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Abstraet. We prove the existence and uniqueness of a center-of-mass line as well
as a center-of-motion line, the latter due to G. Dixox, 1964. The validity of the
theorems depends on some assumptions listed in § 2, whose most restrictive ones
(in the sense of physics) state a certain weakness of the gravitational field. In the
concluding paragraph we give some corrolaries and a very simple application to
the problem of motion.

1. Motivation

To determine the motion of a finite number of material particles one
needs three sets of equations: (I} the field equations, (II) the equations
of motion and (I1I) the supplementary equations. By (I1I) we mean all
equations (if necessary inequalities too) that defermine the problem
uniquely, e.g. equations of state. By (II) one usually means a set of
differential equations giving as solution timelike curves in the space
time V4 (V4 meant as solution of (1)), such that the curves are uniquely
attached to the particles. Up to now it is unknown whether there exist
solutions g, () of (I) such that the support of the matter field T2%(x)
is a finite set of timelike lines. We therefore take the point of view that
Te?{x) means a collection of extended sources (we make it precise in § 2).
Now two problems arise: (a) To find a timelike curve uniquely defined by
the given matter distribution; (b) Exxstrins classical problem, to derive
from (I} the equation of motion (I1) for the curves already found in (a}.
Obviously (b) makes sense only when (a) has been solved. This paper is
devoted to the problem (a).

Up to now an answer to (a) was given either by taking over the center-
of-mass line of Special Relativity to curved space time, which works
for weak fields in connection with a suifable approximation method
(Fock, 1939, et al.); or by taking singular sources and taking as the
required timelike curve the support of T¢?(z) (EmstEIN, InvELD, HOFF-
MaNNY, 1938; Taus, 1964; INFeELD, PrEBANSKT, 1960 et al.). Taking the

* Essentially this work has been done during the authors stay at the Seminar
{. Allg. Relativititstheorie, Univ. Hamburg.
1 Here the sources are singular in the mathematical treatment.
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second point of view, for the reason of uniqueness one has to introduce
supplementary conditions. Many of them have been proposed but
G. Drxox, 1964, was the first, who found an algebraic equation fixing?
the timelike line without using the equations of motion in its formulation;
he explicitely states the logical independence of (a) from (b).

Because of the independence of the spacetime geometry of the
material field the center of mass line may be introduced in Special
Relativity using mainly 7%, = 0. If we want to include gravitational
phenomena we need the whole set of field equations and not the inte-
grability conditions alone, as will become explicit below. All assumptions
restricting the generality of ¥* are listed in § 2. Having in mind the use
of the center-of-mass line in approximation methods, we demand it to
be an extension of the center-of-mass line in Special Relativity; (regard-
ing classical mechanics as the “low velocity”-limit of Special Relativity
it is even an extension of the classical center-of-mass concept). We
therefore devote § 3 to the problem in Special Relativity; we show two
possibilities to define the center-of-mass — one due to Syner, 1935;
MorrERr, 1949, the other is an improvement of the idea of LaNczos, 1929;
ParapETROU, 1939; the theorem 3.1 states their equivalence. In the rest
of the paper we try to take over both definitions to General Relativity:
First we construct a timelike unit vectorfield in a sufficiently large region,
confaining the particles under consideration, by the condition, that it
makes the real valued function (4.4) minimum. With the aid of this
unique vectorfield (4.14) defines a mapping of complete normed space of
continuous time like curves into itself. This mapping is contractive. By
the Banach-fixpoint-theorem there exists one and only one line mapped
into itself. We call it the “center-of-mass” line of the particles3.

Dixoxs condition also fixes a unique “center-of-motion”-line which
will be proved essentially by reduction to the proof sketched above. But
now, in curved space time, both lines are different in general. Finally, in
§ 5 we give some properties of the center-of-mass so defined.

2. Basic Assumptions

In this paragraph we list all assumptions needed in the following. In
some cases it would be too cumbersome, to give the exact formulation
here; we give it in the context below.

The most important quantity will be the matter distribution de-
scribed by the symmetric tensorfield 7'? (x) with the properties:

2 Dixox did not prove this but he proposed a procedure that can be extended
to a proof as has been shown by W. Kunpr (Sem. Hamburg 1965).

2 A more detailed outline of the proofs was given at the London Conference
1965 [1].
8‘
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(2.1) Ty, is timelike for all v timelike or null.

(2.2) Te?, = 0, where differentiation is meant with respect to the
metrie in (2.7).

By T we denote the support of T%?(z)in V4, where V* is the Rieman-
nian manifold with the metric (2.7) of signature - 2. Then:

{2.3) T is timelike and differentiable; i.e. there exists a congruence
of timelike, differentiable curves of infinite length with support 7.

(2.4) T is space-compact; i.e. the intersection of 7' with any space-
like hypersurface is compact in the topology induced by the metric
topology of V% on the hypersurface.

(2.5) T is space-equibounded; i.e. there exists D > 0 such that the
geodesic distance between any two points of T’ spacelike to each other
is less or equal to D.

(2.6) TCZ(T) and ;! is diffeomorphic on Z(T); Z(T) is the Rie-
mann-convex hull of 7' defined as follows: Take all the timelike vector-
fields of(z), 7 ¢ I z ¢ T and construct the geodesic surfaces I'; , ortho-
gonal to v?(x); then: Z(T)= ingI fclleez:,k ok{egt o (I TN} e, is the
exponential map of the tangentspace at x into V* and £ means the con-
vex hull in the uswual sense. Obviously #Z (7'} contains the geodesic-
convex hull of 7" and (2.6) implies that the space-sections I; , n T are
covered by a Riemannian coordinate frame. Assumption (2.6) is very
strong and we will weaken it in the concluding paragraph of this paper.

(2.7) The metric used in this paper is meant to be the solution of
Finsteins field equations Re? ———;-Rg“” = Tb, where the right hand

side is the matter tensor discussed above.

(2.8) go? is of class %%, s = 3 in T and therefore T4?(z) is of class
%r,rzlin .

(2.9) Take any timelike curve k in T and take the assembly of all
spacelike geodesic starting at &; then this assembly taken as a point set
should cover 7.

This condition is a consequence of (2.6)* but is considerably weaker
and will be sufficient for the basic definitions needed below. It just
guarantees that the whole of T%(x) contributes to the center-of-mass
line.

(2.10) V4 is regular in Z(7") in the following sense: suplf¥, (&) =
= 8¢, < co. The sup is taken over all Riemannian coordinate frames
adapted to v®(x) (v = 82) — v%(x) varies over a compact region of the
tnit mass-hyperboloid — and over all £, where £ is a point in the region
of T covered by all these coordinate frames.

¢ 1t follows also from (2.3), (2.4).
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(2.11) Condition {4.12) is valid. We need this condition to get
lemma 4.3 but it would be to cumbersome to make it explicit here.

