufficiently small t.

We associate with u the solution uo of the linear wave
equation

4) DOuw=o0

with the same initial data f, g as u. We introduce for

any (xo,to) EZR4 the forward and backward solid character-
istic cones with vertex (xo,to):

(sa) rt (x°,t0)

{(x,t): |x-x°| S t-t_, t 2 O}

(0]

{(x,t): !x—xol St ~t, £t 20} .

- 0
(5p) T (x°,tg) o

Our first theorem shows that for certain ¢, uO a
solution of (2) either blows up or becomes identically
zero for sufficiently large t:

Theorem I. Let A, p denote constants with
(6) A>0, 1t <p<1+ /2

and let u be a global solution of

(7) Ou 2 alulP .

Let moreover for a certain point (xo,to) eIR4
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JOHN 3
8 wlx,t) 20 for (x,t) € 1T ty).
Then u has compact support and

(9) supp u c P_(xo,to) .

We list a number of immediate consequences of Theorem I
in the form of corollaries. Since F'(xo,to) is empty for
to S O we have:

Corollary Ia. If u is a global solution of (6), (7), and
if uo(x,t) 2 O Zn some forward characteristic cone with
vertex in the plane t = O, then u vanishes identically.

Since u0 2 0 for £ = 0, g 2 O (see formula (17b) below),
we conclude

Corollary Ib. A global solution u of (6), (7) vanighes
identically if the initial data £, g satisfy
f(x) =0 , g(x) 2 0 for all x €2R3 .
Let £ and g have their support in a ball }x-xo‘ s 0 .
Then by the strong Huygens principle valid in 3 dimensions
uo vanishes in the cone F+(x0,p). Hence

Corollary Ic. Let £ and g have their support in a ball
|x-x0[ s p. Then every global solution of (6), (7) with
initial data £, g vanishes outside the bounded set

r (x%,0).

Corollary Id. Let the initial data £, g have compact
support, then a global solution u of (6), (7) can exist

only if
(10) f(x) 2 0 for all x €R, , [ g(x) dx s 0 .
Indeed u has compact support by Corollary Ic. Let

v(x,t) be any solution of [Jv = O with initial data F, G.
If here v(x,t) 2 O for t 2 O we have by Green's identity
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4 JOHN

os [ aviulPdxdt s [ (vOu - udv) dxdt
>0 t>0

= -[ (Fg-Gf) dx .

For F = 1, G = 0 we have v = 1, leading to the second in-
equality in (10). For F = O we have v 2 O for arbitrary
non-negative G. This implies the first inequality.

Standard arguments based on energy inequalities! for
the operator [ show that the solution of the initial
value problem for an equation of the form (1) is unique,
if the function ¢ is Lipschitz continuous. More precisely
it is easy to show that a function u(x,t) of class C2 in a
cone F—(xo,to) with tg
equality |[Jul s M|u| with some fixed M, vanishes in that

> 0, and satisfying there an in-

cone if its initial data £, g vanish for [x-xo| < to.
Applying this theorem to the function u(x,p-t) we conclude

from Corrolary Ic. the following:

Corrolary II. Let u be a global solution of the differen-
tial equation (1), where the function ¢(s) satisfies

0(s) 2 A|s|P for all s, with constants
{(11a) A>0,1<p<1t1+ /2

(11b) ¢(0) = 0 , lim sup ¢(s)/|s| < =
s+0
Then u vaniches identically i1f it has initial data of com-

pact support? .

Examples of global solutions: a) For ty > O, p > 1 the

function
2
_ -2/ (p-1) - A(p-1)
(12a) u = a(t0+t) with a —'7%%ITT

T See (1], p. 119.

2 More generally this would apply to solutions of differ-
ential equations CJu = ¢, in which ¢ depends on x, t, u
and derivatives of u, as long as ¢ in its dependence on
u satisfies conditions (11a,b), uniformly in the other
variables. What matters in addition to (6), (7) is only
that ([Ou)/|u| is bounded for small |u].
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JOHN 5

is a global solution of
(12b; Ou = A|u]P.
Here, f, g do not have compact support. Moreover

uy = (atg) ¥/ T

2t
'(—p:TFEa)<O

for all x and sufficiently large t.

(o]

b) For t, > O, p > 3/4 the function u defined by

0

(132) u = al (t-tg) *~|x-x°|?1* with 80::11’1%:06'8p =a

for (x,t) € P_(xo,to), and by u = O elsewhere, is a global
solution of

3/4

(13b) Ou = 80a'?|u| > alulP .

with initial data of compact support. Since ¢(s)/s for
- 80a1/4|s]3/4

tion u does not have to vanish identically?

s > O is not bounded when ¢ (s) , the solu-

Theorem II. Let the function ¢(s) belong to C2(R), satisfy
$(0) = ¢'(0) = ¢" (0) = O, and be H¥lder continuous with
exponent > ¥v2 -~ 1 for |s| < 1. Then global sclutionsu of
(1) exist for any sufficiently regular initial data f, g
with support in a ball of radius p, provided |D*f£| for

la| = 2 and lDBgI for |B| s 1 do not exceed a certain
positive number §, that only depends on p and the choice
of ¢(s).

