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Hausdorff Measure and the Navier-Stokes Equations

Vladimir Scheffer
Department of Mathematics, Stanford University, Stanford, California 94305, USA

Abstract. Solutions to the Navier-Stokes equations are continuous except
for a closed set whose Hausdorff dimension does not exceed two.

1. Informal Statement of Results

Letv:R®—R?be a divergence free, square integrable vector field on 3-space. We will
show that there exists a function u:R> x R* —R3 (R* = {t:1>0} is time) which is a
weak solution to the Navier-Stokes equations of incompressible fluid flow with
viscosity = 1 and initial conditions v, and which satisfies the following : There exists
a set SCR3 x R* such that the two dimensional Hausdorff measure of § is finite,
(R® x RT)—Sis an open set, and the restriction of u to (R* x R*)— S is a continuous
function.

The above will be derived as a consequence of a more general theorem in which u
satisfies a weak form of the Navier-Stokes equations with an external force
f:R®*x R*—R3 which is divergence free with the property f(x, £} u(x, ) 0.

2. Notation and Complete Statement of Results

Hausdorff measure is defined in [2, p. 171]. We set R*={teR:t>0} and B(a,r)
={xeR3:|x—a|<r} for all ae R® and r >0. The norm | | is always euclidean norm
and || |, is the I norm. Open and closed intervals are denoted (a,b) and [a,b],
respectively. If f:X—R and 4 CX then sup(f, 4) is the supremum of f over 4 and
spt(f) is the closure of {x:f(x)=0}. If f and g are functions defined on a subset of
R3x R, h is a function on R3, and k is a function on R, then we set

(f*g)(x’ t) = j'j'f(y’ S)g(x - t— S)dyds B
(feh)(x, 8)= [ f(y, Oh(x— y)dy,
(fek)x, t)= | f(x, s)k(t —s)ds

whenever the integrals make sense. If X=R* X=R,or X=R*xR*, welet C*(X,R)
be the set of infinitely differentiable functions f:X — R. In addition, C5(X, R) is the
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set of all functions in C*(X, R) which are zero outside of some compact set. We also
set DO(R3xRY,R)={feC®(R®*xR*,R):spt(f)CR*x[a,b] for some O<a<b
< oo} If fis a distribution defined on an open subset of R* x R then D, f, D, f, etc.
are the distribution partial derivatives (0/0x,)f, (9%/0x,0x,)f with respect to the
variables x,, x,, x, of R?. The partial derivative of f with respect to the R variable of
R®x R is denoted D,f. We also set Df=(D, f,D,f, D, f), Af=D,,f (repeated indices
are summed), and div(f)=D,f; in case the range of f is R>. Similar definitions are
made for distributions defined on R*® and R.

An absolute constant is a positive constant that is independent of all the
parameters in this paper. The letter C always denotes an absolute constant. The
value of C changes from line to line (e.g. 2C = C). When an absolute constant is
denoted by a letter other than C, its value remains fixed.

The statements below (Parts 1 and 2) are called Hypothesis I:

Part. 1. We have a Lebesgue measurable function u:R*xR*—R3 (a time
dependent velocity vector field), a Lebesgue measurable and locally integrable
function p:R3x R* —R (pressure), and a constant 0 < L < oo such that

div(w)=0, @.1)
| lu(x, 0’ dx<L for almost every teR™, (2.2)
R3

the distribution Du is a square integrable function satisfying

{ | IDu(x,t)Pdxdt <L, (2.3)
0 R3

and for almost every te R* we have
| p(x, 0A¢(x)dx =~ [ Dufx, )D u(x, )p(x)dx (2.4)
R3 R3

if peC*(R3,R), ¢ is bounded, |x| |D@(x)| is bounded, and Agpe CP(R3, R).
Part 2. We assume that the conditions
peD®(R*xR*,R); o(x,0)=20 forall (x,1);
and ¢,D¢,4¢+D,¢p are bounded (2.5)

imply that (2.6) holds. Note that (2.2), (2.3), Lemma 3.2, and Lemma 3.6 can be used
to show that the integrals in (2.6) exist.

=27 (f|ul* (D + AP) + [I1Duld < fu (2™ |u* + p)D;gp. (2.6)
Hypothesis 11 is the following: In addition to Hypothesis I, we assume
- j“i(Dz¢+A¢):jujuiDj¢+jPDi(p 2.7

for every ie {1,2,3} and ¢ e CF(R*x R™,R).
Hypothesis I is a weak form of the classical Navier-Stokes equations

Duyy=—uDu,—Dp+Au,+f, diviuy=0 (2.8)

Jod

where the external force fsatisfies div(f)=0and f(x, 1) -u(x, ) <0. Hypothesis ITis a
weak form of (2.8) with f=0. We will prove
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2.1. Theorem. If Hypothesis I holds then there exist a functionu' :R*x R* ->R*and a
set SCR3x R™ satisfying the following: The functions u and w are equal almost
everywhere, the two dimensional Hausdorff measure of S is finite, Sn{(x,1):t=¢} is
compact for every >0, and || is bounded on every compact set KCR* x R* which
satisfies KNS =0.

