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Abstract. The symmetric Macdonald polynomials may be constructed from the nonsymmetric
Macdonald polynomials. This allows us to develop the theory of the symmetric Macdonald
polynomials by first developing the theory of their nonsymmetric counterparts. In taking this
approach we are able to obtain new results as well as simpler and more accessible derivations of
a number of the known fundamental properties of both kinds of polynomials.
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1. Introduction

The symmetric Macdonald polynomial P := P(x; g, t) is a polynomial of n variables
x = (x1,... ,X,) having coefficients in the field Q(g, ) of rational functions in inde-
terminants ¢ and . The symmetric Macdonald polynomial P(x; g, ) is labeled by a
partition of length < n and can be defined as the unique eigenfunction of the operator

n

tXi—Xx;
Dygn =Y Y =iy, 1.1
i=1 it XX
which is of the form
Pelx; g, 1) = mye(x) + Z Uity (X). (1.2)
<K

In (1.2), my(x) is the monomial symmetric function in variables xy, ... ,x, and the sum
is over the partitions u which have the same modulus as x, but are smaller in dominance
ordering. The g-shift operator 7; in (1.1) acts on functions so that

('c,-f)(xl . ..xn) = f(xl,... s GXiy s .x,,).

* Supported by an APA scholarship,
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386 D. Marshall

The symmetric Macdonald polynomials have been the subject of much recent study,
both for their mathematical properties [3,20,28] and their applications to the the trigono-
metric Ruijsenaars—Schneider quantum many body model {22]. They can be viewed as
a r-generalization of the symmetric Jack polynomials, the latter being obtained from
the former in the limit # — 1 with ¢ = ¢* and o fixed. In this paper we will develop the
theory of the Macdonald polynomials by generalizing the approach taken by Baker and
Forrester [6] towards the Jack polynomials.

The strategy is to first develop the theory of nonsymmetric Macdonald polynomi-
als. These polynomials were first introduced [12,25] some time after the seminal work
of Macdonald [24] on the symmetric Macdonald polynomials. The symmetric polyno-
mials can be constructed from their nonsymmetric counterparts. This opens the way
to using the theory of the nonsymmetric Macdonald polynomials to develop the the-
ory of the symmetric Macdonald polynomials. In taking this approach we will obtain
new results as well as new and simpler derivations of known results. In the later case,
references will be provided to the original contributors.

2. Preliminaries

In this section we will revise the basic definitions and results of the nonsymmetric,
symmetric, and ¢-antisymmetric polynomials. Following Macdonald [25], the symmet-
ric and ¢-antisymmetric polynomials will be constructed in terms of their nonsymmetric
counterparts, rather than as an independent entity as would stem from making (1.1) and
(1.2) the starting point. In addition, dual nonsymmetric Macdonald polynomials will
be defined and related to the symmetric and s-antisymmetric Macdonald polynomials.
The results presented on this topic are for the most part new.

The nonsymmetric Macdonald polynomials are defined in terms of operators which
generate a realization of an extended affine Hecke algebra (see, e.g., [19]). Let s;; be
the operator which acts on functions of x := (xi,... ,x,) by interchanging the variables
x; and x;. The Demazure—Lusztig operators are defined by

f PR .
Tomtd 2 1), i=1,... 01, Q.1
= Xi+1
and
[ .
To=t+ L7 (g 1y, 2.2)
qXnp — X1

where s; 1= §;;01 and sp 1= 31,,’:1’5;1. T; have the following action on the monomial
x5l for1<i<n—1(see, e.g, [19]):

Q=0 S o+ (=T b, a> b,

t 1

Tix{xfoy = ix3x8,, a=b, (2:3)

(¢ = Dxfayy o+t (= Dy 7o vy, a <o,
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The operator ® is defined by
W:=3p_1"5281TL = Sp—1 *8iTiSj1 - 51,

A realization ﬂn(q, t) of an extended affine Hecke algebra is then generated by ele-
ments 7;, 0 <7 < n—1 and o, satisfying the relations

(Ti-1)(Ti+1) =0, 24
T Ty T = Ty T Tiyyq, (2.5)
LTi=T;T, |i—-jl>2, (2.6

oli=T 10, 2.7

where the indices 0, 1,... ,n — 1 are understood as elements of Z,. From the quadratic
relation (2.4), we have the identity
Tl = -1+ 2.8)

i

Given a permutation ¢ with reduced word decomposition ¢ := s;, - 5;,, we define

Ts =TT,
A composition of n-components is an n-tuple 1 := (n1,...,M,) of non-negative inte-
gers. Each 1); is called a component of 1. The Cherednik operators {10, 11] are defined
by

=" Lo T T, 1<i<n.

