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Abstract. I t  is shown for the degenerate B.C.S.-model how in the limit of an 
infinite system the exact thermal Greens-functions approach a gauge invariant 
average of the one's calculated with the Bogoliubov-Haag method. 

§ 1. Introduction 

In  a previous paper  [1] it  was studied in which sense the B.C.S.. 
model is solved by  the Bogolinbov-ttaag [2] method in the infinite 
volume limit. We investigated how the B.C.S.-Hamiltonian HB.c.s. con- 
verges towards the Bogo]inbov Hamiltonian Hz  in the infinite tensor 
product representation of the field operators. I t  turned out tha t  HB.c.s. 
converges only in the rather small snbspace in which the gap equation 
holds• Only in this subspace H B describes the time dependence correctly. 
In  fact outside this subspace the t ime dependence is not described by a 
I tamil tonian at  all for infinite volume since the corresponding unitary 
transformation is not weakly continuous. I t  should be stressed tha t  this 
is not a mathematical  pathology but  corresponds to a physically com- 
pletely sound situation. I t  is analogous to the Lamer-precession of 
infinitely m a n y  spins. 

In this note we shall supplement these somewhat negative statements 
by  a more useful result. We shall prove tha t  the thermal Greens func- 
tions are correctly described by  H B or 

lim Tr e -HB.c.s./T e i t ~ . o . s .  A (x l )  e -i t lBB.c.s.  . . . 

2 n  
1 / ,  

• • • e i t ' n~ , ° ' s 'A (x~)  e - i t 'm~ .~ ,~ . /T r  e -~È.~.~./T = - ~ J  d e .  (1) 
0 

Tr e - n g T  e it~H~ A (Xl) e - i t cH"  . . .  e i tÈn~ A (x~) e - ~ t ~ H B / T r  e - n ~ / T  

where Q stands for the volume and the A's  are field operators. ¢ is a 
phase angle over which we have to average to make ~he procedure 
invariant, In  other words the representation furnished by  thermal ex- 
pectation values is one of the good ones where H B gives ~he correct t ime 
dependence. 

• Work performed as consultant to General Atomic Europe. 
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For simplicity we shall use the quasi-spin formalism and consider 
the degenerate (strong coupling) case only. Our results strengthen previ- 
ous findings [3] where it was shown that  in a suitable perturbation 
expansion the difference of the two sides of (1) goes with 1/fJ in each 
order. To make this argument rigorous one would have to establish the 
uniformity of the convergence of the perturbation expansion for ~ --> c¢. 
We shall not have this problem since we will calculate both sides of (1) 
exactly. 

§ 2. The Formalism 

With the quasi-spin formalism one can write the B.C.S.-Hamiltonian 
in the form: 

 r.o.s. = - 2zo (2) 
p=l Q p=l p'=l 

Here the a~ are a set of ~Q independent spin matrices I and (~=~ ~he usual 

combinations 2 (~(~) ~ ia(~)). In  the degeneraf~ model s is independent 

of p. We are interested in a representation of the algebra of the a's which 
is furnished via the G-N-S-construction by the positive linear functional 
<A >9 given by the thermal expectation value 

1 1 

< A > o = T r e  mn~'c's'A/Tr e m HB,¢,s. (3) 

Since Hr.c,s. acts in a 2 ° dimensional space there is no problem in 
defining Tr. A stands for any polynomial in ~he ~'s. The latter can be 
generated by 

. e , " = A .  ( 4 )  

However since HB.c.s. is invariant under any permutation of the ~ it is 
clear that  all information is already contained in~ 

An(a,b,c)=e ~ : 1  e , - 1 ~ ) e ~ - 1  ~ " (5) 

For instance, <a(~z)> is independent of p and therefore 

< ~ ( z ) \  _ 0 
p i o  - -  ~ < A ~ > o l .  = b = ¢ = o"  (6) 

Using (~))~ = 1 it is easy ~o show tha t  the expectation value of any 
polynomial can be generated by derivatives of A. 

