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Abstract. Letf~ L p (Rn), n >~ 2, be a radial function and let SRfbe the spherical 

partial sums operator. We prove that if 2 n < P < 2 n n + 1 ~ then Szf(x) ~f(x)  a.e. as 

2n 2n 
R ~ ~ .  The result is false for p < ~ and p > --'n-1 

We define the opera tor  S by setting 

if  II~[[ ~< 1 

= [~0' ~)' i f  [[~ll > 1  

whenever  f ~ L : ( ~  n) c~LP(~) ,  1 <~ p <. oo, n >~ 2. 
On L p (~n) radial  funct ions  HERZ [1] proved tha t  S is b o u n d e d  if  

2n  2n  
and  only i f - - n + 1  < p < - 1 ;  KENIG and  TOMAS [2] tha t  S is no t  

2n  
weakly  bounded  for  p - n + 1; CHANILLO [3] tha t  S is restricted 

2n  
weak- type at  the index - - .  

n + l  
We are interested in the a.e. convergence as R ~ oo of  the par t ia l  

sums SRf(x)  (for Fourier integrals) where (SRf)(~) = ( S J )  ( ~ ) ,  as- 

suming f radial.  (For  a general  f this is an  open prob lem for  p = 2, 
otherwise it is well k n o w n  [4] tha t  convergence a.e. fails). We  define 

Tf (x )  = SupR > 0 L SRf(x)  [ �9 

1 Partially supported by M.P.I. 
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We will establish the following result 

2n 2n 
Theorem. I f  < p < - -  then T is bounded on L p (R') radial 

n + l  n - 1  
2n 2n 

functions. I f  p <~ - -  or p >~ then T is not bounded on L p (~')  
n + l  n - 1  

radial functions. 

2n 2n 
Corollary. For every f 6  L p (~ ')  radial, i f  n + 1 < p < ~'n - then 

SRf (x  ) --+ f ( x )  a.e. as R -+ oo. 

Our estimates are based on the well known weighted norm 
inequalities for the maximal function M, the Hilbert integral H, the 
maximal Hilbert t ransform/7 and for the maximal Carleson opera- 
tor, [5], 

Sups> o ~< e - i , t f ( t )  [ 
C f ( x )  = Sup,>0 I x -  t dt . 

I / - t l < ~  

Namely we are going to make use of the following 

Lemma 1. I f  G = M, H, /7, C and w~Ap, p > 1, then 

S lG f ( x )  [ ' w ( x ) d x  <~ CpS]f(x)]Pw(x)dx. 

Moreover we shall need the following inequalities for the Bessel 
functions Jk (t). 

Lemma 2. Let k >i 0 be half  o f  an integer. Then 

(P~) IJk(t) l~Ck, t~>O, 

2 4)+ 
Y 

Ck 
where I Ek (t) I ~ 7~,  for  t > A (k) > O. 

Proof  To prove (P1) it is enough to integrate by parts ([k + 1]) 
times, starting from the definition of Jk- (Pz) is a refinement of the 
computations in [6], p. 159 that can be easily obtained. 

By c we will denote a constant not necessarily the same in all 
instances and possibly depending upon n. 
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2 n  
Proof of  the Theorem. T cannot be bounded for p ~< or 

n + l  
2n 

p >/ due to the mentioned result of HERz. Let us turn to the 

positive part of the theorem. If f is a radial function then f i s  also 
radial and 

f ( R ) =  2or S J ( ' l - ; ~ / ~ )  f ( r ) r n - l d r .  
o I l -  

Therefore 
co n N 

SNf(S) -- c s(,- 2)/2 ! rE f ( r) ! J(,_ 2)/2 (2  7~ R s) J (n -  2)/2 (2 or R r) R d R dr .  

Denote the inner integral by K u (s, r). From [2] 

( x  k J ,  ( x ) ) '  = x k J~ _ ,  (x ) ,  ( x -  ~ J~ ( x ) ) '  = - x -  ~ J~ . 1  (x )  . 

This and an integration by parts give 

N S N 
Ku(s'r) = c~--Jn-r 2(2or Ns)Jn(2orUr) + Cr[-o J~(2 = Rr)J,(2or R s ) R d R .  

