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Zusammenfassung 

In der vorliegenden Arbeit  werden N~herungswerte (mit strengen Fehlerschranken) herge- 
leitet ffir die Eigenfrequenzen der Schlingerbewegungen einer einen Halbraum mit kreis- oder 
streifenf6rmiger ~)ffnung ausfiillendert idealen Fli~ssigkeit. Das mathematische Modell kann als 
Grenzfall des klassischen Modells ftir endliche BehS~lter be t rachte t  werden. Wegen der bekannten 
Gebietsmonotonie der Eigenwerte sind die -Werte ffir den Halbraum universelle obere Schranken 
ftir die entsprechenden Eigenwerte beliebiger beschr~nkter oder unbeschr~nkter  BehS.lter mit 
gleichartigen Of/nungen. 

Die Anlage der Arbeit ist wie folgt: 
Die Formulierung des mathematischen Modells erfolgt in w 2, wobei insbesondere auf die 

Randbedingung im Unendlichen eingegangen wird. In w 3 wird die Aufgabe auf die Eigenwert- 
aufgabe ftir einen gewissen selbstadjungierten, kompakten Operator in einem Hilbertraum zuri~ck- 
gefflhrt, wodurch der Weg zur Anwendung klassischer numerischer Verfahren der Eigenwert- 
best immung (Ritz, Krylow-Bogoljubow, Temple) freigelegt wird. In w 4 werden geeigrtete Ko- 
ordinatenfunktionen ftir das Ritzsche Verfahren eingefi~hrt und die erforderlichen Skalarprodukte 
analytisch berechnet. Einige dabei auftretende Integrale mit Gegenbauerpolynomen sind im 
Anhang ausgewertet. Das Ritzsche Verfahren ffihrt in der hier benti tzten Form auf die algebraische 
Aufgabe der Besti lnmung der stationS~ren Werte einer quadrat ischen Form unter  einer linearen 
und einer quadratischen Nebenbedingung. Die numerische L6sung dieser Aufgabe wird in w 5 
besprochen. Die sich daraus ergebenden, recht  genauen Eigenwertschranken sind in w 6 tabelliert. 
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1. In troduct ion  and T h e o r e t i c a l  B a c k g r o u n d  

L e t  A b e  a rea l  s y m m e t r i c  m a t r i x  of o r d e r  n, B a rea l  s y m m e t r i c  p o s i t i v e  d e f i n i t e  

m a t r i x  of o r d e r  n,  a n d  C a n  n •  m a t r i x  of r a n k  r w i t h  r ~ p < n. W e  wi sh  t o  

d e t e r m i n e  v e c t o r s  x s u c h  t h a t  

xTA x 

x T B y  

is s t a t i o n a r y  a n d  C T x = O, t h e  n u l l  vec to r .  

B y  r e a r r a n g i n g  t h e  c o l u m n s  of C, we m a y  w r i t e  
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where /}r is an upper  t r iangular  ma t r ix  of order r, S is r • (p - r), and QT Q = I .  
The mat r ix  Q m a y  be constructed as tile product  of r Householder  t ransformat ions  
(cf. E3]). 

Let  

where y is a vector  of the first r components  of w and z consists of the last (n - r) 
components  of w. Thus  

=Ls ~ 0~ [Y]=0, 
and hence 

y = O .  

Therefore,  the problem of determining the s ta t ionary  values of 

x T A  X 
subject  to CT x = 0 

x T B x  

is equivalent  to determining the s ta t ionary  values of 

wrQA Qrw 
subject  to w l = w 2 -  - w  r = 0 .  

wT Q B Or w 

Let  

G = Q A Q T  [GllG12] QT [Hl l  H12] 
= [Gr~2G22J ' H =  Q B  = [Hr~2H22J 

where Gn,  Hl l  are r • r matrices,  and G22, H2~ are (n - r) • (n - r) matrices.  The  
matr ices  H and G are symmetr ic ;  H is positive definite, and H22 is positive definite. 
Indeed,  

0 < ~min(H) < ~.,,,in(n22) ~ 2,,a,(m22 ) ~< 2ma,(H). 

