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Abstract. We consider the C*-algebra @, generated by n= 2 isometries S4,..., S,
on an infinite-dimensional Hilbert space, with the property that
S,8%+...+S,5¥ = 1. It turns out that ¢, has the structure of a crossed product of
a finite simple C*-algebra # by a single endomorphism scaling the trace of # by
1/n. Thus, @, is a separable C*-algebra sharing many of the properties of a factor
oftype 111, with A =1/n. As a consequence we show that ¢, is simple and that its
isomorphism type does not depend on the choice of S,,..., S,.

A C*-algebra is simple if it contains no non-trivial closed two-sided ideals. We call a
simple C*-algebra with unit infinite if it contains an element X such that X¥X =1
and XX*+1. While non-separable algebras of this type are well known (e.g. the
Calkin algebra or type Il factors on a separable Hilbert space) there is to my
knowledge no explicit example of a separable simple infinite C*-algebra. The
existence of such algebras was proved by Dixmier in [9, 2.1] by the following
argument. Let S, S, be two isometries (5}S;=1, i=1,2) on an infinite-dimensional
Hilbert space # such that S,Sf+S,5%=1. Since the C*-algebra C*(S,, §,)
generated by S; and S, has a unit, it contains a maximal proper two-sided ideal 7.
The quotient C*(S,, S,)/.# is separable, simple and infinite. One of the results of the
present paper is that C*(S,, S,) itself is already simple (thus answering the question
of Dixmier to this effect). More generally, we study the C*-algebra generated by

n

n2isometries S;,..., S, satisfying Y S,SF =1 (this condition implies in particular
i=1

that the range projections S,57 are pairwise orthogonal). We include the case n= co.

We note incidentally that J. Roberts, motivated by investigations on superselection
sectors, has studied closed linear spaces generated by isometries with this property
[15]. These spaces are in fact Hilbert spaces and C*(§,, ..., S,) is from this point of
view the C*-algebra generated by a Hilbert space.

We construct a faithful conditional expectation of C*(S,,...,S,) onto a C*-
subalgebra # and show that C*(S,,...,S,) is the crossed product of & by a single
endomorphism @ (in a sense to be made precise in Section 2). If nis finite, then F isa
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UHF-algebra in the sense of Glimm [12] of type n® and @ scales the trace of # by
1/n. Thus we have here the C*-analogue of a factor of type 11, with A= 1/n {cf. [ 6]).
We use this description of C*(S,,...,S,) to show that the isomorphism class of
C*(S,,...,S,) does not depend on the choice of §,,...,S, —that is, if §,...,5, is a

second family of isometries satisfying 3 5,S¥ =1 then C*(§,,...,S,) is canonically
i=1

isomorphic to C*(§,, ..., S,). We denote in the following (the isomorphism class of)

C*(S,,....5,) by 0,.

It is then easy to see that (0, is simple. What is more, ¢, is simple in a very strong
sense—for every 0+X e @, there are A, Be®, such that AXB=1. Among infinite
simple C*-algebras the algebras @, play a universal role comparable to that which
UHF-algebras play among antiliminary C*-algebras. Any simple infinite C*-
algebra o with unit 1 contains, givenn==2,3,..., 00, a C*-subalgebra o/, with 1e o/,
such that a quotient of &, is isomorphic to ¢,. For n= co the subalgebra .« _ can
even be chosen in such a way that & itself is isomorphic to @ .

Since the algebras 0, represent quite a new type of C*-algebras they give rise to a
number of counterexamples. From the representation as a crossed product it
becomes clear by the recent results in [ 7], [4] that ¢, is nuclear. On the other hand
we show that @, can not be an inductive limit of C*-algebras of type I. This answers
to the negative a question which arose naturally in the recent development of the
theory of nuclear C*-algebras (cf. [3]). J. Rosenberg after reading this article
showed that ¢, is even amenable [ 16]. Since @, is clearly not strongly amenable this
solves a problem of Johnson [13, 10.2].

C*-algebras generated by isometries have been studied before by various
authors. Curiously enough, it usually turns out that the isomorphism class of these
C*-algebras does not depend on the choice of the isometries—but only on their
algebraic relations. The difference between the present paper and investigations
such as [2, 5, 11] lies in the fact that the isometries considered here are in every
respect non-commutative.