{2.12) Pe{x), P%(x) are the total momentum quantities (see appen-
dix A) respective to the observers v®(z), v%(x) with %12% 9% = 9%, Then

we assume for small 4 that:

v [2T8TY°dn < - 2 (A) pulo), 0= y<1

E{%
where @

G — %) | 2A(1 — "1
VA= T T — e 4+ I

and K (4) is the wedge “between” Iy, and I’y ,).® This condition looks
very technical. Physically it assures, that the difference in the total
momentum quantity measured in the restframe of the two observers
goes to zero faster than the difference in the total mass quantity; this is
meant in the limit of 4, i.e. relative velocity, goes to zero.

In the terminology of appendix A the upper limit y, of ¥ is of the
order of a; i.e. <1, as can be seen by the estimates of appendix B.
y == 0 in flat space-time (see § 3).

{2.13) The weak field conditions made precise in the appendix.

Weakness of the fields is meant in the following sense: Measured in
the Riemannian coordinate frame adapted to u®(x) (vesp. p*(®)) —
timelike vectorfields defined in § 4 (resp. § 5) — and given in e.g. CGS-
units, the fields should be numerically small. Because the units are
adapted to other physical (e.g. electrical) fields, |I%,| < 1 means, that
the gravitational field is small compared to the above (electrical) field
measured by the same observer. In this sense we use weakness in appen-
dix B.

We gave all assumptions very explicitly and in course of the proofs
we will refer to the numbers in this paragraph. It is worth to note, that
most of the above assumptions are fulfilled by general physical consider-
ations. Just the assumptions (2.6), (2.11}—(2.12) are somewhat restric-
tive and of a very technical character. Except of (2.11), which has to
be verified in any special problem, they state, that the fields are “not to
strong”. In appendix B we give some numerical estimates, that show,
that in practical cases they are physically not very restrictive.

Throughout this paper the system 7T is free from nongravitational
exterior forces and, for simplicity, 7 = Z(7) in §§ 3—5.

3. The Center-of-Mass in Special Relativity

In (2.7) we replace the solution of the field equations by the Min-
kowski-metric; then (2.6)—(2.13) are fulfilled automatically.

% The integral and the quantities , I" are defined in § 4.
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It is well known (e.g. SYnGE, 1956) that the total momentum vector

Poz= [ Tad d;‘:b‘* is timelike (see (2.1)) and independent of the special
z
choice of the spacelike surface } (because of (2.2), (2.4)). We redefine that

quantity:
Po(e, v(@) = [ T dx, (3.1)
Ly(z)
where v*(z) € AL (] is the set of all timelike unitvectors at x pointing
in the future) and I',(, is the hypersurface spanned by the geodesics in
x orthogonal to v*(xz). Then the above statement says that P(x, v()) is
independent of z, v%(x); i.e. @ constant vectorfield on M* x A%
Next we define the minimal veetorfield u%(z), u®{z) € AL, by the
condition: min v, (z) P(x, v(x)) =: u,(x) P¥x, u(x)) for all & € M* The
vEAL

constancy of P¢ and the hyperbolic character of the metric gives
immediately: u®(z) is a constant vectorfield on M* and wle PPl = (. This
involves two statements: 1. The total mass M (x) = u, (%) Pz, u(z)) is
constant. 2. For all 2’ € I'y,y = I, we have I'y = I',.

We define a map % : M* - M4 by:

oL 08y = (u, [ T75 di) 1 u, [ E9T0 di, + 20 (3.2)
Iy Iy

where £ ¢ I,; i.e. &2 is in the tangent space T, at z fulfilling there
%o {x) &% = 0. Physically (3.2) means: Calculate the center of mass in the
inertial-frame of an observer in 2, who measures minimal total rest-mass
(or equivalently: who measures P*=0, o= 1,2,3) — we call him
we-observer. To (3.2) we apply a theorem well known in classical me-
chanics: The center-of-mass of a positive (see (2.1)) measure with com-
pact support (see (2.4)) normed to unity on a locally convex, positive
definite vectorspace (here [I',) lies in the convex hull of the measures
support; ie. xy € T.

We may enlarge our map & in a natural manner to timelike curves
z{s) by applying & pointwise such getting the curve x,,(s), the cenfer-
of-mass-line of the given matter distribution 7'2? {x)?. It lies in the convex
hull of 7'; and because of the statement 2 above wy (s) is independent of
the z(s) we were starting with® (the Lebesgue-measure dx,, is translation-
invariant!). This, together with (2.3), (3.2) involves: s — ap(s) is differ-

& 2(u, v, w) be the parameter representation of the 3-surface Z; then

% ox® dx° oxf
0 = V=0 bt 5" 55
tensor.

7 The definition via the inertial-frames shows: x(s) is a preferred line (because
of the minimum condition defining «(x)!) in the centroid of C. Laxczos, 1929;
A. PapaPETROU, 1939; see J. SynceE, 1956.

8 Consequently it is unique and completely fixed by the given T?(x).

dw A dv A dw; 84,418 the alternating Kronnecker-
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entiable. We calculate its tangent vector 4, (d T = u, T d’%b, % is the
K3
Lie-derivative in u®-direction)

9
doi L2 ffadTr:—ﬁlT( fggadT+Aa) = [uedT=us.
Iy Iy u Iy
The vanishing of 4% is most easily seen in the w*inertial-frame at 2%(s):

AY = ff?’T‘m AP = — f EVT"“)[md%—l- [TV dRa = j Tro g% = Pr=10

Where we were aware of (2 2), (2.4), u[“Pb] — 0. Such we get tyloubl = 0
and therefore £le P?l = 0,

We gave the procedure leading to the center-of-mass line in con-
siderable detail out of two reasons: 1. It contains all the physical ideas
serving lateron as a background for the generalisation to gravitational
theory, 2. Essentially, the much more complicated proofs in §4 follow
the same outline given here.

Various authors (J. SyneE, 1935, 1960; C. MorrEr, 1949; C. PrYCE,
1949) proposed a different definition of the center-of-mass. They define
the total angular momentum J°? with respect to z, € I,y (p*(x) =
= (P, Pr)-12 P2(x), I,y is the 3.surface orthogonal to p*(z) at a;
because of wl®p?l = 0 it is identical with I",) by:

JoU (x, xy) = 8P () — 2(xy — x)l2 PP (3.3)
where 8¢? is the spin quantity
8o (z) = [ ElaqWle g%, . (3.4)
I

Evidently, Jo®(x, xy) is independent of # € I',. On the other hand, there
exists a preferred z, — we call it the cenler-of-motion xp — defined by:

S (g Py=0. (3.5)
By this we get a map &5 x — x5 Again we enlarge it to timelike curves

x(8) — xp(s). The above says, that it is independent of the special choice
of z(s). A simple algebraic caloulation combining (3.3)—(3.5) shows:

) = (b [ T2 dZ) py [ £0T00 A, + s (3:6)

ie. zp{s) exists uniquely, it is a timelike geodesic with tangentvector
% parallel to p° (see J.SyneE, 1960). Comparing the properties of
x3r(5), xp(s), especially (8.2), (3.6) we proved

Theorem 3.1. In flat space the center-of-mass line is identical with the
center-of-motion line. It is a timelike geodesic lying in the convex bull of T';
the vectors P°, u®, and t§; are parallel to each other.

