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Abstract. Solutions to the Navier-Stokes equations in four space dimensions 
are continuous except for a closed set whose three dimensional Hausdorff 
measure is finite. 

Section 1. Introduction and Notation 

In this paper we will prove Theorem 1.1 below. The terminology and notation in 
the statement of this theorem are explained in the remainder of this section. 

Theorem 1.1. Let v :R4 ~ R  4 be a measurable function such that ~[v(x)12 dx < oe and 
div(v) =0. Then there exists a measurable function u :R4x (0, oo)--+R 4 such that 

j'[U(X, t)13dxdt < oo, 
o 

u is a weak solution to the Navier-Stokes equations ofincompressibtefluidflow with 
initial condition v, and the following property holds" There exists a set 
A < R 4 x (0, oo) such that 

a) Ac~(R4 x [e, m)) is compact for every e>O, 
b) the 3-dimensional Hausdorff measure of A is finite, and 
c) the restriction of u to the complement of A is a continuous Junction. 

Notation. Hausdorff measure is defined in Section 2 (Definition 2.8). I fX and Y are 
euclidean spaces then C~(X, Y) is the set of all infinitely differentiable functions 
from X into Y, and C~(X, Y) is the set of all functions in Coo(X, Y) with compact 
support, I f f  is a C °O function defined on an open subset of R4x  R (R 4 should be 
thought of as space and R as time) then Dzf DzJ, and Dijkf are the partial 
derivatives (O/axi) f (02/~xiOx~)f, a n d  (a3/OxiOxj~xk)f with respect to the variables 
xl,Xz, X3,X 4 of R '~. The partial derivative o f f  with respect to the R variable of 
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4. 

R e x  R is denoted by Dtf (the time derivative). We also set A f =  ~ Duf=Dii f 
4 i = 1  

(repeated indices are always summed), d iv ( f )=  ~ Dif i = Dif i if the range o f f  is R 4, 
i = l  

and V(f)= (Dlf, D2f, D3f, D4f). Note that the time derivative is not included in the 
definitions of A, div, and V. Analogous definitions are made for functions with 
domain R4,. If v :R4,--,R 4 is square integrable then div(v)=0 is interpreted in the 
distribution sense. We also set [a, b)= {t :a < t < b}. Closed and open intervals are 
denoted [a, b] and (a, b), respectively. 

Suppose v :R4~R 4 is square integrable with div(v)=0. A measurable function 

u:R ¢ x (0, oo)~R4, satisfying ~ ~u(x, t)[3dxdt< co is called a weak solution to the 
0 

Navier-Stokes equations of incompressible fluid flow with initial condition v when 
(1.1) and (1.2) are satisfied: 

oo 

~ui(x, t)DidP(x, t)dx& = 0  if qSe C~(R ¢ x R,R), (1.1) 
0 

~vi(x)c/h(x, O)dx + ~ ~ui(x , t:)(Dt#o , + Ag~,)(x, t)dxdt 
0 

co 

+ ~ ~uj(x, t)ui(x, t)Dj¢,(x, t)dxdt = 0  if ¢ e  C~(R4, x R, R4,), div(qS)=0. (1.2) 
0 

Observe that HSlder's inequality, the integrability of [u[ 3, and the integrability of 
tvl 2 imply that the integrals in (1.1) and (1.2) make sense. 

If aeR 4 and 0 < r < o o  we set B(a,r)={xeR4:tx-al<r}.  If X is a measure 
space and Y is a euclidean space then LP(X, Y) is the Lebesgue L p space of 
functions with domainX and range Y The L p norm is denoted [I lip. The norm [ [ 
is always euclidean norm. If f is a C ~ function defined on an open subset o fR  4 x R 
or R 4 then g f  (see above) will also be denoted D f  In addition, D2f and D3f will 
be the vector valued functions with components D~jf and DUk f respectively 
(i,j, ks{1,2,3,4}). If (a~C~(X,Y) (see above) then spt(qS) is the closure of 
{x :q~(x)+ 0}. I f f  is a function defined on a subset of R4, x R and g, k are functions 
defined on R 4 then we set 

( f  .k)(x, t)= S f(Y, t)k(x- y)dy, 

(e,k)(x)= .fg(y)k(x- y)ay 

whenever the integrals make sense. If 0 < t < oo we define H,: R4-~R by 

Ht(x ) = (4=t) - 2 exp ( - Ix[ 2/4t). (1.3) 

If t has a complicated form we will write 

H[~] =H,. (1.4) 

We also define K:R 4 -  {0}--*R by 

K(x) = - (4g2lxl 2)- 1 (1.5) 
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An absolute constant is a finite positive constant that does not depend on any 
of the parameters in this paper. The symbol C will always denote an absolute 
constant, and the value of C may change from one line to the next (e.g. 2C__ C). 
The symbols C~, C 2, C 3, ... will also denote absolute constants, but their values 
will not change in the course of the paper. 

We fix v satisfying the hypothesis of Theorem 1.1 and set 

L =  ~ [v(x)12 dx . (1.6) 

See [4], [5] and [6] for theorems on the Navier-Stokes equations in 3-di- 
mensional space. This program was inspired by the work of Mandelbrot [3] 
and Almgren [1]. 

Section 2. Preliminary Results Involving Hausdorff Measure 

Throughout  this section we fix a positive real number D and functions f and fn in 
L3(R4x[O, oo),R 4) for n~{1,2,3,. . .} such that !ILII~_<--D and the sequence f ,  
converges to f weakly in L 3. 

Definition 2.1. If a~R% 0 < b < o o ,  m is an integer satisfying 2-2m__<b, and 
n@{1,2,3 . . . .  } then we set 

b 

( B(a,b,m,n)=26" ~ ~ Ifn(x,t)13dxdt . (2.2) 
\ b  - 2 - 2 m  B ( a ,  2 - ~ )  

Definition 2.2. Whenever 0 < M <  oo the following statement will be known as 
property P(M) : If n 1, n2, n 3 .. . .  is an increasing sequence of positive integers, p and 
q are integers, p<q, aER 4, 0 < b <  oo, and 2-2p__<b then 

lim infB(a, b, q, nk) 

_<-M(liminf(A(a,b,p, nk)+(2-PA(a,b,p, n k ) + q ~  2-"B(a,b,m,n@'3/2")). 

From (2.1) and (2.2) we conclude that there exists an absolute constant C 1 such 
that 

B(a, b, m, n) < CI(A(a, b, m, n)). (2.3) 

We use C 1 in the following lemma: 

Lemma 2.3. For every positive real number M there exists e > 0  such that the 
following holds : I f  property P(M) is satisfied, a~ R 4, 0 < b < oo, p is an integer, 2- 2p 
<= b, and 

lim infA(a, b, p, n) < e23p (2.4) 
n ~ o o  
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then 

lira infB(a, b, q, n) =< e(M + C 1 + 1)2 3p (2.5) 
n--* ~1 

for all integers q satisfying q >=p. 

Proof. We choose e > 0  such that  

M(1 + 2(M + C 1 + 1))3/2e3/2 =< e. (2.6) 

There is an increasing sequence nl, n2, n3, ... of positive integers such that  

lira infA(a, b, p, n) = lira A(a, b, p, nk). (2.7) 
n ~ o o  k ~  

Using the Cantor  diagonal process and passing to a subsequence, we may  assume 

lira B(a, b, m, rig) exists if m > p .  (2.8) 
k ~ o o  

It suffices to prove 

lira B(a, b, m, nk) <__ e(M + C 1 + 1)2 ap (2.9) 
k-~oo  

if m > p. We proceed by induction on m. If m = p  then (2.9) follows from (2.7), (2.8), 
(2.3), and (2.4). Now suppose that  (2.9) holds for re=p, p +  1, ..., q - 1 .  Then from 
(2.8), property P(M), Definition 2.2, (2.7), (2.8), (2.4), and (2.6) we obtain 

lira B( a, b, q, nk) 
k-~oo  

_-M l iminf  A(a,b,p, nk)+ 2-PA(a,b,p, nk)+ ~ 2-mB(a,b,m.n@ )) 
m = p  

= M ( l i m A ( a , b , p ,  nk)) 

q- 1 \\3/2 

\ \ k ~  / m=v \k oo 

< M e 2 3 ; + M  2-Pe23v + 2 - " e ( M + C l + l ) 2 3 p  
m = p  

< Me23v + M(e22p + 2-  p+ le(M + C 1 + 1)2aP) a/2 

= Me23v + Me3/223P(1 + 2(M + C1 + 1)) 3/2 =< Me23v + e23p < e(M + C 1 + 1)23v . 

The lemma has been proved. 

Lemma 2.4. There exists an absolute constant C 2 with the followin 9 property: I f  
a~R 4, 0 < b <  o% p is an integer, and 2 -2p+2 <-_b then 

A(c, d, p, n) <= C2(A(a, b, p -  1, n)) 

whenever c e R  4, ta~-c i l<2-P- l  for ie{1,2,3,4},  and b - 2  2p<_d<b. 

Proof This follows easily from (2.1). 

Definition 2.5. Let p be an integer. We let Z(p) be the collection of all points 
(a, b)~ R 4 x [2 -2 ;  + 2, oo) which satisfy the following: a = (i 12-P, i22 -P, i32-P, i42-~) 
where il, i2, i 3, i 4 are integers, and b = j 2 -  2p where j is an integer satisfying j > 4. 
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In the following lemma we use the function f given at the start of this section. 