Since the function ¢(s) = A|s|p for A >0, p> 1+ yZ
satisfies the assumptions of this theorem, global solu~-
tions of [Ju = A]u[p for p > 1 + /Z exist for any initial
data f, g with compact support that are sufficiently small
in a suitable norm, regardless of the sign of £ and g. Thus

3  More general global solution v of Qv 2 A*[vlp with
support in r‘(xo,to) are obtained by forming v = {1+ew)u
where w(x,t) € C° and ¢ is sufficiently small.
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6 JOHN

Corollary IIX. In Corollary II, and hence also in Theorem
I, the constant 1+V2 cannot be replaced by any larger one.

Corollary II tells us that for certain ¢ a non-trivial
solution u of (1) with initial data of compact support
blows up after a finite time T, without however giving
an estimate for T. For the special case ¢(s) = s2 Theorem
IIT below shows that T is of the precise order e-z, where
€ is a measure for the magnitude of the initial data:

Theorem III: Let the initial data be of the form
(14) £(x) = eF(x) , g(x) = eG(x)

for given F € C80R3), G € CgaR3). Let T = T(c) be the
largest T such that a solution u(x,t) of [Ju = u? with
initial data £, g extsts for x €Ry, O st <T. There
extist three positive constants A, B, € depending on F, G

but not on e, such that

(15) Ac™? < T < Be™? for lel < eq -
The literature onglobal existence, decay and blow-up of
solutions of nonlinear hyperbolic equations is extensive'.
The natural tool for deriving local existence theorems are
energy inequalities leading to a priori estimates for Ly~
norms. These by themselves prove inadequate to discuss
behavior of solutions for very long times, except when the
solutions can be shown to decay sufficiently rapidly in the
maximum norm5. Additional information on global behavior
can be obtained by establishing convexity properties or
other differential inequalities for various integral ex-
pressions formed from the solution, as in the methods
based on "logarithmic convexity"®. In the case where the

* see [2] - [31].

$ see [17], [18], [27], [29], [6], [10].
¢ See [14], [111, [16], [19].
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JOHN 7

number of space dimensions does not exceed three (but not in
higher dimensions), we have the very helpful fact that the
inverse of the d'Alembert operator is positive: if uzo0
and u has vanishing initial data, then u 2 0. This fact
formed already the basis of J.B. Keller's classic investi-
gation [9] of nonlinear wave equations, and also is the
main tool in the present paper.

Many of the earlier results referred to overlap with the
ones given here, but require the initial data to satisfy
various inequalities’. Recently T. Kato [32], gave a very
simple proof of an analogue of Corollary II in m space
dimensions, with the bound 1 + v¥2Z in (11a) replaced by
(m+1)/(m=-1) under the additional assumption

] £(x) dx 2 0, [ g(x) dx 2 O, not both zero

on the initial data. [Actually Kato's theorem refers to
hyperbolic equations more general than (1)].

On the other hand some global existence theorems analogous
to Theorem II have been proved in m dimensions. Indepen-
dently 8. Klainerman [10] and W. Strauss [33] have shown
that for m 2 5 global solutions of (Qu = u2 exist, when-
ever the initial data are of compact support and "suffi-
ciently small" in some suitable sense.

Proof of Theorem I.

We make use of the classic explicit expression in three
dimensions for the global solution u(x,t) of the linear
problem
(16a) [Ju = w(x,t) for t z O, x € Ry

(16b) u = £(x), u = g(x) for t =0, x e:m3

for given f € C3GR3), g € C20R3) and w € C2 for x EZR3,
t 2 0. One finds that

7 See e.g. Glassey's paper [3].
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8 JOHN

(17a) u = uo + Lw
where

o -t
(17b) u”(x,t) = ﬁl£{=1g(x+t£)dwg +sx o, [ flxdte) dug

is the solution of EJuO = 0 with initial values f, g, and

t
(17¢) Ww(x,t) = 2= [ (t-s) ds [ w(x+(t-s)n,s) du
m = n
0 ]n =1
is the solution of (16a) with zero initial data. We notice
two often used consequences of these formulae, namely that
f =0, g2 O implies uO 2 0, and that w 2 O implies

Lw 2 O.

Assume now that u(x,t) is a global solution of (6), (7)
and that the corresponding uo satisfies (8) for some
(x%,t)

Io'

We associate with a function w(x,t) its averages wir,t)

on spheres of radius r about a point xO:

(18) w(r,t) = ;= lél 1 w(xO+rE ,t) dug -

Expressing iterated spherical means by simple ones, we
have from (17¢) that for r 2 0, t 2 O

~ -2% 0
Lw(r,t) = (47) “[(t-s)ds [ dug [ wix +re+(t-s)n,s)de
o lg]=1 =Inl=1
t r+t-s
= [ as A p o wx®ng,s) du
o lr-t+s]| fz|=1 &
t r+t-s y o~
(18a) = [ as f 35 W(i,s) dx .
o] lr=t+s|

We write the identity in the form
(19) fw=pw

where the operator P acting on functions o(r,t) with
domain r 2 0, t 2 O is defined by
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JOHN 9
(20) Po(r,t) = [f X o(r,s) aras
Rr,t

and R denotes the set
r,t

(21) R, £ = {()A,8): t~r<s+i<t+r, s-A<t-r, O < s}
’

in the As-plane. (See Fig. 1). Observe that ¢ 2 O implies

5 . .
Po 2 O since A 2 O in Rr,t'

r+t

Fig. 1

Assume that u(x,t) is a global solution of (6), (7) and
that the corresponding uo satisfies (8) for some (xo,to).
It follows from (17a) and (7) that

(22) u 2z La|u|P

for (x,t) € T+(xo,to). Suppose now that (9) does not hold.
There exists then a point (x1,t1) for which

1 .0 1
X =X ' z tgmty o t, 2 0, ulx ,ty) 0.