We remark further that O. Bratteli has recently shown that the crossed product
of the CAR-algebra by a gauge automorphism is simple [1]. However, these
automorphisms do not scale the trace, so the algebras obtained are finite.

1. The Algebras ¢,
In the following we fix n=2,3,..., 00 and a (finite or infinite) sequence {S;}I., of

u
isometries (i.e. $}S,=1) on a Hilbert space #. If n is finite we assume that )
r

i
i=1

8,S¥=1.1f nis infinite we assume that ) S,S¥ <1 for every re N. We are going to

i=1
determine the structure of the C*-algebra C*(S,, ..., S,) (we use this notation also if n
is infinite) generated by {S,}i- .
1.1. Given keNN, let W} be the set of all k-tuples (j,,....j,), with j,e{l,...n}
(i=1,...,k)if nis finite, or j,e Nif n is infinite. Further let Wj={0} and W= = | }
k=0

W;. We write S,=1 and, given a=(j,,....j,)e W}, we denote by §, the isometry
§,=8;8,,..S;. Let £(a) =k be the length of o and £(0)=0.
1.2. With this notation we have the following lemma.
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Lemma. a) Let u, ve W, and £ (u)=¢(v). Then S¥S,=0,,1.

b) Let p, ve W7, and let P, Q be the range projections of S,, S, respectively.
Suppose S¥S,+0.

If £(u)=£(v) then S,=S§, and P=Q.

If £(w)<£(v) then S,=S,S,. with W/ e Wy, _,., and P>Q.

If £(Wy>£(v) then S, =SS, withveWy , _,. and P<Q.

b) The first assertion follows immediately from a). To prove the second
assertion write S,=S,5, where /{(a)=/(u) and £(u)=7(v)—£(n). By a) we have
5*S,8,=0,,S,, whence o.=p. Finally Q=85,8%=S5,(S, %) S} <S,S¥=P.

pa patp’e

Proof. a) follows easily from the relation S}S;=4,1.

1.3. Lemma. Let M %0 be a word in {S;} U{S¥}. Then there are two unique elements p,
ve W7, such that M =S ,S¥.

Proof. Let M=X,..X, where X ;e {S;}U{S¥} (=1,...,7). In this expression we may
cancel out every term of the form X X, , with X X, ; =1. After finitely many such
eliminations we get an expression for M in lowest terms M=1Y,...Y, where
Y., #1(i=1,..,5—1). Since §}S;=0,,1 and M0, the Y, must satisfy the
following

Ye{Si=Y_,e{S} (=2..5).

Thus, if j, is the largest number between 0 and s such that Y, e {S;}, we have Y, {S;}
for 1£j<j, and Y,e {S}} for j, +1=<j<s. This shows that there are u, ve W, such
that M =S S¥ Assume that o, fe W7, are such that M =S S¥. Then obviously
SxS,+0(since M*M +0)and S, = MM* =S,S¥. Thus the range projections of S,
and S, coincide and according to Lemma 1.2b) we get S, =S,. The same argument
applied to M* shows S,=S,.

1.4. Let #§ =Cl and let #7 be the C*-algebra generated by the set {S,S¥*|u, ve Wi}
We denote by .#, the star algebra of r x r complex matrices and by ¢ the algebra of
compact operators on an infinite dimensional separable Hilbert space.

Proposition. If n is finite then F; is star isomorphic to My and FLCFp,
(k=0,1,2,...). If n is infinite then F7, is star isomorphic to A" for all k> Q.
Proof. According to 1.2a), for u, i, v, v'e W}, we have

(5,5%)(8,5%)=4,,8,5%.
Since also (S,S¥)*=S5,S} this shows that {S,S¥|u, ve W}} is a self-adjoint system of
matrix units generating #. If n is finite, then

S, Sk= ’Zl S,S:5FS¥
i=
is in #}, ; since each summand on the right hand side is in 7% _ .

1.5. Let #" be the C*-algebra generated by the union of all #} (k=0,1,2,...).
Proposition 1.4 shows that #” is a UHF-algebra of type n®, if n is finite. If n is
infinite #* is not a UHF-algebra but an AF-algebra.

1.6. We are now going to describe the algebra & generated algebraically by {S,}/. ;
and {S}}I_,. We take and fix one of the S;, say §,. To emphasize the special role of
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S, we will write V for §, and V™' for S%. Let M =S 8% be a word in {S,} and {S}}.
Let r=~(u), s=7¢/(v)and k=r—s.