Lateron we will show (theorem 6.1, 6.3, 6.4) that in curved space-
time this theorem is no longer valid exept for special cases.

% For ‘cie:_ differentiation of an integral see e.g. ScHoUTEN, J.A., 1954, p. 111.
The slight generalisation used here can be found in Drxox, G., 1964.
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4, The Center-of-Mass in Curved Space-Time

1. The minimal vectorfield on T
In the tangent space T, at x € T we define the vector-valued 3-form

w3(&) =11 0 T (eo(£) [ ~ g (e (&) A, (1)
For di, see §3; IT o T%® means a tensor at x one gets by parallel pro-
pagation of T%?(e,(£)) from e, (&) to  along the geodesic g(e, (&), z) with
initial direction &% and length |g(e, (&), )] = |&%|. Using the product
integral of ScHLEsINGER, 1931, we may express it explicitly (see also

appendix A): IT o t2(e, (&) = 1" (e, (£)) fx (6% + I'%,(s)ds%)*%. Whenever
eq(£)

g is a differentiable form, a simple calculation using (2.2) leads to the
4-form:

dowl(£) = —IT o (I, Tt5 + T8, Trt) (e, (£))d% . (4.2)

The form (4.1) gives the integral (see G.pE Rmam, 1955) we will use
throughout this paper; we introduce the notation
fwp=[TdE,. (4.3)
z P
It is a vector at  well defined by }; and the matter distribution 7% (x).
With its aid we define

U () 1= v, (x) [ e 43, 4.4)
Iy

a real valued function on AL u,(v) = 0 because of (2.1) and u,(v) = 0
if and only if 779 = 0 almost everywhere on ¢, (/). As v® approaches the
light cone, u,(v) increases. We are interested in the minimum of u,(v)
and therefore we restrict our arguments on a compact!! domain K
suitably chosen in L.

Because of (2.2), (2.9), (2.8), (2.4) pu,: AL R* is continuous (see
also KoBavasuer, Nomizu, 1963, proposition 111, 8.1). Therefore u,(v)
takes its minimum on K in say u®(x). We prove:

Lemma 4.1, 4% (x) ¢s unique tn JH L.

Without!2 loss of generality we choose K such that

K:={av|v K, ¢ R¥}
becomes a convex cone. We define by D,(v): = u, (—IZT) a continuous

function: @, : K - R+, We show that @, is strictly convex; ie.
D (v + (1 — Hhw)<iD,(0)+ (1 - 1) D, (w); (0<i<]l) (45)
for all », w € K not collinear to each other. If so, @, takes its minimum
0 R.BremuE, B. 8. ps Wrrt, 1960; G. Dixon, 1964, called the product inte-
gral the bitensor of pafallel propagation; it reduces to 6g in flat space time.

11 We take the topology induced by Euclidian topology of 7',.
2 Tn the proof we omit the coordinate indices, if no confusions may arise.
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in exactly one ray, whose intersection with 4% we call «(z). By con-
struction v € K and

pe(t) < pg(v) forall wwu, veAL.
It suffices to take v, w € K in (4.5). Than (4.5) is equivalent to (v(4) :=
= v+ (1 - Hw)

W)} (}m dex:+(l—l)wf...)<2.vf-..+(1__x)wf”

Zoiy Zuthy e o
with |v(4)] = (v2(4) v,(A))*2, 1 < |v(})| < co. This means:

{(ﬁd}m@mgﬂf..._f...>}+

v(A) %

+ [the same replacing 4+ (1 — A), v—>w] < 0. (4.6)

This is trivially true if the second summand (s.s.) in each bracket is
=< 0 (e.g. flat space time); we therefore assume it to be >0, Using Stokes
theorem (see also SCHLESINGER, 1928) and (4. 2) we calculate for (s.s.):

(8.8.)r= —vaKf) )drf{(l’gcch+F,§’chc) (e(&) f 02+ I'gdz9)}. (47)
4

[2¢3]

Where K (1) the section of the support of wg “between 2, ;) and 2,”. For
{s.8.)y; in the second bracket we get an analogous result. Obviously (4.6)
is true if

(@] —Da(o)

(s-8)

But (4.8) is fulfilled because of assumption (2.12). The same argument
holds for the second bracket.

We remark, that all our valuations are made in a fixed Riemann-
normal-coordinate frame adapted to any vector of K chosen once for
ever. Then everything is well defined, because of the compactness of K,
the compactness of the rotation group S0, and our regularity assumption
{2.10). Obviously the special choice of our coordinate frame affects not
our result, so we proved the lemma.

The above construction applied to all # gives us a uniquely defined
timelike wnit vectorfield w®(x) in V4 We set p,(2) =: M(z) in the
following and call it the “mass quantity”. The set of all points lying on
the geodesics starting from x orthogonal to u%(x) is called I',; it is a
hypersurface in the neighborhood of #, where the exponential map is
diffeomorphic (e.g. Exsenmarr, 1949; Kosavasut u. Nomizu, 1963).

Lemma 4.2. u®(z) is confinuous in T.

Proof. For a suitable neighborhood N, of the zero vector in 7 e, is a
diffeomorphism (Kosavasaz u. Nomizy, 1963). Assumption (2.6) implies:
Taken as a mapping ofx‘?JT N,— V* the exponential map is a diffeo-

>1. (4.8)
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morphism, and furtheron, that the support of wg lies in N, for all z ¢ 7.
Then, as a consequence of (2.4), (2.8), (2.9), (2.10), p(x, v) is continuous
for all « €T taken as a mapping of the principal fibre bundle
B :=R(T) x A} into R+, (Obviously the structure group £ (proper
orthochronous Lorentzgroup) acts transitively on the fibre). By lemma 4.1
o(x): x— (x, u(x)) defines a cross section on #. We have to prove, that
¢ is continuous on 7.

Be z, € T and {&;} - 2, a converging sequence in a suitable neighbor-
hood %(%,), and be 7(x) a continuous cross section over % (z,) with
T (%) = 0 (). For any k there exists a g, € 5,”1 defined by g,7 (#,) = o (%),
and our remark to lemma 4.1 shows, that the {g,} lay in compact domain
of Z1; ie. {g:} > g, We set [(z) = u(e, v(2)), which is a continuous
function into R+ with the property f(z,) = p(zy, g5 (%)) > 0. This and
the uniqueness of the minimum of y imply:

(@ 97 (1)) = 21, 9oT (%)) = p (g, 0 (%)) 5
therefore g, = ¢ and finally o (x;) — o (%)

As a consequence we geb

Corollary. M () is continous on T

Remark. In flat space time u%(z), M (x) are constant and defined all
over M4 In this case M (x) is the total rest mass, which justifies the
terminology “mass quantity”.

