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Abstract. The energy as function of entropy and the free energy as function of tem-
perature is calculated rigorously for nonrelativistic fermions with

de’ —x MM
]J-E:_;Cﬂi

interactions. It is shown that in the appropriate thermodynamic limit the corresponding
Thomas-Fermi equation becomes exact,

1. Introduction

In this paper we evaluate the thermodynamic functions for matter
in the limit of many particles. By “matter” we mean nonrelativistic
fermions interacting with Coulomb- and Newton potentials. For
definiteness we consider two species of equally maany fermions (electrons
and protons, say) with masses M,, M, and opposite charges +e. The
reason why the thermodynamic functions can be calculated is that for a
large number N of particle pairs the system is compressed by gravitation
to such an extent that the Thomas-Fermi equation becomes exact. The
present results generalize those of a previous paper [1] in two respects:

a) Electrostatic forces are also included. Our results show that for
N— oo they cannot prevent the compression of the system. This is in
accordance with the folklore that for

o2 \3/2
N>{——| ~10°*
> ( KM )
atoms are squashed and onc obtains a high-density plasma. For the
ground state this fact has been demonstrated by Levy-Leblond [2].
b} We also show that if one calculates the energy as function of
entropy in the microcanonical ensemble the relevant Thomas-Fermi
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equation becomes exact. This result had been anticipated when a nu-
merical calculation of these quantities in the purely gravitational case
was carried out [3]. There it turned out that the phase transition which
occurs in the canonical ensemble corresponds to a region of negative
heat capacity in the microcanonical ensemble. This phenomenon has
been found for models of stars [4] and of hadrons [ 5] and it is encountered
for the good old 1/r-potential as well.

For those values of the energy where the heat capacity is positive
(a Legendre transformation from entropy as a function of energy to the
free energy as a function of temperature can then be defined) the micro-
canonical and the canonical ensemble give the same thermodynamical
functions. There is, however, a region where the two ensembles are not

equivalent.
More specifically, we study the limits
1 Q
lim N~77— % E(N,L)=2(s,]) (LY
i Q v=1
N-1llogf—s
N1/3L 1 | w
and ;lim N_7/3F10g Y e HEWND=gg ) (1.2)
N3 p'ciﬁ =1
N3 -1

where E (N, L) denotes the v-th eigenvalue — in ascending order — of a
Hamiltonian describing the 2N interacting particles which are enclosed
in a cubic box of length L. The powers of N in the above expressions are
the same as in the purely gravitational case and are dictated by the
following considerations: For noninteracting nonrelativistic fermions
one has a one-parameter family of equivalent limits N— oo with N77L,
N21=53F N23-218 and N~! logQ approaching constant values /, Z, f,
and s respectively. Since in our case the ground state energy E,(N)
=gim E,(N, L) goes like N7* [2] we have to choose y = — § to assure
lim limZX(s, )= I}II—I»IL N~ E,(N). This law of corresponding states can

i—ow s—0
also be inferred from the Thomas-Fermi equation with 1/r-interaction.

In this paper we shall demonstrate only that the (temperature
dependent) Thomas-Fermi equation becomes exact, for a discussion of
its numerical solution we refer to an earlier paper [3].

In our proof we cast into exact mathematical bounds the usual saying
which goes along with the Thomas-Fermi equation: Since the singu-
larity of the 1/r-potential prevents its uniform approximation by step
functions we use our previous result to show that it can be removed
without changing the thermodynamical functions significantly. We then
subdivide the cube into sufficiently many small cubes and approximate
the now continuous potential by another which is constant as long as a
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particle remains within a small cube. This will change the thermo-
dynamical functions by a negligible amount only. Next the small cubes
are separated by infinitely strong §-function barriers. Here the method
of Ref. [1] turns out to be too cumbersome *, we adopt an idea of Griffiths
and Robinson [6] instead: to each state of the system without walls a
state of the system with walls is associated such that the expectation
value of the Hamiltonian is only slightly larger. Now the problem is
reduced to studying noninteracting fermions within boxes having an
additional potential energy which depends on occupation numbers of
boxes only. One has to find the distribution of particles among boxes
which minimizes the mean or free energy for fixed entropy or temperature
— this is equivalent to solving the Thomas-Fermi equation. Our final
result is that the thermodynamical functions are, in the appropriate
limit, those of noninteracting particles which move in a selfconsistently
determined external potential.