Thus the s ta t ionary  values we seek are the eigenvalues of the mat r ix  equat ion 

G22 z = ~ H22 2; (1) 

Since G~2 and H22 are symmet r ic  and H~2 is posit ive definite, we m a y  solve (1) b y  
using s tandard  algori thms (cf. I71). Finally,  if 

a2~ zi = 2i H22 zi ( i = 1 , 2  . . . . .  n - r ) ,  

then 

xi = Qr z l .  (2) 
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When  p --  1, and  B = I ,  a s l ight ly  different  a lgor i thm m a y  be used for comput ing  
the s t a t iona ry  values.  We assume 

c r c - 1 . ( 3 )  

Let  
q~(X) = xT  A x - -  ~ x T x + 2 # x T c (4) 

where (k, #) are Lagrange  mult ipl iers .  Dif ferent ia t ing (4), we are led to the  equat ion  

A x - - 2 x + # c - -  O .  (5) 

Mult ip lying (5) on the left by  c ~ and using (3), we have  

/z = - c t A x .  (6) 

Thus subs t i tu t ing  (6) into (5), we have  

P A x = 2 x  

w h e r e P =  [ - c c  T . N o t e P 2 = P s o t h a t  

~(P  A) --  2(p2 A) = ~(P A P) . 

The ma t r i x  P A P is symmet r i c  and  consequent ly  one of the  s t a n d a r d  methods  m a y  
be used for comput ing  its eigenvalues.  

I t  is easy to const ruct  the  ma t r i x  P A P using a device of Wilk inson [10]. Le t  

K = P A P ( [  - c c T) A ( I  c c T) = A - c w ~" w c T + oc c c "r 

where 

o r  and  w = A  c .  

Then if 
cr 

u =  c - - w ,  K = A + c u T + u c  T .  
2 

Therefore if 

K z i = h i Z i , 

then  

x i P z  i ( i = 1 , 2  . . . . .  r ~ ) .  

At  least  one eigenvalue will be zero and the corresponding eigenvector  will be pro-  
por t ional  to c. 

2. Applicability 

2 .1  T e s t i n g / o r  S e r i a l  Correlat ion,  s 

Let  X be a given n • p m a t r i x  of r ank  r and  y be a known vector.  The vector  b is 
the  least  squares es t imate  of regression vector  so t ha t  

II y - X b [I, = m i n .  
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In  m a n y  s i tuat ions ,  i t  is desirable to consider the  s ta t i s t ic  

z T A  z 

z T  Z 

where z = y - X b, the residual  vector ,  and  A is a given symmet r i c  mat r ix .  Fo r  

__I --1 

I 2 --1 0 

A 

-1 2 -i 

-1 1 

the  s ta t i s t ic  d is the  serial  correlat ion of lag one. Note  t ha t  X T z  = O. We wish to 
consider the  d is t r ibu t ion  of d over all possible z. Thus under  a su i tab le  t rans format ion ,  
we m a y  wri te  

d= v'%~" y ' ( '  
~=1 ~ / ~  

where s2 ~,--r iSi--~X are the  s t a t iona ry  values of z r A  z over z r z =  1 wi th  X r z =  0. 
The d is t r ibut ion  of d is discussed in special cases in [2]. 

2.2 Exponent ia l  Fi t l iug 

In m a n y  si tuat ions,  we observe a sequence {zk}'~= 1, and we wish to de te rmine  
pa ramete r s  {cq}~ 0, {/~i}q-1 SO t ha t  

q 

zk ~ s 0 + ~ V ' c q 2 )  ( k = l ,  2 . . . . .  m) .  (7) 
i 1 

From (7), we note  tha t  {zk}~_ ~ satisfies a difference equat ion of the  form 

a o z k + a i z  k l + . . . + a q + l Z k _ q _ i = e k  ( k = q + l  . . . . .  m) 

where ek is a r andom per tu rba t ion .  The coefficients *a ~q~ 1 de termine  the characteristic ( iJi=O 

polynomial." 

p(~,) - -  ao ,~q+l  + al  lq, q @ . . .  4- aq+ 1 . 

Note p(1) - 0 by  (7). 
One procedure  which m a y  be used to es t imate  the  coefficients of the  charac te r i s t ic  

polynomial  is to de termine  {a~}) o so t h a t  

2 e~ = min. 
k=q+l 

ZAIvIP 21/21 
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q + l  q + l  

sub jec t  to  t he  cons t r a in t s  ~Y'a~ = 1 a n d  Z a i  = 0. I n  m a t r i x  form,  we h a v e  t h e  
i = 0  i = 0  

p r o b l e m  of d e t e r m i n i n g  a so t h a t  

w i t h  

a r W T W a -- min.  

where  

a T a =  I - n d  e r a = 0  

fzql ..... zlzo  Ia01 Ill Zq+2 . . . . .  Z2,. Z 1 ] all 1 W =  . . , a =  , e =  . . 