The fact that the Cherednik operators commute with each other, along with the trian-
gularity of their action on &7 := x" ... X, implies that they possess a set of simulta-
neous eigenfunctions. These are the nonsymmetric Macdonald polynomials E, which
can be defined by the conditions

En(x;q,t) =x"+ ) byy', (2.9)
V=<
YiEq(x; q,1) = q""t_lﬁ(")En(x; g,1), 1<i<n, (2.10)
where
Z}'l(z') =kl <ime >} F#{klE> i >t (2.11)

Let n* be the unique partition obtained by permuting 7. The partial order < is defined
on compositions having the same modulus so that

v<mn ifeithervt <m*,orvi =nTandv <.

where < is the usual dominance ordering for n-tuples, that is, v < 1 if and only if
11-;1(7]:' —v;)) >0, forall1 < p<n.
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Following [29], I, (5) := [ (4) is called the leg co-length of the node s = (7, j) in
the composition . The arm length an(s), arm co-length ay (s), and leg length Iy (s) are
defined by

an(s) = Mi—Jj
In(s) := #{klk <i,j<me+1<m} + #Hklk>ij < <ni},
ag(s) = j—1. (2.12)

The following associated quantities occur frequently in the theory of the Macdonald
polynomials.

dn(q, [) = H (1 . qaﬂ(-ﬁ')+1tln(s)+l) , d]{l(q, [) = I‘I (1 _ qan(‘r)+ltlﬂ(s)) ,

sER SER

ea(ant) = [T (1~ 40186 | en(q,) 1= [T (1 - 401109,
SEN SEM

balg, 1) =[] (1 - g2 =h0). 2.13)
sEN

All these constants are equal to unity if 1 = 0. We also have the constants

) =Y ), r'm) =Y I'(s). (2.14)

$€EN sem

For future reference, some properties of these quantities, easily derivable from [29], are
listed.

Lemma 2.1. Let ®n:= (N2, M3,... , M, N1 +1) and din{q, ) :== g 1)+ D)= (D),
We have

don(q,t) _ eaon(g,t) [ — gmtln=l(1)
- - q r n ’
dnlq,1)  enlg,1)

d&m(% 1) _ efpn(‘fe 7 -1 _qm+1tn-1—z,’1(1)
di(q,t)  eqn(q,t)

(@n) =I() + (1), 1 @n)=0I'(")+n—1-Ik(1),
where I3 (1) = #{klk > 1, N <M} I M > Miy1, we have

dsm(g,1) _ 1—13;n(q,1) d.:-m(q’t) _ 1—8;q(g,1)
dy(g,1)  1=8in(g,t) dilg,) 1-t"18n(g,1)

esm(% t) = eTl(qa t)’ e;in (q’ t) = e%(qJ)’ bxm(q, t) = b’l'l(q> t),
I(sm) = I(m)+1, I(sm) = I'(n).
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Define a g-shifted factorial by

fla, b):= ((ab,qq))w’ where (¢, q)w 1= in([)(l~cqi).

The g-shifted factorial f(a, b) is an analytic function provided |g|, |al, || < 1. It can
then be identified with the formal series associated with its series expansion about a =
b = q = 0. Given polynomials % and #’ of indeterminants a,. . .ay,, the formal Laurent
series f (h{ay,... ,am), W (a1,... ,am)) is fixed by substituting a — h(ay,... ,am), b —
H(ai,...,an) into the formal series identified with f(a, b). If b = g*, we can write

(@; @)

(@@= e

The g-gamma function is defined by

L0 = (1-g)"" ((‘1"1)): 0<g<l.

We remark that with the generalized factorial defined by

[qx]%q,'): — H (A.(s) qaq +x)

sent

= (g g Lyle—g(i—1)+nf) 2.15
1 o ey

we have
_fnt n
eﬂ(%r) =1 fn ){ql"'a}ﬁi,

—I'(nt Lip
dnlg,1) = M [gital-iay,

bn(g,1) = 17" M [ga)?). (2.16)

For any Laurent formal series f, let CT(f) denote the constant term of that series with
respect to x. We can define a scalar product on Q(g, 1)[xf!,... ,x¥!] by

U 8has = CT (706 0,085 2, W),

where

5. %
x-’Q)“’ (Q"‘{', q)w
W(x) :=W(x; q,t):= H (ﬁi ) ‘;{L .
1<icjen U3 Do (@155 G)eo

The nonsymmetric Macdonald polynomials have the following orthogonality property,
which can be deduced from (2.10).
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Proposition 2.2. [24] The polynomials Ey (x; q, t) form an orthogonal set with respect
to (', ')q,t-

A consequence of this is that the nonsymmetric Macdonald polynomials are able
to be constructed by means of a Gram-Schmidt procedure. Let V) < .- <n(®) be a
chain of compositions satisfying:

if 19 <u<n®Y theny=n® orp=n0D, 217

The nonsymmetric Macdonald polynomial Eﬂ( » can be determined as the unigue poly-
nomial satisfying (2.9) which is orthogonal to all Eqo withi < p.

The nonsymmetric Macdonald polynomials are elements of the ring of n variable
polynomials with coefficients in the field (g, ¢) of rational functions in g and . Let the
hat symbol " denote the involution on the ring Q(g, £)[x L ...,xF] which sends x; —
Xp-i+1, 4 = g~} and t — t7, Extend this operator to act on operators so that for any
operator T and polynomial £, T f = (7/"7) This operator is an involution on the extended
affine Hecke algebra ﬂl(q, t)since®@=0"'and T} =T n__li foralli € Z,. These relations
follow from the respective definitions and (2.8). We define the dual nonsymmetric
Macdonald polynomial by £y (x; g, ) := Eq(x; ¢~ 1, ¢7!), where x:= (%, ... ,1). These
polynomials are uniquely determined by the conditions

Eq(xq,t) =21+ ) oqa', (2.18)
v<n
fibq(xq,0) = g "D By q,1), 1<i<n, (2.19)

where §; = t”“iﬂl'j_li e Tl_lm"lT,l_l «++ Ty—i+1 and the partial order < is defined on com-
positions so that

v<n ifeither vV <n*or vi =1t and v> .