_ 1_.0
Set t2 = t1 + ,x X I.

1

Then

(6] +, 0
(23) to s t2' (O t1 < t2l (x rtz) €T (x rto) ’

and thus by (22)
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10 JOHN

(24) u(x’,t,) >0

since the point (x1,t1) lies in the domain of integration
of L as defined by (17c) for the arguments

X = xo, t = t2’ s = t1, (t-t1)n = x1--xo .

since T*(x%,¢,) c:P+(xo,to), inequality (22) holds for
lx—xol < t-t,. Introducing the average U of u we find from
(22) that

NS
(25) Gz APlulP for Oosrst -t .
Because of the convexity of |u|P as a function of u for

p 2 1 we have generally
~~

(26) |u|Pz|al|P .
Hence for (r,t) with O g r s t - t2

(27) d(r,0) 2 ap[aP = a [f A j50us) [P axas .
r,t

Moreover by (24)
(28) u(o,t,) >0 .

We shall see that inequalities (27), (28) imply blow-up of
u. This is proved by deriving larger and larger lower

bounds for u.
By (28) we can find a positive § so small that

~ .1 1
(29) G(z8, t, + 38) > O :

2

We define the regions

(30a) T

{(as): t, + 858+ 3¢t,+ 25, 5= 5 t,}

(30b) 8 = {(A,8): ty + 28 S8+ %, t, S 8-% 5 t, + §}.
Then (see Fig. 2)

1 1 .
(31a) T ¢ Rr for (r,t) € S; (76, ty, + 56) € T;

,t
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JOHN 11

(31b) O s r st -t for (xr,t) € 8

2

1,428

t3+3

t2

Fig. 2

It follows from (28) that for (r,t) € S

3 Ao1g P =S
(32) ul(r,t) =z A fé 5z luld,s)|F dxds = =

where ¢ by (29), (31a), is a positive constant.
Let I denote the set

(33a) Ia{{r,t): Os rst-t, - 28} .

2

We introduce for any (r,t) € I the sets(see Fig. 3)

(33b) s {(A,8): t-r < A+s < t+r ; t, < 8=} < t,+6}
r, 2 2

t

(33¢c) T, {(A,8): t=~r < A+s < t+r ; £ 426 < s-h < t-r}
’

t
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12 JOHN

1o+ 28

1548

Fig. 3
Then for (r,t) € L

(334) Sr < R T S s, T cz
’

t r,t ' "r,t c:Rr,t ' “r,t r,t

It follows from (27), (32) that for (r,t) € I

- p -
ar,t) z B2 ff ATP axds .
Sr,t

Introducing new variables of integration
{(34) a =8+ X , B=8-2

we find, since p > 1,

t.+8 t+r
i(r,t) 2 o acP2P2 [ ap [ (a-8)""P qa
t2 t~-r
t+r
2 o & AcP2P 27y (a-t,) '™P da
t-r

(35) 2 & AcP2P™2 (t+r-t,) 1-p
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JOHN 13

for (r,t) € L. Since for (r,t) €

§ s t—r—t2 Y t+r—t2 S t+r
we have
§2P(t+r)™'  for 1 < p s 2
(t+r-t2)1'p 2 1-
(t+r) ' P for 2 <p <1+ /2

It follows from (35) that

99

(36) ulr,t) = Colr+t) for (r,t) € & ,

where CO’ q, are positive constants not depending on (r,t),
and in particular

1 for 1 < p s 2
(37) 1Sqo={:

p-1 for 2<p <1+ V2 .

Assume more generally that we have established an in-
equality of the form

(38a) u(r,t) 2 c(t+r) I(t-r-1)2(t-r) P for (r,t) € z
where the constants C, g, a, b satisfy
(38b) C >0, gqz21, az20,bzo0
and we have set
t2 + 28 =1 .

Then by (27), (334), (34) for (r,t) € %

G(r,t) 2 a [/ 5% u(A,s)lp dxds
T

r,t
t-r t+r - _
22 [ ag [ (a-B)cPa9P(g-1)P3g PP 44
8r T t-r
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14 JOHN
t+r

2 & Pe-r) PP f as | (a-8)a P (g-1)P? g4
. T t-xr

- Acp‘('t-’r—r)pa+1 tir (pa+2) (a—t+r)+(t-r-1) do

8r (pat+1) (pa+2) (t-r)PP t-r o3P

Py _r_nypat2

> ACY (t-r-1) . I(r,t)

4 (pa+1) (pa+2) (t-r)P

where
;BT
I(r,t) =5z [ «a PI ga
t-r

Observe that gp 2 p > 1. If here t-r > —(t+r), then by the
mean value theorem

I(r,t) z (t+r) P9 2 27"PI(par) ™ (gmr) 1 -9P
While for O < t-r < %(t+r)