We shall henceforth simply call them spins although in this model they a 
different physical significance. 

For f2 = oo there is a difficulty in generating o ~) this way. In this case 
less familiar parametrisation than the Euler angles has to be used (F. J~Li~r~x, 
to be published), 
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In the Bogolinbov-Haag procedure the Hamiltonian is split into 

Hr.c.s. = H B + H '  
t2 

H B  = - -  Z e aD z) - -  2 T c Z @+ <cr->B + @" <a+>*) (7) 
p=l p=l 

H'  = 2T~ Q 
~=I i~'=l 

<a>B is the expectation value of a~ ~4th H B which is again independent 
of p. Now H'  is dropped since its operator part  is in some sense smalt 
and a c-number is irrelevant for expectation values, t I ~  can be written as 

H ~  = - -  Tco ~ a~n (8) 

where ~he unig vector n and the constant co is determined by calculating 
the expectation value of a. 

<a>B = Tr e - H s l r  a /Tr  e -j~s/T = n Thee.  (9) 

Comparing (7), (8) and (9) we find that  eo and the angle 0 between n 
and the z-axis are determined by 

T° ~ 0 0 )  co : -~- Thee cos0 - ToJ " 

The azimuthal angle ¢ of n remains arbitrary. This was to be anticipated 
since Hmc.s. is invariant under rotations around the z-axis. The latter 
corresponds to gauge transformations of the electron operators in the 
usual formalism. H B is again invariant under permutations of the av so 
~hat <-4 (a, b, c)>B suffices to characterize the representation of the a's. 
However it is immediately clear tha t  <A >~ # <A }B since HB and there- 
fore < }B is not gauge invariant. For instance, <a(z)>z = 0 but  <a(~)>~ 
= n(~) Thee # 0 for ¢ # ~/2. To make < >B gauge invariant we have to 
average over ¢ and thus the best we can hope for is 

2~t 

Q--~co 
0 

where < >B is taken with a H B where n has the azimuthal angle ~. Since 
the spins are independent in H~ it is clear tha t  < >B becomes independent 
of Q. The latter must be large enough that  all a's in A are contained in 
the first Q ones. Furthermore the limit Q -+ oo should be attained such 
that  all derivatives at  a = b = ~ = 0 are equal. We shall see that  this is 
actually the case. 

§ 3. The Right Hand Side of (11) 

The evaluation of <A>B is quite simple like the expectation value of 
spins in an external magnetic field in direc-~ion n. By an elementary 
13" 
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calculation we find for one spin 

Sp = Chco cosfl eos(a + 7) + ei ~a(z) ei fla~) 

+ iShco(eos0 eosfl sin(~ + y) ÷ 
(12) 

+ sin0 sinfl(cos¢ s in(~--  y) + 

÷ sine cos(~--  7))). 

For /2 spins we work in the tensor product and therefore we simply 
multiply the expressions (12) for the individual spins together. Thus we 
have 

Icos b a ÷ c  , iTh ( 0 b s i n a +  b, ~- cos--D-- + co \cos cos -~  ÷ 

b . 

In the limit D -~ o0 this approaehes 

( A  a (a, b, c))~ -+ e i~h ~((a + c)cos 0 + bsin0sl,¢) (14) 

uniformly for finite values of ¢he argument. Furthermore the limits of 
the derivatives are the derivatives of the limit. The gauge-variant n~ture 
of this expectation value is exhibited by its C-dependence which gives, 
f.i. <a(~)>B -- The) sin0 sin~. This vanishes on integrating over ¢: 

2~ 

(15) 
0 

X e ~ ( a + c ) ~ c ° s °  

I t  should be noted that  on averaging over ¢ correlations between the 
spins are introduced. They are not present in (14) since H~ is the sum 
of Hamiltenians for the individual spins. For instance we have 

= 0 (16)  
a~ 

I t  turns out that  these are exa, ctly the correlations created by HB.c.s. 
where the spins are coupled. 

