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Abstract. Let fe L7 (R"), n = 2, be a radial function and let S/ be the spherical

2n 2n
o <p< mthcnSRf(x) — f(x)a.c.as

partial sums operator. We prove that if

R— o0. The result is false for p < nz—fl and p > n2_n1.

We define the operator S by setting

NGRS
(Sf)@_{& if &) > 1

whenever fe L2(R) N LP(R"), 1 < p< o0, n= 2.
On L?(R") radial functions HERZ [1] proved that S is bounded if

and only if 2n

<p< " ; KENIG and ToMAs [2] that S is not
n+1 n—1

weakly bounded for p = n—zf? CHANILLO [3] that S is restricted

. 2
weak-type at the index n
n+1
We are interested in the a.e. convergence as R — oo of the partial

sums Sy f(x) (for Fourier integrals) where (Szf) (§) = (S f)A(%>, as-
suming f radial. (For a general f this is an open problem for p = 2,
otherwise it is well known [4] that convergence a.e. fails). We define

Tf(x) = Supg-o| Sgf(x)| .

! Partially supported by M.P.1.
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We will establish the following result

Theorem. If % <p< —zil then T is bounded on 17 (R") radial
n P
2n orp= 2n then T is not bounded on L? (R")
n+1 n—1

Sfunctions. If p <

radial functions.

Corollary. For every fe L¥ (R") radial, if nzfl <p< %, then
Sef(x) = f(x) a.e. as R— 0.

Our estimates are based on the well known weighted norm
inequalities for the maximal function M, the Hilbert integral H, the
maximal Hilbert transform H and for the maximal Carleson opera-

tor, [5],

e TS0 4|,

e<|x—t|l<= x—1

Cf(x) = Sup,.. ,Sup, ..

Namely we are going to make use of the following

Lemma 1. If G=M, H, H C and weA,,p>1, then
[1Gf) P wx)dx < ¢, fIf(X) 7 w(x)dx.

Moreover we shall need the following inequalities for the Bessel
functions J, (7).

Lemma 2. Let k = 0 be half of an integer. Then
(Pl) ‘Jk(t)|<cka 1205

(P) (1) = /gcos (z ~Zk- %) + E.(),

I

where | E, ()| < %,for t> A(k) > 0.

Proof. To prove (P,) it is enough to integrate by parts ([k + 1])
times, starting from the definition of J;. (P,) is a refinement of the
computations in [6], p. 159 that can be easily obtained.

By ¢ we will denote a constant not necessarily the same in all
instances and possibly depending upon ».
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Proof of the Theorem. T cannot be bounded for p < % or
n

2n .
p= p— due to the mentioned result of HErz. Let us turn to the

positive part of the theorem. If fis a radial function then £ is also
radial and

2 < 2arR
7@ = 22 [ SR R

Therefore

n

0 n N
SNf(S) (n 2)/ j‘ 2 j‘z](n_2)/2(277:RS);](ngz)/z(zﬂRr)Rder .
0 0

Denote the inner integral by Ky (s, 7). From [2]

() = x T (), (xTFR()) = = xT ()

This and an integration by parts give

Ky (s, r)—cNJ (2nNs)J(2nNr)+c jJ(ZnRr)J(ZnRs)RdR

Noting the symmetry of K, in » and s, we compute Ky (s, r) <r — s>
s r

and we obtain

N
Suf(9)=c $o— 2)/2.[ o J(n 22 QRaNr)J,QaNs) f(r)rdr —

N n
¢ 2)/2f P J(n 02 QaNs)J,QaNr) f(r)r"?dr =
=cTyf(s) + c TS (5).