Lemma 2.6. Suppose M is a positive real number, property P(M) holds, e is as in 
Lemma 2.3, p is an integer, p>O, (a,b)~Z(p), 

lim infA(a, b, p -  1, n) < C~ %23p 
n---~ oo 

(see Lemma 2.4), and 

Q={(c,d)~R4xR:[ai-cil<2 -p-1 for i~{1,2,3,4}, (2.10) 

and b-2-2P<_d<b}. 
Then If(c, d)t 3 < ce(m + C 1 + 1)23p for almost every (c, d)~ Q. 

Proof From Definition 2.5, Lemma 2.4, and the hypotheses we obtain 

liminfA(c,d,p,n)~C2(liminfA(a,b,P-,_~ \ , -~  1,n)) -<ez3p 

if (c, d)EQ. Hence Lemma 2.3 yields 

lira infB(c, d, q, n) ~ e(M + C 1 + t)23v 
n---r oo 

if q >p  and (c, d)~Q. Hence (2.2) and the assumption that f ,  converges to f weakly 
in L 3 imply 

( 26q, S S lf(x,t)13dxdt <e(M+Cl+l)23p (2.11) 
\ d - -  2 - 2~ B(c, 2 -  ~) 

if q is an integer, q>p, and (c,d)eQ. We set 

Q'={(y,s)ER4xR:Iai-yil<2 -p-1 for i~{1,2,3,4}, (2.12) 

and b-2-ZP<s<b}.  
Let (y,s)eQ'. Choose an integer q' such that q'>p, lai-y~l+2-q'<2 -p-1 for 

i~{1,2,3,4}, b - 2 - 2 P < s - 2  -q', and s+2-¢<__b. Let q be an integer such that 
q > q'. We set 

Qj= {(x,t)~ R4 x R :Ix-  yt <=2-q,(s +j2- 2q)- 2-2q <_t <_s +j2 - 2q} (2.13) 

whenever j is an integer and 1 - 2 q < j < 2  q. We also set 

Q"= {(X, t)@e 4 x R :Ix-  yl ~2  -q, Is-  tt _-< 2-q}. (2.14) 

From q > q '>  p > 0 we conclude that 1 -  2 q and 2 q are integers and satisfy 1 -  2 q 
<2  q. Hence (2.13) and (2.14) yield 

~ if]3= ~(~j  [fla/] where the sum is taken over 1 - 2 q < j < 2  q. (2.15) 
Q "  

Using (2.15), (2.13), (2.11) with (c, d) = (y, s + j 2 -  2q), the properties of q', and (2.10) 
we obtain 

26~{ I, lf13~ <=2q+l(e)(]Vi + Ct + t)23p . (2.16) 
\d, / 
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For  every r > 0  we set 

B(y, s, r) = {(x, t) e e 4 x e :IY - x12 + Is -- tl2 < r 2 } (2.17) 

and we let m be the Lebesgue measure on R4x  R. From (2.17) and (2.14) we 
conclude B(y, s, 2-~)C Q". Hence (2.16) and (2.17) yield 

1 _ f i f  Is) _ <- C~(M+ + 1)2 3p (2.18) (m(B(y's'2-q)))- (my,s,2- ~) C1 ' 

Since Ift 3 is an integrable function, (2.17) yields 

* 5 [fl 3) s)[ 3 (2.19) ~irn (m(B(y,s,e-q))) - (,(x,s,2-,, =if(Y, 

for almost every (y, s)e Q'. Now (2.18), (2.19), and the fact that Q' is almost all of Q 
yield the conclusion of the lemma. 

In the lemma below we use Definition 2.5 and the number D that  was fixed at 
the start of this section. 

Lemma 2.7. There exists an absolute constant C 3 which satisfies the following : I f  p is 
an integer then 

lim infA(a, b, p -  1, n) < C326pD. 
(a,b)~Z(p) n "~co 

Proof. For  each (a, b)~Z(p) (see Definition 2.5) we define ~ba, b :R4x [0, oo)-~R by 

~a,b(x,t)=(Ix--aI+2-P+l)-s if b-2-2p+z<_t<_b, 

49a, b( x, t) = 0 otherwise. 

We have 

b)~Z(p) d&, b ~ <- C2 5 p. 
(a, 

F rom (2.1) we obtain 

A(a, b~ p - 1, n) = 2 p- 1(S If, I s qS,, b) .Hence 

A(a, b, p -  1, n) < C26pll f.l] 33 < C26pD. 
(a, b)~Z(p) 

The conclusion follows from the inequality lira inf(a.) + lira inf(b.) < lim inf(a. 

+b,). 

Definition 2.8. For  any nonempty  subset B of R 4 x R we define 

diam(B)=sup{([a-cl2+lb-dlZ)l /2:(a,b)eB and (c,d)eB}. 

Let A be a subset of R 4 x R. For  every ~ > 0 we define ~ba(A) to be the infimum of all 
numbers of the form 

~ (4/3)7r(2-1 diam(A~))3, 
i = l  

where A~ is a nonempty subset of R 4 x R, A C ~) A~, and diam(A~)__< 6. Observe that  
i = 1  



Navier-Stokes Equations 47 

4)~(A)>O,(A ) if b__t/. This allows us to define H3(A)=lim4)o(A). The number 
6~0 

H3(A) is called the 3-dimensional Hausdorff measure of A. There is an extensive 
treatment of Hausdorff measure in [2]. 

Lemma 2.9. Suppose p is an integer, p>O, M is a positive real number, property 
P(M) holds, and 8 is as in Lemma 2.3. Then there exists a set Ap such that 

1) ApCR 4 x [3(2-2P), oo) and Ap is compact, 
2) 40 (Ap)<Ce- lD/ f3>51 /22  -p, 
3) If(x, t)[ 3 _-< Ce(M + C 1 + 1)23p for almost every (x, t) that satisfies the con- 

ditions (x, t )eR 4 x [3(2-2p), oo) and (x, t~Ap. 

Proof For each point (a, b)eZ(p) (see Definition 2.5) we set 

Q(a, b) = {(c, d)~ R 4 x R :la~ - c~l < 2-  p- 1 for iE { 1, 2, 3, 4}, (2.20) 

and b-2-2P<_d<_b}. 
From Definition 2.5 we obtain 

w{Q(a, b):(a, b)eZ(p)} = R 4 x [3(2-zp), ~ ) .  (2.21) 

We set 

Y(p) = {(a, b)e Z(p):lira infA(a, b, p -  1, n)> C 2 l e23p}, (2.22) 
?1~oo 

Ap = u {Q(a, b):(a, b)~ Y(p)}. (2.23) 

From (2.22) and Lemma 2.7 we obtain 

(cardinality(Y(p)))C 2 le23p = ~ C~- %23p (2.24) 
(a, b)e:J{(p) 

__< ~ l iminfA(a ,b ,p - l ,n )  
(a,b)EY(p) n ~  

< ~, l im in fA (a ,b ,p - l , n )<C326pD<~.  
(a,b)EZ(p) n--*co 

We conclude from (2.24) that Y(p) is a finite set. Combining this with (2.20) and 
(2.23) we obtain that Ap is compact. This fact and (2.21) yield part 1). From (2.20) 
and p > 0  we conclude (see Definition 2.8) 

diam(Q(a, b)) = (4(2- 2p) .~_ 2-  ~P)~/a < 51/22-p. (2.25) 

Combining (2.24) and (2.25) we obtain 

(4/3)72(2- ~ diam(Q(a, b))) 3 < Ce- 1D. (2.26) 
(a,b)sY(p) 

Now the countability of Z(p), (2.23), (2.25), and (2.26) yield part 2) of the lemma. 
From (2.21) and (2.23) we obtain 

(R 4 x [3(2- 2p), oo)) - A~ ( u {Q(a, b) :(a, b)e Z(p) - Y(p)}. (2.27) 

Take (a, b)~Z(p) such that (a, b)(~Y(p). Then (2.22) yields 

lira infA(a, b, p -  1, n) < C2 le23p. 
n~oo 
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Hence Lemma 2.6 and (2.20) yield 

If(x, 013_-< Ce(M+ C 1 + 1)23p for almost  every (x, t)6 Q(a,b) (2.28) 

if (a, b)~ Z(p)-  Y(p). Finally, (2.27), (2.28), and the countabil i ty of Z(p) yield part  3) 
of the lemma. 

Section 3. Estimates on Vector Fields 

Throughout  this section we fix a positive real number  ~ and a C °O function 
w:R4-->R ¢ such that d iv(w)=0,  ~lw12< 0% and ~tDwl2 < o(3. 

Lemma 3.1. f ]w[ 3 < C(f [Dwl2)@wl2) 1/2. 
Proof The Schwarz inequality and the case n = 4 ,  p=2, q = 4  of [7, Line 9, p. 127-1 
yield 

flwl 3 = f Iwl21wl __< (flwp)l/2(Slwl2)i/2 <= C([.IOwlZ)(flw[2) ~/2 . 

Lemma 3.2. I f  aeR 4, t>O, and t l / g < r < c o  then (see (1.3)) 

f I(w* Ht)(x)r3(lx- al + r)- 5dx < C(f Iw(x)l 3(Ix- a[ + r)- Sdx). 