§ 4. The Left Hand Side of (11) 

The diagonalization of HB.c.s. simply amounts to diagonalizing S ~ 
and S~ of the "total  spin". 

s = ~- e~. (17 )  
~ 1  
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Designat ing the  eiger~values b y  S(S+ 1) and  S~ resp. we have  3 
- - S  =< S~ g S, 0 < S g ~/2 .  The  mult ipl ic i ty  of the levels with (S, Sz) 
is found(a) to  be 9! (2S ÷ 1) Thus we obta in  

(f212 - -  S) i (9f2 ÷ S + 1) ! " 

1 ~12 s ~!(2S + 1) 
T r e  zHB'c 'S 'Az= ~ ~ ( 9 / 2 - - S ) ! ( 9 / 2 + S + 1 ) !  

S=O Sz=--S (18) 

• _s, 

The mat r ix  element of A~ occuring in (18) is well-known from the 
representa t ions  of the  ro ta t ion  group and expressible in t e rms  of a hyper-  
geometr ic  funct ion [5] : 

2S ) 2~o 2~b 2i~ 
G~ ' 9 ; a , b , c  = 

a+c (19) 2iSz 
~ ( _ ) z  ( s + ~ ) ~ ( ~ - - ~ o ) ~  2 ~ ,  2x~ = ~ cos - - ~  ~g 

1 H 

Dividing (18) by  T r e  ~ "'c'S'we see t h a t  <A~> is the  average of G 
t aken  with a certain probabi l i ty  measure.  I n  stat ist ical  mechanics  one 
usual ly  replaces such a sum by  its leading term.  Since we wan t  to estab- 
lish our result  with ce r ta in ty  we just i fy  this procedure in the  fo l lo~mg 
way :  To  approach  the  l i~ i t  D ~ - ~  we s~4tch over  to  the  intensive 
quant i t ies  

~ 7 -  9 , n -  ~ , 0 = < ~ 1 ,  Inl_<_~. (20) 

Giving uni t  measure  to  the  uni t  area  in the /7-n-p lane  the  probabi l i ty  
measure  is 

i 2T~ I))) 
~!  (2S ÷ I) -~(2~s~+ --ff-(s (s + ~)-s~ (~  + 

p.Q(~7, n) = ( 9 / 2 - - S ) ! ( z 9 / 2 ÷ S ÷ 1 ) !  
{2~2  ~/2 S" ~ ! ( 2 S ' ÷ 1 )  

Z" 2: (~ /2 - -  s ' )  ~ (9f2 + s '  + 1) ~ x t~2] S' = 0  Sz'=--S' 
1 2T~ × -T-(2esz' + --D-(s' (s'+ 1)-sz" (sz'+ 1))) 

e ' ~ ~ ¢~(7) 
To -~( !  07o)-1(n') + ~-~(n'-n0)) (21) 

we shall take • to be even. 
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with 

/(U) = -~ U~-- I-- 7 In(l-- ~2) I+7 In(l+~) 
2 2 ' 

T~ ~ 1 
/'(~7o)=0, ~]o--Th~-~o, no= To 9 

oo 

T~ f d t  2 , t t 
~7 --T- -- J -e~-'~&~--i arc~g 012 ( I  4 , )  + 9, + arc~g ---~2!2 ( i  --  , )  + i ) 

= ÷ ÷ 
7 + - -  x 

[ 
x ~: + ~(1 : -  7) )  ~ t .o(: + 7)7 

To obtain these expressions we have used Binets second formula [6] for 
/~(z). The function ¢ converges for Q-~  ~o to the harmless expression 