The proof of this theorem includes a priori estimates on the size of [i/|. It is
possible to show that the Hausdorff dimension of S is at most 7/4. We also have

2.2. Theorem. If Hypothesis 11 holds and S is as in Theorem 2.1 then there exists a
function u” :R® x R* —R3 such that u and u" are equal almost everywhere, and u" is
continuous on (R® xR*}—S§.

2.3. Theorem. If v:R*— R? is a square integrable function satisfying div(v)=0 then
there exists u satisfying Hypothesis IT and

_ gg v(x)p(x, 0dx— | u(D,p+A4¢)

R3IXR™

= | uuDgp+ [ pDg (2.9)
R3xR*

R3xR*

if ¢:R®x R—R is smooth with compact support and ic{1,2,3}.

Here (2.9) states that v is the initial condition for the solution u.

This type of partial regularity is similar to that obtained by Almgren for
solutions to generalized variational problems [1]. The study of the relationship
between Hausdorff measure and the geometry of turbulence was started by
Mandelbrot [6].

The next three sections contain the proof of Theorems 2.1 and 2.2. The proof of
Theorem 2.3 is outlined in Section 6.

3. Preliminary Estimates
Throughout this section we assume that Part I of Hypothesis I holds.

3.1. Lemma. If f:R®*-R, fel?, and DfeI?, then
(1) finescipfry
() JIfPECe3((1f17) + Ce([|Df1?) whenever 0<e< 0.

Proof. Part (1) is the first inequality in line 9, p. 127 of [9]. We use Holder’s
inequality, part (1), and Young’s inequality

ab<(1/8(6™ Ya)* +(3/4)5b)*? for a,b=0 and =g
to estimate

SR =l
(1 S e R (1P ) M
=LA+
<CI ¥ IDAH*
< Ce 3([I1P° + Ce(fIDS ).
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T

3.2. Lemma. If 0<T< o then | | |u(x,t)]>dxdt < CLY*T*,
O R3

Proof. Using Lemima 3.1 with e=LY2T*/4 (2.2), and (2.3), we obtain

T
{ lulx, 0P dxdr
0o R3
T T
<Ce™? ( ) < | lulx, t)lzdx) 3dt) +Ce ( [ [ |Du(x, t)|2dxdt)
0 \R3 O R3
é CL3/2 T1/4 .

3.3. Definition. We fix f,e C3(R? R) and g,e CF(R, R) such that spt(g,)C[—1,1],
Jo20,9¢20,1o(x)=fo(—x), go(t)=go(—t), and ffo =fgo=1.Forn=1,2,3,... we set
f(x)=nf(nx) and g,(t)=ng,(nt). We let A consist of all teR™ such that the
function p,(x)=p(x,t) is locally integrable, (2.2) and (2.4) hold, the function d,(x)
= Du(x, t) is square integrable, the divergence of the function u,(x)=u(x, t) is zero,

and lim(lul?+g,)(x,t)=|u(x,)|* for almost every xeR®. Part 1 of Hypothesis I,
Fubini’s theorem, and [10, Theorem 1.25, p. 13] imply that A is almost all of R*.

3.4. Lemma. If te 4, 0e C3(R3, R), B=1—20, f(x) =0 for all x in a neighborhood of 0,
o/ (x) = — (dnlx]) ™ 'a(x), and B'(x)= —(4xlx|)~ ' f(x), then
p(x, )= — (Du;D jupxa)(x, t) — (uuDy; ), 1)

1,

holds for almost every xeR>.
Proof. Define k:R*— {0} >R by k(x)= —(4xn|x|])"*. Recalling Definition 3.3, we
have A(k=f)=1, (see [9, p. 126]). Hence 3.3 and Part 1 of Hypothesis I yield the
following for all xeR?:

(pxf)x, 1) = (pr Ak« f,))(x, )

=((— D;D )k f))(x, 1)

=((— Dju;D ju)x(o# f))x, £) +((— Dy, D juy (B £,))(x, 1)

=((= DD ju )+ (' % [ ), 1)+ ((— (D B+ f ), 1)
Since «’e L', o/*f, converges to o in the L' norm (see [10, Theorem 1.18, p. 10]).
Hence the assumption te A4 and [10, Theorem 1.3, p. 3] imply

lim | [((—DuD (@ *f,) — o, t)ldx=0.

n R3

Hence [3, (11.26)] implies that there exists a subsequence n, of the positive integers
such that
lim ((— Du D ju )0+ £, ))ox, ) = ((— Dyu;D ju)xo')(x, 1)
k

holds for almost every xe R?. Since te A and D, '« f, converges uniformly to D;;f’,
we have

ﬁkm ((— uju)(Dy B £, x, ) = ((— uu)=D; BN, 1)
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for all xeR3. Finally, [10, Theorem 1.25, p. 13] yields
lim (pxf, )x,t)=p(x,t) for almost every xeR>.
k

These statements yield the conclusion of the lemma.