Proof For  every ie {0, 1, 2 . . . .  } we define hi:R4~R as follows : If i >  0 then hi(x ) = 1 
for every x~B(O, 2ir)-B(O, 2i-lr) and hi(x)=O otherwise. We set ho(x)=l  if 
x~B(O, r) and h0(x)=0 otherwise. For  every i we use Young's inequality to obtain 

t(w , Hthl)(x)13(i x - a I + r)- 5 dx 

~CQ~=o(B(a, 2.~+2~r)lw[3(2Jr)-5)lIHthi[13 ) 

~C(  "[ twl3(2ir)-S2s~) 2~ + ,~, 

+CQ.:~i+i(B(a, 2~**~,lw13(eJr)-Sesl)HHthi[l~ ) 

< C(~ tw(x)l 3(Ix - al + r)-  5dx)2S~ II H,h~ l[ 3. (3.1) 
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We define a measure m on R 4 by m(E)= S ( Ix -  al + r)-Sdx. Minkowski 's  inequality 
E 

and (3.1) yield 

(S [(w • Ht)(x)13(lx - a[ + r)- 5 dx)i/3 = (S I w* Ht[ 3din) 1/3 (3.2) 

< ~ (Slw*H, hit3dm) 1/3 
i=O 

= ~ (S l(w * Hthl)(x)13(lx - al + r) -5 dx) l/3 
i=0 

From t i/2 < r we obtain ~ 2 51/3 ][ Hth 11[ 1 < C. This inequality and (3.2) complete the 
i=o 

proof of the lemma. 

Definition 3.3. We define f :R*-+R 4 by f~(x)=(w~*H¢)(x)Diwi(x). We obtain 

llfll 2 ~ II w.Hell oo IlDwlI2 < Ilwl[ 2 H/~k I12 IIDwll 2 < oo. (3.3) 

It is elementary that  every qbEC~(R4,R 4) has an orthogonal  decomposit ion 
(consisting of a divergence free vector field and a gradient vector field) q5 = qS' + 4" 
in the Hilbert space La(R 4, R 4) where [see (1.5)] oh"= (Vdiv(qS)).K = div(qS). VK [so 
that  AqS"= Vdiv(qS)]. We conclude 

II qS-((gdiv(~b)).K)ll 2 = 11 q5'!1 z < II~b/lz. 

Hence we can use (3.3) to construct geLZ(R 4, R 4) such that  (3.4) and (3.5) hold:  

[IgI[ 2 ~ It f 112, (3.4) 

Sg-4,=Sf-(4,-((17div(4)),K)) if ~ C ~ ( R 4 , R 4 ) .  (3.5) 

Lemma 3.4. I f  a e R 4, ~ 1/2 < r < 0% ~b e C~ ° (R 4, R), and spt (~b) C B(a, r) then 

tS 
< c(]lDqSII oo + r -~ II qSi[ oo)rS(S Iw(x)13(Ix - al + r)- Sdx). 

Pro@ We define J : R 4 ~ R  by 

J(x) = ( I x -  al + r)- 5 (3.6) 

Let e > 0 such that  48 < r and 48 < r-*.  We construct C °O functions c~', fi', 2' with 
domain R 4 and range [0, 1] such that  the following conditions are satisfied: 
~'(x)= 1 if xeB(O,e), cz'(x)=0 if xq~B(0,2e), eltDo(I]~o +g211D2o([Ico ~ C ,  /3'(x)= 1 if 
xeB(O,r), f i ' (x)=0 if xCB(O, 2r), rllO~'lloo + r21lO2/3'/I oo +r311O3fl IIoo _-< C, T'(x)= 1 if 
x~B(O, g- 1), y '(x)= 0 if x~B(O, 28-1), e- i IIDT, II oo + 8-211D27,,I1 oo + 8- 311D3.)/II oo ~ C. 
We define functions c~,/3, 7, 6 with domain R 4 and range [0, 1] as follows: c~ = ~', 
/3=/3 ' -c( ,  7 = ? ' - / 3 ' ,  c5= 1-?, ' .  We have 

e + / 3 + 7 + 6 = 1 ,  (3.7) 

11 ~K II~ < Cg 2, ID3(FK)(x)I < C(IxI + r)- s, 11D(c~K)!12 <-- Ce. (3.8) 



50 V. Scheffer 

Since AK(x)= 0 for every x ~ 0, we have A(flK)(x)= 0 for every x~ B(O, r)-B(O, 2~0. 
We conclude 

JP A(flK)JJ 1 < C .  (3.9) 

We use Definition 3.3, d iv(w)=0,  the Schwarz inequality, Young's  inequality, and 
(3.8) to obtain 

If f ~Di(div(w4))*c~K)t 

= I~ fiD~((wjDj4))*aK)I 

= tf fi(D~(wjnj4))*~K)T 

5 J[ f Ir 2 HD(wjDjO)*aK]I 2 

<= It f It = II D(w)D j4))I12 II c~K ti 1 

<clrfll2(rlowll2 liD4)II ® + rlwll 2 IID24)lr ~)e 2 . (3.10) 

We use Definition 3.3, d iv(w)=0,  spt(4))C B(a, r), spt(fl)CB(0, 2r), and  the genera- 
lized HSlder inequality to estimate 

If f ~D,(div(w4))*flK)l 

= ]~ (wj*H;)OjwiDi((WkDkO)*flK)r 

= If (wj*H;)wiDii((WkDk4))*flK)I 

= ,J3r)  (wj*H~)wiD~i((WkDk4))*fiK) 

< ~ ~ (nJ3~) . (3.1t) 

F r o m  L e m m a  3.2 we obtain 

Iw*gJ 3 < CrS(~ i(w.Hc)(x)13(ix_ al + r)- 5dx) 
B(a, 3r) 

< CrS(f Iw(x)l 3 (Ix - al + r)-  Sdx). (3.12) 

We also have 

twl 3_-< CrS(~ lw(x)13 ( I x -  al + r)- 5 dx) . (3.13) 
B(a, 3 r) 

N o w  [7, Proposi t ion 3, p. 59], spt (4)) C B(a, r), spt (fl) C B(O, 2r), Young's  inequality, 
and (3.9) yield 

tl Dij((wkD k 4))*flK)ll 3 ~ Ell zl ((WkDk4))*[3K) II 3 = C It wkDk4 ) * A (ilK)II 3 

<CI]wkDkOll 3 IIA(fiK)llx < CllWkDk4)ll 3 <C(  ~ Iwlal x/a IID4)II~ 
\B(a, r) / 

<= Cr 5/3 IIDc) ll ~ (~ Iw(x)13([x - a[ + r)- 5dx)1/3.  (3.14) 

Combin ing  (3.11), (3.12), (3.13), and (3.14) we obtain 

Ij' f~D~(div(wO)*~K)l < Cr 5 II 04)II ~o(~ [w(x)l 3(Ix - al + r)- 5dx). (3.15) 
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From Definition 3.3 and the hypothesis div(w)=0 we obtain 

If f iDi(div(wq3)*~'K)[ 
= tf (wj*H;)DjwiDi(Dk(wk4)*'~'K)t 

= It (wi*H~)wiDijk(Wk4'*TK)l 

= It (wj*H~)w,(wk¢*Dijk(TK))[. (3.16) 

Now (3.8), spt(¢)C B(a, r), and HSlder's inequality yield 

I(wk 4'* D ij~(? K))(x)l 

= It (Wk4')(Y)(D~jk(?K))(x - y)dy[ 
< C(~ f(w¢)(y)f (Ix - Yl + r)- Sdy) 
< C( S t(w4))(y)ldy)(sup {(Ix - y[ + r)- 5 :ym B(a, r)}) 

_-<CII4'11o~(~(.,~)~ Iw(y)ldy)(lx-al+r) -s 

<= CJl4'll~(~,!,~ lw(y)Jady) 1/3 (B(!,~ (1)3/2)E/3(lx-al +r) -5 

< eli q5 [I ~( f Iw(Y)13dY)l/%s/3(lx- al + r) - '  
\B(a,r) 

< C hi 4' II ~r 13/3(~ [w(y)l 3(ly - al + r)- 5dy)I/3(Ix - al + r)-5. (3.17) 

Combining (3.16), (3.17), and (3.6) we obtain 

It fiD,(div(wc~)*~'K)l 
cll 4'11 oerl 3/3(~ [w(y)laj(y)dy)t/3(~ I(w*H~)(x)l Iw(x)lJ(x)dx). (3.18) 

Furthermore, the generalized H61der inequality, Lemma 3.2, and (3.6) yield 

t(w*H¢)(x)l lw(x)lJ(x)dx 

= f (l(w*n~)(x)l(J(x)) l/3)([w(x)l(J(x))l/3)((J(x))l/a)dx 
< (~ [(w.HO(x)[3 j(x)dx)l/3 (~ tw(x)[3 j(x)dx)l/3 (~ j(x)dx)l/3 

< C(~ Iw(x)l 3 J(x)dx) 2/3 (S J(x) dx) l/a 

<= Cr- a/3(~ lw(x)l ~ J(x)dx) 2/3 . (3.19) 

Combining (3.18), (3.19), and (3.6) we obtain 
It f~Di(div (w¢)*vK)l < C 114' It ~r~(~ lw(x)l 3(Ix - al + r)- Sdx). (3.20) 

We use div(w)=0, the Schwarz inequality, Definition 3.3, (3.8), and Young's 
inequality to estimate 