Equivalently, v<7 if and only if ¥ < 1.

The dual nonsymmetric Macdonald polynomials are simply related to the nonsym-
metric Macdonald polynomials by means of the Demazure-Lusztig operators. We re-
quire the following lemma which provides the action of T on the monomial xM.

Lemma 2.3. For any composition 1 and permutation G, we have

Tox" = copx™ + Y cux®, (2.20)
V<0

for scalars ¢, € Qq, t).

Proof. We can write ¢ as a reduced decomposition G :=1,, -+ -] := 8, -+ S, , where

sj"'sc‘l(j)+Kj(0'“1)—1’ G—l(j)-{—K]'(O'"l)_lea

lji=
1, else,
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with K;(o) = #{ili < j,0(i) > o(j)}. Application of each #; moves i to the required
position, that is, for each p € N, (t,+--11) 7' (i) = 0~1(i) for all i < p. Since on :=
(Mo-1(1)s+ -+ sMg-1())» We have

tpee M = (nc‘l(l)"" ,1’]041(19),35;3}’... ,eﬁ;”))

for some efip ) > 0. It follows from (2.3) that

Tox" = Z Canx®™ + Z cux®,
weA(o,n) vjot<nt

where ® € A(c, 1) if and only if © has a reduced decomposition.
O If (mk;-l . '(L}klﬂ)kz. < (OJ;C,._I = 'mkln)kg—i—l: then W, = 8, O Oy, = 1.
@) It ((Dki—l O Mg > (('oki~1 "'mk1n)ki+1> then @y, = sy,

To prove (2.20) it suffices to show that, if ® € A(G, 1), then om < o7. Letw €
A(o, ) and @y, - O, be a reduced decomposition of @ satisfying (1) and (2). If #; is
the word sy, - - - S, let @) be the word @y, - -- @, so that @ = o™ .., For p € N,,
let u(P) := fp...nm— o? ... Suppose 4) > 0 and ,ug.p) <Oforall j > p. Let
K= tpyr M — tp@P) - @(n. Then Yy = ,ug-p) for j < p while (1,1, .. ,4t7)
is an arrangement of (yg_’gl,... , ,(,p)). Hence, 1/ = 0 and pf; < O for j > p+1. Let
#” - tp+1m(P) .. m(l)n —rrigm .. m(l)n Then by inspection, y"; =0forj<p
while ), > 0and g <Oforall j > p+1. LetplP™) =1, 1. . — 0P+ ... 0y,

Since Pt =y + 4, it follows that zP*+1) > 0 and ;zf,-pﬂ) <Oforall j< p+1. By
induction, it follows that am < on. |

Lemma 2.4.
T(n,...,l)E'n (x;q,1) = t#{(i,j)|i<j»ﬂi2ﬂj}En (x:q,1). (2.21)

Proof. Using Lemma (2.3) and noting that (n,...,2, 1) =, -#; witht; = 8;--- 551, it
is simple to verify that

Tin, 213" = AHEDli<inzn by Y anu#,

H=<n
for some ay, € Q(z). It follows that
T(n,,‘.,l)En(ﬁ q,t) = A Dl<jn2n;} (xﬂ + Z a;wx“) i (2.22)
Hu<n

It suffices then to show that, given a chain n(l) < e = 1](1’) = 7 satisfying (2.17),
7"(,;1”1)13‘,]@ is orthogonal to Ew for all i < p. This will be done by induction. If u
is a minimal composition under the partial ordering <, then E,(x; g, 1) = x*. It follows
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from (2.22) that (2.21) is true for the composition (1), Suppose (2.21) is true for
n,... 1. Then for any k < 7,

) sp

g (K
5 —#{(i, f)li<jm® 2n A .
(Eqws Tin,....1) Eqin Ja,e = 1 thh<im 2y }(T(n,..l,l)En(k),T(n,.».,l)En(r))q,t

m

Since 7;”! is the adjoint operator of T; with respect to (-, -}, and (f, 8)¢.r = (£, &)q.s>
we have

i i@ ® R
f —# 3 </ 2 j ;
(Enrr T B Y = ¢ OMWINTZGHE ) B )

s (K)o (R)
—# LAi<jim ' 2n;
= HED<) 0 2n; }(E.q(k), E«q{r)>f1,f

=0. i

Next, we revise the construction of the symmetric and t-antisymmetric Macdonald
polynomials from the nonsymmetric Macdonald polynomials. This requires 7-analogs
of the symmetrization and antisymmetrization operators defined by

Ut:=Y T, U =Y (—1)~HO T,

GéSu OES,

where I(0) 1= #{(i, j) |i < j, 0i > ©,} is the length of the permutation 6. These opera-
tors have the following properties:

TrUt =UTTE = FUT, (2.23)
THU- =UT =-U". (2.24)

The operators U™ and U™ are able to be factorized in terms of the antisymmetrization
operator 4 [13].