If k>0 setM S5,8¥S%*. Then Meﬁ" and M = MV*
If k<O set M= S "S S* Then Me#" and M =V*M.
If k= OthenMeJ’" 97"

s

Since any Ae is a linear combination of words, 4 can be written in the form

}j V’A+A+ZAV’

i= N
where the 4; are in &". We write A,=F;(A).

1.7. Proposition. The elements A, = F,(A) are uniquely determined by the construction
described above (they do not depend on the special representation of A as a linear
combination of words). We have | F, (A} <[4}

For the proof of this proposition we first need a lemma. Let n be finite and let
{&;};on With g;€ {1, ..., n} be a sequence which is aperiodic in the sense that thereis no
i,>0 such that {g;},,; becomes periodic. Given re N, write U, =S, ...§, and
P,=UU}

1.8. Lemma. Let M ,..., M, be wordsin §,,...,S, and S%,...,S¥ and let k be a natural
number. Suppose that each M, has the form M, =S S¥ where £ (1) % (v). Then there is
re N such that

P.S¥MS,P,=0
Jori=1,...m and for all a, fc W}

Proof. 1f M; =S ,S¥ where /(1) %/ (v), then S} M;S, =0 or we have after cancellation
S¥M,S;=S,S¥ in lowest terms where £(y)—7(8)=7(1) —/(v) (cf. 1.3). This shows
that S¥M,S; also satisfies the hypothesis on M, of the Lemma for any «, f€ Wi Thus
it suffices to show that for any finite collection M,,..., M, of words of the form
M,;=S,8% with £(u)=+7(v), there is re N such that P, M.;P,=0 (i=1,...m). It
suffices to prove this for the case m'=1.

Let £/ {(u,)=p and /(v,)=g. Then, for r>p, g, the expression L, =U*M U’ can
be non-zero only if §, = U and S, = U, (1.2b)). Thus L, =S}, S;“ HSaq“ S But
then L, must be zero for sufﬁcwntly large r since by assumptlon 4 * q and since {&;}
is aperiodic

Proof of Proposition 1.7. Since for i 20, by construction F;, ; (4)=F,(AV*) and for
ig0, F;_(A)=F{(VA), it suffices to prove the assertions for F,(4).

We consider first the case that nis finite. Choose an aperiodic sequence {¢;} asin
the preceding lemma. Let k be so large that F(4)is in #7}. Using Lemma 1.8 we find
reN,r>ksuch that P,S}V74,S,P,=0forj=—N,..., — L and P,S¥4,V7S,P, =0 for
j=1,..,N and for all a, fe W}. We set

0= ) S,P.S}.

aeWk
Then QV’AjQ=O forj=—N,..., —1 and QA}.VJ'Q:() for j=1,..., N. On the other
hand Q commutes with every X e #7 and X—~QXQ is an isomorphism of #} onto

izio
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073Q. In fact, 05,85 =5,S5Q=S,P,S; and the set {S,P,SF|o, Be Wi} is a seli-
adjoint system of matrix units generatlng 0F:0. Thus

[Fo(D =1QF (A Q] =1242] =] 4] .

Consider now the case n=co. There is a finite subset I of IN such that 4 is a linear
combination of wordsin S;, S¥ (iel). We assume that C*(S, S,,. ..)is represented on

Hilbert space and choose an isometry S such that $*S=1 and

S§*=P=1-3 §;8*.
iell
We may assume that 1ell and define F,(X) for X in the star algebra P generated
algebraically by §,, ielland S, as above wzth respect to V=38,. Then F JAAY=Fy(4)
since A is an expressmn in S, Sf only. We know already from above that there is a

i M

projection Q in Z such that Q4Q = QF {(A4) Q and ||QF (A) Q] = [|F (4)]|. Hence

IF o (Al =11Fo(A)] =10F (4 Q] =1104Q| < 4] .

Since in the finite and in the infinite case the mapping F (A)—~QF,(4)Q is an
isomorphism, we finally see that F,(A) is uniquely determined by QF,(4)Q, hence
by A.