With the aid of lemma 4.2 we are in position to prove

Lemma 4.3. u* (%) is differentiable in T'.

Proof. Let U (x,, v,) be a neighborhood of (%, v) €U’ X AL, U’ open
in T, fixed once for ever and vy = 4 (2,). In an arbitrary fixed coordinate
frame covering U’ let v® = (¢°, ¢*, %, v®). We have to prove, that the
functions «%(z), . . ., u?(x) are differentiable in 7. Because of the defini-
tion of the minimum vectorfield % (x), those functions have to fulfill:

(8) gap(@) ut (@) ub (@) = 1 )

(b) (%, v) - pg(v) becomes minimal for v=w(w); 2 €T.
Set ( [ T“bdféb) Gaslty = @;0% ..., v%;2). Then (% ..., 0%~

Io(z)
~»@P%0, ..., ¥ isof class ¥ foralli =0, .. ., 3 because of assumption
(2.6) (2.8); further x — @7~ (2) is differentiable. To see this, one has
to set v(x) =&, & € U’, where v{xy) = v(z,) and 7 is the cross-
section related to the parallel propagation. Then x — [, is of class €*
inx €7. Because of (2.8) wesee z > DUx) isof class " (r = 1) in T.
In the above terminology we may replace (4.9) by

(a) P=(o°, ..., %) =1

3 4.10
(b) pgl®, ..., 03) =3 v D%(e0, . . ., v*) minimal . (+.10)
=0
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We have to look for the minimum with respect to » for fixed x ¢ U’. 1t
is the solution of:

3
DL°, ..., %) —{—k)_:,;vk@fk(v", e ) - AE =G, v)=0 ({.11)
where A is a Lagrangian multiplicator, % := 3%; P2 a polynomial in

o, ... 0% and %= —a%g @%. By the preceeding arguments we know:

z - G;(z, v) is differentiable and so is v— G;(z, ») because of (2.8). By
lemmata 4.1 and 4.2 we know, there exists a continuous and unique
solution v® = 4% (%) {¢ =0, ...,3) of {411}). An elementary caleulation

shows

out .

FEr e (Du)-“s(l)m)sf,(%,vn) 13
where (D,),,(D,)"17¢= 1l and (D,),, (& = @, v) is the rs-component of the
derivation matrix of G* with respect to o®. Therefore the four functions
u®(x) are differentiable if and only if det(D,},, = 0 in 7. This means:

3
det (207, + 3 wFd%,+ AQF) + 0 (4.12)
k=0

where 9%, = =— @2 and @2, = —a% Q2. Our assumption {2.11) conclu-

d
EZd
des the proof.

We remark that (4.12) is true in flat space-time and in the Schwarz-
schild-solution filled with a perfect fluid, on the central line of spherical
symmetry4,

Corollary. M (z) is differentiable for z ¢ T.

2. The Space Z(T)

We call Z'(T') the set of all timelike, differentiable curves k(= (s)) in
T15, With the aid of our ue-field we define a distance function on Z'(7T):

F,Ky= sup sup [glayn ¥, Loy n k). (413)
T{)eZ(T) s€R

Obviously (&', k") = (k'", k'), 0 < {k', k') < o, because of (2.5) and

lemma 4.2 and (&', k") =0« k' =k". (Be k' %= k" then there exists

&’ (8g) with |g(Iy(sy N &', Tyey N ') > 0, which implies (&', &) > 01)

For the geodesic distance (g spacelike!) we have the inequality g (z, )| +

+ gy, 2)| = |g(x, 2)| which leads immediately to (&', %)+ (&, k") =

13 Tn flat-spacetime (D,) = 0, (D}~ ~ 7*® and consequently u®(z) is constant
affirming our result in § 3.

1¢ Whenever all the other of our assumptions are fulfilled, which is true in the
Schwarzschild-field of not to large rest mass, then (4.12) is a consequence of differ-
entiability of u(x); but the latter is true, u (z) being the tangentvector to the (geo-
desie, timelike) central line defined covariantly by the spherical symmetry.

18 I, == e,{lyw)> Where I,y € T, as described in § 3.
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= k', k). All the properties stated above show, that {, > ¢s a meiric
on Z'{T). By Z (T} we mean the completation, with respect to this metric,
of Z’(T). Then Z(T) is a complete, normed space. Because of (2.4) all its
elements are continuous curves in 7',

3. The Center-of-Mass Line
For any point ¢ T' we define the map

&
x> wyy = e { M () u, (2 Ff &roi)}. (4.14a)
w(z)
In the following we will use the symbolic notation:

oL gy = U (2) 0, (2) Pf g 4z, . (4.14b)

The real valued 3-form M (2} u,(x) wf(§) defines a positive, normed
measure with compact support ((2.1), (2.4)) on I, (. We may identify
L,y with TR? and then it is well known, that this meagure has a center-
of-mass and that the latter lays in the convex hull of its support. This
means in our case:

Lemma 4.4. zy in T, whenever x € T

We extend (4.14) to x(s) € Z(T'} defining x(s) — xy (s) pointwise (i.e.
for each s € R) by (4.14). This extended map also will be called & and
we prove

Lemma 4.5. & is o mapping of Z'(T) into Z'(T').

Proof. Be z(s) €Z'{T); the composition s x(s) — x,(s) together
with lemma 4.3 shows, that xy(s) is a differentiable curve; lemma 4.4

shows that xy(s) € T for all s € R. It remains to prove, that % := —gg x4

is timelike. To do this we need some preliminary steps:
a) The k-map. (2.8), (2.8) assures the existance of a neighborhood

N (s} covering T n B(o), where B(o) is the sandwich “between” I'; and
Iy1q such that ey : N — T,y is diffeomorphic. In 7',y we introduce
an orthonormal tetrad ¢;(s), ¢# = 0,1, 2, 3), with ¢,(s) = u{s) and pro-
pagate it by a generalized Fermi-transport along x(s)m, namely:

d {u,z 5

et 2u—r—g, + W NE,) e Z 0 (4.15)
where N¢, = (Ed;; u“) Uy, — 2u* (—d— u(b) g (i.e. u? is transported into
%® and so is its orthogonal space). We relate those points of I'; and Iy,
whose corresponding vectors &7, &% . 5 have the same components in
the (4.15)-related tetrads; all points related to £(s) lie on a curve k:(s).
Because of lemma 4.3 %:(s) is differentiable. If ¢ is small enough the
curves kz(s), & € I'y9 N T do not intersect and therefore they constitute

18 G, Dixow [4] already used this propagation with a somewhat different
meaning of .
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a one-to-one map of I'y—> Iy, (o> 0) called the k-map'’. We find
always a positive ¢ — (2.13) -, such that the above is true; so our map
has meaning in a finite slice containing [ for all s. The tangent vectors
to the k-map give a continuous vectorfield in the above mentioned slice.
Using (4.15) and remembering, that £% depends on #(s) as well as on