@ vy = 2o sy (208 5w), 2
(b) U F(x) = %’%—ﬂf(x), 2.26)

where 4 := Yo, (—1)")0 and Ay (x) := [Tc j(x; —t "'x;). One consequence of (2.25)
is that the operator U sends the symmetric monomials onto the Hall-Littlewood poly-
nomials. We have

Pc(x; 1) = Ut mye(x),

where P{x; t) is the Hall-Littlewood polynomial associated with the partition x (see,
e.g., [24]). A further consequence is that

U si=-U". 2.27)
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Now, when acting on symmetric functions, the Macdonald operator D}(g, t) can be
decomposed in terms of the Cherednik operators according to [19]

n
Di(g, ) =" Y 1.
=1

Since the operator U™ commutes with Y7, ¥;, it follows from (2.9) and (2.10) that there
exist unique symmetric polynomials indexed by partitions which satisfy

[T +uX) Pe(x: g, 1) = [](1 +ugSe D) Pe(x: ¢, 1), (2.28)
i=1 i=1
Pe(x; g, 1) = my(x) + Z Uiy (X). 2.29)
u<K

From Section 1, these are the symmetric Macdonald polynomials. The symmetric Mac-
donald polynomials can also be determined as eigenfunctions of a generating func-
tion of symmetric functions in ¥;. This implies that Py is an eigenfunction of any
f(,...,Yy,) for which f is symmetric. One has the relation

1
Poi(x;q,t) = ——UVEq(x: q,1), (2.30)
AR TPn M
for some scalar yﬂ' (g,t). We can also define the t-antisymmetric Macdonald polyno-
mials [25]. The z-antisymmetric monomial m', indexed by the partition k with non-
repeating components, is

m' = U"x.

There are no t-antisymmetric monomials associated with partitions with repeating com-
ponents as it follows from (2.27) that for such partitions U~x* = 0. It follows from
(2.25) that

o = &y (%) 55 (%),

where s,_g is the Schur polynomial associated with the partition k —~ 8. When x = §,
we then have

mls = A (x). (2.31)

A function f is t-antisymmetricif ;f = — f foralli=1,... ,n— 1. The f-antisymmetric
monomials are a basis for the analytic z-antisymmetric functions. The ¢-antisymmetric
Macdonald polynomials Sk (x; g, t) are indexed by partitions with non-repeating com-
ponents and can be defined by the following conditions:

ﬁ(l +uY;) Sk(x; g, 1) = ﬁ(l + uq“"t'lk(")) Sk(x; g, 1), (2.32)
i=1 i=1
Sc(x g, 1) =m'c(x) + Y v’ (x). (2.33)

u<K
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Analogous to the derivation of (2.30), we have

S+ (% 9,1) = U™ Eq(x; ¢, 1). (2.34)

1
Yo (g, 1)
The symmetric and t-antisymmetric Macdonald polynomials can aiso be expressed as

linear combinations of the nonsymmetric Macdonald polynomials.
Lemma 2.5. [25]

+(Q§ )
Pc(x; g,t) = 1 1, 2.35
(a) (x:9,8) = nn;*lc Iela )E,,(x g, (2.35)
(b) Se(x g, 1) =Y (~t W“““%) Esp(x:¢,1). (2.36)
GES, (q t)

Proof. A simple generalization of the derivation of the analog results in the case of the
Jack polynomials [8]. |

It immediately follows from the orthogonality of the nonsymmetric Macdonald
polynomials and Lemma 2.5 that

Proposition 2.6. [25] Both the symmetric Macdonald polynomials {P¢(x; q,1)} and
the t-antisymmetric Macdonald polynomials {S¢(x; q,t)} form orthogonal sets with
respect 1o (-, )q.r.

It follows that both the symmetric and z-antisymmetric Macdonald polynomials are
able to be constructed by means of a Gram-Schmidt procedure similar to that in the
case of the nonsymmetric polynomials.

The dual nonsymmetric Macdonald polynomials share many properties with the
nonsymmetric Macdonald polynomials. In particular, they are equally able to serve as
building blocks for the symmetric and z-antisymmetric Macdonald polynomials. This
is explained by the following results, the first of which follows from (2.26).

Lemma 2.7.
@ ot ="y, 2.37)
(b) o =", (2.38)
Lemma 2.8.
(a) Po(x;q,t) = Pe(x: q, 1) = Pelxs g™t e, (2.39)
®) Sk0ss 4, 1) = (=)™ Sx(x; 4,0, (2.40)

Proof. We shall consider only the second identity as (a) is well known and is proven
in a similar way as (b). It follows from Lemma 2.7 that m'y (x) = (—¢)""~D/2m/; (x).
Using the defining property (2.33), we then have

Sxlerg,1) = (=)™ (m’«(X) +) %m'u(X)) :

u<x
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Since {(—¢)~""~1/28(x; ¢, 1)} is orthogonal with respect to (-, *}¢,+ and posseses the
triangular structure (2.33), (b) must be true. |

Using the above two lemmas in conjunction with (2.30), (2.34), and Lemma 2.5, we
obtain the following two lemmas.

Lemma 2.9,
;_sz si—1)

(a) Pyt (x9,1) = WU+En(X§ q,1),

(__1);:(;4—1)/2 R
Lemma 2.10.

d +(q_1,t'1) N
@ Pelx; g,1) = — B (x5 q,1),

K( ! ) T(:n;=x dlﬂ(q 133 1) n( 7 )
dopgy(g™t, 1Y)

(b) Sk(x:9,1) = G;g (_t)l(é)_;il(()-c}.:WEa(K)(x; q,1).
where for any permutation G, © := (Gy,... ,01).