1r,t) = pr=byyy (e 7P - (ear) 1P

1-gp

1%

e (172" ) (er)

1-21-9P

Fasmy (40 (e TR

N

It follows that

*» *
(39a) u(r,t) z c*(t+r) V(t-r-1)® (t-r)P for (r,t) € L

where
P
(39b) a*=pa+2,b*=pb+qp—1'c*=_.L_2_D
(pa+2)* ¢
1-pq
= 1-2 1-pq
(39¢c) Dq Min ( Tpa=1 )

Using the values a = b =0, g = 4o’ C = Co corresponding
to (36) we arrive at the inequality (3%a) with

cPp
O

TN PN

% *
(40a) a” = 2, b" = gyp~1 %

Define generally sequences a,, bk' Ck for k = 1,2,3,... by
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JOHN . 15

(40b) a, = a¥* s b, =b , C, = c* as given in (40a)

. = = - = ~2 P
(40c¢) g = pak+2 ' bk+1 = pbk+p 1, Ck+1 = (pafﬁ) D, Ck .

Then (38) will hold with C = Cyr a=2a,b=D0b,q=1 for
k 2 1. Solvinag (40b, c¢) yields

k
_ 2(p%-1) _ k.
A p=1  * Px = 9P 7
and thus
C ., = (a, ) %D,CP 2 ! p,cP
k+1 k+1) D1k 77k P

4(k+1)"p

X 1 * k=1 2 log(j+1)+23 log p-log(D1/4)
C, 2 exp (p (5 log C - ) . )
P ]=1 p]+1 .

It follows that for k sufficiently large
k
Ck 2 exp(Ep) ,

where
1 . ® 2 log(j+1)+23 log p-log(D,/4)
(40d) E = E1c>g c - 3 5T .
3=1 P

Then by (38a) with C, g, a, b, replaced by Ck’ 1, ayr bk

respectively we have

- t-r k
(41) u(r,t) 2 o (t—r—r)z/(p‘” exp [p J(r,t):l
for (r,t) € I.

Here

2
E + =T log(t-r-1) - 95 log(t-r} .

(42) J{r,t)

It is crucial® now that for the dg defined by (37)

p=1 > %% -

For then J(r,t) + = for t-r + «, It follows from (41) for

® fThis is where the upper bound 1 + v2 for p comes into
play!
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16 JOHN

k + o that u(r,t) = « for all r,t with t-r sufficiently
large. But then u cannot be a global solution.

Proof of Theorem II.

Our assumptions on the function ¢ (u) are that
(43a) ¢ € C2®) , ¢(0) = 4'(0) = 6" (0) = O
and that there exists constants B, g with
(43b) B >0, V2 -1 < g s 1
such that
(43c) 16" (w) - ¢" ()| sBlu-v|? for |u| s 1, Iv]l s 1 .
Assumptions (43a, b, c) imply that

lo* (w)] s app-1) ulP™%; Jo' (w| s aplulP™! ;

(43@) |o(w] s alulP for [ul s 1,

where

A=(q+1Bq+2),p=q+2,1+/i<ps3 .

Conversely for the function
(44a) ¢(u) = AlulP witha >0, p> 1+ V2
(43a, b, c) are satisfied with

(44b) B
B

Ap(p-1), g = p-2 when 1 + V2 < p < 3
Ap(p-1)(p-2), g = 1 when p 2 3 .

I

We also assume that f € CgaR3), g € CgGR3), and more
precisely that for certain xo, o]

(45a) £(x) = g(x) = 0 for |x-x°| > p .

0 and its derivatives of orders

Under these circumstances u
S 3 will decay like 1/t for large t, as follows from the

explicit expression (17b), when we convert the surface
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JOHN 17
integrals to volume integrals®. More exactely define

(45b) N = sup lp]allDaf(x) ’ p]B]+1|DBg(x)] .
X
o

B

sv+2
v+1

There exists a universal constant y such that

o o 0
(45¢) p| ][D u (x,t)| < vy B%E N, for x €Ry, t 2 O,|a] sV

when!® v = 0,1,2,3. By the strong Huygens principle more-
over

(454) uo(x,t) = O unless t - p < Ix-xo| < t+p .
We shall show the existence of a global solution u of
(46a) Ou = ¢ (w)

with prescribed initial data £, g, provided No(for given
p, P) 1is sufficiently small. It suffices to f£ind a u(x,t)
for which the expressions D*u(x,t) for |a] s 2 exist and
are continuous in x,t for x EZR3, t 2 0 and which satis~-
fies

(46b) u = u° + Lo (u) .

We only have to make use of the following lemma:

Lemma I: Let w(x,t) be defined for x EZR3, t 2 0, and let
the DOw(x,t) for |a| s 2 also exist!! and be continuous
there. Then Lw(x,t) as a function of x and t <& of class
C2 for x € R
Ou = w.

3s t 2 O, has initial data zero, and satisfies

To prove the Lemma we introduce

® see [28].
10 pd ghall always stand for the epace differentiation
0t1 0,2 01.3

D1 D2 D3
11 observe that the existence of t-derivatives of w is not
assumed.
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18 JOHN

(47a) M(x,r,t) = 3= [ wix,+rn,t) dw for x €Ry, r z O,
Inl=1 tzo0.