It fiO ~( div(w4' )*O K)l 

= It f,(WkOk4'*O,(6K))l 
ll f l t l  IlWkDk¢*D(~K)tl ~ 

< ]1 f II 11] WgDk4' I] 21[ D(6K)1[ 2 

< C II w*H; II 2 II Ow I[ 211 w II 2 I[ DO l[ ~oe 

CIIWII 2 I1H;ll 1 I!Dwl! 2 t!wlt2 llD¢ll ~e. (3.21) 
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N o w  we use (3.7), (3.10), (3.15), (3.20), (3.21), (3.3), /twt[2<oe, llOwtLz<Oe, 
I]H~]ll<ov, (oEC~(R4,R), and the fact that ~ can be made arbitrarily small to 
conclude 

[~ f~Di(div(wO)*K)[ 

< C(tl Dq5 tl ~ + r -  1 Ia q5 li ,)rS(~ ]w(x)l 3(ix - a[ + r)- 5dx). (3.22) 

Using Definition 3.3, div.(w)=0,  spt($)CB(a,r), HSlder 's inequality, (3.12), and 
(3.6) we find 

]~ Lw,¢t = t~ (w~*H~)(Djwl)wi¢[ = (1/2)fy (wj*H~)Dj(Iwl2)¢I 

= (  1/2)]~ (wj*H;)IwlZDj¢I <(1/2)(n(!,r ) Iw*H;I Iw[ z) llDqSll a 

_<(i/2)110¢11~ (,n(,,r)Slw.HJ3) 1/3( s / 

< C[ID¢ll ~r5/3(~ [w(x)13j(x)dx)a/3ra°/3(~ Iw(x)[3j(x)dx) 2/3 

= CIID¢II arS(~ Iw(x)13(lx- al + r)- 5dx). (3.23) 

Finally (3.5) (with ¢ replaced by w~b), (3.22), and (3.23) imply the conclusion of 
Lemma 3.4. 

For  every he{ i ,2 ,3 , . . . }  we set rn=n~ 1/2 and construct  a C a function 
¢ ,  : R<-+ [0,1]  such that ¢ , ( x ) = l  if xeB(O, rJ2), ¢ , ( x ) = 0  if x(~B(O,r,), and 
[ID~b,]J a < C r [  1. Lemma 3.4 (with a = 0 )  yields 

If 9~w~¢,1 < Cr[ ~ ]l wlt 3 . (3.24) 

F rom Lemma 3.1, llwl] 2 < 0% and ]]Dw]l 2 < oo we conclude [Iw][ 3 < oe. We also 
have geL2(R4,R  4) (see Definition 3.3) and w~LZ(R4,R4). Hence we can take the 
limit as n ~ o e  in (3.24) and conclude 

9iw i = 0. (3.25) 

Lemma 3.5. Suppose a~R  4, p is an integer , t is a real number, ~_<t-<2 -2p+1, 
c~ :R4--+ [0, 1] is a C a function, c~(x) = 1 if x E B( a, 2 - p- 1), c~(x) = 0 if xf~B( a, 2-P), and 
[[Dell a =<2 p+2. Then 

If gi(x)wi(x)H~( x - a)~(x)dxl < C(~ [w(x)13([x - a[ + t l /2)  - 5 dx). 

Proof. We define k by the properties 

2 -2k - I  < t < 2  -2~+1, k is an integer. (3.26) 

The hypotheses imply p < k. For  every integer j satisfying p < j  < k we construct  c~ 
as follows: We set % = ~ ;  i fp<j<_k we choose a C ° function c~j:R4~[0,  1] such 

= 0  if that ~ i (x )= l  if xEB(a,2- i -1) ,  e~x) x¢B(a,2-J), 110@loo<2 j+2. We define 
c ~ j : R ~ R  as follows: 

(~j(x)=H~(x-a)(~j(x)--~j+ l(x)) if p<_j<k 

¢~(x) = H~(x-  a)o:~(x). 
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F r o m  (3.26) and the hypotheses we conclude 2 - i+ 1 > 2 - k +  1 >(201/2 >(1/2 if 
p--<j < k. We also have spt(~bj)C B(a, 2-  j+ i). The last two statements and Lemma 
3.4 yield 

lj gi(x)wi(x)Ht( x -  a)~(x)dxl 
k 

< Y, Ijgi(x)w~(x)4)j(x)dxl 
j = p  

k 

< 2 C([ID~2tl~+2J-tlldpjll,~)R-SJ+5(~lw(x)13(Ix-al+R-)+l)-5dx) . (3.27) 
j = p  

We have 

0 < Ht(x) < C?/Z(Ixl + t I/2)- 5, lo(nt)(x)l < Ctl/2(lx[ + tl/2)- 6. (3.28) 

We also have 

spt(c~j-~j+l)CB(a,2-J)-B(a,2 -~-2) if j < k ,  
spt (CCk) C B(a, 2- k). (3.29) 

F rom (3.26), (3.28), and (3.29) we conclude 

O<Ht(x-a)<__C2 sj-k if x e s p t ( , j - c c j + i )  and j < k ,  

O<H~(x-a)<C24k if xespt(c~k), (3.30) 

[D(Ht)(x-a)[NC26J-k if x s s p t ( e j - c ~ j + l )  and j < k ,  

ID(H¢)(x-a)I~C25k if xespt(c~k). 

F rom (3.30) and the properties of c~j we obtain 

llO~iIloo + 2,J-1[[q~.il[~<f26.i-k if p<j<=k. (3.31) 

N o w  (3.27), (3.31), and (3.26) yield 

1$ gi(x)w,(x)Ht(x - a)a(x)dxl 
k 

< Y'. C21-k(J Iw(x)13(lx- al + 2 - j+  1)- Sdx ) 
j = p  

k 

< y, CNJ-k(S Iw(x)13(Ix- a I + 2-k) - 5dx) 
j = p  

_-< C(J lw(x)[a([x- at + 2-k) - Sdx) 

< C(S [w(x)13(lx- a] + ?/2)- 5dx). 

The lemma has been proved. 

Lemma 3.6. I f  0 < t < o0, f ~ C®(R 4, R), S [fl 2 < o% and ~. [Dft a < oo then 

II f -  (f*Ht)t] 2 < Ct 1/2 Ii D f  [I e- 

Pro@ Define g :R 4 x O, oo)--*R by g(x, s) = (f.H~)(x). The relation Dtg=  Ag yields 
t t 

( f*n~) (~ / -  f(~t = I Dto(~, ~)d~ = S Ag(~, ~)d~ 
0 0 

t t 

= ~ Du(f*H~)(x)ds= I (Dif*Vfl~)(x)ds" 
0 0 
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Hence Minkowski's integral inequality and Young's inequality yield 

(~ [(f *H~)(x) - f ( x ) i 2 d x )  1/2 

I i t 12 \112 

t 

<= ~ (Y I(DJ*DiH,)(x)12dx)112ds 
0 

<= IIDNII211DH~II~ds=I1Dfll 2 (Cs -1 /2 )ds  =CllDfll2 ?/2.  
0 

Section 4. Estimates on Approximate Solutions 

Throughout this section we fix positive real numbers ( and d such that (see 
Section 1) 

d<= ~, dLI[H~I[ 22 ___< 1. (4.1) 

Definition 4.1. We use induction to define functions v-1, v o, v 1, v 2, ... such that 
vks LE(R 4, R 4) and 

[I v k II 2 G L, div (v k) = O. (4.2) 

We set v-1 = v  (see Section 1). Suppose that k > 0  and v k- 1 e L2(R,,  R 4) has been 
defined so that (4.3) holds: 

Iiv k- 1112 N L, div(v k- 1)=0.  (4.3) 

We will define v k with the aid of several auxiliary functions. Let 
uk:R 4 x [kd, oo)--+ R 4 be given by Uk(X, kd) = v k- 1 (x), uk(x, kd + t) = (v k- 1,Ht ) (x) if 
t>0 .  Let wk:R4--*R4 be given by wk(x)=uk(x, kd+d). The relationship 
Dt(u k) = A(u k) implies 

= \ ka IDuk(x, t)t2dxdt . (4.4) 

Similarly, the relationship Dt(Diuk)= A(Diu k) implies 

ika+a 
iD(Diuk)(x, s)iZdxds) (4.5) 

for all t~(kd, kd+d). Averaging (4.5) over t and summing over i we obtain 

(v ) IIDwkl[ 2 < d-1 y IDuk(x, t)[2dxdt . (4.6) 
\ kd 

From (4.3), (4.4), (4.6), and the definition of w a we conclude that w k satisfies 

]1 w k]{ 22 < 11 d ' - i  H 2 =< L,  (4.7) 

[t Dw k [! 2 N (2d) -1 [I v k-1 N 22 N (2d)- 1L, (4.8) 

wkeC°°(R4, R 4) and div(wk)=O. (4.9) 
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Hence we can replace w by w k in Section 3 and construct functions f k  and g k 
corresponding to f and g in Definition 3.3. We set 

Vk=wk--(d)(gk ) . (4.10) 

tn order to complete the inductive definition, we must show that (4.2) holds. Using 
(3.4), (3.3), (4.7), and (4.6) we obtain 

d2 I[g~l[ 2 < d2 Ilf~[[ 2 <dZllwq211H~[1211Dw~N22 <d2ZllH~ll~IIDwkIl~ 
/kd + a \ 

~dL[]H;[[~l ~d ~[Du~(x't)12dxdt) ' (4.11) 

From (4.10), (3.25), (4.4), (4.11), and (4.1) we obtain 

llvkll 2 = Ilwk[12q-d2[lgkH 2 

/kd + d \ 

=llvk-lN22--2{ ~ ylOuk(x, Ol2dxdt) + d2tlgk[l~ 
\ kd 

kd+d 

< L] v k-1112 _ ~ 5[Ouk(x, t)12dxdt. (4.12) 
kd 

From (4.12) and (4.3) we conclude 

[kvkH 2 < Ilv a- 1L122 <= L .  (4.13) 

If (oeCy(R4,R)  then (Vd i v (V~) )*K= V(A¢,K)= Vq~. Hence (3.5) yields y9 k. V4~ 
=0. We conclude div(g k) =0. Combining this with (4.9), (4.10), and (4.13) we obtain 
that (4.2) holds. The definition of the v k is complete. 