3. Nonsymmetric Macdonald Polynomial Theory

In this section we will derive some of the basic properties of the nonsymmetric Macdon-
ald polynomials independently of the theory of the symmetric Macdonald polynomials.
A required preliminary result is the Cauchy-type formula for the nonsymmetric Mac-
donald polynomials.

Proposition 3.1. [26] Define

Qlx, y: 9,1) ,:ﬁ(qrxfyf;q)m (X133 @) (Gt%335 9)es 3.0)
U (s de (gicien G5 Qe (GXY5 @)oo
then
Qx,y:9,1) = Z;(—tEn(x; g )En(iq '), un(g, 1) € Qlg, 1).
n “1 q, )

The nonsymmetric Macdonald polynomials have the following stability property:
E(m)-umn_x){xh“' Xn—1: 4, t), Na=0,
Eﬂ(x17"‘7xn—1a0;Q7t): (3.2)
0, Mn > 0.

Applying this property to (3.1) shows that the scalars un (g, 1) are independent of .
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Dunk] has introduced a family of multivariable polynomials which allow a workable
treatment of some important constructions and has a close relationship to the theory of
the nonsymmetric Macdonald polynomials [14]. The z-analog of these polynomials are
the polynomials gy (x; ¢, t) defined by

)C » s q7 an X3 q7

Corollary 3.2. Let dyy be 1 if v =1 and O otherwise. Define a scalar product by
(Ev(x;q,1), Ev(x; g7, 171)) g = un(q, £)8yn. We have

{av(x; g,1), x“)q = 8vn—
Hence, qy(x; q,t) are a basis for the multivariable polynomials with coefficients in
Qg 1.
Proof. From the triangular structure of the nonsymmetric Macdonald polynomials,
{W(lz}’ijE‘l (x;q,1)} and {Eq(x; g7, ¢7")} are a basis for the multivariable polynomi-

als. The scalar product (-, -)4 is then well defined. An argument similar to Macdon-
ald’s [24, p.310, 311] can now be used to show that (3.2) is equivalent to (3.1). |

The nonsymmetric Macdonald polynomials can be computed recursively by just
two kinds of operators. The first are the Demazure-Lusztig operators T;, 1 < i< n-—1.
The second is the raising—type operator [5,21]:

Oy =x, T T T = T T T

These operators have the following action on the nonsymmetric Macdonald polynomi-
als [5,26]:

D Eq(x;9,1) = t—#{z‘lé>l,’f1iSm}E¢q(x; ) 33)
and
([ -1
) E +tEm, <,
(i) ot e
T;En-"'-< tEn, ni:nH—l,
-1 (1 =18 (g, 1)) (1 =1 '8iy(q, 1))
- E + E"; [ > Nit1-
(1“8in1(%t)) " (1=38i,(g,1))? smy i > Mitl
(34)

Using these operators, it is simple to derive the following two identities by verifying
that the respective quantities satisfy the same recursion relationships.

Proposition 3.3. [12] Lett3:= (1,1,...,t""\). We have

En (1% 1) = £ en(q,?) 35
Tl( q ) dT](qyt) ( )
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Proof. Noting that, for any function f = f(x),

(L) =tf(Y) (3.6)
shows that

(PgEn(x: 4, 1)) np = (7Tt TixiEn(x: ¢, 1)) | _ s

5 3.7
= En(t% q,1).
Using (3.3), we then obtain
Egn(t%; q,1) = FUIPINSIE, (6, g 1), 3.8)
Supposing 1); > 141 and applying (3.6) to (3.4) and rearranging, we also obtain
1-8;n(q,t
Esm(t§; g,t) = t——”"(i—)—En(ti; q,1). 3.9

h 1 _tsi,n(Q: t)

The relations (3.8) and (3.9) uniquely determine ET](t§; q,t) given Eo(t%; q,1). Since
Proposition 3.3 is obviously true for the case 1) = 0, all that remains is to show that the
right-hand side of (3.5), RHS(1)) say, obeys these relations. Using Lemma 2.1, we have

—__RHS((DH) = Aii>Lmsm}
RHS(n)
Supposing 1; > M+ and again using Lemma 2.1, we have

1-0;q(g,1) -RHS(n).

RHS(sm) = 1—18; (g, 1) 1

Proposition 3.4, Write N%E) (g, 1) 1= (En, En)q,. We have
E
N (@, 0) _ d'n(g en(a,1)
N (q,)  dnlg,1)en(g, 1)

Remark. Macdonald [25] and Cherednik [12] have derived (3.10) although in a different
form.