1.9.Suppose that {Si} is a second family of isometries satisfying Z §,8¥=1and
~ i=1
let & be the star algebra generated algebraically by this family. It follows from 1.4

that #"n# and #"NP are algebraically isomorphic. Since these algebras are
inductive limits of finite-dimensional C*-algebras, they carry a unique C*-norm.
We may therefore identify #” and %7, With this identification, if Ae 2 and Ais the
corresponding linear combination of words in 2, then F,(A )=F, .(A) for all ie Z. In
particular, 4 =0 if and only if A =0. This shows that 2 dl’ld & are algebraically star
isomorphic. We equip & with the largest C*-norm

[ X 1o =sup{]le(X)| leisastar representation of 2 on a separable Hilbert space}.

Let & bethe | - | ,-completion of 2. Since || - || , is 2 C*-norm which majorizes the
initial norm on £, the C*-algebra C*(S,,...,S,} is a quotient of &. We shall show
that £ =C*(S,,...,S,). This will imply

C*(S,,...S)= L= P~C*§,,...5,)

1.10. The mappings F;:#—F"{icZ) extend according to Proposition 1.7 to
normdecreasing linear mappings F;:C*(S,,...,S,)~>%" and F,: ¥ —Z" (the use of
the same notation for both mappings will not cause confusion). F, is a conditional
expectation [17, p. 101},

Proposition. Let X¢ . If FAX)=0 for all ieZ, then X =0.

Proof. We use an argument which appears in [14, 1.2.5]. Let % be faithfully
represented on . By definition of the norm on ¥ the mapping
0,:8;—A8,(i=1,...,n) extends, for every e € with modulus 1 to a continuous star
representation g, of & on . Note that g,(X)=X for every Xe F”.
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Given &, ne # with €] =|ln|| =1, let f be the function on the unit circle T in €
which is defined by

FA)=@;X)¢llm)  (AeT).

Let {4,} be a sequence in & which converges in % to X. Consider the functions

h()=(,(4)¢lm)  (AeT).

Since ||g, X)—0,(4)], = 11X ~ A4l o, the functions A, tend to f uniformly on T. We

have
-1

W= T GVEA)R)

N
+(F0(Ak)€|71)+.;1(Fi(Ak)/1iVi(:l’7)= Y ayhl.

P
The i-th Fourier-coefficient a,, of h, converges to the i-th Fourier-coefficient f; of f
as k—oo.

But lim |a,]< lim ||F,(4,)],=0 by assumption for all ieZ so that f=0 and
k-0 k-
X =0, since &,  were arbitrary.
Remark 1. The idea of the proof of 1.10 really consists in interpreting F,(X) as i-th

Fourier coefficient of the function A—g,(X) (le T). In fact, the equation F{X)=
{ 0,(X)A7'dA holds for every Xe &.
T

Remark 2. Let A, 2 converge to Xe . Since
Fo@(*X)= lim | 5% F(4)*Fi(4)+ Fo(4)*Fo(4)+ T V™ F(4)*F (4)V
=0 [i<0 i>0
we see from the proposition that F is faithful in #.

This fact and Proposition 1.10 itself could have been derived in a slightly
different approach from the general theory of crossed products [18]. We preferred
the proof given above because it is very elementary and fits exactly into the
framework of this paper.

1.11. Proposition. & is canonically isomorphic to C*(S,,...,S,).

Proof. The identity mapping n: # — & extends to a continuous star homomorphism
n of & onto C*(S,,...,S,). We show that = is injective. We obviously have
Fom=mnoF, [after identification of #" and =~ }(#™)]. If n(X)=0 then F,(n(X))=0
whence n{F;(X))=F;X)=0 for all icZ.

1.12. Theorem. If {S}_, is a second family of isometries satisfying Y §8x=1
i=1

(or > §l§;" <1 foreveryre N, if n= oo), then C*(S’l, ...,S’n) is canonically isomorphic
i=1 . B R
to C*(S,,...,S,) (i.e. the map S,— S, extends to an isomorphism from C*(S,...,S,)

onto C*(8,,....,S,)).

Proof. This follows from 1.9 and 1.11. Note that in 1.9 all isomorphisms are
canonical.
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In view of this it makes sense to write 0, for C*(S,..., §,) since the isomorphism
class of @, does not depend on the choice of {S,}}. ;. We remark that Theorem 1.12
also shows that @, is simple. In fact, let ,# be a maximal ideal in ¢,=C*(S,,...,S,)
and n:0,— 0,/ # the canonical projection mapping. Then, by Theorem 1.12, the
simple C*-algebra 0,/ ¢ =C*(n(S,),...,n{S,)) is isomorphic to ¢,. But we are now
going to show that O, has a property which is much stronger than simplicity (in [ 8]
we raised the question if every infinite simple C*-algebra with unit has this
property).