£ € I'y(y we get: k(&) = Xo (ur (2 — &9, %) {4.16)

where {2 = % and X, is a tensor ab x{s) constructed as follows: Pro-

pagate &2 parallely along g(z(s), &) and differentiate the vector so ob-
tained with respect to 27 (£). This gives a tensor, whose inverse parallely
propagated along g(&, (z7)) to x{s) is X9, We observe that &°(0) = 2,
ko(s) = x(s), which shows — together with lemma 4.3 — that k* is a
timelike vectorfield. In flat space-time (4.16) immediately gives k¢ = i,
as it should be, according to the prescribed meaning of the k-map. As
parameter on the k-lines we use the induced-one by the I';layers, ie.
induced by s in 2(s).

b) Now we are in position to prove our statement. To do this we
caloulate 1§, explicitely (;‘{- means Lie-derivation in k-direction):

d aM 1 1 du,
iﬁﬁ‘&?”‘ﬁl(s):[ﬁr"ﬁwﬁﬂsH I s f g i, +

4.17)
+ 25 f g dex]+ Mu,,f fﬂgade%_[z 142

Obviously i“ua = 0, i.e. {f is spacelike and = 0 in flat space-time. The
following we calculate in the #(s)-system used in appendix 4. The
P Pl

e
means |2 < 4 _!JTI!” with 0 £ 4 €1 and A, is the upper limit of 4. The
numerical value we have to expect is roughly estimated in appendix B.

It remains to discuss #2. By definition of the k-map we see immediately
¢

f ko(£) d T, where dT = M-1u, f (8¢ + I'% ds®) TP d, for ab-
brewa,tlon Using (4.16), (A.3) we ealculate in the Z (s)-system?s:

l¢ 18l .
ka(§)=5a+(1— f I'ds+ [ [ rere)asds + - )
0 0

[53 {6l i 3
H—lg(g)x(1+ / Tds+ 5 [ [ rereyasas + -
0 ¢

0
(&) wr + i)
1 It has the important property that g(x(s), &(s)) = g(z(s + o), &(s + o))
where £(s + o) is the k-picture of £(s).

18 'We use the matrix notation of appendix A and set (g,(£) & 5")% = &l

estimates given there show that |t¢| < 2D (oty -+ o)
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where
&
(f (1 + Ids)2&ey, )
z (8}
which gives explieitely

! b 1¢l 5
HE(&) = (1+ff'ds+ )5§+F§;(§)<1+fl’ds+---) gt
4]

¢ ¢
14l fei sl b
+ &5 ffds+ fffs)F(s dsds' + - } .
By a simple calculation we find

aé:.s I‘ﬂ lé:l gr(ch)s‘E +93b)§ = “s( )

141 a(&)
(—a—aégfl’ds) :I’(as(é) - ff(r) dt) .
0 0

With notation of appendix A we get
las(8)] = sup los (&) = 191 @+ |1']D)

and therefore

leading immediately to the inequality: (D|I'] = ¢}
|HE(E) — 08l = (¢ — 1) (L + o) + e(1 + [§]l (1 + c)e) = By'? .
Therefore we are allowed to write:
k(€)= &%+ % (u) £ + (u) u® 4 2'* (4.18)
where h%,(u) is the projection on the u-restspace in x(s). The vector 2'¢
depends on I% and vanishes in flat space-time; to give its explicit

form would be cumbersome and fortunately we do not need it.
Going back to (4.17) we get

by = u® + L ZOE) L =ut+ 2%, {4.19)
M ’
I,

We have normalized the parameter ¢ such that 4%, = 1 and have used
the fact that A% (u)® is a fixed vector in I,

Using the result we have got for #%;, the second statement of appen-
dix A and the inequality for |H (&) — 1] we get20

P :
o] = 5 o+ By+ 04D) = Gy
© For the examples estimated in appendix B we get B, =% a; a is tabulated

there.
20 Looking at the estimates in appendix B we see, that 0, is of the same order

of magnitude as 4,.
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Then it is easy to see that t4¢5, > 0, 1.e. t4 is timelike, such proving the
lemma,

At this stage of our investigations we are in position to say what we
mean by the center-of-mass line of a given matter distribution 7% (x).
We define it, being the line x(s) € Z (T) with x3(s) = z(s); in other words:
it is characterized by the fact, that in its % (s)-system a%;(x) = 0 for
all s.

To prove the existence of such lines, we construct by (4.14) the con-
tinuous vectorfield 2%, (x), « ¢ T'. Each of those vectors is spacelike and
therefore vanishes if and only if its projection on a spacelike hyper-
surface vanishes. As such a surface we take I, (%, fixed in 7'} and project
2y ('), o' €1, nT onto I',. So we get a continuous vectorfield on
I, T. Assuming T being geodesgic convex and caleulating a4, (z""),
x" € {surface of I';, N Ty we see that a4;(z"") points to the interior of T
and therefore the projection points to the interior of I, N 7. So,
finally we have a closed 3-domain and on this domain a continuous
vectorfield pointing into the interior everywhere on the surface; then, by
Broowsers fix-point-theorem, we gebt: It exists at least one point in
I',,n T where our vectorfield vanishes. This means by our argument
above that 2% = 0 at those points, such proving our statement, when we
replace z, by a differentiable curve z,(s} € Z'(T).

This proof (given by J. MaporE?) cobviously shows a bit more,
namely:

Lemma 4.6. The center-of-mass line exists and lies in the geodesic hull
of the support of T*?(x). It ts a continuous timelike curve.

The last statement is almost obvious remembering that Z(T') con-
sists of timelike, continuous curves.

Up to now nothing is said about uniqueness and it still might happen
that we have several center-of-mass lines, the number of which is com-
pletely undetermined. We want to get rid of this ambiguity and prove:

Lemma 4.9. The map & :Z'(T)—~Z'(T) is contractive with respect
to the norm given in § 4.2.