3.5. Lemma. If te A and O<r< oo then
( [ Ip(x, t)|201>¢)”2
R3

< Cr”z( | IDu(x, t){zdx) +Cr 3"2( § fulx, t)}%?x) .
R? R?

Proof. Given r, we fix o and § as in Lemma 3.4 such that f(x)=0 for xe B(0,r),
spt()CB(0,2r), 0=a(x)<1, [Du(x)| SCr~ %, and |D;(x)|<Cr~2 Then we have

ol ,£Cr'? and | D' , < Cr~3/*. Hence Lemma 3.4 and [10, Theorem 1.3, p. 3]
yield the conclusion.

T
3.6. Lemma. If 0<T< oo then | [ |u(x, )] |p(x, ldxdt < CL¥> T,
o R

Proof. Using the Schwarz inequality, Lemma 3.5 with r=T*"/2, (2.2), and (2.3), we
estimate

T
§ § Gl Ip(x, Oldxdt
0 R3

< 1(1{53 Ju(x, t)izdx)”z(xjs Ip(x, t)lzdx) 24t
T

CL\? (j T1/4< [ (Du(x, t)lzdx) +T—3/4< I lutx, t)lzdx)dt>
0 R3 R?

CL¥>TVA,
3.7. Lemma. If Hypothesis I holds, se A, B=R>x [0,s], and ¢ satisfies (2.5) then

lIA

IIA

271 | lu(x, s)Plx, s)dx— 27 [ ul*(D ¢+ Ad)+ [ IDul*d
R3 B B

= j”i(zn Yul®>+p)D;sp .
B

Proof. Let h,:R3 x R—R be the function that satisfies Dh(x,t)= —g,(t—s) (see
Definition 3.3) and h,(x,t)=1 for t<s—n~*. Then h(x,t)=0 for t>s+n" 1. We
obtain the conclusion by substituting ¢h, for ¢ in (2.6), taking the limit inferior over
n, using Fatou’s lemma, and observing that

lim Rj lu(x, 2 (x, 0)g,(t— s)dt = |u(x, 5)|*$(x, 5)

holds for almost every xe R® [[this is a consequence of se A and the relation g,(1)



102 V. Scheffer

3.8. Lemma. If f:R®—R, fel?, and DfcI? then for every acR® and 0<r< o0 we
have

f 114\ 12 < o2 f IDfI2\ + Cr— 312 j‘ I112).
(ad )L, P e )

B(a,r) B{a,2r) B(a,2r)

Proof. Let ge CX(R?, R) satisfy spt(g)e B(a, 2r), g(x) =1 if xe B(a,7), 0< g(x) < 1, and
[Dg(x)] £ Cr~ 1. We apply the Schwarz inequality, Lemma 3.1 (1), Young’s inequality
[4, p. 11], and the estimate [D(fg)|<|Df| lg|+|f| |Dg| to write

§oumesiife

Bla,ry
= {If91°l /gl
=(Jlfgl)2(1fg1HV?
< C(ID(fI?**(f1 g2
SCr(fID(fI?? + Cr3(f I fgl?)
§Cr( | |Df|2>2+Cr'3( ) |f|2) 2,

B(a,2r) Bla,2r)

4, The Basic Estimate

In this section we assume that Hypothesis [ (Parts 1 and 2) holds. The section is
devoted to proving the following:

4.1. Theorem. There exist absolute constants ¢ and K satisfying the following: If
aeR3, be A (see Definition 3.3), y>0, b—y*>0, and

|

. L [u(x, D12 Hulx, 01 +[plx, )(x —al +9) " *dxde sey™? “.1)

b—v

then

| lulx,b)Pdx<Ktdy for 0<t=1/2. “.2)

B(a,ty)
We fix aeR?, be 4, and y>0 with b—+2>0. For integers k we set
E,={(x,1):]x~a|<y27% b—min(y?2~ % y?)<t<b}. (4.3)