Proof. Using (3.3) we have

(3.10)

(Eq’ﬂ’ Ean)g: = (;#{l'lf>1,m5m}q)q5m f#{ili>l’msm}®qEq>g,z
=CT (t#{" s (1) T By (x: 9, 1))

% t~#{fli>1;ﬂiﬁm}x’—l'1 (7:1—_11 ,..Tl—lEn(x; g, f))] %W(x; q, t))

11
X1 q?

= <T;¢———11' e Tl_lEﬂ(X; q, t)5 Tn_-ll Tt Tl_lET\(x; q, t))q,t

= (En, En)g,:-
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In the last line, we have used the fact that Ti“1 is the adjoint operator of 7; with respect

to (-, -)q.s [251.
Supposing 1}; < N1 and using (3.4) we have

<Esm s Esm}q,r = <t~1TiEn -

1=t

= (TiEp, TEn)gs =t~
<1 4 ﬂ)q,t l__si’“(q’t)

(EETP En)q,z

1—¢!
1 _Si,n<% 1)
(1-1)(1—¢71
+
(1=8in(g, ) (1-8a(.1)

Consider the right-hand side of this expression. The first term simplifies by again using
the fact that that 7}“1 and 7; are adjoint operators, while the second and third terms
simplify by making further use of (3.4) and then noting that, for 1}; # i1, Ey and Egp
are orthogonal. After rearranging, we obtain

(1-1874a ) (1-787 3@ 1)
(1-873.0)’

By replacing 1 by s/m and noting that if 1; # M11, 8;,5m = —8;, we see that in the
case M; > MNi+1

(E’l]: TiEn)q,t

) (Eq, En)q,:- (3.11)

(E_,.m, Esm)q,t = Eﬂ’ Eﬂ>q,t

(1-8in(g,1)
(1=18in(g, 1)) (11718 5(q,
Using Lemma 2.1, it is clear that the right-hand side of (3.10) satisfies both the

recursion relations (3.11) and (3.12). Since (3.10) is true in the trivial case n = 0,
Proposition 3.4 is true by induction. |

<ESm7 Esm>q,t = )) <Ena En)q,t- (3.12)

We shall now show that the multivariable g-binomial theorem involving the non-
symmetric Macdonald polynomials can be deduced using Propositions 3.1 and 3.3.

Proposition 3.5. [26]

y (axii g [y ,
,H(xuq)w Z“n(q,f)gq(q,t) n(®: g 1). (3.13)

Remark. The expression on the right-hand side of (3.13) will be able to be simplified
using (4.27).

Proof. In (3.1), first replace n by kn for some k € Z and then substitute y; = thn=J
and let X1 = --- = x, = 0. Since Ey{cx) = cmlE,t (x), we can use Proposition 3.3 to
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obtain

n kn t(kn Dinl— l(Tl) ( ’ l)
H q[ xl Z ! n_)knEn(XI,...,Xn,O’-'-70;q7t)'
n (q7 )dTl(q’ t

=

i=1 xl’ °°

Making use of (2.16), Lemma 2.1, the stability property (3.2), and the identity

en(g”! 1 [n——)kn — {1+ m)~(en—1)In]) €0 en(q, )yt
dn(g~1,t71) dn(g,1)

we obtain fork € Zq

qt - ’q)m qzkn]q,
[ty

Jo o Fun(g,t)dn(q,t

, (3.14)

)E n(x g, ). (3.15)

Both sides of (3.15) are power series in x, g, ¢ and ¢*. Equating the coefficients with
respect to g and x we can apply the following lemma to show that (3.15) is true for all
k € R. We then have (3.13) by letting a = gt*". |

Lemma 3.6. [30] Let F(z,q) and G(z,q) be formal power series in z and q. If
F(q*, q) = G(¢*, q) for infinitely many integers k > 0, then F = G.

4. A Generalization of the g-Selberg Integral

The g-Selberg integral, as formulated by Askey [2] and subsequently proved by Kadell
[16] and Habseiger [15], has been extended by Kadell [16] and Kaneko [17] to involve
the symmetric Macdonald polynomial as a factor in the integrand. An equivalent for-
mulation of this result is as a constant term identity which generalizes the g-Morris
identity [18]. Here this result will itself be extended in that the symmetric Macdon-
ald polynomials will be replaced by the nonsymmetric Macdonald polynomials. The
derivation of this identity will also yield a new derivation of the ¢g-Selberg integral as
well as allowing us to specify the constant uy (g, r) appearing in (3.1). The derivation is
based on the multivariable g-binomial theorem (3.13).
Using Proposition 3.5, we have

r14:!
<H g Btk t)> %‘ﬁ%w)@’ f). “.1)
! ’

Letting x; — j ;+1 inside the argument of the constant term function, an operation that

leaves its va}ue unchanged, we obtain

T L £ [T ®
' (g g, t)W(x)) = gm%n (@,1). (42
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Our first task is to manipulate (4.2) so that JT%, (x; '; ¢);! is replaced by

H(xz, a(9%"s Q-

We require
Lemma 4.1. We have
xPEn(x; g, 1) = Eq4p(x; 9, 1), 4.3)
where+p=M1+p,... Mn+p) and x? = (x1...x,)".
Proof. From the definition of ¥;, we have Y;x? = ¢gPxPY;. Using (2.10), we then obtain

Y (WPEq (% ¢,1)) = WPr e 0aPEy (x; g, 1),

where we have used Iy (i) = I, ,(i). From the defining properties (2.9) and (2.10), we
then have the required conclusion. |

Corollary 4.2.

*PEqg(x;9,1) = Engp(x; g, 7).