Obviously M(x,r,t) is of class C2 in x,r uniformly in t.
By Darboux's identity in 3-space (see [1], p. 104)

(47b) Mrr(x,r,t) = Ax M({x,r,t) .
On the other hand by (17c¢)

t
Lw(x,t) = [ M(x,t-s,s) ds .
0

Obviously

N t t

3¢ Dwlx,t) = M(x,0,t) + / M_(x,t-s,s) ds = [ M_(x,t-s,s) ds

o o Tt

3 t

3% Dy Lwix,t) = é D, M_(x,t-s,s) ds

32 t

—5 Lw(x,t) = M_(x,0,t) + / M_ (x,t-s,s) ds

3t 0]
t

= wix,t) + A, | M(x,t-s,s) ds = w + ALw.

0

We associate with a continuous function w(x,t) with do-
main x € R3, t 2 0 the function
(48a) w(r,t) = sup [w(x,t) ]
X o
| x=x"|=r

defined for r 2 0, t 2 0. We can estimate Lw in terms of w:

Lemma II: For lx— O' =r, £t 20
t r+t—8 A —

(48b) |Lw(x,t)| s [ as J 57 W(A,s) ax =
0 lr-t+s|

or

(48c) Tw s Pw
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JOHN 19
where P 18 the operator defined by (20).
For the proof set
vix,t) = G(Ix~x0|,t) .
Then |w| $ v and thus also
(48d) |1w| s Lv, Eﬁ»s v .

Since v(x,t) depends only on Ix—xo[ and t and is non-nega-—
tive we have v = v (where v is defined by (18) with w re-
placed by v). But with v also Lv is invariant under ro-
tations about xo, as is evident from formula (17c} or from
the invariance of the operator J . Thus also Iv = v. It
follows from (48d), (19) that

Tws Lv =PV = PV = Pw .

Existence of a solution u of (46b) will be proved by
iteration. For that we have to introduce a suitable norm.
For functions u(x,t) which are continuous for x eim3, tz20
and have their support in r+(xo,—p), we define

Hull

sup o VP (t4r+2p) (£-r+20)P %G (x,t)
rz20
t20
(49a) = sup o' P (t+|x-x"]+20) (t-|x-x°]+20)P 2 u(x, t)]
X
t20
The function uo and more generally the DauO with Ial < 3

have finite norms. Indeed by (45d) we have for (x,t) in the

support of uo

o1 7P (£4+|x=xC|+20) (t-|x-x°|+20)P~2

s 0'7P(2t+3p) (30)P72 5 3P (t4p)p”)

so that by (45c)

(49p) |Ip*uO)] yaP~1 o~V N, for fal = v s 3

The next lemma gives the basic estimate for the
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existence proof:

Lemma III. There exists a constant c, only depending on P,
such that

(50a) ||Llu|P|| s co® || P
for u(x,t) that are continuous for x € R3, t 2 0 and satisfy
(50b) ulx,t) = 0 for |x-x°] >t + p .

Applying the estimate (48b) to L|u|p, inequality (50a)
is proved if we can show that
t r+t-s ecP Pt

(51a) [ ds A P, s)ans

) |r-t+s| 2T

(t+r+2p) (t-r+20) P~
with a certain c depending only on p, provided we know that

C pp—1
(s+1+2p) (s-2+2p) P72

(519b) O s u(ir,s) s

and that (see (50b))
(51c) u(r,s) =0 for » >s + p .
We first prove (51a) in the case where
(52a) t - p<r<t+op.
Then also
s - p<A<s+op

for (A,s) in the region of integration where u(i,s) ¥ O.
It follows from (51b) that

Cp

u(i,s) £ Ts+p

and hence that

t t+t-s o _ t -
[as [ s=uPm,s)iar s cP P [(2s4p) P k(s) as
o) [r=t+s] 0

where
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k(s)=§1;-f>\d)\
I

and I is the intersection of the intervals [|r-t+s]|,
r+t-s] and [|r-t+s ,s+p]. Here for r > 2p by (52a)

s+p _ -
k(s) s RE f Adr = (ptt-r) (2s+p+r~t) < p(s+p)
r |r-t+s| ir r
< 2p(s+p) < 12p(stp)
(t+p)+(r-2p) t+p
while for O < r < 2p
r+t-s
K(s) 5 o J Adx =t-s s ts (t-r)+r s 3p s 12p(stp)
2r t+p
jr-t+s]|
Thus
t r+t-s p ptl1 t
A -
[as | S @P0,eoasZE 0 [ (sr0) (2540) P as
0 lr-t+s] )
12¢P o3 % 1-p 36-3P72 P P*! (52b)
S S [ u+1) du s —
0 (p=2) (t+r+2p) (t-r+2p)P

We used here that p > 2.
Consider next the case where

(52¢) O<r <t -op .

Set

(52d) Q = p(p-2)-1 .