4.2. Lemma. There exist ¢, D*(R>*x R™,R) for n=1,2,3,... such that ¢(x,)=0,
the functions ¢,, Dé,, and A¢,+ D, are bounded,

b (x,0)=0 if t=b—7y*, (4.4)
sup(¢, +727"D¢,|, E)< Cy~32°", (4.5)
sup($, +727MDd,), Ey— By, )SCy 2% if 0<k<n, (4.6)
sup(d, +727 D¢}, Ey— E, . )SCy32% if k<0, @7
sup(D,p,+ 4, E)=Cy~3, (4.8)

sup(D,p, + A4, E,—Er ) SCy~ 2% if k<0, 4.9)
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and
(x—al+y2 " *<Cy~ 12 (x,1) if b—y*27"<1<b. (4.10)

Proof. We fix n. Let h,:R*->R™ be defined by h(x)=y2""(x|+y2"")~*. We define
F:R3®x{1:t<0}—>R* by

Fx,0)=(2)/m)7*(= 1) "> exp(|x|*/(41)).
The function F is the fundamental solution to the heat equation with time reversed.
We define y,:R* x (— 00,b+7?27?"—>R* by

WX, ) =(Fsh)x—a,t—(b+y*27%")).

We have Dy, + Ay, =0, and the properties (4.5}, (4.6),(4.7), (4.10) are satisfied if ¢, is
replaced by p,. Let g:R—[0,1] be a C* function such that g(r)=0 if t<b—7y?,
gt)=1if b—y?/2<t<bh, g(t)=01if b+9?272""1 <t and [Dg(t)| S Cy~ 2 if b—p* <t
<b—y?%/2. Define ¢, D*(R® x R*,R) by ¢,(x, )=g(tyw,{x, 1) if t<b+7y?27 %", and
¢ (x,1)=01if t>b+7227 2"~ ! Then (4.4) is clear, and (4.5), (4.6), (4.7), (4.10) follow
from the corresponding estimates on 1p,. We have (D,¢, + 4¢,)(x, )= D g(O)p,(x, £) if
t<b. In particular, we have (D,¢p,+A4d,)x, t)=0 if b—y?/2<t<b. Now (4.8) and
(4.9) follow from the estimates on p,,.

4.3. Definition. For k=1,2,3,... we fix C* functions r, on a neighborhood of
R3x[b—72,b] such that rx,t)e[0,1], r(x,t)=1 if (x,t)eR>x(b—y% b) and
(X, 00¢Ey ;1 6, )=0 if (x,0)€E;.,, and sup(IDry, By, — E ) SCy™ 125 For
n=1,2,3,... and § >0 the inequalities (4.11), (4.12), (4.13) will be known as Property
P(n,d):

b

I 02 (x—al+ )" *dxdr < 6y~1 (4.11)
B },2 Ra

F 1T i, 82 o, 02 + Dl D)Dho, sl < (4.12)
b yz R3

F 1T e, 02 ux, B+ plox, DDA ) i
b - yz R3
<8y~ ? if g>n. (4.13)

4.4. Lemma. There exists an absolute constant M with the following property: If
P(n,6) holds (see Definition 4.3) then P(n+1,8 +M5*?27") holds.

Proof. Suppose that P(n, ) holds for some n and 8. Let s € 4 (see Definition 3.3) with
b—7?2"2"<s<bandset B,=R? x [0, s]. Using Lemma 3.7, Lemma 4.2, and P(n, 6)
[Parts (4.12) and (4.11)] we obtain

271 fugx, )2, (x, s)dx+ | 1Dul?e,
R3 B

§2_1 j. Iulz(Dt¢n+A¢n)+ jui(ZMIIu|2+p)Di¢n
Bs Bs

SCy~t [ [ ulx ) (x—al +7) " *dxdt+ 6y 2

b_yz R32

<Coy~2. (4.14)
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Now (4.10) and (4.14) yield

RL luCx, s)|*(x — al +727") ™ *dx

SOy 2" | lulx, 9)* ¢, (x, s)dx
R3

<CoHy 32" if seAd and b—y27"<s<h. (4.15)
Using (4.3), (4.10), and (4.14) (with s=») we obtain

{ Dul2<Cy*27% | |Dul’p, < Coy2~". (4.16)
E, Bp

For g=n+1, n+2, n+3,... we define h,:R? x (b—7y*,b)—R by (see Definition
43)

by =0 =1)0, 4 1, =t — 7, if g>n+1. 4.17)
From Definition 4.3 and Lemma 4.2 we obtain

h(x,t)=0 if

(6 OEE, 1, | Bl SCy732%", | DR[| , S Cy~#2%". (4.18)

Let se A such that b—y227 2"~ 2 < s <b. Using (4.18), the Schwarz inequality, (4.15),
Lemma 3.8, and (4.15) again, we obtain