We define u : R 4 x  [t3, oo)--*R 4 (this is not the u in Theorem 1.1) by 

u(x, t)=uk(x, t)  if k d < t < k d + d .  (4.14) 

From (4.2) and (4.12) we conclude 

~ lDu(x, t)12 dxdt < L .  (4.15) 
0 

if t >= kd then the property ~ luk(x, t)l Zdx <= II v k- 1 I122 follows in the same way as (4.4). 
Hence (4.2) yields 

~lu(x,t)I2dx<-L for all t > 0 .  (4.16) 

The argument in the proof of Lemma 3.1, (4.15), and (4.16) yield 

~lu( x, t)I3dxdt 
0 

< C Du(x, t)12dx)@u(x, t)j2dx)l/Zdt <= CL 3/2 . (4.17) 

Definition 4.2. In Lemmas 4.3 and 4.4 we fix a e R  4, 0 < b <  Go, and integers p and q 
satisfying p < q, 2 -  2p < b, and d ~ 2-  2p - 2. We construct C ~° functions e :R4-* [0, 1] 
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and fi :R-+[0,  1] such that  e(x)= 1 ifx~B(a, 2 -~-  1), e (x )=0  ifx¢B(a, 2-v), llD~il~ 
<2 ~+z, IID2dloo<C2 2p,/~(t)= 1 if t_>_b-2 -2v-2, f l( t)=0 if t < b - 2 - 2 p + d ,  and 
iI(O/&)fllt~ <= C2 2p. We define q5 :R4x [0, b] ~ R  by [see (1.4)] 

~(x, t) = (H [b - t + 2 -  2q])(x - a)c~(x)fl(t). (4.18) 

We have (D,~b + A ~b)(x, t) = 0 if [x - a[ < 2-  p- ~ and b - 2-  2p- 2 < t < b. F rom this we 
conclude 

IlDt~b + AqbtT ~ < C2 6p . (4.19) 

We also have 

[I qSll oo < C24q . (4.20) 

Lemma 4.3. l f k e  {0, 1, 2,...}, b - 2 - 2 p < k d + d < b  and ~ < 2  -2q (see Definition 4.2) 
then 

tu k+ l(x, kd + d)12 ~(x, kd + d)dx 

-- ~ [uk(x, kd + d)[ 2 ~(X, kd + d)dx 
/kd+d 

< C [  ~a "(tu(x't)13(ix-ai+(b-t+2-2q)i/2)-Sdxdt) 

/kd + d 
+CdLTIHfi2(24q)[ ~a jlDu(x't)12dxdt)" 

Proof. From Definition 4.1 and (4.10) we obtain 

j lu k + 1 (x, kd + d) 124)(x, kd + d)dx 

- [ Iuk(x, kd + d)12~(x, led + d)dx 

= ~ [vk(x)[2dp(x, kd + d)dx-  ~ ]wk(x)12~(x, kd + d)dx 

= - 2d(Sg~(x)w~(x)(o(x, kd + d)dx) + d2(5[gk(x)12(o(x, kd + d)dx). (4.21) 

Using (4.20), (4.11), and (4.14) we find 

d2(~ Igk(x)t 2~b(x, kd -1- d)dx) < Cd 2 II 9k tl 2(24q) 

<= CdLil H¢li 2(24q) (kli a j lDu(x, t)12 dxdt) . (4.22) 

The hypotheses on p, q, and k imply 

b - ( k d  + d)+ 2-2q<=2-z¢' + 2- 2q< 2 -2p+1 (4.23) 

The hypothesis of Lemma 4.3 implies 

( < 2- 2q ~, b -  (kd + d) + 2-  2q. (4.24) 

Now (4.18), Definition 4.2, (4.23), (4.24), and Lemma 3.5 yield [see (1.4)] 

[ ~ g~(x)w~(x)O(x, kd + d)dx] 

= fi(kd + d)l jg~(x)w~(x)(H[b - (led + d) + 2-  2q])(x - a)~(x)dxl 
<= C(j lwk(x)13(lx- al + ( b -  (kd + d) + 2-  2q)~/2)- 5 dx) . (4.25) 
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For every t ~ (kd, kd + d) we define h t : R 4--+ R 4 by 

ht(x) = uk(x, t) = U(X, t) . (4.26) 

From Definition 4.1 and the semigroup property H a, H b = H a + b (see [8, Corollary 
1.28, p. 16]) we obtain 

wk( x ) = uk( x, kcl + d) = ( v k- 1 ,  H d)( x ) 

= (v k-  ~,  H[ t  - kd] • H[kd  + d -  t])(x) 

= (he, H[kd + d -  t])(x). (4.27) 

The hypotheses of Lemma 4.3 and (4.1) yield the following for kd < t < kd + d: 

(kd + d - 01/2 < d 1/2 ~ ~1/2 ==_ (2- 2q)1/2 <____ ( b -  (kd + d) + 2- 2q)1/2, (4.28) 

Now (4.27), (4.28), and the proof of Lemma 3.2 yield 

Iwk(x)13(Ix- a[ + (b - (kd + d) + 2- 2q)1/2)- S dx 

< C(5 lht(x)l 3(Ix - aJ + (b - (kd + d) + 2- 2q)1/2)- 5dx ) (4.29) 

i f k d < t < k d + d .  From (4.1) and the hypotheses ~<2  -2q, k d + d < b  we obtain d < (  
< 2-2q and d < b - k d .  This implies d < ( t / 2 ) ( b - k d +  2-2q), which in turn implies 

b - ( k d  + d ) +  2 - 2 q = ( b - k d  + 2-2q) -d>__(1/2) (b-kd+ 2 -2q) 

> (1/2)(b - t + 2-  2~) 

whenever kd < t < kd + d. We conclude 

( b -  t + 2 -  2q)l/Z > ( b - ( k d  + d) + 2-  2q)l/2 ~ (1/2)*/2(b- t + 2 -  2q) */2 (4.30) 

if kd < t < kd + d. Now (4.30) implies 

5 lh'(x)[3(l x -  at + (b - (led + d) + 2-2q)1/2)- 5dx 

C(~ tht(x)13(]x- a I + ( b -  t + 2- 2q)1/2)- 5dx ) (4.31) 

if k d < t < k d + d .  Using (4.29) and (4.31), averaging over t, and using (4.26) we 
obtain 

Iwk(x)l 3(tx -- al + (b - (kd + d) + 2-  2q)1 /2 ) -  S dx 

/kd + d ) 
< C d -  1 [ ka5 "[ lu(x' t)13(iX -- a] + (b - t + 2 - 2q)1]2) -  Sdxdt . (4.32) 

Finally, (4.21), (4.22), (4.25), and (4.32) yield the conclusion of the lemma. 

Lemma 4.4. I f  b - 2 - 2 q  <_s<_b and (=<2 -2q (see Definition 4.2) then 

(1/2)( 5 lu(x, s)[2qS(x, s)dx) + i ~ tDu(x, t)i2qS(x, t)dxdt 
b - 2 - 2 ~  

< C  ~ 5 [ u ( x , t ) 1 3 ( l x - a i + ( b - t + 2 - 2 q ) l / Z ) - S d x d t  
b - 2 - 2 p  

( i )  -k CdL 2 l] He II ~(2 4q) + C(26p ) j' ]u(x, t)] 2dxdt . 
b -  -2v  B(a,2-P) 
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Proof. We define integers k' and k" by the relations 

( U -  1 ) d < b - 2 - 2 P < k ' d , k " d + d < s < ( k " +  1)d +d .  (4.33) 

From (4.33) and b - 2 - 2 p > 0  we obtain k '>0.  From Definition 4.2 we obtain 
2 - 2p_ 2-  2q > (3/4)2- 2p > 3d. Hence (4.33) and the hypotheses yield 

- -  - -  - -  ~ re k ' d < d + b - 2 - 2 ~ < - 2 d + b - 2 - 2 q < _  2 d + s _ k  d. 