Then Q > O because of our assumption p > 1 + /2. Intro-
ducing the variables of integration o, B8 from (34) and
using (51b), (51¢c) we have here

t r+t-s

[ ds A
0

=P
57 U (A,s) da

|r-t+s]

p p(p~1) t-r t+r
C a-8
< ———Eg————— [ ag —+ do
r -0 oL (a+20)P(p+2p) P (P72
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cP pp(p—1) © t4+r do
Sty a8 f e
~p t~r (a+2p) (B+2p)
P .p+1 t+r p ptil
=C. 0 1-p 2CY p
= (a+2p) da s -
8rq .o, Q(p-2) (t+r+2p) (t-r+2p)P%

as is seen again by distinguishing the cases
t-r+2p > T(t+r+2p) and t-r+2p < L(t+r+2p). This completes
the proof of Lemma III.

Definition (49%9a) for functions satisfying (50b) implies
that

(53a) |u(x,t)| s ||ul|

53b) || 1ul®1v1™ O s Jull @ Yv)l VO for 0 s 0 s 1

It follows then from (50a) that

(53¢) L(]u]®P|v]1"OP) < 2 |ju)| OP ||y (T7O0P
for 0 s 06 5 1

Let now Z denote the linear space of functions u(x,t)
for which the D%u(x,t) for [a] s 2 are defined and con-
tinuous in x,t for x €2R3, t 2 0, and which satisfy

(54a) u(x,t) =0 for [x—xo| > t+p
(54b) ||D%u|] < = for J|a| s 2

In particular uo € Z.

If u € Z and |lu]l < 1 we derive from (43d4), (53a), (53c)
the inequalities

ltlulPll s ace? |lull P

e (pwll s ap lIn(lal®Ppal (F9B

(s5a) ||Lé(u) |l s

>

”DkL¢(u)”
(55b)

n

apeo? [lull P77 [Ip, ull
(using & = (p-1/p) and

Iosp L (w Il = JlL(é* (w)pyDpu + ¢ () (Dyu) (Dun) i
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s apep” (] ®™" IIpsppull + (=) ul P72 |/ TR BT 112
(55¢) s apco® (a7 [Ipypull + e=DII6lIP? [Ipgull oyl ),

where for the second term we have used first (53¢c) with

® = (p-2)/p and then (53b) with 0 = 1/2. In the same way,

using (43c,e) one shows that for u,v € 2, |ju]|l < 1,

llvll < 1, and wix,t) = Max(|u(x,t)]|,|v(x,t)])

(55@) |1L(¢ (w) =6 (v)) || s]|L(ewP ™ Ju=v]) || s apco? ||wliP™jlu~v]]
HDjL(¢(u)—¢(v)) =1z (u)-¢" (v))Dju+¢* (V)Dy (u-vy]

(s5e) s ap(p-1)cp?llwl® Alu-v|| IIpjull + apco?|wl® b, (u-v)]|
lID5D, L( (6 (w) =0 (v)) |l

=IIL[<¢'(u)-¢'(v))DjDku-+ ¢ (V)D4Dy (u=v) +¢" (v) (D4V)Dy (u-v)

+ ¢"(v)(Dku)Dj(u—v)*-(¢"(u)'¢"(v))(Dju)(Dku))} i
< Ap(p-1)cp?wl|P~? {]‘Djbkun [fu=v {]+{| Dyu]] | Dy (u=v) ||

+ lIpgvll o, (v || |

+ apeo?llwll P~ !Ilp;0, (w-vill + ap(p=1) ol u=vl P~ pyul] || D]
(55f£)
Here
(56a) |lwll = Max( [[ull , |Iv]])

Relations (55a,b,c) imply that
(56b) Lé(u)e 2z for uez, [lull < 1
We define the sequence of functions u, by
= uo, u =0+ L¢(u,) for n 2 O
If here Hun||< 1, we have by (55a)
°ll

2 p
(56a) llu_, Il s [lu”ll + aco® llu |l

Assume now that Huollis so small that
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(56e) acp? ]I P s A, 1O < 1
p2P 2

(by (49b) this will be the case for No sufficiently small).
We find by induction from (56d4d) that

(56£) [lu_lls 2/lu®]l<1 fornz 0

In what follows C1, Cys ... denote constants depending
on A, p, p and the |[pD*u®|| for |a| s 2, but not on n. It
follows from (56e), (55b), (56f) that

0 2 -1
1D, q 1l s 110,00+ apep?® [lu || P~ |ip,u_|]

o 1
s Il + 3 lipguyll
Hence
(569) Ileunll s C, forn 2 O

Then by (55c)

0
I

IIDjD (s]leDku

Kn+1 |
+ apcp? (fluy Il P77 IIDjDyu, |l
+ (=1 llug Il P72 JIogu 11 D 1)
s 0l + 2p(p=1)0p%2P72 [0 P%c, 2
+ Apcpzzp“nuoup‘1nujokun||scz + %]IDjDkunH
Hence

(56h) [|DsDyu ]l s Cy

Then by (554, e, £f), (56a) with

rv=u o, owe=Max(u |, u oD, vl s 2 (a0

we have for n 2 1
2.p-1 0 -1 1
Mo yqmu s Apep®2P70 |} P70 jju —u o1l s 5 lluy=u, 4|l

and thus

-n
(561) |lu  4=u lls 2 7¢c, formnzo0 .
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Thus for n 2 1
l1D5 (uppq=up) s 2p (=11 00?2872 01} P72 Jluu 1] fioyu)

2,p-1 -
+ apep?227 1)1 P77 |ipy (u - ]

-n 1
=2 7Cg *+ g llugmu

and thus

. -n
(563) [IDj(u  4-u )|l s n2™c; forn z o0 .