Using the above proof, we can extend the nonsymmetric Macdonald polynomials
to include Laurent polynomials. The defining properties of the Laurent polynomials Ey,
are the same as for the ordinary nonsymmetric Macdonald polynomials except that they
are indexed by n-tuples which can have negative components. The nonsymmetric Mac-
donald Laurent polynomials can be expressed in terms of the ordinary nonsymmetric
Macdonald polynomials by using (4.3). The dual nonsymmetric Macdonald polynomi-
als can be similarly extended to include Laurent polynomials.

Consider (4.2) with 1 replaced by 1 + a. Using Lemma 4.2, we can write En+a =
x“En Setr = —a — b with a, a+ b € Z>¢. A brief calculation shows that

n 1 _ n
xaH_T_ =( 1 na 22 (2b+a+1) H uQ)a v ,q
i=1 (% 5 q)r i=1
where x'; = ¢"*1x;. Substituting into (4.2), we obtain
n
CT (H(xi; 9)a( f; @oEn (g~ g, t)W(x)>
=1 i

q’—’2‘3(2b+a+1) [q ]

I

nt+a A
q,t)-
un+a(g; t) dn+a(g; 1) n+a( )

Since Eﬂ {ex) = cmil%n (x) and %é‘(fi(q, )= 9\6‘ (q, t), we obtain

(q 1a(L; pbn(x: . )W(x)>

q(7(2b+a+1)+(év+l i) 4 }

uTH—H(qa )dn-m(% t)

= (u—]) nt+a N(E)( )
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The dependence on a in 1/un4adn+a can be determined using

Lemma 4.3. We have

1
En(2i9:1) = Eq(x: ¢, 0)-

Proof. Let the star symbol * denote the involution on the ring of s#-variable polynomials
with coefficients in Q(g, ¢) which sends x; — x;*, g — ¢~ 1, and # — ¢~!, Extend this
operator to act on operators so that, for any operator T and polynomial f, T* f* = (T f)*.
1t follows from the respective definitions and (2.8) that T}* = Tfl and w* = w. Using

these relations as well as 7; = 7.~} and w = w™!, we have

A

(Boipn) " =27 T 4.4)
From (2.10),
- —ny: H L
Y7 Eq(x: 1) = g0 By (x; 4,0).

Applying the * operator and replacing i with n — i + 1, we obtain

( :_i+1)—1En(x-1;q—1’t—1) - qnn-i+1t—14,(n—i+1)En(x—1; q—l’ t—l)'
Using (4.4), we obtain

i}iEn(x——l; q—l, t—l) - qn“‘i+ltn—1_l’l‘(n—i+l)En(x_l; q—-l’ t_l).

From the defining properties (2.18) and (2.19), it follows that Eq (x~!; g7!, #71) is a dual
nonsymmetric Macdonald polynomial. Since Eq(x™'; ™!, ¢7!) has the same leading
term as E—E {(x;q,1),

| D 1 -
Eq(=iq 07 =Eaqlmg™ 7).
The conclusion follows. |

Corollary 4.4. We have

.1 .
En(=39,1) = E-n(x4,1).

Now

i=1

CT (ﬁ(xi; Q)a(f;; 9)sEn(x g, f)W(X))

= CT (Ii(;cq—l )alxis Qv (L3 g, )W (

X

=

)

= qwCT ( (xg, Q)alxi; Q)bE—H(X; q, t)W(X)) . 4.5
=1

i 1
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To obtain the first equality we have used the invariance of the constant term identity

under x; —+ xn—LH—l’ while to obtain the second equality, we have used Corollary 4.4 and

W(g) = W (x). Applying (4.4) with 1] replaced by — and interchanging a with b gives

CT (H(xl, q)vEn(x; q, )W(x))

nb -
q(7(2a+b+1) anl) [qr]cf£++b

= (-1)" N (g, 1). (4.6)

R-H+b (q, f) d~n+b (qs 1‘)

We write < cifn; <cforalli=1,...,n. Equation (4.6) is valid for < b while (4.4)
is valid for 1 > —a. Equating the right-hand sides of (4.4) and (4.6) and setting a = 0,
weobtainfor0 <n<»b
—~bH14,t v
___[q_]L__ = (= 1)bg(FE+)=+Din) 97 0 _
un (g, 1) dn(q,1) U—n+b(q; 1) d-n+b(q, 1)

We can use (4.7) to define [g ‘b}q’ [undn whenm # 0 and n) < b. It then follows that
4. Tistrueforalia,a+b € Zzo and either 1] < b or 1y > 0. This can be used to show
that the right-hand sides of (4.6) and (4.4) are equal and hence (4.6) is true for this range
of variables. Substituting (4.7) into (4.6), we obtain for this domain

CT (H(x,, o(=: @Q)pEn(x; q, )W (x ))

(nab+(b+1— a)|n|[ ]%, [q-a b]q,

4.7)

q

~nF+b
= NP (g, 0). @.38)
uﬂ(‘?a )dﬂ(Q7 ){q } ﬂ++b
It follows from the property
-4
Cylx+1] = [¥]gTylx], where [x];:= =g 4.9
that, forall k € Z,

FQ[x+k] — (_qukx—i—%k(k-l) F‘I[l —x] (410)

Iyl
Using (2.15) and (4.10), we can manipulate the right-hand side of (4.8) to obtain

Ll - (x+K)]

cT (H(xz,Q)a( : Q)okn (%1 g, I)W(X))

i=1

~ . - + j—
_ TR ) [T el
(g, 1)dn(g 1) T (b g)u(g AL )
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Since both sides of (4.11) is a power series in g, ¢%, ¢, and ¢, when |q|, [t| < 1, R(a+
b+ 1) > 0and m > 0, which includes the established domain of validity of both (4.11)
and (4.8), we can use Lernma 3.6 to extend the validity of both (4.8) and (4.11) to this
domain.