Take k, k' € Z'(T) and take the parameter s induced by % for all
curves of interest in the following. We have to estimate

[@ar (8) — xﬁd(s)i = | f §2d Ty — eav_(}) Oly(s+e) © f g'e dT;c'(s+a)l
Tipts) Te/(s+0)

where ¢, is the exponential map Ty — V* and 2’ (s + o) is the point
on k&' defined by: &2’ (s + o) = z};(s). Without restriction to generality
we may assume that [g(x(s), 2'(s))| = |dz| is small (but > 0!). For

2 Oral communication via W. Kuxpt 1966.
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abbreviation we set ¢’ = |g(x(s), 2’ (s + 0))] and &' (s + ¢) = z + ¢’; then

‘o +o)y—M
ixM - X =2 Uy (x) { (xM(;}{_ 0'/) (x) f §a dT;(S) +
Is

1
e [ AT kol T, )
Iy

where the generalized Fermi-propagation

2 Y 4
and
d?}“___ a b fc @ 4C b
J = Ut 1ef° -+ ututuy

with #¢ tangent to g(x(s), # + ¢”). Using the estimates of appendix A and
collecting the powers of ¢" we get:

1B
|| &3 Peiit—idiy

we — o) = LD’ {af) + 2T P17 4 a1 - g

Ly Iu(oy, are spacelike, 42 is differentiable; then because of (2.5) we
get for |A«| small enough:

o] < (1+ 4 D) |4
In the exponential we replace ¢’ << D by D which leads to the inequality:

lea — 2y = 1P| D(l + oy D) {ay + 2 | ) e DI 4
{4.20)

/0’ M} onl—lﬂgn}il]x[ = foldxi

+ of|

Le. |zy(s) — wy(s)| £ P|4%|, where 0 < § < 1 and §, is the upper limit
of . We made this estimate independently of s and therefore we get
finally: {(&Fk, Fk') < §(k, k') with the above ¥, such proving our
lemma.

Estimates of appendix B applied to §, show that 7, = 4, ie. <l in
practical cases (with |P| = M).

Applying the Banach fixpoint-theorem to & : Z'(T) — Z'(T) we get
the main result of this paragraph:

Theorem 4.1. 4 space-compact, extended timelike matter-distribution
Tab(x) in a Riemannian manifold V* obeying Einsteins field equations
Geb = b possesses one and only one center-of-mass line. It is a continuous,
timelike curve lying in the geodesic-convex hull of the support of T4?(x).

We hint at the fact, that the center-of-mass line has not to be differ-
entiable in the general case,

% We m:;y almost identify |my — #%] in Tuy with [g{zy, 23)| because of
(2.13).
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5. The Center-of-Motion Line in Curved Spacetime

G. Dixow, 1964, proposed to take over condition (3.5) into curved
space-time using it as definition of the center-of-motion line zp(s) of 7.
In fact this can be done and will prove it by reducing the problem to § 4.

Any timelike unit vector v* at z € T gives raise to the total momentum
quantity P°(x,v)= [ Ta? d%b, the latter being a timelike vector in .

e}

Lemma 5.1, There exists one and only one timelike wnit vector p*(x)
fulfilling ple(zx) PYl(x,p) = foranyx € T.

To see this we construct the sequence {Pp};—1,,,... at 2 €T by the
following procedure (it is an improvement of an idea of DrxoN proposed
by W. Kuxpt): Choose any timelike v§ and construct P2 (v,) = P,; then
define v¢ = PY|P,| which gives raise to P%(»,) = P% etc., such leading
to the sequences { P} and {1, = I';}. Estimating
|Pt — Pg ol =| [ T d, — [ To dicy| = |2 eToe g — go, P}

Iy K

Ty

J
(k, k1)

as in appendix A; we get easily ¢§ | 19, S & ¥§v51, With 0 < g < 1,
The upper limit g; of & is of the order of magnitude of «, and ¢ =0 in
flat-spacetime. Taking as a complete, metric space the unit-mass hyper-
boloid in = we get by the Banach fixpoint-theorem our lemma.

Because of this lemma we get a timelike unitvectorfield p®(z) on T
replacing the u-field in §4. In consequence, we replace I, () by I (y.
The same procedure as in § 4 shows the continuity of the p-field in 7.
Starting with a differentiable vectorfield v,(z) in a suitable neighbor-
hood U (z,) we see as in § 4 that each P, {2} of the above sequence depends
differentiable on x € U. The sequence is equiconvergent on 7' and there-
fore p®(x) is differentiable in 7T

We define the spin quantity (see (3.4)) by:

8ab(z) =2 [ gloTole g7,
Iy

and the total angular momentum quantity J¢° with respect to zp € I, (
(see (3.3)):
Job (z, xg) = 8% (x) — 2if P} (z) .

Then by a purely algebraic calculation we get:
Lemma 5.2, The condition J**(z, 2p) py{x) = 0 is equivalent to

o = (p, (@) [ 75 d%) py () [ £2 TP d3, (5.1)
I, I,

such defining a map S5 - xp.

Replacing (4.14) by (5.1) we follow step by step the arguments given
in § 4. So we get:
9 Commun. math. Phys., Vol. 5
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Theorem 5.1. Theorem 4.1 is also true, if we replace the word “cenger-
of-mass” by “center-of-motion”.

Here the “center-of-motion” line is defined as the fixpoint of the
map ¥y extended to & map Z'(T) - Z’'(T'). The terminology is chosen
because this line originates from the momentum quantity and usually
one associates momentum with motion in physics.

6. Various Consequences. Concluding Remarks

The statements in this paragraph are formulated as theorems,
although they have more the character of corollaries to §§ 4, 5.

Because of the uniqueness property we are able to speak of the total
spin 842(s), the total momentum P%(s) and the total mass My (s) with
respect 0 xy(s) of the matter distribution T7%(x) at (eigen)time s;
namely:

Sab()= [ EeToiedk, (6.1)
Lou(s)

PY(s)= [ T*dZ, (6.2)
Loy(s)

M (s) = w,(xp(s)) Phyls) . {6.3)

They constitute continuous tensorfields on zy(s). In strict analogy we
get 840 (s), P%(s) and Mp(s) replacing xy(s) by zp(s) and u® by p=.
Theorem 6.1. We have in general ul® P4 (s) = 0.
This is seen by a variation of u, P with respect to u?® resulting in

Ou(u, Py) = u, [ 272 TVdx + 0
E(@u)
where K (Ju) is the wedge “between” I, I, 4 5,. But we see in flat space-
time and in fields of high symmetry u® and P%, are parallel to each other.
Rather trivial is the following

Theorem 6.2. %,8%7 = 0.

An obvious, but very important consequence of the preceeding
theorems is

Theorem 6.3. In general 3, (s) and xg(s) do not coincide.

This is different to flat spacetime. Physically it means that an ob-
server moving parallel to the total 4-momentum (P, or Pg) does not
measure minimal total mass. To see, that the same is true for an observer
sitting on the particle, we assume for the rest of this paragraph that
#y(s) is differentiable with tangent vector #%; (similar for xg(s), %)
Then (4.19) shows

Theorem 6.4, ulatl) (s) =+ 0 in general.
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Theorem 6.5. In a matter distribution of spherical symmelry (e.g.
Schwarzschild fluid-ball) the center-of-mass line coincides with the center-
of-motion, line and ul*ti} (s) = 0. x37(s) is identical to the central line defined
by the symmetry of the problem; as a consequence x,(s) is a timelike
geodesic.

Tacitely we assumed that no exterior sources are present; the proof is
straight forward.