Finally for n 2 1

2,p-2 -2
”DjDk(un.,.]'un) || sap(p-1)cp 2P lluoﬂp ]]IDjDkun” ”un-un—1 1

+ 1Dy 111D Cag=uy_ ) 11+ (D3 Dy (o =a ) ]

2,p-1 e} -1
+ apcp“2P! {|u”|| P HDjDk(un—un_1)H
2|

-2
+ ap(p-1)co® lluy-u, 41 P72 [[ogu 1l [IDy, I

-n ~(p-2)n 1 _
£ (n2° 7 + 2 )Cy + 7|]DjDk(un un_1)H
where 1 < 2P72 < 2 by (43e). Thus

2, - -(p-2
(56k) ||DsDy (u  q=u )]s (0277 + n2 (p=2)n ¢

Relations (56i, Jj, k) clearly imply that the Daun
for |a| s 2 converge uniformly for n + » towards functions
D*u, which are continuous in x,t, where u is a solution
of (46b). This completes the proof of Theorem II.

Proof of Theorem III.

The proofs of Theorems I and II given above easily lead
to some upper and lower bounds for the time T at which
blow-up occurs. To obtain however bounds of the correct
order of magnitude some refinement of the estimates is

needed. We restrict ourselves to the equation
2
(57a) Hu = u

with initial conditions of the form
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(57b) u = £(x) = eF(x), u, = g(x) = eG(x) .

Here F € CgaR3), G € CéGR3) are prescribed functions with
(57¢) F(x) = G(x) = 0 for |x-x°| > o ,

while ¢ is varied. By Corollar§ II for p = 2 we are sure to
have»T < « unless F, G vanish identically. The aim is to
prove that ezT lies between fixed positive bounds, depen-
ding only on F, G for sufficiently small e. One could
further explore the dependence of these bounds on F, G;

the lower bound derived for T will be seen to be actually
of order Huoll_z, while the upper bound involves lower
bounds for |u®| in a ball of sufficient size. However in
order to keep things simpler we just stud;'the dependence

of T on €.

Proving first existence of a solution u of (57a,b) for
sufficiently small t we are led to consider for a positive
T the class ZT of functions continuous in x,t for x E:R3,
0s t < 1, for which

(58a) u(x,t) =0 for |x-x°| > t+p .

The first aim is to find an estimate of type (50a) for Lu2

in terms of u for u € ZT. For this purpose it is appro-
priate to work with a more complicated norm on ZT than the
one furnished by (49a) for p = 2.

We introduce (for fixed T1,p) the function

1

plt+p) for t-p < r < t+p
(58b) z(r,t) = & 1 /202N 10g HEX for 0 5 r < t-p ,
-r+p
0 for t+p < r

and now define for u € 2. and u given by (48a)

(58c) ||ul|=sup z-1(!x~xo|,t)lu(x,t)|
rz0
Ost<T
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For Ix—xol =r, 0s t<=<
t r+t-s
Lu?(x,t) s | ds A @208 ax
o] jr=-t+s]
2 t r+t-s A 2
(59a) g Hu“ de f —2—!'_ 27 (x,s8) dx .
0 jr=-t+s]
If here t~p < r < t+p, then also s-p < )\ < s+p,
z(A,s) = 9-1(s+p) in the region of integration, and (see
(52b))
23t 2 3
2 12 lul] “p -1 12 [ul] “p t+p
Lu®(x,t) < 5 é (s+p) ds e log =

(59b) s 12 Jull %0%z(r,t) log e .

Let next O s ¥ < t-p. Then using the variables of in-
tegration o,8 from (34)
t-r t}r

2 llull 2 2 2
Lu®(x,t) st — [ a8 (a-B)z°(A,s) da = (I,+I,) llull%
=p

t-r

where by (58b)

p2 p t+r -2
I, =35 [ a8 [ (a-)(atp+2p) © da
-0 t-r
3 t-r t+r
= -1 2 ,ot
I, = %%? [ as { (a=B) log (E;%) do. .
p t-r
Here
2 p t+r -2
I, s5 [d8 [ (a+B)(atp) © da
-0 t-r
3
_ t+r+p _ 3/2_1/2
(59¢) = &= log 2121% = p>/ 4y z(r,t) .