1.13. Theorem. Let n be finite and let X be a non-zero element of O,. Then there are A,
Be0, such that AXB=1.

Proof. By 1.10 we have F,(X*X)=0. Without loss of generality assume that
[FoX*X)| =1. Let Ye 2 be a positive element such that [ X*X — Y| <e=<1/4. Then
1Fo(T)l 216 (1.7). In the proof of Proposition 1.7 we constructed a projection
Qe F'n? suchthat |QF (Y)Q = F(Y)| and QYQ =0F ,(Y)Q. Let k be so large
that QF ,(Y)Q is in &7}, Since &} is a finite-dimensional C*-algebra, QYQ has the
formQYQ= Y AR, where R;are minimal projectionsin %% and A, are positive real
i=1

numbers. There is i, 1 £, <ssuch that 4, =1 —e¢ and there is a partial isometry U
in #7 such that U*U=R,, and UU*=S{S} (note that $%St* is a minimal
projection in #}). Then with 4=S¥*UQ we have 4YA*=1, 1 and

JAX*X A* — 1| S| AX*X A* — AVA*| +|AYA* -1 =2

(since | A =1and 1 —e= 4, <1+e¢). This shows that AX*X A* is invertible and we
are done.

Remark. Ifin the situation of the preceding theorem X =0 and | F,(X)| =1, thenitis
obvious from the proof given above that 4 and B can be chosen such that || 4]},
| Bl £1+¢, for any given ¢ >0. (Moreover 4, B can be chosen such that B= 4*.) We
will use this in Section 3 where we will prove a version of Theorem 1.13 for ¢ . A
different proof of 1.13 for the case n= oo could also be given using methods similar
(but more complicated) to those employed in the proof above.

2. Representation of ¢, as a Crossed Product

2.1.Let n=2 be finite and let je Z. Then " can be represented as an infinite tensor
product {17, 1.23.11]

@x
F'=(RQN;=o; where N, =M, foralli.
=]
Define embeddings
Ay _ oA,

by o pX+re; @Xe A, =M, , where {e,i,j=1,...n} denotes a self-adjoint
system of matrix units in .#,. If we take the C*-inductive limit {17, 1.23] of this
sequence we get a C*-algebra %, isomorphic to A ®@F". We may, of course,
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continue the above sequence of embeddings to positive integers
il >l vl >l -

in the same way by </ 2X {—>e11®X €sf;_, (jeZ). Since all o/; are isomorphic we
may consider the automorphlsm P of (6 which is induced by the shift to the left,
mapping an element in </, to the corresponding elementin ./, ;. One may express
the action of @ somewhat informally by ®(X)=e,;®Xce,;; @ ;=o/; for
Xedd;_ ;.

Let the crossed product C*(%,, ®) be faithfully represented on the Hilbert space
# . Then there is a unitary U on # such that #(X)=UXU*(Xe¥,) and C*(%,, D) is

N

the closure of the set of finite sums of the form A= 3 X,U' (X,e%,). With
~ . N i=-N
X, =UT'X,U" this expression becomes

A= 'Zo UX, +X,+ .gox,.ui (X, X:€%,).

Let P be the unit of o/, CC*(%,, ). Since UPU* =e¢,, @ Pe o/ , =4, @ o/ | we have
UP=PUP and PX, UP = (PX,P) (UPY for i>0 and PU'X,P=(UP)*~'PX,P for
i<0. With V=UP we get

PAP= Y V'PX,P+PX,P+ Y PXPV'.

i<o i>0
Thus &,=PC*(¥,, P)P is generated by o ,=P%,P together with V.
Let S;=(e;; ®P)V(i=1,...,n). Then S¥S;=P and Z S,S#=P. Further &, is

generated by all elements of the form §,S7 where 1, ve W" and £{u)=/(v). In fact, if

p={.j) and v={i,...§), then S,8F=e;,;,®e;,,®..Qe,; QPco =
MD...Q M, Q. Hence &,=C*(S,,...,5,)=0,