Our estimates of Ty and T will be independent of N and will involve
the operators mentioned in Lemma 1. We start with 7% and break the

domain of integration in three parts (O, %) G ; > Gs,oo). In

correspondence we have Tg=Ty+ T+ Ty. If s<

Lemma 2 we have

15 Monatshefte fiir Mathematik, Bd. 105/3
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s/2 /2
T < et [ 3701 (5) ar <

253
< et (O = E MY ),

If mstead s >

2A(n)
N

then we further break the domain of integration

in (0, %@) and (A]E;Z) 9) and obtain 7} = T + T, Again by

Lemma 2 we have
A#BIN

57 1 8T AN P dr <
0

c

T“f(s)l\ (,, z)/z(N

<AL T 1R < MG ),
and
T ()] < ¢ Sf sTHND TR B dr <
= (n 2)/2(N )1/2 . ==
c 1%

S wone SRy j[f(r)]r(” W dr = G- 1);2M(f(”) ro= VR (g).

Now let us consider Ty. If 25 > —=- then

A(n)
N
Tif(s) < K= L”Z(Ns)”z'(s(sa-rjlf()((N )1/2

< ;—fm { ;}:;If(r) [P gy = ;(Tf}—)/zH(L FGIEARETON

()

If instead 25 < —= then we break the domain of integration in

(325, JL;?) and (é—]—gl), oo) and obtain Ty = Ty + T5’. We have that
An)
Ns © 1
RIS e g [ O dr <
3s

l\-)



Almost Everywhere Convergence of the Spherical Partial Sums 211

A

N

< CL J‘ L f(r)] po 12 p=D2 g

=T g2 3 =
s

2
An)

N _
Scs(n—w/z ,[1 ()]s W2y DR g < P 1)/2M(|f(”)|”(n 1)/2)(5)
5. Al
N

and

Ns © N 1
TV f(9)<ec (@=20 j A(n)s—l—r(N )1/z|

f()|rdr <

SO reY2dr <

<e( ) oI 6 <

< SO ().

Now we turn to the study of 7. We set s — r = t and we obtain

1) =
cN 211 w2
oA § (5 Ml 2N = D= 0o 0=

= Tyf(s) + Taf(s) -
If s < ]gr) then for a suitable 5, 1s_0 < §< 105, we have

cN | 21
| Thf(s)| < = 7| J- (J(n—z)/z(ZﬂN(S — D) = Ju_2p2aNs) +

+ Ju-2pRuN)f(s = (s — D" dr| <

cN . 2 n
< oo [l j NJ o RaNS) f(s— (s — D" dt +

S/2 1

+1 J(n 2 QaNs)f(s— (s — H"dr] <
52
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CN2 5/2 , )
Sm j | Lo 2pQaNH | fls—O|]s—t|"dt +

—S

s/2
(f]\z[)/z| f 1f(S— D(s— " dt| = Ty' (9 + T f(s) .

Since Ji(x) = — J (%) + ;Jk(x) it follows that |J, ,(2zNs$)| <
e
< N__Q and therefore

N 1 /2
| T f(s)| < (f s jlf(s—t)lls (2512 g <

= SUUCIETOY

Now we turn to

s/2
\T2f(s)| < s 2)/2[ f 1f(s—t) (s— )"~ D2 [(s— )2 — 5124 517 dy| <

[“ZH(f(r)r )(S)+S " I [fls— Dlls— )@= D2di] <

s 2 — 52
<29+ (1) ).

A(n
Now suppose 5 > ]if) To estimate T f(s) we write

iexp(i(r - %n — Z)) iexp(— i(r —Zn— Z))]

J(n—Z)/Z (r) =

+

V2mr an

iexp(i(r 3" %» el l<r i Z»

- Dar B 2ar

=K, (r) + K;(n) + K, (1)

and in correspondence we have Tuf(s) = T2 f(s) + T f(s) +
+ T¥ f(s). We start by

= |;](n_2)/2 (r) — +
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TV ()| <
< cN 21 "2
= - ~w=2 | QN s) _I/Z;Kz(ZﬂN(S —Dfls—Hs—n"dt] <

¢ s/2

< |
S Se-nre _{/2

2N s i (5 - 07| <

C ~ n_
< G COO ) ().