2 ~ ~ 2 

Noting the symmetry of K~ in r and s, we compute KN(S, r) (5 - ~) 

and we obtain 

SNf(S) N ~ s = C s(n_2)/~ 0 $2 -- r2 J(n-2)/2 (2 or Nr) Jn/2 (2 or Ns) f (r )  rn/2dr - 

N co r 
-- c ~ ! s ~ _  r2 J(n_ 2)/2 ( 2 or N s ) Jn/z ( 2 or N r) f ( r) r'/Z dr = 

= c T~ + c T6f (s ) .  

Our estimates of T ~ and T 6 will be independent of N and will involve 
the operators mentioned in Lemma 1. We start with T ~ and break the 

domain of integration in three parts (0,2);  (2 ,~s) ;  (~s, oo). In 

2 A (n) 
correspondence we have Tu~ T~-+ TN 2 + T~. If s < -  by 

N 
Lemma 2 we have 
15 Monatshefte fiir Mathematik, Bd. 105/3 
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N s  s/2 .s~V2 'TJf(s)}<~c'~os-21f(r)Ir('-')'2(~ ) dr<~ 

_ A (n) I z~ 7g " c - ~  < Cs("-i)/---2 s ~o If(r)  l r('-~ d r =  - JlIOC(r) r("-l)/Z)(s)" 

2 A (n) then we further break the domain of integration If instead s > -- N 

0, )'9~ and obtain TJ. = Tff+ TJ 2. Again by in 

Lemma 2 we have 

N s c A (~)lW 
I T f f f ( s )  <~ s(,~_2)/Z(Ns)I/2 ! s - 2 t f ( r )  lr(~-*)12(A(n)/N)~/2dr <~ 

A (n) ~n 12. e 
<~ c s(._O/~_ s J'o If(r) I r ~'- o/2 dr <<. s-~__~ - M ( f ( r )  r ~"- ~)/2) (s), 

and 

I TIw2f(s) 
N S C #2 

<~ o(~--2)/2 t~r.~l/2 [. s -  2(Nr)-l /2 l f(r)  l H/Z dr <<- 
,, ~,1 ~ o )  A (n) /N 

<~ s(,,_o/2 s ! I f(r) l r("--~ dr = ~ M ( f ( r )  r(~-~)/2)(s) �9 

A (n) Now let us consider T 3. If 2 s > ~ then 

N s  c ~ 1 r ~/a 
[ T~f(s)!  <~ s(,,_z~/z (N s) ~'2 ~, s(s  + r)lf(r)(-(N-~7)-~zdr <~ 

T 

~176 s- l+r  
c c 

<~ ~ 2  f lf(r) l r("-l)/2 dr - s(.-~)/2H(If(r) l r("-~ . 

A 
(n) then we break the domain of integration in If instead 2 s < 

( ? ,  AN(n) ) and (_~_n), oo)and obtain TNS= T3~+ T~Y . We have that 

T ~ f ( s )  l <~ Cs(._2)/2 ]f(r) lr"/2dr < 
�9 3 s  

2 
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A (n) 
N 

<~ N [. i f ( r ) l r_ l /2r( .  1)/2dr<. " 
Cs(n-2 ) /2  3s 

2 

^ , A(n) 

If(r) l s -1/2r(n- 1)~2dr ~ ~ M ( l f ( r )  l r ( '- 1)/2) (S) , 
Cs(n - 1)/2 s - A(n) 

N 

and 

i Z3N2f(s) l ~ N s  ~ N 1 
c s(,_2)/2 A(,) A (n) s + 

N 

r (Nlr )m If(r)] r'/2 dr < 

U*/2 
o ~ / 2  a o ~ tat,;tr('-l)/2,a.a, ~< dr <~ 
,) A (n) O "T- . 

N 

/ N \1/2 1 H(I f ( r )  I r ('-1)/2) (s) 
<~ c (A (n)) s ('- 2)/2 

C ~ H (I f (r) t r (~-1)/2) (s) . 

Now we turn to the study of T 2. We set s - r = t a n d  w e  obtain 

T2 f (s) = 
c N  s/2(; 1 ) 

= f f  -2)I2J"I2(2~Ns) -!/2 q-2~7 J~._2)/2(2~zN(s- t ) ) f l s -  t ) ( s -  t)'12dt= 

= T4f(s )  + T ~ f ( s ) .  