Let P, be the unit of .sz/k (k=<0). Then C*(%,, ®) is the inductive limit of
P.C*%,, §)P, (k— — o). Itis not hard to see that P, _ , C*(%,, D) P, _, is generated
by P,C*(€,, ®) P, together with {¢;,® P |1 <i,j<n} C.+/,_, and that, consequently,
C*(%,, P) is isomorphic to # R0,
2.2. Let now n=o0. For jeN let o/; be the C*-subalgebra of ¢, defined by
o ;= SiF*S¥. Then o, _1—®1(~D(%®M) On the other hand we also have
;zé’,:&f 97 ® for all ielN. Define ,of for negative j inductively by

-1 =Cl®(# ®/;). We fix a minimal projection R in A" and consider the

sequence of embeddings
Ay il >

defined by o pX+—-R@XeA @4 ,;Cof,_,. Let €, be the inductive limit of this
sequence. Clearly €, is an AF-algebra. Ifas above we let @ be the automorphism of
% ., which is induced by the shift to the left on the above sequence (continued to
positive integers) then 0, =~ PC*(% ,, )P where P is the unit of &/ ,CC*(%,, D).
2.3. We have seen that 0, (n=2,..., 00} is isomorphic to the crossed product of an
AF-algebra by a single automorphism, cut down by a projection. By recent results
of Connes [7, 6.8, 6.5, Theorem 6] and Choi and Effros [4, Corollary 3.2] this
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proves that ¢, is nuclear. I am indebted to A. Connes and S. Sakai who called my
attention to this fact. We show now that ¢/, can not be obtained as an inductive limit
of type I C*-algebras.

Proposition. Let n be finite and let S,,...,S, be isometries on a Hilbert space #

satisfying ). S;Sf=P=<1. Suppose that o CEL(H#) is a C*-algebra containing
i=1

elements A,,..., A, such that | A,—S,| <e. If ¢ is sufficiently {depending on n) small
then there are A,,...,A,es such that A¥A,=1 and > AA¥<1. If P=1 then

~ n i=1 5
A,,..., A, can be chosen such that the sum of the range projections of A; equals 1.

Proof. Let §<1/10. We have

| A A, — 1| S| AFA;— AFS | + | AFS,— SES| S(1+e)e+e <3e.
Hence A¥ A, is invertible and

A, — A(AXA) F| S| A, 1= AF A F <(1+¢8) 3e<4e.
Now V,=A,(A*A,)"* is an isometry and

W:" —S,SE SIWVE—S,VE| +|S.VF—S,SF| <Se+5e=10¢.
Further

IZVE VOIS ISSHSSHI+1(S:SF — VYIS ST

+HIVVEVVE-S5,SH <20 for isj.

Given >0, by [12, 1.7], if ¢ is sufficiently small there is a family of pairwise
orthogonal projections El, ,E, in o/ such that [E,—V,V¥|<d. Then

|E;V,— V| <o. Thus V}E,V, is invertible for small § and the elements A ={E,V)
(V;“Ei )”* are isometries. Moreover the elements A A* =F, are pairwise

orthogonal projections and Q= Z A A¥ is a projection such that
i=1

lo-PI=|3 <n(5+106).

In particular Q=1 if P=1 and ¢ and § are sufficiently small.

Corollary 1. Let of be a C*-subalgebra of @, (n finite) containing elements A,,..., 4,
such that | A,— 8|l <e. If 5 is sufficiently (depending on n) small then any such of must
contain a C*-subalgebra which is isomorphic to 0,

Corollary 2. An infinite simple C*-algebra 8 with unit can not be an inductive limit of
type I C*-algebras.

Proof. By [8, 2.2] # contains isometries V;, V, such that V; Vi+V,V% <1. Let .« be
a C*-subalgebra of # containing elements 4, 4, such that 14—Vl <e Ifeis
sufficiently small, then o/ contains isometries A, A , such that A A¥+ A, A5 <1
Since a quotient of C*(4,, A,)is isomorphic to ¢, (3.1)and 0, is clearly not of Type
I, o7 can not be of type 1.
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2.4. As 0, is simple, so is 4" ®0,. But # ®0, is even algebraically simple (i.e. has no
non-trivial not necessarily closed two-sided ideals). This follows from the following
general theorem.