Since k '~O we conclude O<k'<k" .  From (4.14) we obtain 

(1/2)(,[ ru(x, k"d + d)f 2qS(x, k"d + d)dx) 

- (1/2)(5 lu(x, k'd)T2cfl(x, k'd)dx) 
/ k "  \ 

(1/2)(k ~k' (* lu(x" kd + d)T2~b(x, kd + d)dx - flu(x, kd)ta 4(x, kd)dx )) 

/ k "  \ 

= (1/2)(k~k, (,[ luk+l (X, kd + d)12~b(x, kd + d)dx - ,[[uk(x, kd)l 2 4)(x, kd)dx)) 

=(1/2) ([ruk+l(x, kd+d)120(x, kd+d)dx 
k ' 

- ,[ lug(x, kd + d)124)(x, kd + d)dx)) 

+(1/2) (,[luk(x, kd+d)124(x, kd+d)dx 
k ' 

- ~ luk(x, kd)I 24(x, kd)dx)). (4.34) 

Taking the inner product of the relation Dt(u k) = A(u k) with ukq5 (see Definition 4. I) 
and using (4.14), Definition 4.2, and (4.19) we obtain the following whenever 

' <~  < ,, k _ k _ k  : 

(1/2)(`[ [uk(x, kd + a)12 qS(x, kd + a)dx) 

- (1/2) (,[ l uk(x, kd) f 2 4'(x, kd)dx) 
kd+d 

= - ,[ ,[ IDuk(x, t)124)(x, t)dxdt 
kd 

+ (1/2) \ ke ,[ Iuk(x' t)12(D'q5 

kd+d 
< -- ,[ ,[ IDu(x, t)12qS(x, t)dxdt 

kd 
[kd+d ) 

+ C(26') I S ,[ lu(x,t)12dxdt. (4.35) 
B(a,  2 - P) 

From (4.34), (4.35), Lemma 4.3, the hypothesis of Lemma 4.4, and (4.33) we 
conclude 

(1/2)(,[ lu(x, k"d + d)124(x, k"d + d)dx) 

- (1/2)(,[ i u(x, k'd)[ 2 dp(x, k'd)dx) 
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(b ) < C  ~ j ' lu(x , t )13(Ix-al+(b- t+2-2q)~i2)-Sdxdt  
b - 2 - 2 p  

+ CdLII H~I[ 22(2 4q) ~ ~ IDu(x, t)12dxdt 
b--2-2p 

k"d + d 

- ~ ~ IDu(x, t)l%6(x, t)dxdt 
krd 

\ 2  / k"d+d ) 
+ C(26p) {b_ ~_ 2p ~ lu(x,t)12dxdt. (4.36) 

B(a, 2 - P) 

Using (4.33), (4.]4), Definition 4.1, and the argument that produced (4.35) we 
obtain 

(1/2) (y l u(x, s)l ~ 4)(x, s)dx) 
- (1/2)(y lu(x, k"d + d)i2q$(x, k"d + d)dx) 

= -  i ~lDu(x,t)120(x,t)dxdt 
k"d + d 

=< - i i fD~,(x,t)l~(x,0dxdt 
k"d+d 

+ C(26p) ~ [u(x, t)lZdxdt . (4.37) 
k" d B(a, 2 - P) 

From Definition 4.2 and (4.33) we obtain fi(t)= 0 if t < k'd. Hence (4.18) yields 

q~(x,t)=0 if t<k'd.  (4.38) 

Combining (4.36), (4.15), (4.37), (4.38), (4.33), and the hypothesis s < b we obtain the 
conclusion of  the lemma. 

Lemma 4.5. If f EC°~(R4,R4), a~R ~, and 0 < r <  oo then 

~ Ifl 3 
B(a,r) 

c y IDfl 2) Ifl~) ' ' .  --~CF-2(~]fi21312-i-kB(a, 2r) / (B(a, 2r) (B(af2t') 

ProoJi Let tp :R4--~[0, 1] be a C ~ function such that tp(x) = 1 if xeB(a, r), ~(x)  = 0 if 
xCB(a, 2r), and [I D~p [I ~ < Cr- 1. Applying the argument in Lemma 3.1 to w f  we find 

Ifl 3 ~ 5 I~pfl 3 ~ c(j" ID0pf)12)(5 I~pfl2) */2 
B(a, r) 

--<~ ( ~ ' ~ ' ~ I  ~ ,o,~. s ~.~ ~s~ ~ ,I+ "~"~I,.<~. ~ ~,~ ~o~))(~'~'~( ~< A . , , J , ?  '~ . 

\Bta,  2r) \B(a,2r) } \  (a,2r) 
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Definition 4.6. If aeR*, 0 < b <  go, m is an integer, and 2 - 2 " < b  we set 

A(a,b,m)=2m(b_i_2, ylu(x,t)13(lx-a[+2-")-Sdxdt ) , 

C ) B(a, b, m)= 2 6m j" .[ [u(x, t)13dxdt . 
\ b -  2 -  2m B(a, 2 m) 

Theorem 4.7. / f  a~ R ~, 0 < b < ~ ,  and p, q are integers satisfying p < q, 2- 2p ~ b, and 
< 2- 2q then 

S(a, b, q) < C(A(a, b, p) ) + Cd3/2 L 3 IJ H~ 1J 23(26q) 
q--1 

+C(2-PA(a,b,P)+ ~ 2-mS(a,b,m)) 3/2. 
m = p  

Proof. It is easy to see that Definition 4.6 yields 

b 
~ [u(x, t)[3(tx- at + (b-  t + 2- 2q)l/2)- S dxdt 

b-2-2p 

<C 2-'A(a,b,p)+ ~ 2-"B(a,b,m) . (4.39) 
rn=p 

From H61der's inequality and Definition 4.6 we obtain 

__< 26p(2 - 6pB(a, b, p))2/3 ~ (1)3dx dt 
\ b - 2 - Z P  B(a,2 P) 

< C(B(a, b, p))2/3 < C(A(a, b, p))2/3. (4.40) 

From (4.1), p<q, and ~ 2  -2q we obtain d < 2  -2p-2. Hence a, b, p, q satisfy the 
properties required in Definition 4.2. Therefore we can define q~ as in Definition 4.2 
and use ~=<2 -2q, Lemma 4.4, (4.39), and (4.40) to conclude 

(1/2)(~lu(x,s)12qS(x,s)dx) + i ~lDu(x,t)[2~o(x,t) dxdt 
b - - 2 - 2 p  

<C 2-PA(a,b,p)+ ~ 2-mB(a,b,m) +CdL21IH;tl~(24q)+C(A(a,b,p))2/3(4.41) 
m=p 

ifb-2-2~<_s<_b. We set 

q--t ) 
Z=2-PA(a,b,p)+( ~=p2-"B(a,b,m)= +dL2[IH~l12(24q)+(A(a,b,p)) 2/3 . (4.42) 

We consider two cases: q > p + l  and q = p + l .  Assume that q > p + l  holds. 
Definition 4.2 yields 

2¢q<C~(x,t) if xeB(a,2 -q+l) and b-2-2q<_t<_b. (4.43) 
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From (4.41), (4.42), (4.43), and qS>0 we obtain 

lu(x,s)[2dx<-<C(2-4q)Z if b-2-zq<-s<-b ,  (4.44) 
B ( a , 2 - q +  l)  

b 
~ [Du(x, t)l 2dx dt <_ C(2-'~q)Z. (4.45) 

b - - 2  2q B ( a , 2 - q + l )  

Since u is C °~ except at the points (x, kd) for k=0,  1,2 . . . . .  Lemma 4.5 yields 

j' lu(x,s)13dx 
B(a,  2 - q) 

~ C(22q)(B(a,2J: ~ + i) lu(x, s)12 dx) 3/2 

+ C ( B ( a j _ , + , t D u ( x , s ) ] 2 d x t ( ~ l u ( x , s ) 1 2 d x ) l / z .  / kB(,.2 -~+~ ) (4.46) 

for almost every s ~ ( b -  2-2q, b). Now Definition 4.6, (4.44), (4.45), and (4.46) yield 

2- 6aB(a, b, q) < C(2- 6q)z3 /2  . 

From (4.42) we obtain 

Z 3/2 < C(2-PA(a, b, p) + 

+ C(A(a, b, p)). 

q-1 
2- roB(a, b, m)) 3/2 -~- Cd3/2 L3 [I H;I132(26q ) 

m = p  

(4.47) 

Then (4.47) and (4.48) imply the conclusion of Theorem 4.7 in the case q > p + 1. 
Now we assume q =p  + 1. We have 

B(a, b, q) = B(a, b, p + 1) < C(B(a, b, p)) < C(A(a, b, p)). 

The proof of Theorem 4.7 is complete. 

Theorem 4.8. Let c~EC~(R 4 x R , R  4) such that div(q~) =0. Let N be a positive real 
number such that ID¢(x, t)-Dc)(x, s)l _-< N i t - s l  for all x ~ R 4 and s, t~ R. Let T be a 
positive real number such that ~)(x, t)= 0 whenever x eR  4 and t > T. Then 

oo 

~vi(x)~i(x, O)dx + ~ ~ ui(x , t)(D,c), + A~)~)(x, t)dxdt 
0 

+ i ~ uj(x, t)ui(x , t)Dj~)i(x, t)dxdt 

<= C(T + d)Lnd + C(T + d)(d + ~)112 IJ D~ IJoo + C(d + ~)1/ZL2 tJ D~ H o~. 