We use this result to get an information on the mass concept {6.3).
For simplicity we restrict the following to the static case. Using the

metric da? = —e? () dt? — ) dr? — 12 d0? and setting = 2® we get:
M=e® f 7%, exp <—;~ (w4 v) ('r)> rPsinddddodr. (64)
t = consb

In case of timedepending g,, the expression becomes more complicated;
but even in the simple case (6.4) we see, that the mass introduced
in {6.3) is different from the mass used by S. A. Eppiverow, 1924,
(= [ T% e 22 sind dd d e dr) and different from the mass used by
H. Boxbpr, 1964 (= [ T34nr2dd d o dr)®.

A detailed inspection of the proofs given in §§ 4, 5 and appendix A
shows, that we can weaken assumption (2.7). As long as the “weak
field” assumptions remain valid we may interpret the metric g¢,, as
solution of (2% = T'%? 4 12%, where 7%? describes any exterior sources T
(== support of 7%?) fulfilling 7' N1 =6 or %%, = 0. Just in theorem
(6.5) we have still to exclude exterior sources except they have very
high symmetry; otherwise they would split 23, and z.

Using the wider interpretation of the field g,,(z) we define a test-
particle T?%(x) by the condition that |I'2,(£)] =0, & ¢ T', where I'g, is
calculated in the Riemannian coordinate frame adapted to u®(s) (resp.
p°(s)) at xy(s) (resp. zz(s)). Then we get:

Theorem 6.6. A test particle moves along @ geodesic line in the total
field generated by TeP + 1°%; wy,(3) and x5(s) coincide.

eyl = 0 follows from (4.19); the rest is a mere consequence of
(A.9)—(A.11) and the proof to theorem (6.1).

Obviously this results of an approximation method assuming that
the field is almost constant all over the particle. We have not to split
eigenfield and backgroundfield as it would be necessary if speaking of
theorem 6.5. as an approximative solution to the motion of bodies of
spherical symmetry. The advantage in our test-particle-approach is,
that it is absolutely consistent (and covariantly defined) in ErnsTrins
theory; especially it is free of the logical inconsistency discussed in § 1.
First it solves exactly (a) and then — if the test particle condition is

2 They have a somewhat different physical meaning: total rest-mass, total
baryon-number, total effective mass.

o9%
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satisfied to high accuracy — answers (b). Nothing is assumed on the
shape or the inner structure of the particle; such we get geodesic motion
as “leading term” in the motion of particles built by human technique,
which affirms the heuristic ansatz in EINsTEINg, 1916 - paper in the frame-
work of the final theory.

It is almost obvious how to fit the A. PararETROU-approximation
method (1951) into the center-of-mass concept; (here it seems more
appropriate to use xp(s)!). It has been elaborated for the quadrupol-
particle elsewhere (W. BrrGLBOCEK, Dissertation Hamburg 1965). Just
to enlighten somewhat more the meaning of our total mass concept (6.3),
we cite the result?¢:

amM 3 .. 1 age
ds (?uru’s”}" —G—Rrs + ukulRfksl) “ds +

1 1 g {6.5)
(3 ety — 20,8,) Q0+ 0 Ry 0 (@100 + 5 Qoo

where the “quadrupol moment” Q% = u, [ &2 T4 d?éd and 4% = u%;ub.
Lou(s)
Tt states mass conservation in flat spacetime and shows, that the spin

(6.1) does not contribute to the emmission of gravitons. The result differs
from this one given by A. H. Taus, 1964, in Florence, where he used a
center-of-mass concept (and therefore a mass) bearing the difficulties
discussed in § 1; his formula shows change of total restmass even in the
special relativistic limit.

By theorem 4.1 (resp. 5.1) zy(s) (vesp. xp(s)) lie in the geodesic-
convex hull of T (= k(T)); our methods demand, that I,y N A(T) is
covered by the Riemannian normal coordinate system adapted to o' (2},
where v, v’ are timelike unitvectors in the neighborhood of u(z) for all
x € h(T). Using this as assumption we already weaken (2.6) considerably.
But often we can do more. It might happen, that the demanded co-
ordinate conditicn is not fulfilled for points “near the surface of A(T")”,
but works in the tube 7' C A(T")%. Then our definitions make sense for
all x €A{T) but «(zx) need not to be continuous outside 7. But if
Fe(h(T))—~ T, (vresp. Fp) (n < oo may depend on x!), then we can apply
our method restricting Z'(7") to Z'(T,). This makes our method appli-
cable even to rather strong fields, if — for instance — the matber distri-
bution is “almost a ball” in I, (.

Using parallel propagation in the definition of the integrals seems at
the first sight somewhat superfluous. But it has the advantage of being
absolutely covariant; so we can calculate all quantities in any coordinate
frame and avoid to introduce Riemannian coordinate frames explicitely,
which is a laborous task in most practical cases.

% Reported by the author at the Physikertagung 1965, Frankfurt-Main.
» T = W{T,).
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Appendix A

In the following we are dealing with a purely gravitationally inter-
acting system 772%,
%ij = a|Pe, where 0 £ < 1.

Here Po(s) is the “total momentum quantity” with respect to x(s)
defined by

15t statement:

Pe(s) = [ Ter di, . (A1)
Tz is)
It is a four-vector at x(s) and because of Lemma 4.3 it is differentiable
with respect to s whenever s — z(s) is a differentiable curve. We start
with a sandwich B (¢} defined as the section “between” I,y and I'y s+
because of (2.6) it is gunaranteed that B(s) N T is covered by the Rie-
mannian normal-coordinate-system in z(s) (=% (s)-system).

For any 5 € B (o) we assume the geodesic triangle®®
(z(s), m, 2(s + 0)) = 4,

to be triangulated by small local lassos at & € A,. The usual definition of
Ry, 5 by parallel transport leads for the finite A, by summation over all
lassos to the formula (see (4.1))

z(si—o')
wz(s{—a)(?}’) = ({) (6% + Fgc(‘g) dsc) X
x

X {0k ) + o) [ Ras(@) 4wy

7

(A2)

z{(8 + o)
where the product integral [17] [ (6% + I'#.(s) ds°) is the operator of

. 2(8)
parallel propagation along g(xz(s), (s + 0)). The integral at the right

hand side means: transport RY;,,(£) A%t to x(s) along g(&, z(s)) and
multiply the tensor so obtained by wi(n), finally sum up over all
& € 4,. For abbreviation we call this integral (Rw)2 (7).