Theorem. Let o/ be a simple C*-algebra with unit. Then A ® =/ is algebraically
simple if and only if there is ke N such that .#,®.<f is infinite.

Proof. “Only if part”. We use the notation of [8]. Assume that .4, ® .« is finite and
let P be a projection of dimension r and Q a projection of dimension 1 in .#,. Then
(PR1/OR@1)=rin #, Q. In fact, we have a=(P®1/Q®1)<r. On the other hand
a<r would imply (P®1/R®@1)=1 for any projection R < P of dimension a in .#,.
Since P®1 is a finite projection in .4, @ [8, 2.4], this is impossible [8, 2.1].
Assume now that .#,® . is finite for any ke N. If P is a projection of dimension r
and Q a projection of dimension 1 in 4 then (P®1/Q®1) in A @« equals
(PR1/OR1) in (PR1) (# R4) (PR1)=.4,R bence equals r (we may assume
Q<P).LetP,, P,,... beasequence of one-dimensional orthogonal projections in ¢

and let H= ) J,P, where A,>0 and 1,—0.
i=1
Then for any re N and for any one-dimensional projection Q in £ we have

Hy Y P=A, and (HOLQ®NZ(A,@1/081)=r.
i=

This shows that the ideal generated algebraically by Q®1 in # ®.s/ does not
contain H®1.

“If part”. The proof is essentially contained already in [10, 3.1.4]. We have only
to combine Dixmier’s argument with [8, 2.2]. We may assume that .of itself is
infinite. Let E, E,,... be a sequence of pairwise orthogonal one-dimensional

k
projections in ¢ such that the sequence {H,}.,, defined by H,= ) E, is an
i=1
approximate identity for 2. It is easy to see that H, ®1 is an approximate identity
for 4" ® (it is enough to check this for the algebraic tensor product of #” and 7).

Let # be a non-zero ideal of #" ®.of. If X 40 is in ¢ then there is k such that
(H,®1)X (H,®1)+0 hence there are i, j, 1 <i, j <k such that (E;@DX(E;@1)=+0.1f
E;;e A" isa partial isometry with support projection E; and range projection E; then
(E;QDX(E;®1)* is in ¢ and is non-zero. Thus ZnE;®./ is non-zero, hence
equals E;Q . since of @ E,®.</ is algebraically simple.

From [8, 2.2] using induction we get the existence of infinitely many pairwise
orthogonal projections F; and elements V; in o such that V}V,=1 and V,V¥=F,
(i=1,2,..). Wehave E,QF,~E, @1 ~E,®1in # ®«. Let U, be a partial isometry
in 4" ®f with range projection E; ® F; and support projection E;®1. With G, =

k k

Y. Fyand Y= > U, we have Y,Y}=E,®G, and Y}Y,=H,®1.
i=1 i=1

To complete the proof it is enough to show that any positive element X of
H @ is in ¢. Since (H,®1)X* is a Cauchy sequence also ¥,X* is a Cauchy
sequence converging to an element Y of /' ® .o/, Since (E,®@1) Y=Y and E, ®1le ¢
we have ¥, Y*c ¢. Therefore Y*Y=X is in #.
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Remark. let A, BeX'®0, and B=+0. There are i, jeIN such that
(E;@1) B(E;@1)+0. Let C=(E;@1)(E;®1) B(E;®1)(E;, ®1) (E;;= partial isom-
etry in " with support projection E; and range projection E;). Then C+0 and
CeE, ®0,. There are F, G in ¢, such that (E,®F)C(E,®G)=E,®1 (1.13, 3.4).

Further there are X,,...X, and Y,,..,Y, in #'®0, such that A= )

i=1
X,(E;®1)Y, (the ideal generated by E, ®1 in A @0, consists exactly of all finite
sums of this form). Let V,..., ¥, be isometries in ¢, such that V,V¥,.. V.V* are
pairwise orthogonal projections in @,. Then

Az(i:ilxi(‘g*@‘”?))@x@l)(; (E,®V) Y)

Together this shows that there are X, Ye " ®0, such that A =XBY.

3. Extensions of 0,

3.1. Proposition. Let V,,...,V, be isometries on a Hilbert space # such that Z
n i=1
V,V¥ <1 (n finite). Then the projection P=1— Y V,V¥ generates a closed two-sided
i=1
ideal J in C*(V,,...,V,) which is isomorphic to A" and contains P as a minimal
projection. The quotient C¥(V,,...,V.)/ ¢ is isomorphic to O,.