LZm, Zm-1, zln-q-1 ~ +1 1 

T h u s  the  p rocedure  ou t l i ned  in Sec t ion  1 m a y  be  used  for d e t e r m i n i n g  a. A m o r e  

soph i s t i ca t ed  s t a t i s t i ca l  m o d e l  for d e t e r m i n i n g  a is g iven  in Eg] b y  Osborne.  

2.3 Sloshing Frequencies 

In  I61, Henr i c i  et  al. g ive  a m e t h o d  for  d e t e r m i n i n g  a p p r o x i m a t i o n s  (with r igorous  

e r ror  bounds)  for t h e  s losh ing  f requenc ies  of an  ideal  f luid c o n t a i n e d  in a ha l f - space  
w i t h  a c i rcu la r  or  s t r ip- l ike  aper tu re .  T h e  s t a t i o n a r y  va lues  m a y  be  ob t a ined  numer i -  

ca l ly  by  the  m e t h o d  desc r ibed  in Sec t ion  1. 

2.4 Zeroes o/a Rational Form 

F r o m  (5), we see t h a t  x : - #  (A --  2 1) -1 c so t h a t  c r x = 0 impl ies  

- c T (A - 2 I ) - 1  c -  0 .  

T h u s  if one wishes to  f ind t h e  zeros of 

C i 

one s i m p l y  has  to a p p l y  t h e  a l g o r i t h m s  of Sec t ion  1 to  A == d iag  [2i~, c T = (q ,  c 2 . . . . .  c,,). 

3 .  D e s c r i p t i o n  o f  t h e  A l g o r i t h m  

The  f irs t  s tep  is to  c o n s t r u c t  t he  m a t r i x  Q as t he  p r o d u c t  of r H o u s e h o l d e r  

t r ans fo rma t ions .  L e t  

C ~1~ C, ~ : C I k )  Nk, k,, k > ~ l , k ' > ~ k ,  C~k+l)__p~k)-~lk), k > ~ l ,  

and  

p(k) : ( I  -- flk u(k) u(k)T) , 
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where 

and 

The Ratio of Quadratic Forms 

= l~k l ]  , , , 

= - ~u~) ~ u ~ )  _ _  Fk) i > k 

n 

S~ - v ' ( T u < ~  -- ~ i k /  - 
i = k  

The mat r ix  Nk, k, interchanges columns k and k' of C (k) so tha t  

2 2 " S~= ,F(k),2 (Cli;],)2 max ~ '  (C~))2 ~ i k ]  = = :  ' 

i=k i=/~ j>_k ff-~ 

The effect of p(~0 is to t ransform ~-(k) so tha t  

C(k+l) 0 i > k i k  = , 

If, after k such transformations,  k ~< p, we have 

C(l~+l) ii < e ,  i > k ,  ] ' > k ,  

where s is some given tolerance, then 

r - r a n k o f  C = k ,  

and 

@ ._: p ( r )  p ( r - 1 ) . . ,  p ( 2 )  p ( 1 )  . 
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and 

G .... O A OT"= p u / p u - ~ )  ... p(a)A )0(1)... pu / ,  

H = Q B QT = p(r) pu-1)  . . .  p(1) B p(1) . . .  p ( r )  , 

since P (k)T = p(kl. G can be formed in r steps as follows: 

A (~/= A , A(~+a/= p(k/A(k) p(k/, k = 1 . . . .  , r ,  G = A (r+a~ . 

The matrices p(k) A(k) p(k) can be determined using a device of Wilkinson as outl ined 
previously. H is formed in an entirely analogous m a n n e r  using B. 

The s ta t ionary  values are the eigenvalues 2 i of the generalized symmetr ic  eigen- 
problem (1). If the point  xi at which the s ta t ionary  value 2~ occurs is desired, then it 
will be necessary to t ransform the eigenvector z i according to (2). 

In  practice, Q will be retained and used in this form. 
The problem of determining a good value for the tolerance e is ra ther  difficult, 

(cf. L4}) and beyond the scope of this paper. 
Once Q has been determined,  the next  step is to form the matr ix  
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4 .  N u m e r i c a l  P r o p e r t i e s  

The stabi l i ty  of the eigensystem of a matr ix  with respect to similari ty transfor- 
mat ions by  e lementary Hermi t ian  matrices is discussed by  Wilkinson in [11]. 

5 .  T e s t  R e s u l t s  

This algorithm was programmed and  tested on the IBM 360/67 at the Stanford 
Computat ion Center, Stanford, California. 

Long floating point  ar i thmetic was used (14 hexadecimal-digit  fraction). Inner  
products were ~tot accumulated in double precision. 