Instead for a spherical vessel — as in Ref. [1] and [3] — we prove the
above assertions for a cube. It is, however, evident that they are correct
for any vessel form which can be approximated by cubes.

II. Formulation of the Problem

We want to investigate the statistical behaviour of two species
(x=1,2) of equally many fermions of opposite charge (e; =¢, e, = —e)
and with possibly different masses M, (M = M, = M,, say) which interact
by gravitational and electrostatic forces. The 2N particles are confined
to move within a cubic box A, ={XeR%:0<x, <L(r=1,2 3)}. This
means that the Hilbert space 4y ; under discussion is made of (the
equivalence classes of) square-integrable, complex-valued functions
WXy, ..., X1§s X215 ..., X,y) which are antisymmetric in the first N
variables X,;, antisymmetric in the remaining variables X,; and have
support in A, x Ay x - x A, CR®Y. Denote by %y ,C#, , the set of
absolutely continuous functions, vanishing at the boundary of
Apx Apx---x Ay and having partial derivatives in #y ;, and by V,; the
gradient with respect to the ai-th variable. We define the following
sesqui-linear form %y ; x 9y ;—C:

@HIp)= Y 53 [ <7 00)* (P ()
at o (2.1)
1 &, ¥, €y — KM, My
HER EER e

Bk

! Indeed, Bq. (4.12) of Ref [1] is an oversimplification and is valid if the radial
contributions to the free energy are taken into account only. Including the angular quantum
numbers, although trivial, leads to very messy formulae.




162 P. Hertel, H. Narnhofer, and W. Thirring:

x € R®" stands for (¥,,, ..., X, 5) and X' means that terms with («, i) = (B, k)
are to be discarded. The form is hermitian and bounded from below [2],
i€. there exists a number b such that (@, @), =(S|H-+b|{P) = (P|D)
holds for ® € %y ;. With this |-||y-norm % , is a Hilbert space which
means that it is also complete. It is ||-[|-dense in H# ;.

The theorem of Riesz says that to any @ € #,, ; corresponds a ye %y ;
such that (@, )= (i, x)i holds for all ye %, ;. One easily verifies that
@ —y, considered as a mapping #y ; — #y  is linear, injective, hermitian,
bounded and has range &y ; which is dense in %, ; in the | -|| g-norm and
consequently dense in #y ; in the usual norm. Therefore its inverse is
self-adjoint on the domain %y ; and is equal to b+ the Hamiltonian q
of the system under discussion, which is formally given by

H—~—Z _Z eaeﬁ—xMaM{;k
2% ai fi-ia_ikﬁl ‘
Bk

22)

H has a discrete spectrum only, we label the eigenvalues in ascending
order by E,(N, L, ¢, x). It plays a secondary role only and we will never
have to specify its domain 2, ; explicitly. The reason is that the mean
energy E and the free energy F can be obtained from the form H':

EWN,Q Leh=0""inf ¥ (BH|®) (23)
79 peFa
and
F(N,B, L, e x)= —p~1 }ogsup Y emf@iHID), (2.4)
PcF

Fo(F) is a set of Q {finitely many) mutually orthogonal and normalize

vectors of & ;. Since D ; is dense in %y, ; in the ||-||;-norm and (P | H | D)
is per definition continuous in this topology the infimum or supremum in
(2.3), (2.4) can be restricted to all # C 2y, without changing the result.
Then, by standard results, there is a relation with the eigenvalues of A