In a similar way T, f(s) can be estimated. Now we consider

s/2
TV f(s) = (f ]Z;/z Jp 27N s) [;I/Z%(K1 QaN(s— 1) —
— K\QaNs))f(s — D(s— 0" dil + Sf 1K1(2nNs)f(S— D(s—"di] .

— 5/2

For a suitable §,5/10 < §< 10s, and using (P,) we have

cN? 1 s/2
TV f(s) | < WW' j"/zK; QaN3$) f(s — i)(s— " dt| +
5/2
+ (51\2[)/2]\/- l f f(S—t)(s HE=2[(s — H2 — s 4 sV dt| <

< oM+ B O
A6

Now we study Ty f(s). First suppose s >~ then

¢Ns 512

| Tof(s)| < S 2),2(NS)1/2 j s (Ns)l/zif(s Dlls—t|"dt <

c e
< s—(mM(f(r) r¢ 1)/2) (S) .

Secondly suppose s < 14% Then

cNs 2
| Tof ()| < = 2)/2j 2|f(S—t)||S ¢ | =D g2 gy <

S cAmMF R r* D% (s) .

So far we proved that
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| RO < G M + Ho+ H+ Q¢ ().

We are going to prove that the same estimate holds for

cN
T/ (s) = o= Ju-2p 2N 3) f R 5L RaNpf(r)rdr .

We break up 7y in the same way as 7, ]S and we denote by Uy, the
operator corresponding to 7. In the case of U, and Uj it is enough
to observe that r < s and to use the estimates for Ty and 7}, . Now we

consider U f(s) in the assumption 2 s > ]57) We have

(GO < j f(r) PR dr < S H(FO ) ()

2

()

If instead 25 < —~

35 A(n) A (n)
(2 Y >and( N )and we obtain

then we break the domain of integration in

N 1
U2 < ¢ 12 1 (=112 12 g
IOV 5| 4o s

©

) o f(r)r(” D2 gy

A (n)/N

Next we study Uzf(s) = Usf(s) + Usf(s). In case s < A(n)/N pro-
ceeding as we did for Ty we obtain

+ (Vs)'”

]\ - 1)/2(M+ ) (f(Hr" ") (s) .

4 cN 25—t i
U1 < ] J 5 QAN NS — 06— 0" i +
2y
+ P QAN fs = DG — iR | <
s 8
2
CN w2 nf2
< won j |fGs—Dlls— 1" T, QaNs) | dt +

- §/2

S/Z 1

cN 1 .’« f(S— D(s — D2 (s — P dr| <

+S(n D2 1/2
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< oo @+ MO ().

Now suppose s<A®m/N and write Usf(s)= Uy f(s) +
+ U¥f(S) + UP f(s). We have

UV f(9)] <
/2 i 2n Nt -
< s(nfo/z _[/ZCXP . / )(1 — 119 f(s — ) (s — 1) 1)/26171‘ <

< @+ MO .

Similarly for Uy’ f(s). Only Uy f(s) is left. We have

21 Nt s—t i
D rrgm s 6= o]+

cN 1
UEFOI< ]

1 21y —t 2
t— [ - — (s — " <

SN 12
<(n—l)/z[*f | f(s—D|s— ] D2gr 4
§ S 2

1 1 %1
| | “fis— (s — HO V(s — )Pdr| |<
+ | L, 06— 0 P60 H

c ~ -
< W(M—I— HY(f(r)r"=D2(s) .

So the following estimate has been proved
Cy it a n—
| Tuf(9)| < ;:(n_—l)/z(M+ H+ H+ Of()r" ") (s) .

Therefore since for — 1 <a < p — 1, 5*€ 4,(R) then by Lemma 1 we
have

[Supy | T f () |15 <

-&5hp

<EfIM+H+H+ O r* ") (s)7s s lds <

n—1

_ n—1—-=—=—p
< 1" 2  ds < 112,

whenever 2n <p< _2n_1 This proves the theorem.
n n—
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