1 § e, )2 Hulx, 5)|P)D;h (x, s)de
iR®

gCy—424"( ) |u(x,s)|2dx)1/2( f |u(x,s)|4dx)1/2

Ba,y2-n~1) (a,y2 "~ 1)

§C{§U2'}?_7/225n/2( j‘ Iu(x,s)l4dx)1/2

Bla,y2™n"1)

gc&l/zy*szzn( i |Du(x,s)|2dx)

Bla,y2™")

+C61/2y_524”( § Iu(x,s)lzdx)

B(a,y2™7)

gca%ﬂz“( { !Du(x,s)lzdx)+C53/2y”42". (4.19)

Blay2z™m

Now we integrate (4.19) over s (recall Definition 3.3) and apply (4.16) and (4.3} to
obtain

b

| udx, )2~ Hu(x, )| 2Dk (x, s)dx‘ds (4.20)

b_y22—2}1'2 R3

<3y
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We choose o and f8 as in Lemma 3.4 such that 0<a(x) < 1, afx)=0 for |x|=y27 "1,
Bx)=0 for [|x|=y27"7%  IDBOYZCyTI2Y D B(XISCyT?2%,  and

ID;xf(x)| £Cy~32°". Then we have (see Lemma 3.4)
o], S Cyt22 "2 |D; 5 8'(x)| = C(|x| +927"7% if xeR3. (4.21)
D) {(x,s) for |x~—a

Let seA such that b—y*272" > <s<b. We set g,(x)=(Du,;Du,
<y27" and g (x)=0 for [x — a| = y2 7" Then the property spt(o'}YC B(0,y27""1),[10,
Theorem 1.3, p. 3], and (4.21) yield

( ] i((Di“ijui)*d/)(x,S)lde)”z
B

(a,72 77" 1)

=( ) 1<gs*oc’>(x)}2dx)1f2

Bla,y2~n"1)

Slgsxo S gl =C ( [ |Dulx, S)lde> (2272 (4.22)

Bla,y27m

Using (4.18), the Schwarz inequality, (4.15), and (4.22) we obtain
l j‘ u X, ) (DD juy) = o) (x, S)Dkkq(xa S)dxl
R3

éCv"‘T“‘( ] lu(x,S)H((Diuijui)*a’)(x,S)ldX)

Bla,y27"" 1)

SCM2y7322% [ |Dulx,s)|*dx . (4.23)

B(a,y277)

If jx—a] <y27"" ! then (4.21) and (4.15) yield
((u;u) % D, ) (x, )| = C RL lu(y, )*(x — yl+7y27") " *dy
= C}L u(y, s)*(y—al +y27") " *dy < Coy~32" . (4.24)
Hence Definition 3.3, integration by parts, (4.24), (4.18), the Schwarz inequality, and
(4.15) yield
Jé[s u(x, s){(uju) = D) (x, 5)Dyh (x, s)dx 1

= 41%“3 uk(x7 S) ((ujui) * Dijkﬁ,) (X, S)hq(x, s)dx1

SCEYTPMGT) [ Julx,s)ldx

Bla,y2~n" 1)

gcay-ﬁz“"( f lu(x,s)lzdx)“z(m,easure(B(a,y2_"“1)))”2

Bla,y2~ "~ 1)
SCH32y4m 4.25)
Now (4.23), (4.25), and Lemma 3.4 yield

| #4 9p(x, Dh o, )|

gc&l/zwzz"( [ IDu(x, s)lzdx)+C53/2y"‘*2" . (4.26)

Bla,y2™ ")
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Integration of (4.26) with respect to s, Definition 3.3, (4.16), (4.3), and {4.20) yield
b

§ ux, )27 Hulx, )* + plx, )Dh (x, s)deds
b_vzz-Zn—Z R3
SM&32ym227m 4.27)
where M is an absolute constant.
Setting g=n+11in (4.13) and (4.27), and using (4.17), (4.18), and (4.3), we obtain
b

]

b—y2?
SO+ MS¥22 My~ 2, (4.28)

Using (4.13)and (4.27) with g >n+ 1, and using (4.17),(4.18), and {4.3) once again, we

obtain
b

]

b—y2
S(E+MS¥227 My~ if g>n+1. (4.29)

Now (4.28), (4.29), and property P(n,6) imply that P(n+1,6+M35%227") holds.
Lemma 4.4 has been proved.