2
EN,Q,Le*x)=Q2"" Y E/(N,L,¢e*k) (2.5

v=1

is the mean value of the first Q eigenvalues of H and

F(N,B, L e% k)= —p llog ) e FENL.em0 (2.6)
vy=1
is the usual free energy.
The following statement is a consequence of the behaviour of the

kinetic and potential energy with respect to dilatations x— N7 x:

Z(N,Q D)=N>"SPEN,Q N'[,N 1372 N“377k)  (27)
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and
D(N, B, )=N?>""3BF(N,N23+2rg NV N~137ve2 N~13775) (2.8)
do not depend on y.

Our aim is to calculate

s D= lim IN,Q) 2.9)
N-t lo;os?%s
and
P(8, )= lim &(N, §,1) (2.10)

for >0, I>0, §>0.

111, Substituting 1/r by a Regulated Function

From now on we will employ the N-independent volume version of
(2.7) and (2.8), i.e. choose y=0.

. ~ & Rt~ Rpid
eaeﬁ_KMaMﬂ}e T 6y

17# — 1 -1 ’
{0u}= 2N %{ e +x M?
Bk

are hermitian operators: Py ;— #y ;. (Recall that M is the larger of M,
and M,.) We also define the kinetic energy operator

I)‘éai - iﬂk{

Gy ey, (3.2)

The region A, within which the particles are confined to move is now a
cube of length . We subdivide it into g =h> small cubes A, of equal
length l/h (a=1,2, ..., 9). The centre of cube Af, is denoted by I£,, its
characteristic function is

1 inside
1/2 on the surface of
0,(xy=<1/4p if X is < on an edge of Afy (3.3)
1/8 a corner of
0 outside

The operator for the number of particles of species a in cube Af, is

N
NaaE Z ga(imi)' (34)
i=1
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With the y, g-dependent c-numbers

( M }L _e_ﬂlga-gbl
ees— kM, M) ————— . a+b
v DTETET ) i (3.5

e ep — M, Mp)/l a=b

Waa’ﬁb

il

we furthermore define

/\

J= = Z Waa o Npp - (3.6)

V is an approximation — in the sense of inequalities (3.13) — to the
orlgmal interaction V,. T, T+ V,, T+AU,, T«f—lU and T+V are
self-adjoint operators: Dy ,—#y ; if >0 and 1€ R. They correspond
to sesqui-linear hermitian closed forms T, T+ V,, T+AU,, T+ AU,
and T+V,,: %y x 9y, — C which are defined in analogy with (2.1).

Levy-Leblond’s result [2] and Eq. (2.11) of Ref. [1], in the case of
two species of identical fermions, read now:

0SU, <A 'T+4a,N; LeR,a, =2M(e* + k M?)*, (3.7
0S U, Su Y3 (T+a,N); u>0,a,=4M>*(& +x M?PI2[12 . (3.8)

These bounds are valid for the operators as well since Py ; C Gy,
For arbitrary &> 0 there is an integer g,(e, ) such that

7 _z - Bz
l_e"ﬂléa-éﬂ 1__,8 ! | e
0 ) 0 ‘)” - 3" é Y (39)
2.0.% EA=AT %] |2
holds for ¥, ¥" € A, and g 2 g,(¢, u). Therefore
| 1—6_ %Ifxi“fﬁkl
VM——ENg-:z-N‘lz(emeﬁ—xMaMﬁ) E— <V, +EN
o o (3.10)
and
~U,—eN+paysV,—VosU,+EN+pa; {3.11)
. 2 ME+MF\,_, 5 o] (g2 2
with a; =(e +—2— [ and £ =¢l" *(e* + k M?) results.