We proceed with our arguments in the Z(s)-system adapted to
w(x(s)), i.e. u*(x(s)) = 8%. The definition of the product integral leads

% Tt makes no difference in the following to replace g(z(s), (s + o)) by the
section of x(s) between the two points in consideration.
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immediately to the formula

f £, ds®) = §% + ffgc(s dst 4
2 (A.3)¥
+5 f f I'%(s) Ify(s7) dse ds' 4 - -
Tz
Using the matrix no’oafoion (s)dst=I'{s)ds and substituting

% (s} = & dTE,(s) + —5~ 2 ddf"" o(8) + + -+, where dITf,(s)=I{,% ¢
beemg the tangent vector to z(s), we get:
z(s i- )
2 3
f (L+ I'ds) =1+ dI'(s) 5+ ddI(s) gy +olo?) . (A4
z(8)
With the aid of (A.2), (4.2) and theorem of Gaull we get easily:
Phy o= Polo) = [ datiyin) + [ Re(n) dy+
B(s) EB{a)

+2arse | [ abom+ [ Bolte () dn)+

Towto B@

(A.5)

To proof the inequality of our 1%¢ statement we start with an estimate of:
£(8) %(8)
(R ) = ko) J (105 + Tiadoe) Rey(8) a0 = 1Y 09
%
We set I'(£) = sup |I'(s)] and use (A.3) to get:
g{§,2()
(Rw) ()] = lwg(s)(ﬁ)Af (elo o @O Re,  (£) det (e )] .
n

We use R%,, A%t = R(&) d?¢ and introduce |g, = sup |g(&, #(s))},
£cd,

{fiﬂ == Sup I, |R], = sup |R(&)|
Eed ged,

[(Boli 0l < 108 ()] 1Bl 1! [ a2 (A6)
n
Assumptions (2.5), (2.10) guarantee that the right hand side is finite, so
{A.2) was reasonable.

(4.2) gives:
z (s}

fdwx(s)('f?) = “‘2fdx f 6“1,‘{" Fgc CZSG) F<th)3( }.
n

% This is valid for any path ¢ — y in V4
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Analogous to the procedure scetched above, we get:
| [dotwm)| S 2 | T, 296llle| [ 5t dZ|
B9 B(a)

where |g[, = sup Lq(n, 2SN, 1s = sup {ﬁ]ﬂ. Using the k-map defined

7€

in § 4.3 and (2.8) we replace [ T's* % by the integral f d3 f ds Tet(s, 1)
B(o)

= [ dBno(n) T”(n), where the f ds is meant along the %-lines and
r 0

s t{n) stems from the application of the mean value theorem on the

path-integral. Obviously limg f-f—:l)— =1and l f Tetd3y| < 4| P¢| because
& >

of (2.1). Finally our considerations result in

lim - [ dog () = fo, P (A7)

o—=0 ¢
B(o)

where | 8%,| < 8]I"] 71 (Jg] < D because of (2.5)!). (A.5), (A.6), (A.7)
result in

;ddl;‘a} }1—13% Pe(s + O‘) { @'+ D|R]) 2D | P9 = o, | P| (A.8)

where [R] = sup |R}, and because of £ D as is casily seen.

ne€l,

hmmfdzg

77

So we proved our first statement with an upper bound «, for «. The
formula (A.8) shows that o = 0 in flat space-time in agreement with the
result in § 3.

In appendix B we give the order of magnitude of &, by numerical

calculation.
2ne statement: ‘%l < o, where 0 £ o £ 1.
In the Z(s)-system we have [¢,(x(s))= 0 and therefore we get

du? 3
—%— aub £ where #° is the tangent vector to z(s). We use the formula

derived in § 4.1 for the partial derivatives —g}; and we get:

du® ~1

0
—agftb —2 (2Qar"a’55—PT+uk SE S pr gar+2lgwb)
2 Gor PP PP S Prlg,+ A9
as Ior gbr+u Da Tor ( . )

d
+u* ¥ agP “Gor+ 2408 Bs gbs)
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Simultaneously for all @ = 1, 2, 3, 0 we estimate (v* = v):
z(s)
‘}1_1_310 = f d*n f &+ Ity dst) I TH% (n)
K(o) n
where K (o) is the wedge “between” I,y and L'y 4 4ns) Considera-
tions analogous to the above ones lead to (see (2.12)):

oP
dv

oprr

| < 4 || 71 | P3| = 7, | Pa|28

o = [T 27 | Pe| = , | Po) 10
Errr PTF < (& |I])2 2D Pe)

It is very simple to see that:

292l e 64 = 2 [9] 1]

Ia gab
where [§[l = sup |g,,(&)].
I3

Using 249,.0° = ¢4 (P8+ uk a—?},; Ps) for fixed a, we find by (A.10)
|[Pe| < 24 < (1 + 9) | P as an estimate for the Lagrangian multiplier
introduced in (4.11). Observing that the leading term in (D,),; is g, We
find easily see ((A.8)):
d ,
;; <21+ PP @] + @) = af (A.11)
where o is an upper bound for «’. Again o = 0 in flat space-time as it
should be. Numerical estimate of « is given in appendix B.

It will turn out that for practical purpose 4 | I'] is the leading term in

the second braket of «,. It stems from the estimate of 5-g.; and if

necessary we can diminish it by assuming, that the field (resp. 7%) does
not vary very much in time i.e. one may replace 4 |I'] — 4p |I'| where
0< e’ <1

374 statement: % < o | P, where 0 < o' L 1.

This is an immediate consequence of the 15¢ and 2"¢ statement. An
upper bound for o is ety = oty + ot

Finally we remark that the inequality <1 in all of our three state-
ments is valid under one of the two assumptions:

1° @I+ D[R] P < 1. (A.12)
2° a) The field varies slowly with time i.e. |f%] < 8¢’ |I'] P!
and |- go < 20 [g] |T7] where 0 < ¢, ¢’ <1 (A.13)

b) (8¢ |I'| + D |R|) 2?1 < 1.

R - 1
28 je.: Py = ) 18%]-
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In the appendix B we give a numerical estimate that makes clear that
sometimes it will be wise to use assumption 2°. This gives the precise
formulation of (2.13).

Appendix B

To get an impression of the order of magnitudes of the quantities we
are dealing with, we give some numerical data in a simplified model. We

assume the Schwarzschild-perfect-fluid and assume, that the field

has the surface-value all over the ball of radius R, where R = %.

9
For the field quantities we take: [R] ~ %, 1~ SW%Z . The

crucial quantities will be a =2R|I'], b = 2R|R|; with their aid we
calculate the following table:

-g« R a b % % 4,
Artificial 10-% 10-# 10~ 10~ 5-10-%  1.4-10-% 2-10-22
satellite
Barth 6.7-10~% 2-10-2 1.7-10-% 9-10-7 4.5-10-% 1.3-10-5 24-10-°
Sun 2.1-10-¢ 233 5.5-10-% 2.3-10~% 1.2-10-* 2.7-10~% 1.6-10-2
Dwarf  10-% 5-10-* 2.5-107% 5-10-%  25-10-* 7-10-%  §-10-®
(Sirius B)

Giant 10-7 108 2.5-10~¢ 2.5-10-° 1.3-10~% 3.5-10-% 9.4-10-%

We hint at the fact that the leading terms in o, resp. o are 5b resp.
14b both stemming from caloulations concerning the time variations of
field quantities. Taking into account that our Schwarzschild-field is
static, then we get o, oy of the order of magnitude of ~52, which means
that oy <1 as demanded. But we see from the above table that the intro-
duction of the additional assumption “the field should vary in time
slowly” is superfluous in most practical cases.
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