To provide an example of the results produced by these procedures, the following 
matrices were used: 

A = 

B 

C = 

m m 

1 - 1 0 0 0 0 

- 1 2 1 0 0 0 

0 - 1 2 - 1 0 0 

0 0 - 1 2 -- 1 0 

0 0 0 - 1 2 1 

0 0 0 0 - 1 2 

6 5 4 3 2 

5 5 4 3 2 

4 4 4 3 2 

3 3 3 3 2 

2 2 2 2 2 

1 1 1 1 1 

l - -  

1 

] 

l 

1 

1 

m 

1 1 8 5 -  

1 - 1  2 1 

1 1 8 5 

1 - 1  2 1 

1 1 8 5 

l - I  2 ] 

\Vith e = 310- 14, it was correctly determined that  the rank of C was 2. 
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The following s ta t ionary  values and vectors were then determined by  finding the 
eigensystem of the resulting generalized eigenproblem (1): 

S ta t ionary  values: 

Vectors: 

1.700392648475791o 01 
1.237882023280801o+ 00 
4.9176011926100210+00 
9.2744775192616110+00 

m 

2.860853824845071o- 01 
2.821242887053121o-- 01 
1.556763072219791o- 02 
1.096864181504061o -- 01 
3.016530132067051o-- 01 
1.724378705549071o-- 01 

-- 4.896447007660291o--01 
2.210207491021741o 02 
5.725499983639641o-- 01 
4.498597129565731o--01 

-- 8.2905297597935010 02 
-- 4.719617878667901o 01 

-- 4.950226598564111o-- O1 
3.9529211293239010 -- 01 
7.684290131038981o-- 01 

- -  8.928783929078691o-- 01 
-- 2.734063532474871o-- 01 

4.975862799754781o-- 01 

4.830691329086631o- 01 
-9.816626352574671o- 01 

5.3052898136416110-- 01 
4.340084144463431o-- 01 

- 1.0] 3598114272821o + 00 
5.476542208111231o- 0l  

In  addition, for each vector x above, the vector x r C was computed.  In  each case, the 
value of the m a x i m u m  element in this vector was less in modulus  than  1.1 lO-  15. 

The eigensystenls of the generalized eigenproblems arising in our work were 
found using the procedures reduc 1 and rebaka [7], tred2 [8], and tql2 Ill .  

ALGOL 60 procedures describing this algori thm are included in [5]. 
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S o m m a r i o  

Sia A una matrice reale simmetrica di ordine n, B una matrice reale simmetrica di ordine n 
per cui x T B x > 0 e C u n a  matrice n • p di rango r con r ~ p < ~. Si vogliono deteminare i 
vettori x per cui, 

xTA x / x T B x  

stazionaria e CTx = 0 6 il vettore nullo. /)2 dato un algoritmo per generare un autosistema 
simlnetrico i cui autovalori sono i valori stazionart e per determinare i vettori x. Sono altresi 
presentate parecchie applicazioni dell'algoritmo. 
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I n t r o d u c t i o n  

W e  wish to  a p p r o x i m a t e  t he  e igenva lues  of the  second  and  fou r th  order  o rd ina ry  

d i f fe ren t ia l  e igenva lue  p rob l ems  assoc ia ted  wi th  t he  to rs ion  and  bend ing  of free beams.  

W e  cons ider  d i f ference  ana logues  of these  p rob l ems  a n d  in Sec t ions  1 -4  e m p l o y  

v a r i a t i o n a l  m e t h o d s  to ob t a in  exp l ic i t  u p p e r  and  lower  b o u n d s  for t he  con t inuous  

e igenva lues  in t e rms  of the  d iscre te  e igenvalues .  The  t e c h n i q u e  is well  k n o w n  and  has  

been  e m p l o y e d  b y  W e i n b e r g e r  [9] for f ixed  m e m b r a n e s ,  H u b b a r d  I7] for free m e m -  

branes ,  and  the  a u t h o r  [8] for c l a m p e d  pla tes .  A d d i t i o n a l  references  m a y  be found  in 

[7] and [9]. 
The  d i f fe rence  schemes  h a v e  m a t r i c e s  wh ich  are  th ree -  or  f ive-d iagona l ,  and  so 

the i r  e igenva lues  m a y  be found  v e r y  e f f ic ien t ly  b y  t h e  m e t h o d  of S t u r m  sequences  [4]. 

I n  Sec t ion  5 we g ive  the  exp l ic i t  e q u a t i o n s  for app l i ca t ions  of t he  m e t h o d  to  p rob lems  
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