From (3.8), (3.11) and a consequence of (3.7):
0STESTH(T—2Uy)+4a, NS2AT+ Vo) +4a, N (3.12)
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we deduce the desired approximation:

T+V,,—cN T+V,,+cN
W§T+ Vo= -wi—:—z“;_—”s, {3.13)
where ¢=Z+ N~ 'pas+u~ " a, +4p % a, can be made arbitrarily
small by choosing N, g, and u large enough.

We have to show next that such an approximation of forms (or
Hamiltonian operators) is carried over to an approximation of the
corresponding thermodynamical functions. Consider the mappings of

hermitian sesqui-linear forms A into R, defined by

(AEe=0"tinf Y (0]4]|D) (3.14)
Fa DeFo
d
an (A);=—p~tlogsup T e~F@l4I0) (3.15)
F  ®eF

where F,(F) is a set of Q (finitely many) orthonormalized vectors in the
domain of 4. (m.c. (c.) stand for microcanonical (canonical) average.)
Both mappings are increasing:

AZB implies (4A)<(B), (3.16)
c-number additive:
A+ A=A+ for AeR, (3.17
and (.)™¢ is linear for 4> 0:
(AA)™ = A(4)™° . (3.18)
We define
2N, QDh=N"NYT+ Ve (3.19)
and
D, (N, B, h=N" YT+ V.)% (3.20)

and note that the quantities of Eqs. (2.7) and (2.8) are given by

IIN,Q D=N"YT+ V-, (3.21)
SN, B, D=N"HT+ V)5 . (3.22)
(3.13) then implies
z
2w 21 cSI(N,2, )< 2u(N. 2 ) + (3.23)

142p~15 12,15

and

B B
¢“9(N’_1_~+-2ﬂ—_1/5,l “Cé@(N,ﬁ,l)é@ug(Z\r,W,Z)+C. (324)
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We have thus achieved our first goal: to replace the 1/r-potential by a
step function with arbitrarily little effect on the thermodynamical
functions.

IV. Separating the Cubes by Walls

In this chapter it is demonstrated that separating the small cubes
Aj,, by impenetrable walls changes the specific mean (free) energy
2,,(®,,) by a vanishing amount, if N — co.

Besides the previously defined %, ; we have to deal with another
pre-Hilbert space where the wave functions vanish at the walls:

gN,~{¢e€§Nl|(D(x)=|=0 implies xmeUA,/h(Voc,i)}. (4.1)

(Recall that the Aj, are open sets.)
We shall have to compare the system without walls, volume P, with

a system with walls, volume I'® = (I + 2(h — 1)b)*. 2(h — 1)b will eventually
be chosen to be N ™16,

&,y NP z g 14 ST 00 (o)
. (4.2)

+ 7 N Z aa,Bb Z jd6Nx 0,(X,) 0p(Xg) 45*(35) p(x)
Bb

defines forms T+ V,,: %y, x %y, ~C, T + V7 9%, x4y ,~C and
T’W+ V.7 gy x gm —C. The correspondmg self-adjomt operators
are T+ V Dy~ Hy TY+ VT 98 >y, and TV + V79,
-y T+ V,, describes part1cles which are confined to move within
a cube of length I, each particle feels a potential which remains constant
as long as it moves within the same small cube. T% + V)7 describes the
same situation except that the particle current across the surface of any
small cube vanishes. 7'% + V" describes the latter situation except that
all lengths are scaled by a factor 1 +2(h—1)b/L

Since 4Y ,C %y, we immediately obtain an estimate
ZM(N,Q,I)gN“(TW-i-V B =ZN(N, Q) 4.3)
®,,(N,BODSN T+ Vi =N, B.1). 4.4

and

The following discussion, the purpose of which is to obtain an estimate
in the opposite direction, pertains to values of b such that 4(h— )b <l
Since 4(h— 1)b=2N "% and the limit N — oo is performed first, g —cc
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Fig. 1. The mapping R from 4, to A, for h=3

o
;:34

next, this poses no problem. Consider the (discontinuous) mapping
R: A, — A, defined by:

x,—2(n—1)b Lpmy +DEX,S(,—0b
(Rx),=42(,—2nb—x, if 2, —b=x,2, 4.5)
2Cn_2(n_‘1)b_xr Cn<xrécn+b

where r=1,2,3 labels the three spatial dimensions, n=0,1,...,h the
walls (including those of the original cube) in a given spatial dimension,

l
and {,=n " + (2n— 1) b the location of such a wall.