Proof. We define k' by the properties 

k'd < T < k'd + d, k' is an integer. (4.49) 

Observe that we have k' >0. Now let k~ {0, 1, 2 . . . .  , k'}. We use Definition 4.1, the 
semigroup property H~*Hb=Ha+ b (see [8, Corollary 1.28, p. 16]) and (4.14) to 

(4.48) 
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write the following whenever kd < t < kd + d: 

w~(x) = u~i(x, kd + d) = (v~- l * H a)(x) 

= ((v~- 1,(H[t  - kd]))*(H[kd + d - t])) (x) 

= (u~*(H[kd + d -  t])) (x, t) = (ui*(H[kd + d -  t])) (x, t). (4.50) 

F r o m  (4.50) and H~*H b =H~+ b we conclude 

(w~*H~)(x) = ((uj*(H[kd + d -  t]))*H¢)(x, t) 

= (uj*(H[kd + d -  t + ¢]))(x, t) (4.51) 

if k d < t < k d + d .  We set 

H ' t = H [ k d + d - t + ~ ]  if k d < t < k d + d ,  (4.52) 

H ' t ' = H [ k d + d - t  ] if k d < t < k d + d .  (4.53) 

Using (4.50), (4.51), (4.52), and (4.53) we obtain 

(w~* H~)(x)w~(x)D j(~i(x, kd + d)dx 
, t , . = ~ (uj Ht)(x, t)(u c H t)(x, t )D~(x ,  kd + d)dx (4.54) 

if k d < t < k d + d .  Averaging (4.54) over t we obtain 

(,@* H¢)(x)w~i(x)D jd?,(x , kd + d)dx 

=d  -~ ~ j(uj*Ht)(x,t)(u ,H,)(x, t)Dj4i(x,  . (4.55) 
\ kd 

F r o m  Definition 4.1, (4.10), (3.5), the assumption div(~b)=0, Definition 3.3, 
integration by parts, and (4.9) we obtain 

J u~ + l(x, kd + d)~i(x, kd + d)dx 

----- S vk i (x )Oi  ( x '  k d  -~- d)dx 

= ~ w~(x)(~(x, kd + d)dx - d(j" g~(x)~(x, kd + d)dx) 

= ~ u~(x, kd + d)4~(x, kd + d ) d x -  d(y f~(x)dp~(x, kd + d)dx) 

= ~ uf(x, kd + d)Oi(x, kd + d)dx 

- d(y (w~*H~)(x)D2w~(x)4i(x, kd + d)dx) 

= y u~(x, kd + d)c)~(x, kd + d)dx 

+ d(j (w~*H;)(x)w~(x)Dj4)i(x, kd + d)dx). 

From (4.55) and (4.56) we obtain 

u~ + l(x, kd + d)dpi(x, kd + d)dx 

- ~ u~(x, kd + d)c~i(x, kd + d)dx 
kd+d 

= j j(uj,H't)(x , t)(ui*Ht)(x,t)pj~i(x ,kd+d)dxdt. 
kd 

(4.56) 

(4.57) 
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Taking the inner product  of the relation Dt(u k) = A(u k) with ¢ and using (4.14) we 
obtain 

uk(x, kd + d)~b~(x, kd + d)dx - ~[ u~(x, kd)¢i(x, kd)dx 
kd+d 

kd 
k d + d  

= j (4.58) 
kcI 

Summing (4.57) and (4.58) over all k~ {0, 1, 2 . . . .  , k'} and using u°(x, O) = v(x), (4.49), 
and the assumption on T we obtain 

j uki(x, t)(Dt4) i + Adpi)(x , t)dxdt 

j ui(x, t)(D,4)i + A Oi)(x, t)dxdt. 

( ~ kd+d ) 
, t , tt = (. ~(uj Ht)(x,t)(u i H~)(x,t)D~i(x, kd+d)dxdt  

k=O kd 

+ ~ ~ ui(x , t)(Dr~ i + A¢i)(x, t)dxdt. (4.59) 
0 

The Schwarz inequality, Young's inequality, (4.52), (4.53), and (4.16) yield the 
following if kd < t < kd + d: 

S I(u,H',)(x, t)t [(u,H~')(x, t)ldx 
, It N (j [(u*H',)(x, t)12dx)l/2(~ I(u H t )(x, t)i2dx) 1/2 

<= q lu(x, t)12ax) 1/2 IIH',t! ~(j" lu(x, t)12dx) "~ ItH~'111 
= S lu(x, t)12dx < L.  (4.60) 

From (4.60) and the assumption on N we obtain 

tkd+d 
, ¢! ffa ~ (u j* n't)(x , t)(ui H, )(x, t)D j~i(x, kd + d)dxdt 

kd+d 
¢ , t¢ 

- j f(uj,  H,)(x, t)(ul H,)(x, t)Dj~(x, t)dxdt < CLNd 2 . (4.61) 
ka 

Suppose kd < t < k d + d .  The Schwarz inequality, the argument in (4.60), Lemma 
3.6, (4.52), (4.53), the estimates k d + d - t < d ,  k d + d - t + ( < d + ~ ,  and (4.16) yield 

J'l(uj* H;)(x, t)(u i* Hr)(x, t) - uflx, t)ui(x, t)ldx 

< j [(u j* H't)(x, t)((u i* H;)(x, t) - ui(x, t))ldx 

+ ~ ]((u~* H;)(x, t) - uflx, t))ui(x, t)ldx 

< (S ](u* H',)(x, t)12 dx)X/2(~ l(u * H;')(x, t ) -  u(x, t)12 dx) ~/2 
+ @(u* H;)(x, t) - u(x, t)] 2dx) 1/2(~ lU(X ' t) 12dx) l/2 

<= C L1/2 di/2(J IDu(x, t)12 dx) 1/2 + C(d + O~/2(J IDu(x, t)12 dx)~/2 L 1/2 

<= C(d + 01/2L */2((. IDu(x, t)lZ dx) 1/2 

= C((d -}- ()1/4)((d ÷ ~)l/4L1/2(J IDu(x, t)12dx) 1/2) 

< C(d+ ~)1/2 _}_ C(d+ ()l/2L@Du(x, t)I2dx). (4.62) 

- S v,(x)~(x, O)dx 
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From (4.62) we obtain 

kd+d 
f f(u.*H~)(x, t)(u i* H;')(x, t)Dj¢i(x , t)dxdt 

k d + d  

-- S Juflx, tlui(x ,t)Dj¢i(x ,t)dxdt 
kd 

/kd + d ) 
<C(d+()I/2tID¢IF~°d+C(d+~)I/2LtlD~IE°°[ Jka JlDu(x't)12dxdt " (4.63) 

Combining (4.61) and (4.63), summing over k~ {0, 1, 2,..., k'}, and using (4.49), the 
assumption on T, and (4.15) we obtain 

, P! J S (u j* H~)(x, t)(u i -H t )(x, t)Dj¢i(x, kd + d)dxdt 
k = 0  kd 

oo 

- j juflx, t)u~(x, t)D/~i(x , t)dxdt 
0 

< C(k'+ 1)Lnd 2 + C(k'+ 1)(d + 01/21]De I[~d 

+ C(d + ()I/2LHDdpi'~ ( i  jlDu(x,t)12dxdt ) 

< C(k'd + d)Lnd + C(k'd + d)(d + 01/2 I1D~ tI~ + C(d + ~)~/2L2 li D4 IIo~ 

<= C(T + d)LNd + C(T + d)(d + [)1/2 JlD¢ll~ + C(d + ()~/2L2 I[Dq~ Jl~. (4.64) 

Finally, (4.59) and (4.64) yield the conclusion of Theorem 4.8. 

Lemma 4.9. I f  c~ ~ Cf(R 4 x R, R) then ~ ~ ui(x , t)Di¢(x , t)dxdt = O. 
0 

Proof This follows from (4.2), the definition of u k, and (4.14). 

Lemma 4.10. I f 0 < t / <  oo, aeR 4, and O<_t'<_t" < oo then 
, Yt I(u H,)(a, t ) - (u * tt,)(a, t')l <= C(d + (t" - t'))(L1/2rl - 2 + L~ 7- 5 / 2 ) .  

Proof Define k' and k" by 

'_<  . . . .  _ < "  k' k" . k d _ t  < k d + d , k  d _ t  <k"d+d, and are integers (4.65) 

We clearly have 0<k'_<k". From (4.14) and Definition 4.1 we obtain 

(u, H,)(a, k'd) = (u k" • H,)(a, k'd) = (v k'- 1, H,)(a). (4.66) 

If k'd<t' then (4.65), (4.14), Definition 4.1, and the semigroup property H,+ b 
= H~* H b yield 

--1 1 , (u*H.)(a, t') =(u k'*H")(a, t') =((v k' *H[ t ' -  k d]) It.)(a) 

=(vk'-~*H[t'-k'd+rl])(a) if k'd<t'.  (4.67) 
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NOW (4.66), (4.67), the Schwarz inequality, (4.2), and (4.65) yield 

I(u* H,)(a, t') - (u* H,)(a, k'd)l 

= i(v u,- 1 , ( H i t '  - k'd + tl] - H[rl]))(a)l 

=< [Iv k '-  1112 II H [ t ' -  k'd + t/] - HEtl] II 2 

< CL1/2(t ,_ k,d)tl 2 < CL1/2dtl-2. (4.68) 

A similar computat ion yields 

I(u* H,)(a, t ' ) -  (u* H,)(a, k'd)l < CL1/2dtl- 2. (4.69) 

Now we fix an integer k satisfying k >0.  The arguments that  yielded (4.66), (4.67), 
and (4.68) also yield 