Now we can prove Theorem 4.1. Choose an absolute constant d, such that
M(258,)*? <6, (see Lemma 4.4). We have

0o2—27"" N+ M@G,2-27" 22
<2y—2MTLG, + M(25,)3122 S5, (2—2 DALy

Hence Lemma 4.4 and the definition of P(n, §) yield that P(n,&,(2—27"*1)) implies
Pin+1, §,2—27®*D*1) Hence induction yields that P(1,3,) implies
P(n,8,(2—27"*1)) for all n. Now the definition of P(n,d) yields

P(1,6,) implies P(n,26,) forall n. {4.30)
There is an absolute constant # satisfying

§ ui(x, 5)27 Hulx, S)2 + plx, sHD;, + 1 (x, s)dx ‘ ds

R3

§ e, )27 Hulx, ) + p0x, DD+ 1 8,) (x, 5)dx 1ds

R3

b
n | J(x—a+y) *dxdt<y .
b—y2R3

Young's inequality (see [4, p. 11]) yields
[ul? S(2/3) (Bomy™ ) Pl +(1/3) (Gony~H)P)?
Hence we have

_?

§ Julx, )12 (|x — al + )~ *dxdt
2 R3

b—7y

b

§Cy( o Julx, l)|3(|x——~a|+y)'4dxdt) +(1/3)64y7 1. 4.31)
R3

b—y2
Now the estimates [D;¢,(x, 1) SC(x—al+7y)"* and [Dr ¢)(x, )| SC(x—d
+7)"* for b—y2<t<b and ¢>1 (see Lemma 4.2 and Definition 4.3), and (4.31)
yield the existence of an absolute constant ¢ such that (4.1) implies P(1,d,). Hence
(4.30) yields

Inequality (4.1) implies P(n,26,) for all n . (4.32)
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The assumption be 4, (4.32), and the argument that yielded (4.15) can be used to
show that (4.1) implies

[ [uCe, D) (x—al+727") " *dx < C(20,)y 32" .
R3

Hence we have that (4.1) implies
[ Ju(x,BPdx<Co,p27 % . (4.33)
Bla,727")
For 0<t<1/2 we choose n such that 27">7>2"""1, Then (4.33) vields
|l b)Pdxs | Julx b)) dx

B(a,ty) Bla,y2~"
SCHyy2 "< CH,y(21) =K1y

where K is an absolute constant. Theorem 4.1 has been proved.

5. The Connection with Hausdorff Measure
Throughout this section we assume that Hypothesis I holds.

5.1. Definition. We define V:R®> x R* =R by V=[u| (2~ '{u|* + |p|). For every integer
n we define Q,:R®*xR—R by Q,(x,0)=(x[+2"" "% if —272"<r<27%", and
Q,(x,t)=0 otherwise. For t=272" we set

oo

V0= [ V(3,90,(x—yt—s)dyds .
0 R3
We define B(n, p,, p,, P, P4) to be the set of all(x,1)e R® x R satisfying p,2 "< x;,
S(p;+1)27" for ie{1,2,3}, and p,2" "<t <(p,+1)27%". We set B(n)={B(n,p,,
P2, D3, P4):p; is an integer for all i, and p, >1}.
From Lemma 3.2 and Lemma 3.6 we obtain

T
[ § Vix,tydxde <CL3TY* if 0<T<oo. (5.1)
0 R3
If 272" <a<b, [10, Theorem 1.3, p. 3] yields
P
B p+2-2n
[ v ndxdesC2™ | [ Vix, o)dxdt . (5.2)
a R? a—2-2n R®

5.2. Lemma. There exists an absolute constant 0 such that the conditions Be B(n) and

{V,<0273 imply that |u| is essentially bounded on a neighborhood of B.
B

Proof. Let B=B(n,p,,p»,P3,p,) and y=2"""2, We set
U={(x,)eR*x R:(p,~ 1)27"<x;<(p,+2)2"" for ie{1,2,3},
and p, 2727 i< (p, +1)27 27Ty
D={(x,)eR* x R:p,27"<x,;<(p;+ 1)27" for ie{1,2,3},
and p, 272427 2K <(p, +1)27 2720 2y
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Now let (a,b)e U. For every {(y,s)e D we have (see Definition 5.1)
) }J Rf Vix,8)(jx—al +7)~ *dxdt S CV,(y,s) .
Zy2 Re
Averaging over D and using the fact DCB, we obtain
? § Vi(x,0)(Ix—al+v)~ *dxdt
b—y? R?

< C(measure(D)) ™! (f V,,)éCy“S {v,.
D B

Since 273"=26y3, there exists an absolute constant § such that the property
¥, <6273 implies that (4.1) holds for (g, b)e U. Then we can use Theorem 4.1,
B

Definition 3.3, and [9, Corollary 1, p. 5] to conclude that |u(a, b)|* < K(4n/3)" 1y~ 2
holds for almost every (a,b)e U.

5.3. Definition. The 2 dimensional Hausdorff measure of a set SCR* x R is denoted
by #2(S). For the definition of Hausdorff measure, see [2, p. 1717 (where X
=R3 xR and the metric on X is the usual metric on R*).