¢~ (V) = (1 - -  79 (1 + ~)~e' (22) 

so that  the essential ~-dependenee of (21) is in the exponent. Since / has 
for 0 = ~] =< 1, In[ =< V one absolute maximum at (~0, no) if T <  To, In[0 g ~0 
we expect that  P goes go a ~-function : at the maximum it will behave 
like 

e - a (  ("-"') '  ~'"(") + ( ' -")~ 2-~) 

and thus become sharper and sharper for ~ -> oo. This intuitive argu- 
ment is made rigorous by proving that  the measure of any set not 
containing (V0, no) becomes zero for Q -+ oo. For  this goal we shall use 
the inequalities 

(~-Wo) ~ I/"(Wo) i > i l O l o ) - / ( ~ ) l  > (7--7°)2 = = 4 I / "  (r/o) [ (23) 

valid in a neighbourhood of ~o, l~ - -  ~o[ < 3, for which 

: sup l"(v). (24) 2 [,-,0l<ainf/"(~t)->---I/"(~o)l > 2-l,-wol<~ 

Summing only over the region where ~he exponent is > - - 1  we get 
(always assuming T < T c, In0[ < ~0) 

( 2 )  2~'~ inf ¢~(,') 
S ( ')  + ¢(,7) > (es) 
, , n  = e~O Vl" (7o)  T J T  

1 
if ~a = ~ < & Thus we have 

i,o_~f<ea ta(7, ) 2~/~ (26) 

which goes to zero for all (~7, n) =~ (~0, no) • 
Hence the average of G taken with P should just give G at ~o, no. There 
is s~il] the slight, complication that  G is zQ-dependent. In  fact, for Q -+ 0% 
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the h~Tergeometric function converges uniformly to a Besset function: 

= 2 (F>++o,  
z = 0 (X!)= (27) 

= j o ( b  W~j= _ n 2) ein(a + c). 

Thus we anticipate ~he equation 

lira (A~>~ = G¢~ (~0, no; a, b, c) . (28) 
~---> cO 

To demonstrate this result one has to apply the usual tricks in s-tik. 

if d~ dn Pa(v, n) ¢a(V, n; a, b, c) - -  Goo(~?o, no; a, b, c)l 
= i f  ~v  d n ( P g v ,  ~) 0~,(,7, n; a, b, c) - P ~  (,7, ,~) G:(,7, n;  < b, c))I < 
~- If (Ga-- G~) Po &~ dnl + If G~ (Pc-- P J  d~ dnI. (29) 

l:iere both terms on the right hand side can be made arbitrarily small; 
~he first because Go-~ G+ uniformly and the second because G+ is 
continuous and P a - ~  P +  on all continuity sets. Again one sees in the 
same manner tha t  all derivatives with respect to a, b, c approach the 
corresponding derivatives of Go~ in a neighbourhood of the origin. 

There remains just some elementary algebra to establish the identity 
of (15) and (28). In fact 

8 
cos 0 Th eo = ~ = n o 

~3o) VtT V + 
sin 0 Th ~o = [ \-~--] -- ~ = ~/~0 ~ --  n ~ 

and thus 
lira < A , } ,  = ao (bs inO Thco) e i(a+e)c°s°Th+ = linl <A9} ~ .  (31) 

§ 5. The Time-Dependence 

Our result (31) shows that  the thermal expectation values of poly- 
nomials of the a's taken with HB.c.s. for f2 -~ c~ or with H~ and averaged 
over ~ agree. Speaking mathematically this means they define the same 
positive linear functional over the C*-aIgebra. We shall now turn to (1) 
or the question whether they give the same time dependence. This 
warrants separate study in particular since for ~2 -~ 0o the time develop- 
ment leads out of the C*-algebra. Indeed, calculating i5 = [a, HI with 
H~.c.s. we find 

- - / d  + = 2T~ ~ z S + -  28~ + 
(a2) 

where 
1 m 1 

~ I  i o = l  

Now the operators Sa do not converge uniformly for D ~ ~ .  