This mapping can be depicted in a given dimension (for h=3 as an
example) as shown in Fig. 1,

Consider next a function f: [0, !4 2(h — 1)b]— R with the following
properties: f is once continuously differentiable, f?(x)<1; for
n=12,..,h—1: flx)+1 for xe[{,—2b,{,+2b] only; f()=0;
£ f(L,+&) is even for [E]<2b; f2(C,+&+ [, +2b—8)=1 for

1 2
0SESh (/) < ra One can then show by an elementary calcula-
tion [6] that I: #y ,— H#y ., defined by

3
ID) Xy n Xgp)= H H f(xai,r) P(RXyy, ..., RX,y) (4.6)

zi r=1

is an isometry:

s an isomet (D, Ip)= (D, ). @7
2 An example is 1e Vi
ﬁ l? 1 <b
S+ a= m)ﬂ T4 pziss
. 26|

12 Commun. math. Phys., Vol. 28
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Since V,, and ¥, are constant as long as a particle moves within a
small cube one deduces as above

2| T7 +V,FID)S(P|T+7V,,|P)

3 MM, o 26— Db
+{b2 M, N z

BN} (®, B) (48)

holds for ® €%y, where B=3%3 |W,, | does not depend on N. The
#b
first term in curly brackets estimates the change in kinetic energy, the
second takes into account the [™!-factor in (3.5). This demonstrates in
particular that I%,,C %Y ,. (Recall that the conditions on f imply
f¢)=0.) Therefore, if F ={P,,P,,...} is a set of normalized and
mutually orthogonal vectors in the domain of the form T+ 7V, the
set IF ={I®,,ID,,...} is an orthonormal set of vectors in the domain

of T'" + V¥, from which property the estimates

S¥ (N, QI+ NSN3, (N.Q ) +d, 49)
BN (N, Q1+ N °N<d, (N, QD +d (4.10)
12923 /1 1
followforN>26withd=—-l%-—<—M~l— —M—->N‘”3+BN"“6.

With (4.3), (4.4), (4.9), and (4.10) we have reached the goal of this
chapter.

V. Distributing Particles Among Cubes

We now want to show why, in the thermodynamic limit, just one
particular distribution of particles among cubes Aj, is all we have to take
into account. For the canonical case this will be obvious, but for the
microcanonical mean energy of the first Q levels we need a somewhat
painful analysis.

First of all it is clear that one obtains a higher mean cnergy by taking
all © eigenvalues for one particle distribution than minimizing over all
possibilities. However, since Q is much larger than the (finite) number
of distributions the absolute minimum is larger than the one for a fixed
distribution and £ divided by the number of distributions. But in the

. 1
limit N— oo for s= -N—an such a factor does not matter.

To sharpen these ideas denote by 0 < ¢, <¢, < -+ the points of the
(discrete) spectrum of the kinetic energy operator t‘” describing one

particle in a cube 0 = x, < *}ll— (r=1,273).
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We define the following sets of partitions (witha=1,2;a=1,2, ..., g;
J=1,2,..):
X= {mm.:o, 1,2%.:1\7} (5.1)
with ?
[Xo={X"|X"CX'CX, X" contains ’ elements} (5.2)
for & eN,

E{ninwelN, ZnaazN} , (5.3)
an{ Mjmnw} for nev, 5.4
and
= {wlw" eNeY), ¥ co,,:Q} . (5.5)
neY
- 2
Note that ¢ and Y are finite sets; ) = (N;—g i 1) . Each partition
ne¥ -

v e X corresponds to precisely one eigenvalue of T% + V) of the
preceding chapter, namely to

1

Ev :N_2/3 Z Vaaj- N z vaa aa, ﬂbvﬁbk (56)
aaj ) 2M aaj J

fbk

Note that Fermi-Dirac statistics has been taken into account by allowing
Vaq;=0 or 1 only.