5.4. Lemma. For each integer k there exists a compact set S, contained in
R3 x[27% 2717 such that
g -k+2
HSYEC [ | Vixtydxdt (5.3)
2 R3

-k 1

and for every (x,t)e(R3 x [27¥ 27%*1])— S, there exists a neighborhood U of (x,1)
such that |u| is essentially bounded on U,

Proof. Let k be given. For each integer » satisfying n=k+1 and n=0 we set (see

Lemma 5.2) D(n)= {BeB(n):BCR3 x[27%27%* 1T and Vn>02‘3"}. We then set
B

S,=n{{U{B:BeD(m}):nz=2k+1and nz0} .
For each n, {(5.2) yields

2-k+2
Y fy=sc2r | § Vixtdxde.
BeD(n) B 2-k-1 R3

Hence the number of elements in D(n) is at most
2~kt2
2 [ Vix, t)dxdt .
2-k~1 R3
Hence (5.1) implies that S, is compact, and we also have (using n=0)

Y (diameter(B))*< Y C27*
BED®) BED(
2-k+2
<C | [ VI(x,0dxdr .

2-k-1 R3
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Since the diameter of the sets in D{n) can be made arbitrarily small by taking n
sufficiently large, and S, is contained in w{B:Be D(n)} for sufficiently large n, [2, p.
171] yields (5.3).

Now take (x,t)e(R®x [27%27%*1])—S,. There exists n=max(k+1,0) such
that (x,t)¢B for every BeD(n). However, there exists BeB{n) such that
BCR3®x[27%27%* 1T and (x, t)e B. Hence Lemma 5.2 implies that |u] is essentially
bounded on a neighborhood of B, and hence on a neighborhood of (x, ).

Now we can prove Theorem 2.1. For any integer n, (5.2) and (5.1) yield

5-2u+2 2-ant3

[ [ Vondxdi<C2™™ | Vix, 0dxdt
R3 R3

27 2n 0
SWI32p~ 32 (54

where W is an absolute constant. Let m be the integer that satisfies
WI32 <627 3m2 < 232W3? (see Lemma 5.2). If n, p,, p,, p, are integers such that
n=m then, setting B;=B(n, p,,p,, Ps. 1) for ie{1,2,3}, we obtain that (5.4) yields
[ V,<WI3P27302 < 273m2) =32 <273 for {=1,2,3 .
By
Hence Lemma 5.2 yields that |u| is essentially bounded on B, B,, and B;. By varying
n and p,, j=1,2,3, we obtain that |u| is locally essentially bounded on the set
{(x,t):xeR?® and t=2"2"}. Actually, the proof of Lemma 5.2 shows that |u| is
essentially bounded on that set. We define S=uU{S,:k=2m+1}. The above and
Lemma 5.4 yield that ju| is locally essentially bounded outside of S. Finally, the
countable subadditivity of #°2, (5.3), (5.1), and the definition of m yield

9-2m+1

AL Y HHSYS3C [ [ Vixtdxdt<CI*.

kz2m+1 0 R3
Theorem 2.1 has been proved.

We can prove Theorem 2.2 as follows: First, use Hypothesis II to imitate the
proofof[7, Lemma 1.1] and derive identity (1.8) of [7] for almost every x, ¢,, and ¢,.
Then use Theorem 2.1 to adapt the proofin the last paragraph of [7, Section 2] to
our case.

6. Outline of Proof of Theorem 2.3

Let v be given as in Theorem 2.3. From [ 5] we obtain that there exist 0 < L < o0 and
(u,n)e C*(R3x R*,R?) for n=1,2,3,... such that (see Definition 3.3)

div(y,n)=0, (6.1)
fluny(x,0)?dx<L forall teR™, (6.2)
R3
[ 1 IDu,ny(x,0)Pdxdt <L, {6.3)
0 R3
= L a0 0dx— [ (wn)Dgi+49)

= f ((u,m) J*fn) (u,n),D;¢, (6.4)

R3xR*

whenever ¢pe CF(R? x R, R¥) satisfies div(¢) = 0. We also obtain from [5] that there
exists an increasing sequence n,, H,, H,,... of positive integers and a Lebesgue
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measurable function u:R3 x R* — R? such that (2.1), (2.2), and (2.3) are satisfied, and
we have

lim | fu(x, £)—(u, ) (x, t)*dx =0 (6.5)
kE R3
for almost every te R?, and
D(u,n,) converges weakly in L to Du . (6.6)