S A(n)  then for a suitable s ~ < s  lOs, we have If s <  N 

s/2 1 

] T 4  f ( s )  [ <<- s(nC~N 2)/2 _~/2t(J(n--2)/2( 2 ~ u (S - t)) - -  J(n_ 2)/2 (2 oz U s) -t- 

"~ J((n-2)/2 (2 = N s ) ) f ( s  - t) (s - t) n/2 dt[ <. 

c N ~/2 
~< ~ [ I  S NJ'( , -2) /2(2=Ns-) f(s  - t)(s - t)"/2dt + 

- s/2 

s/2 

+ I [. J ( , _2 ) /2 (2=Ns) f ( s -  t ) ( s -  t)"/2dtl] <. 
- s/2 

15" 



212 ELENA PRESTINI 

c N 2 s/2 
! IJ'(n_2)/2(2~Ws-)llf(s -- t) l I s -- tln/2dt + s (n -2 ) /2 -  /2 

+ - - I  f ( s  - t) (s - 0 "/2 dtl = Tif f(s)  + T~N2f(s) . 
s(n-  2)/2 - s/2 

k 
Since J~(x) = - Jk+l(x)  + "Jk(x )  it follows tha t  I ~_2(2~zNs-)  I ~< 

X 2 
C 

~< Nss and  therefore  

IT41f(s) l<~ c N 1 s~ i 
S (n-2)/2 S _ /2 

N o w  we tu rn  to 

I f ( s -  t) ll s -  t l("-~ 

<~ ~ M ( f  (r) r (n-1)/2) ( s) . 

s/2 1 
J Tr <<" s(nCN[- 2)/2 -~s/2 lf(s--t)(s--t)(n-1)/2[(S--t)I/2--S1/2-[- S1/2]dt]<" 

s/2 
~_2[sl/2[7(f(r)r n - l _  2 )(s) + s-l/2 ~ If(s-- t)lls-- tl(n-~ 

2 - s/2 
S 

c A (n) 
~ (1~\** + M )  ( f ( r )  r (n- 1)/2) (s ) ,  

A (n) 
N o w  suppose s > . To est imate T4xf(s) we write 

N 

J(n- 2)/2 (r) = 

g 
= LJ ._2)/2 (r) - 3/2 z~r + 

i e x p ( i ( r  - 4n  - 4 )  ) 
+ 

3/2:r r 

= KI (r) + K2(r) + K3 (r) 

and  in cor respondence  
+ Tr We start  by 

w e  

i e x p ( -  i r -  ~ n -  

~/2~r 
+ 

have T4f(s)  = T~3f(s) + T44f(s) + 
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[ TN44 f ( s )  I <. 

c N s/2 1 
<<, ~ [ J , / 2 ( 2 n N s )  ~ t K 2 ( 2 ~ N ( s -  t ) ) f ( s -  t ) ( s -  t)"/Zdt] <~ 

- s/2 

<~~lc ~2 e x p ( _ 2 M N t ) f (  s -  - t ) ( s -  t)n-1/2dt[ <~ 
- s / 2  t 

~< ~ d(f(r) r ("-1)/2) (s). 

In a similar way T45f(s) can be estimated. N o w  we consider 

s/2 1 
T43f(s  ) S (n-2)/eCN L / 2 ( 2 ~ N s  ) (2~N(s - E I2 (K,_ - , ) )  - 

s / 2  1 

- KI(2z~Ns)) f ( s -  t ) ( s -  t)"/2dt] + S/2tK,(2~zNs)f(s  - t ) ( s -  t)"/adt]. 

For  a suitable ~s / lO < Y< 10s, and using (P2) we have 

c N:  1 s/2 
[ T43f(s) [ <~ s(.- 2)/2 (N  s)1/2 [ -~-/2~ K] (2 ~z N s-)f(s - t) (s - t) ~/2 dtj + 

c N 1 ,/2 1 ..{- - -  - -  s(n_2)/2Ns ] _S/2t f (s--  t)(S-- O(n--1)/2[(S t) 1/2 S 1/2 + S'/2]dt[<~ 

C M <~ ~ (  + I~OC(r)r("-')/2)(s) 

A (n) 
N o w  we study T~vf(s). First suppose s > ~ then 

c N s 1 ,~2 1 1 
I TSNf(s) I <- S(n- 2)/~ (N s) I/2 -~72 ~ (Ns) 1/2 t f ( s  - t) I I s - t I ./2 dt <. 

C <. ~ M ( f ( r )  r (n-~)/2) (s). 

A (n) 
Secondly suppose s < - - .  Then 

N 

I T~f(s) l <~ c N s  s/2 ~ l f ( s -  t) l I s -  tl(n-O/2sl/Zdt <~ 
S(n- 2 ) / 2  _ s/2 

<~ c A  (n) M ( f ( r )  r ("- 0/2) (s) .  