The quantities under discussion here are

1
w _ b
2N, Q)= NO X}Erg]g v;{y E, (5.7
and
1 _
QN D=~ prrlog 3, &%
They will be replaced by
1
N, QD= f - E 5.8
i J=min inf —o ZX E, (5.8)
and )
#0N..0=min] ~ 1 log T el (59
respectively.
From e‘BN‘Dﬁ{g(N;ﬁ,l)é Z Z e'ﬂEvée*ﬂN(D,"{Ig(N,ﬂ,l) Z (510)

neY veX, [ 4
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we deduce immediately
—1\2
BH(N, B, )2 BN, B, ) = DX (N, B, 1) — o NTITN sy
ﬂ N g—1
If, in the case of the microcanonical ensemble the minimum over we ¢ in

inf Y E,=min Y inf Y E, (5.12)

X'e[Xla yex- 0€0 T3 X" elXnlwn vy

1s restricted to those @ where w, vanishes for all but one n e Y, the estimate

TN, QDS EN(N,Q,) (5.13)

follows immediately.

On the other hand, the minimum over w € ¢ in (5.12) is attained for
a particular w®e @. Denote by Y, the set of those particle number
distributions me Y for which

Q
0=
W, NY
neY
00
is satisfied. Note that 0= = Z < N is a consequence. The sum
nEYo
over ne Y in (5.12) splits into two parts:
1 w? . E, 1
f E = -—B (514
NQ ,‘;0 X’ ng{'ln}w,, veZX V= ne¥o vsX N N ( )

— with B= ZI wa.psl @S in Chapter IV — and a sum over ne Y — ¥,

ﬁb
. . 1 Y
Now, since '~ inf — 3 N727 % Yaai% increases, so does
X'elXnlo 2 veX’ aaj o
@ — inf Y E, for fixed n. Consequently

X'e[Xnlar Q” vex:

0

1
(1-)ZMN, Q.0 T 2 iof — Y E,

n ’
neY—Yo Q xeiXle NQ veX’

o (5.15)
Wy E
<
=neYZYo Q XE[X“]&M ng veZ]:( v
so that B
(1—6)2 N, 2, Z)— — X H;(N, Q.0 (5.16)

has been established.
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1

Recall that B does not depend on N,0<6< N Since
—1\?
N(N“’ ) Q=0
g—1

we have 1311130 N logQ = Al{lixgo N log Q2. (5.11), (5.13) and (5.16) say that,

in the limit N — co, all but one particle distributions ne Y give negligible
contributions.

V1. The Thomas-Fermi Equation

Consider sequences Qy, fiy, Iy with N~ 'logQy—s>0, fy—>B>0
and ly—1>0. In this chapter we shall derive an explicit expression for

Z,, 0= hm IM(N,Qy, Iy) (6.1)
and
Byo(B, D= lim BN, By Ly). (6.2)

The problem now is to interchange this limit with taking the minimum
by which 2" and & are defined. For this purpose we introduce the
fraction z,, = n,,/N of particles of species a in cube a. In other words, we
rewrite the minimum over particle distributions as a minimum over the
simplex

Zy= {zINzaae}N, Yz, = 1} 6.3)

and, in the limit N — oo, over

Z= U ZN_{ era—'o Zzaa“'l} (64)
NeN
For a particular z € Z with corresponding n=Nze Y we define
1
N,Q Lz)= inf —— N—23 Laas®y )
“l = me 2N L (6.3)
‘52\7“2'3 Z u’isi
b ,Z, = T TR ca 2M, s .
BN, b 2)= = - log Le (66)
and
p.g(z) =7 Z aza Bb Z,Bb . (67)

lib
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Recall that the dependence of ¢ and ¢ on [ results from the dependence
on ! of the eigenvalues ¢; of 7. g,(N, Q,1,2) (¢,(N, ,1,2)) is the mean
{free) energy per particle pair for two species of noninteracting fermions
(N each), with entropy logQ (temperature ), if the containing volume
NP is subdivided into g equal cubes and if there are Nz, particles of
kind « in cube a.