I(u k • H,)(a, kd) - (u k * H,)(a, kd + d)l 

= ](v k -- 1.  He)(a) -  (v k- 1.  H[d + r/])(a)[ < C L  1/2di" 1 2. (4.70) 

From Definition 4.1 [in particular (4.10)] we obtain 

( u k + 1.  I1,)( a, kd + d) - ( u s* H,)( a, kd + d) 

= (v k , Hn)(a) - (w k* H,)(a) = - d(9 ~ * H,)(a). (4.71) 

We fix ne{1,2,3,4} and define c ~ : R ' ~ R  4 by O , ( x ) = H , ( a - x ) ,  q~i(x)=0 if i#:n, 
Then approximation of 4, by functions with compact  support, (3.5), Definition 3.3, 
(4.7), (4,8), integration by parts, (4.9), (1.5), Young's inequality, (1.3), and (4.7) yield 

l(gk,* H,)(a)t = ly gk,(x)g,,(a -- x)dxt 

= ISgf(x)4e(x)dxl = I j f~'(x)(4, - ((D~ div (4))* K))(x)dx] 

= 15 (w~, H~)(x)Djw~(x)(4 i - ((D i div (q~)), K))(x)dx] 

= lS(w~ * H~)(x)w~(x)(DjOi- ((D~j div (q~)). K))(x)dx] 

<C[twk,HcllNIIwkllyl-S/N~Cllwq211H~llxllwktl2rl-s/2<CL~ -5/2 (4.72) 

Now (4.71) and (4.72) yield 

I(u k + ~ * H~)(a, kd + d) - (u k* H,)(a, kd + d)l < C Ldt  l - s/2. (4.73) 

F rom (4.70), (4.73), and (4.14) we obtain 

I(u,  H,)(a, k d ) -  (u* Hn)(a, (k + 1)d)] < C L l/2 dtl - 2 + CLdt  1- 5/2. (4.74) 

F rom (4.68), (4.69), and (4.74) we obtain 

l(u* Hn)(a, t ')  -- (u* H.)(a, t')l 

_~ CL1/2drl- 2 q_ ( k ' -  k')(CL ~/2dq- 2 + CLdr t-  5/2). (4.75) 

The conclusion of Lemma 4.10 follows from (4.75) and the inequality ( k ' - k ' ) d  
< ( t " -  t') + cl. 
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Lemma 4.11. I f 0 < r / <  0% a~R 4, 0=<t< 0% and 8 > 0  then 

/t+~ H~)(a,s)ds) (u*Hn)(a,t)-(1/6)t ! (u* 

< C(d + c~)(L 1/2t/- 2 + Lr] - 5/2). 

Proof. This follows immediately from Lemma 4.t0. 

V. Scheffer 

Section 5. Passage to the Limit 

Definition 5.1. We choose infinite sequences ~ 1 ' ~ 2 , ( 3  . . . .  and dl, d2,d3,.., of 

positive real numbers satisfying d,<~,, d,LtlH:I]~<I, l im~,=0,  and 
n ~ o o  

lira d, It H~, 1[ 2 = 0. For each n we define the function (u, n):R 4 x [0, oo)~R 4 by (u, n) 
n--+ oo 

= u  where u is the function obtained as in Section 4 using ( = ~ ,  and d=d, 
[Definition 4.1 and (4.14)]. From (4.17) we obtain 

~](u, n)(x, t)[3 dxdt <= C L 3/2 . (5.1) 
0 

Hence, by passing to a subsequence, we may assume that there is a function 
u~L3(R4x [0, oo),R 4) such that 

u is the weak limit of (u,n) in L 3. (5.2) 

Lemma 5.2. Let 0< T <  oo. Then 

T 

lim S ~ l(u,n)(x,t)-u(x,t)12dxdt=O. 
n ~ o o  0 B(O,T)  

Proof Suppose e>0  is given. Let t/be a positive real number such that rll/2L1/a <e. 
Let 6 be a positive real number such that 6(L~/2rl -a+Lrl-5/2)TS/2 <e. Define 
f ,  :R 4 x [0, oo)~R ~ and f : R  4 x [0, ~ ) ~ R  * by 

Then (5.1) implies that the sequence fn is equicontinuous. From (5.2) we conclude 
lim f,(a, t)=f(a, t) for all (a, t). Therefore £ converges to f uniformly on the 

tl--* oo 

compact set B(0, T) x [0, T], and hence 

T 

lim S ~ If,(x,t)-f(x,t)tZdxdt=O. (5.3) 
n ~ o o  0 B (O ,T )  
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If n is a positive integer then Minkowski's inequality, Lemmas 3.6, 4.11, (4.15), and 
the choice of t /and c5 yield 

( i  ~ '(u,n)(x,t)-f,(x,t)I2dxdt) 1/2 
B(O, T) 

+ B{~ T) I((u' n)* H,)(x, t) - f , (x,  t)l 2dxdt 

"I- B( J,T) (C(dn -]- a ) ( L 1 / 2 / ~ -  2 q-  Lrt-s/2))2dxdt) 

< Ct l 1/2L1/2 + C(dn _i_ 6)(L1/2t/- 2 _}_ L~] - 5/2)T5/2 

< Ce + Cd,(L1/2~ 1- 2 + L~- 5/2)T5/2. (5.4) 

Since l imd ,=0 ,  we can choose a positive integer N such that dn(L1/2t1-2 
n--+ co 

+Lrl-5/e)T 5/2 <~ if n>N. We may assume [using (5.3)] that 

Hence (5.4) implies 

I(u,n)(x,t)-(u,N)(x,t)lZdxdt) <Ce if n>N.  (5.5) 
B(O, T) 

From (5.2) we conclude that the restriction of u to B(0, T) × (0,T) is the weak limit 
in  L 2 of the restrictions of the (u, n) to B(0, T) x (0, T). Hence (5.5) and the fact that 
the unit ball of L 2 is weakly closed imply 

B(O, T) 

Now (5.5) and (5.6) imply the conclusion of the lemma. 

Theorem 5.3. The function u is a weak solution to the Navier-Stokes equations of 
incompressible fluid flow with initial condition v. 

Proof From Definition 5.1 we obtain u~ L3(R 4 x [0, oo), R4). Let q~ ~ C~(R 4 x R, R). 
Then Lemma 4.9 and (5.2) yield (t.1). Now let ~ C ~ ( R  4 x R, R ~) with div(q~)=0. 
Let N be as in Theorem 4.8 and let T be a positive real number such that 
spt(qS)c~(R 4 x [0, ~))CB(0, T) x [0, T]. Then Lemma 5.2, Theorem 4.8, lira dr=0,  
and lim ~, = 0 imply (1.2). n-~ 

/l--+oo 

We can now finish the proof of Theorem 1.1. We set £ = ( u , n )  and f = u  
(Definition 5.1). Then (5.1) and (5.2) imply that there exists a positive real number 
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D such tha t  the condi t ions  in the first p a r a g r a p h  of Section 2 are  satisfied. F r o m  
Defini t ions  5.1, 4.6, and  Theorem 4.7 we conclude  tha t  there  exists 0 < M < co such 
tha t  p r o p e r t y  P(M) holds  (see Defini t ions  2.2 and  2.1). Let  e > 0 co r r e spond  to M 
as in L e m m a  2.3. Then  L e m m a  2.9 implies that  there  exist sets Ap satisfying 1), 2), 
and  3) of  L e m m a  2.9. F r o m  par ts  1), 3) of  tha t  lemma,  the fact f =  u, Theo rem 5.3, 
and  the a rgument  at  the end of  Section 2 in [5], we conclude  tha t  the restr ic t ion of  
u to (R ¢ x (3(2- 2p), c o ) ) -  Ap is equal  a lmos t  everywhere to a con t inuous  function. 
Hence,  by modi fy ing  u on a set of  Lebesgue measure  zero and sett ing 

A = (~ (Apu(R 4 × (0, 3(2-2P)])),  
p=O 

we can conc lude  tha t  the res t r ic t ion of  u to  (R 4 x (0, o o ) ) -  A is cont inuous .  This 
proves  par t  c) of  Theo rem 1.1. F r o m  par t  1) of  L e m m a  2.9 we conclude  tha t  pa r t  a) 
of  Theo rem 1.1 holds.  Let  p >__ 0 be an integer and  let 5 > 0 be given. There  exists an 
integer q such tha t  p<q and  51/22-q~5.  F r o m  

Ac~(R ~ x (3(2-ap), co)) 

((Aqu(R ¢ x (0, 3(2-2q)]))c~(R4 x ( 3 ( 2  2p), co))£ Aq, 

Defini t ion 2.8, and  par t  2) of  L e m m a  2.9 we conclude  

~(Ac~(R 4 x (3(2- 2p), co))) < ~b~(Aq) <__ C~-1D.  

Hence  Def ini t ion 2.8 yields H3(Ac~(R4x(3(2-2v), oo)))<Ce-lO. Since H 3 is a 
Borel  measure ,  we can use A C R 4 × (0, oo) to conclude  H3(A) < Ce- 1D. This proves  
par t  b) of  Theo rem 1.1. F r o m  Theo rem 5.3 and the fact u~L3(R 4 x [0, co), R 4) (see 

Def ini t ion 5.1) we obta in  the remain ing  conclusions  of Theorem 1.1. 
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