Introducing new variables of integration ¢,9 in I2 by
o + p = (t=r+p)g, B + p = (t-r+p)oo
and setting

A= t+r+p , B = t-r+p

we have
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3., A/B 1l/¢0 2
1, =827 a ] —-9-—1‘1’_99 e
1 2p/Bg
31 2 3 1 2
(aA-B) p~ 7 log ® p A log(a/B) log™®
s 2r é 1-0 a6 s 2rr I 1-0 ae
[0}
: 1 372_1/2 1 10g%0
(594) S5 0% f =5 o z(r,t) .
[e]

It follows altogether from (59b,c,d) that
(60) [lzu?]] s ex2 032 )2,
where

*

1 2
(61) c =1+ 11298 g0 + 12 Max (1”2 1og(1+m))
2 o 1-0
n>0
From here on the existence proof is exactly the same as
the one for theorem II, the only difference being that in
the basic inequality (50a) taken for p = 2 we have to re-

1/2 p—1/2

place c by ct . The essential restriction (56e) on

uo becomes

26) cp>/? V2|10 < 1
since ¢" for ¢{u) = u2 is uniformly H8lder continuocus.
Obviously

(63a) u° = et® ,

where Uo is the solution of

(63b) du° = o

(63¢c) W° = F, U‘t’=c for t =0 .

Condition (62) then reads

(64a) 16c% p3t €2 |0 % < 1 .

If v satisfies this inequality the solution u of (57a,b)
exists for O £ t < 1. This implies the lower bounds Ae-z
with

(65b) a = (16c? p3 ||uO) %)7!
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for the time T at which the solution blows up.

We next determine an upper bound for T. Assume that u
is a solution of (57a,b) for x € R3, O £ t < T. We exclude
the trivial case where the solution Up of (63b,c) vanishes
identically, which only leads to u = O. We make the further
assumption that

(66) Uo(xo,t) + 0 for some t > O.

(This is not an essential restriction since either F(x) or
G(x) is different from zero at some x  with ]x1-xol
1

< p.

If necessary we replace x° by x and p by 2p in (57¢c),

which does not change anything in the theorem to be proved)
Take any T with O < 1 < T. Then u satisfies

(67a) u = uO + Lu2 for 0Os t <t .

Consider first the restriction of u to the set

(67b) K_ = {(x,t): t-p<|x-x’| < t4p, 0 < £ < 1} .

For (x,t) € Kr the integral for Lu2 only involves points
of KT, and we find from (59b), (58b) that

2 3
2 12 [u ) T+p
Lu®(x,t) s o log 5
where for the restriction of u to KT we define
(67¢c) |[lul]_ = sup o fu(x,t) | ;
T K p
T
thus
+
(670) ||za®||_ s 120 (log(E22)) a2 .
It follows from (67a) that
0 2 T+ 2
(67¢) Jlull, = %l + 120" (og (23 [lull] .
For sufficienfly small t we have

(676) lull_ < 2 WOl .
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If T is the smallest value for which HulLr = 2 HuOILr we
would find from (67e) that

48p2 1og(I%£)lluoHT s 1,

where of course .

(67g) 1u°] HGOH = sop (E21%x,00]) .
% X
t20

It follows that the restriction of u to KT satisfies

(670) lull, s 2 []u°]]

2

(671) [lu=a®)| = [|u?|| s 480% (log(T2)) 1] 2

that is

(673) |u(x,t)-uP(x,t)| s4 (1og(T+°))52Huql for (x,t)EK_

t+p
as long as T is so small that

°J

(67k) 48 p? (log( IPyye |lu 1 .

We go over to the spherical averages a(r,t) of u, which
by (27) satisfy

(68a) u(r,t) z P 52 = ff %L Gz(k,s) dids
R r

r,t

for O < r < t-p. Taking the spherical means of inequality
(67j) we find that for t-p < r < t+p

3
48 0

- ~0
(68b) |u(r,t)-u’(r,t) | £~ (log

0% o)1 2

2 2
The function U (r,t) as a solution of (ij ——f)r Uo
it or
(see (47a,b)) is of the form

H(t+r) -~ H(t~r)
2r r

r,t) =

1
2

F(s) - -;— [ o G(o) do
S

H(s)

where H(s) 0 for s > p. Here
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% x%,6) = 5%(0,t) = H' (t) .

It follows from (66a) that there exists a t between 0 and
p for which H'(t) # 0. There exists then a p > O and a,b
with O < a < b < p such that

|H(s)] > 1 for a< s<b .

Then for t+r > g, a< t~-r < b

o lH(-n) ]

~0
1 6° (x, 1) 5T

v
RI=

for t+r > p, a< t-r< b

and by (68b)
(68c) |u(r,t)| > uzir— - Larfi log T—:Q 20 2> uis
if
(68d) 196e p>(log Egﬂ)liuon 2 ..
Let now (r,t) belong to the set

I ={(r,t): O< r < t-2p}

identifying the tz,é in (33a) with the present O,p.
Then R contains the set
r,t

s* = {(A,s): 2p < s+A, O < a < s~A < b < p}
in which
lu(r,s)| > EE .

It follows that for (r,t) € I

252 ? t}r do
u(r,t) > B-5- [ ag —_—
! 32r oy OB

0% (ba) _1
> B -
This is an inequality of the form (38a) with

2
_ u (b=a) 2
0, C="—3¢

g=1,a=>b-= € .
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It leads to the inequality (41) where J, E are defined by
(40d), (42) and here

Then u(r,t) = « when

2
J=E+ log (t‘izi) >0 .

But here E differs from log (52) only by a constant. It
follows that u(0,T) = « when ezr is sufficiently large.
This is still entirely consistent with the restriction
(68d) on 1t when ¢ is sufficiently small. Hence T < Be'-2

with a suitable constant B for € sufficiently small, pro-

ving Theorem III.
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