Proof. Define, given ue W%, an isometry V, in the same way S, was defined in
Section 1. The closure of the set # of all linear combinations of elements of the form
V,PV¥(u,ve W} ) is clearly a two-sided ideal in C*(V/,..., V). On the other hand ¢
is contained in every two-sided ideal containing P.

Consider the product X =(V,PV¥) (V.PV}) (i, v,a, fe WT). After cancellation
we have VIV, =V V¥ (y,0e W7,) in lowest terms (1.3). But PV, V§P+0ifand only if
V,V¥=1,since PV;=0(i=1,...,n). Thus X #0ifand only if PV¥V, P+0ifand only if
v=gq {1.2). Hence

(V,PV3(V,PV§) =6,V PV}
and
VPV =V, PV}

In other words the set {V,PV¥|u,ve W7} is a self-adjoint system of matrix units
generating ¢. Therefore ¢ can be mapped isomorphically onto a dense star
subalgebra of " which is an inductive limit of finite-dimensional C*-algebras,
hence carries a unique C*-norm. This mapping must be isometric and extends to an
isomorphism of $=_¢ onto A,

Remark 1. It seems to be interesting to study more general extensions of ¢, by the
compacts,

Remark 2. In the situation of the proposition, given i (1 Si<n)and u,ve W% , there is
ke Nsuch that V}*V, P V¥V =0. This shows that V}*4V¥ tends to zero as k— oo for
each Ae .
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3.2.Let o/ be a simple C*-algebra with unit. It follows by induction from [8, 2.2]
that o contains a sequence ¥}, V,, ... of isometries satisfying Z V.V¥ <1 for every

ke N. We know already from Section 1 that C*(V,, V,,...) =0, From 3.1 we see that
C*(V,,..., V) (n=2 finite) contains a closed two- suied ideal ¢ such that
C*(Vy,..., V) # =0, Therefore 0, is contained (with the same unit) in .o/ and @, is
for any finite n=>2 contained up to quotients in .o/.

3.3. Consider 0,=C*(S,,8,). Weput S, =52, §,=8,S,,and S, =S,. Then §}5,=1

and Z §,8% =1 so that 0, =C*(S,,5,,8,)C0,. By induction we get the following
i=
chain of inclusions

0,50,50,>..50
3.4. We use 3.1 to prove a version of 1.13 for ¢

Theorem. Let X be a non-zero element of O . Then there are A, Be O, such that
AXB=1.

Proof. Wemay assume that X Z0and [[F,(X)[| =1. Let Y be a positive element of the
star algebra generated algebraically by S,,S,,... such that |X—Y| <e<1/4.
Without loss of generality we may assume that [|[F,(Y)]=1.

There is a finite subset I of Nsuch that Y is a linear combination of words in S,
S* (iel). We assume that @ is represented on the Hilbert space # and choose an

isometry § on # such that $§* =1— > 8,8F. Further we fix iye N such that i ¢l
ick

We consider the C*-algebras .o7,, génerated by S, (iell) together with S, and 7,
generated by S, (i€l together with S, . The projection P=1— 3 S-S, S¥

ick
generates a non-trivial closed two-sided ideal ¢ in o/, (3.1) and <7,/ ¢ is
canonically isomorphic to 7, (1.12).

We may assume that 1eland define F,in o, with respect to S, and Fin «#,/ #
with respect to 0{S,) (where g:of , >,/ j is the canonical mappmg) in the same
way in which F; was defined in Section 1. Then F (Y)=F,(Y) since Y is an
expression in S, S;" (iel) only. Therefore

[FoleM =IFo(M)=[Fo(Y)]=1.
By the remark in 1.13 there are A,Be.s/,/# such _that 4¢(Y)B=1 and |4],
[Bll<l+e. Then 4, B can be lifted to elements A4, B in o, such that 141,
HB}}<1+28 We have AYB=1+K with Ke ¢. By Remark 2 in 3.1 we get
S*k(AYB)S¥—1 as k—co for each iell Since

ISH*(AX B) Sk — SF(AYB) S| <(1+28)* e <1
this shows that S¥*(AX B) S* is invertible for sufficiently large k.
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