If zyeZy is a sequence of particle distributions which converges
towards z € Z {component-wise), the limits

g,ls, 1, 2)= }%im &,(N, Qy, Iy, 2y) , (6.8)
¢g(ﬁ: l5 Z) = ]3%130 ¢g(Na :BN: lN’ ZN) (69)

are known to exist [7] and are given by the Legendre-transforms of the
grand-canonical ensemble expression:

q* 1
gy(s, 1, 2) = Z § g 2 ; (6.10)
2 2M T _
TC) 1+eﬂ M, Bloa
with f, u,, as unique solutions of
1
=-— | 3 . (6.11)
D) q
g (2m) 1+eﬁ2_M_ﬁﬂ““
and
P dq 4 1
R e :
e 2n)° 2M, T _
oa g ( ) 1 + eﬂ WML
2 (6.12)
dq Bt Bt
= f Gy g1+ 2 )}-
Likewise:

2

3 3 q
b5..9= S ruaha= o § i lost+e e ) 61)

za B g " (Cn )3
where the y,, are to be determined from
3 3
L= f @4 L (6.14)
g @2n)y® 8L _p
1+e 2m —7H

With definitions (6 1), (6.2), (6.5), (6.6), and (6.7) we can rewrite (5.8) and
(5.9):
Z,,0= ]\1[1—1)130 2}2{%9(2) +&,(N, Qy, Iy, 2)} (6.15)

¢ng(ﬁ9 l) = 131_1};10 ?;lg}v{uug(z) + ¢g(N’ ﬁN’ lN: Z)} . (616)
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Let us abbreviate the expression in curly bracket in (6.15) or (6.16) by
%x{2). Since z—u, ,(z) is continuous we conclude with the remarks before
{6.8) and (6.9) that y,(zy) converges towards y(z) for any sequence zy € Z
which converges towards a ze Z. An inspection of (6.7), (6.10) to (6.14)
shows that z—y(z) is continuous and hence ;g z{(z) is attained for a

certain . If zy € Z is a sequence which converges towards Z we conclude:
i =i =i i . 6.17
infy(z)= lim yy(zy) 2 lim sup min Ani2) (6.17)

On the other hand, there is a sequence Zy defined by m}n inizn) = rnEn)
ZeELN

Since Z is compact there exists an ascending sequence N; of integers such
that zy, converges with i—oo. Consequently limyy (Zy)=y(lim Zy,)
[ o [andie o3

= inzf ¥(z), and therefore
ZE

. . o
lim inf minyy(z) Z infy(z). (6.18)
(6.17) and (6.18) together imply

lim minyy(z)=min lim yx(2). (6.19)

We have thus established:

Z (s ) = inf {14,4(2) + 2,05, , 2} (6.20)
and
@B D= inf {1,,(2) + (6., 2)} . (621)

The particle distribution Z where the infimum of (6.20) or (6.21) is attained
is not a point on the boundary of Z 3. Consequently the variation of the
expressions in curly brackets in (6.20) or (6.21) must vanish somewhere
in Z.