( 1 _~ 1 1 
f.i. ] l S o - -  S=oll --  -4-0- a ,  4 ~  

(33) 

for all f2 
/ p = g2-b  1 
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They converge strongly in some infinite tensor product representations 
or in the representations given by the thermal functionals ("thermal 
representation"). Thus for f2-> oo d does not belong to the C*-algebra. 
However for our purpose the existence of weak limits of S9 is sufficient 
to establish the analogue of (1) in the quasi-spin formalism. For this end 
consider the expectation value of 8~ and some polynomials of the ~'s. 

lim ~l---~m~ X lim <~... ¢~k2S~crp~+~ . .. crp~>~ = ~--,oo 
f2--~ Oo 

7 = 1  
2. (34) 

1 d¢ 
0 

2~ 
1 f 

! 
d ¢ ~ % . . .  Th 27~ J ~ 0"P~+I . . . .  

0 

Here p is different from the T z . . .  Pm and we have used our previous 
n 

results. Thus in the limit S can be replaced by  -~- Thog. In  the thermal 

representation (which is reducible) the limit of S is not a c-number since 
n is integrated over. (e.g. <S~> = 0, <(S~)2> @ 0). In the same fashion one 
finds that  also in the expectation value of any (finite) polynomials in 

]1 
the ~'s and S's the latter can be replaced by - f  Thee. This result suggests 

that  H B will give the same time dependence since calculating i5' = [g, HI 
with H B one has 

- -  i ~ +  = 2 T ~o ( a ~ n  + - -  n ~ a  - )  

i5 z = 4 Tee (~-n-  - -  ~+n-) . (35) 

This is identical with (32) ff S - + 2 T h ~ o  since n~= 
1 

~-T ' =-2- x 
T~ 

× (n ~ ± inV) ~ ~ S ~. On iterating (32) and (35) one can generate the 

complete time dependence of the ~'s but one has to note tha t  S is time- 
dependent whereas n is, of course, not! In fact, from (32) follows 

gS = o ,  i g ~  = ( 2 ~ - - 4 T o ~ S ) S ~  + 
or (36) 

S~ = const, S + (t) = S + (0) e - ~ t ( ~ - ~ n ~ b ) .  

Thus on calculating the time dependence with H~.c.s. we obtain ~he one 
n 

with H~ where ~-Th o~ is replaced by S plus terms containing the time 

derivatives of S: 

e itll" a~e -itH~ = ~ '  t n P~ a~, -~ Thin 
n = 0 (37) 

~ = 0  
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Here  P~ is a po lynomia l  of n ' t h  order  and  G~ s tands  for the  t e rms  with  
t he  t ime  der iva t ives  of S. F r o m  the  above  discussion i t  follows t h a t  

n z 
l i ra  (G~>a = 0 since in replac ing  S z in  ~+ b y  ~ - T h  e) we get  N+ = 0 

~ --+oo 

a n d  also all  h igher  der iva t ives .  F u r t h e r m o r e  because of (34) t he  two  
k inds  of expec t a t i on  va lues  of al l  Pn agree. F ina l l y  ItP~ + ~11 < 

(c°nst)'~ 
--< n! so t h a t  in (37) converges  un i fo rmly  for  all  t in the  

n = 0  

opera to r  norm.  Hence  we can safely conclude 

I i m  ( e  it.H..c.s. ~p. e -it.ltB.c.s. e it,~H~.c.s. (~ e-it~//B.c.s.}9 
D - ~ ,  c o  " " " P ~  

2 ~  

1 

0 

Thus  in pa r t i cu la r  for Greens-funct ions  of gauge i nva r i an t  expres-  
sions where no averaging  over  ~ is necessary HB.c.s. is equ iva len t  to  
a n y  H~s. 

The author is indebted for useful discussions to Prof. X. BAv~A~,  who 
collaborated in earlier stages of this work, and to Prof. K. SCn~TT~RER and 
Dr. A. WEm~L. Finally I want to th~nk Miss H. N~I~sJ~OF~R for checking some 
calculations. 
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