If 0< T < o then the Lebesgue dominated convergence theorem, (2.2), (6.2), and
(6.5} yield

lim f ( { ulx, ) — (4, m) (x, t)izdx):‘dt:() . 6.7)
k 0 \R3
From Lemma 3.1, (6.2), (2.2), (6.3), and (2.3) we obtain
? J IU(X, t)“ (us nk) (X, t)|3dxdt
o R3
<Cg? f ( § Ju(x, ) — (u, m) (x, t)]zdx>3dt +CeL (6.8)
O \R3

for every 0 <e< co. Combining (6.7) and (6.8) (with varying €) we obtain
T
lim| | |u(x,t)—(u,n) (x,1)3dxdt=0 . (6.9)
k o R3

Let o, o, B, B’ be as in Lemma 3.4. Define (p,n):R®* x R* >R and p:R*xR™—R by

(P, ) (x, 1) = — (D{(u, m); f,)D f(u, m); # &) (x, 1)
—((w, m)jx £,) (u, )y Dy ) (x, 1) (6.10)
plx, )= — (DD juxer’) (x, 1) — (uyu; + Dy 57) (x, 1)

for almost all (x, £). The argument in Lemma 3.5, the Schwarz inequality, (2.2), (6.2),
(2.3), (6.3), Young’s inequality, and [10, Theorem 1.3, p. 3] yield

( R§3 (. 1), ) — px, :)ide) 1z

<Cri/? st [(D(u, m= f, ), O + D (u, n)(x, O|* + [Du(x, 1) *dx
#Cr73 [ 1 mef Jox, )=, [0 ), Ol
+Cr 32 IL Ju(x, £)] |(u, m)(x, £) — u(x, t)ldx

<Crt/? }L [D(u, m)(x, t)|> + | Dulx, t)|*dx

o L”Z( }'53 [, ) f, )x, £) —ulx, t)!ldx) 12

OB [ 1m0 =l Pdx )2 6.11)
R3
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for almost allte R*. The Schwarz inequality, the argument in Lemma 3.5, (2.2),(2.3),
{6.2), (6.3), (6.11), Young’s inequality, and [10, Theorem 1.3, p. 3] yield

T

[ 1 m)i(x, 0)(p, m)(x, 8) = u(x, Dp(x, t)ldxdt

0 R?

3

< {1 m)x, ) —nlx, D) o, m)(x, Didxdt
OR
T

+ § { Ju(x, D11, m)(x, )~ plx, £)ldxdt
OR

= (5) ( § 1, m(x, ) — u(x, D) *dx )” 2 (Rfs l(p, m)(x, t)l"‘dx)” 2dt
T

23
+ g (f ulx, t)lzdx> 12 (f I(p, m)(x, £)— plx, t)de) 12

R3 R3

<Cr'? E (153 (u, n )(x, 1) — u(x, )| *dx ) 2 ( [ 1D(u, m)(x, I)Izdx)dt

R3

+Cr32 }N( { 1w, m)(x, 1) — u(x, 1)| 2dx )”2 ( § 1w, m)(x, t)lzdx> dt
O \R3 R3
+LY 2? ( § 1o, m)(x, 1) = plx, t)ide) Y24y
o\R?
<Cri2I32 4 Crm 3/2L1§ ( § I, n)(x, 1) — ulx, £)2dx )”Zdt
0 \R?

+CriAr32 4 Cr~ 3’2L§( § 1, mf, )x, B —u(x, t)[zdx)”zdt
O\R3
+Cr~ mL? ( § 10, m)(x, 1) — ulx, t)]zdx) Y2y (6.12)
o \R?

for 0 < T < o0. Now we make r small and use (6.12), (2.2), (2.3), (6.2), (6.3), (6.5), the
fact

lim § [((u, m)sf, Nx, ) —ulx, ) 2dx =0
k R3

for almost every reR* [see (6.5)], and the Lebesgue dominated convergence
theorem to conclude

lim f j‘ (s, m ) x, EXp, m)x, 1) — u{x, Oplx, dxdt =0 6.13)
k ¢ R3

Let ¢ satisfy (2.5). From (6.1), (6.2), (6.3), (6.4), (6.10), and the usual arguments we
conclude

=27 1[I (D, + 44N + [ID(u, n)*¢
=271 (M), WI* Dy + §(u, n)(p, Db . (6.14)
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Now (2.2), (6.2), and (6.5) yield

lim { |(u, )P (D, + )= [|ul*(D,p + 4¢).

Properties (2.3), (6.3}, and (6.6) yield (recall ¢ =0)

liminf { |D(u, n,)|*¢ = {1Dul*¢ .
x

From (6.9) and (6.13) we obtain

lim 27 ! § (s m)x fu N m)* Dy = [u 2 ul)D g,

Iikm j (u, m){p, n)D;p = j u;pD;¢ .

Hence (6.14) yields (2.6). Properties (2.7) and (2.9) are a more immediate
consequence of (6.1), (6.4), (6.10), and the usual estimates.
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