So far we proved that 
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I T~ J <~ c ~  [M + H + t l  + Q (f(r) r (~- 1)/2) (s) 
S (n - 1 )/2 

We are going to prove that the same estimate holds for 

c N  r 
T6 f ( s) - s (~-~)1~ J("- 2)/2 (2 ~ N s) ~f s2 ~ Jn/2 (2 Jz N r) f(r) r n/2 dr .  

0 -- 

We break up Tu 6 in the same way as T ~ and we denote by U~ the 
operator corresponding to T~. In the case of  U 1 and UN s it is enough 
to observe that r < s and to use the estimates for T~ and TN s . Now we 

A (n) 
consider U~f(s) in the assumption 2 s > . We have 

N 

c o~ 1 c r(n- 9/2) ] U~f(s) ] <~ ~ f,s-~+ / ( r )  r("- l)/2 dr <~ ~ H ( f ( r  ) (s) . 
2 

If  instead 2s < A (n) then we break the domain of  integration in 
N 

(A (n) co) and we obtain ( 3 s ' A ~ n ) ) a n d \  N ' 
i 

,+A_fi 

I U3f(s) I <- s ( . _ , ) / 2 l _ A  (n) "~f{.) -Jjtr)r [ r("-')/2r*/2dr + 
s - - - -  N 

co 1 f(r) l)/2dr ] + ( Ns)*/2 I - - - - - - - -  r(" ~< s(.-~)/2(M + H)(f(r)  r(n- l)/2) (S) " 
A(n)/N S + r 

Next we study UZf(s) = U4f(s) + USNf(S). In case s < A (n)/N pro- 
ceeding as we did for T 4 we obtain 

c N  [I ~ s - - t j . / 2 ( 2 o z N s _ ) N f ( s _  t ) ( s -  t)n/Zdt, + I U4 f(s)  l <~ s ~-2~ s 
- s/2 

S 

~s - t j, 
+ j ~ -  n/2 (2 x Ws)f (s  - t) (s - t)~/2 dt -]| <. 

c N ~/2 
s (n -2 ) /2  -!/2 If(s - t)I1 s - t l"/2l J'n/2 (2 = Ns) I dt + 

s(n-')/2cN l [ s/21S1/2 ~s t I + - t ) ( s  - - 0 3/2 cl t  
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c 17 <~ ~ (  + M)(f(r)r("-')/2)(s) . 

N o w  suppose  s < A (n)/N and  write  U4Nf(S) = U43 f(s) + 
+ U4N4f(S) + ueSf(s). We have 

] UN44 f(s) I <~ 

s ( . -  l)/2 _ s/2 t 

C 
- -  (d  + M) (f(r) r~"-,)/2) (s) s(n- 1)/2 

Similarly for  U45f(s). Only  U43f(s) is left. We  have  

I U4N3f(s)'<~ c N 1 [ s/21[. N t s - t f ( s _  t)n/2dt ] +  
s(.-2)/2 (Ns)1/2 _-s/2-t (Ns) 3/~ s 

1 [ ~2 l s - t f ( s - t ) ( s - t ) ~ / 2 d t ] < <  
+ (Ns) 3/2 t s 

- s/2 

<~ c [. i f ( s_ t )Lis_t l (~_, ) /2dt+ 
s(n- 1)/2 - s/2 

J/2A( n ) l  1 s~ 1 ,, t) 3/2 dt ] + _ 3 / 2 / t s -  0 ( s -  t)~"-1)/2(~ - ~< 

~< c ( M  + 17) (f(r)  r ("-')/2 (s) s(n- 1)/2 

So the fo l lowing est imate has been  p roved  

I TNf(S) I <. C ~  (M + H + 17 + C) OC(r) r (~- ,)/2) (s) s(n- 1)/2 

Therefore  since for  - 1 < ~ < p - 1, s'EAp(O~) then by  L e m m a  1 we 
have 

p 
II S U p N  ] TNf(X)  t[[Lp(~.) 

<~ cff ~ l (M + n + 17 + C) (f(r) r ("-~)/2) (s) [P s- (" 21)Ps. -1 ds 

n-1 
c p i [ f ( s )  s(,,_l)/2[PS 1 - - -  p p 

2n  2n  
whenever  - -  < p < - - .  This p roves  the theorem.  

n + l  n - 1  
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