Because of (6.11) and (6.12) we have

Blos=66,— Y tyy0Zsa, (6.22)
so that for a variation of X at constant s we calculate

0=} {Z Wia 55255 + Faa} Zua 3 62,0=0 (6.23)
aa (Bb a

* The functions on the right hand side of (6.20) and (6.21) are explicitly known and
are seen to be differentiable in the interior of Z, the partial derivative with respect fo z,,
at the boundary turns out to be positive infinite.
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with f,, the local chemical potentials corresponding to Z,,. The solution
of (6.23) is

Hoa= Z WaapvZps - (6.24)

The minimizing particle distribution is a solution of (6.11) with (6.24):

_ P d3q 1
2= Gy 4 ol L o] 629

where u,, u, and f are to be determined from
L=l (@=12), (6.26)

s=2p u,;g(f) — Bluy + i)

g éj 2n )3 log(1+e { Kl ”}) (6.27)

q* 1

g 55 o R AT

If this system of Egs. (6.25) to (6.27) should allow more than one solution —
the foregoing discussion has shown that there is at least one — we must
choose that for which
q* 1
Z)+ g ;I(znf 2M /3[ P
1+elam,

(6.28)

+ 3 WeagnZps —~ H}
Bb

is a minimum. The minimal expression (6.28) coincides with Z, (s, ]).

In the case of the canonical ensemble the same analysis yields: The
minimizing particle distribution Z is a solution of (6.25) and (6.26). This
system of equations has at least one solution, if there are many solutions
we have to choose that for which

& - qz"" 256
— Uy (B} + py + lp — Z j. q 10g 421\/[,1 + ZL;.W”,B ¥ ﬂ})
(6.29)

is a minimum. The minimal expression (6.29) coincides with @,{(8, ).

The system of Egs. (6.25) to (6.28) is the Thomas-Fermi equation in
the case of the microcanonical ensemble, (6.25), (6.26), and (6.29) in the
case of the canonical ensemble.
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VII. The Final Result

We shall now put together the estimates of Chapters III to V and
combine them with the explicit expressions for (6.1) and (6.2). Note that
(6.1) and (6.2) contain arbitrary converging sequences N~ ! logQy, B>
and ly. With definitions (2.9) and estimates (3.23), (4.3), (4.9), (5.13), and

{5.16) we conclude:
Z(s, D= lim lim Z,4(5,, (7.1)

from (2.10), (3.24), (4.4), (4.10), and (5.11)
(g, )= lim lim &,,(6,)). (12)

The expressions on the right hand side are to be calculated by solving
the corresponding Thomas-Fermi equation. We shall not demonstrate
in this paper that the limits g— oo, g—co on the right hand sides of
Eqs. (7.1) and (7.2) exist and are to be calculated by solving the Thomas-
Fermi equation with (%', X")=|X ’—~5c"'|‘1 instead of

— e #l&abl
1€ — &l
We refer the reader to the proof given in the appendix of an earlier paper
[3]. We shall state the result only:

For given >0, I>0 there are solutions of the Thomas-Fermi
equation

¥, = 3 0,7) (")

. &3 1
0.%)= | (2753 — (13)
with 1+ eﬁ[ﬂz y W«(’“""a}
e,e KM M,
W(X)= ZW ' Ix P op(%), (74)
which are normalized
j' Pxe,X=1 (a=12). (7.5)
Ay
One th Iculat
ne then calculates u=2 jd:‘xga()'é) W), (7.6)
x A

X (o N PR SR L)

£q 4 t
e=u+y [dx | (7.8)
. 2n)® 2M, 7 ; ’
" A (2m) - eﬁ[ S +Wa<x)—¢a&J

s=PBe—¢). (7.9)
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If (7.3) to (7.5) has more than one solution that which minimizes ¢ has
to be chosen, and the minimal ¢ coincides with @(f,1). From f-s,
B —¢ the graph &(s, ]) is constructed by choosing the smaller one of two
possible &’s. g(s, I) coincides with X(s, [). From (6.22) and (7.9) it follows
that the microcanonical and the canonical thermodynamical functions
are Legendre-transforms of each other if the Legendre-transform is
possible, i.e. for those values of the entropy s where
0% Z(s, 1)

aSWZW—M >0.
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