The identity (4.8) can be simplified by taking the limit a — o witha+ b = 0. For
this purpose, we first take the ratio of (4.8) to that obtained with i1 = 0, thus obtaining

CT (TTiei (x: (5 a4, )W)
CT (T (5 9)al: oW ()
g1l [gb L [g=0]8 (ot L, AT (4,0)

= Py YRR ’ @.12)
un(g, t)dn(q,t) [q=* 0]} [q"’]_’ﬂ++b Ny (g, 1)

where we used the facts that [q‘b]g” =dp = up = 1. Computing the the asymptotics
requires

Lemma 4.5. [7] For a Laurent polynomial f(x1,...,x,), we have
glat1] / b1 (g% q)es
(Fq{ BT la+b+1] H R e oy A L)

= (M_(_’_ﬂ_.‘.) (ﬁ Xisq)a\— (1 bf( (b+1 aq—(b+1)x'l)) ’

(q7 )a+b i=1

where fol fx)dgx:=(1—q) X5 flg)q’ is the g-integral.
Remark. There is a typing error in the statement of the above lemma in [7].

Lemma 4.6. Supposet = g* where ) € Z>o. Then

ocr (n 155 @)a( 5 Qo (x; 4, I)W(X))
lim

— MB+1) £ 8.
lim =g BB q,1). (4.14)
iz T (TTLy(s Qal s oW () !

Proof. Fixing a+ b = 0 and applying Lemma 4.5, we obtain
CT (T, (35 @)a (5 9)oEn (s 4, HW ()
CT (T (4 @)al; )oW ()

(b+1 lanz—lfa dgxix; b= IEn(X, q, t)W(x)
T fo doxixy 7' W (x)

= 4 (4.15)
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Using the definition of the g-integral, we have
n 1 R
H / dqx,-xi"b _lEn {(x: g, )W (x)
=170

=(1-q" Y g Ebw(gh,... ") E(d",... .47 q.1).
LA AN

Suppose A € Z o . Then
W(g,...,d) =0if kiy; =ki—A,...,ki+A—1 while W(1,4*,... 4" ) #£0.

It follows that in the limit g — o witha -+ 5 =0
n 1 . ) - .
I_I/O dqx,-xi‘b~1En (x; g, i)W(x) ~(1- q)nq—bz.‘:ﬂu(t I)E“ (l‘§; g, Z‘)W(té), (4.16)

Substituting (4.16) into (4.15) gives (4.14). 1

Lemma 4.6 gives the asymptotics of the left-hand side of (4.12). We now seek the
asymptotics of the right-hand side of (4.12). Use of (4.9) and (4.10), along with

Iyix+4q]
qf[‘q[x] ~[xg, as x— oo
shows that, in the limitg — o witha+5b =0,

g1 ~ " (1 - gl -], (4.17)

[q—a—b]%t+
'[—,,;]‘%;ﬁ ~ (= 1)1 — g)~Inlg(ambt T inf (f+1) gt (4.18)

a7

{q—b]q’t lyn ntnt Ursy f

b — (—1)Mlg 2T (741~ ){q1+7&(n—1)];?];_ (4.19)

[q~b}‘££++b
Substituting these results into the right-hand side of (4.12), and using Lemma 4.6, we
have in the limit g — cowitha+5 =0, A € Z>g, and 1 > 0,
lg" M A (0,0

518, — )
) = @D A (g 1

(4.20)

Since both sides of this expression can be written as a power series in g and ¢ for
0 < g,t < 1, we can apply Lemma 3.6 to extend the validity of this result to all A > 0.
Using this result, (4.17) and

i (= 1)l (1) g(alnl+ ZLy mifni+1)
et [g*tetrin=1]

H

9t
'q‘i‘
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we can simplify (4.12) to obtain
CT (I (v @)alZ; @) 0, )W ()
CT (T (53 Da( £: )W ()

= StDmIE, (/8. [q—b]%i 4.21
= q n(t*, q, I)W. 4.21)
n+

It follows from (3.4) and Lemma 2.4 that {Ey }q+— and {£y}y+— span the same set
of functions. In particular, we can write

Efxg,0)= Y  cmEy(xg0)
{nint=p*}

for scalars ¢;n. Multiplying both sides of (4.21) by ¢,y and summing over distinct
permutations of u*, we then obtain

Proposition 4.7. Forall R{a+b+1)>0, |q],|t| < 1, t = g* andn > 0, we have
CT (T (33 9)a( 3 o (3 4, )W () )
CT (T2, (5 9)al & @)W ()

—b]q,!

S 422
[q1+a+7»(n-l)];1]’l' (4.22)

= q(b“)m‘En(té—; q,1)
Note that by multiplying both sides of (4.22) by d'y+ (¢,1)/d'v(g, t), summing over
distinct permutations of kK =n* and applying (2.35), we get back Proposition 4.7 with
E;, replaced by the symmetric Macdonald polynomial P.
Restraining A to be a non-negative integer we can use Lemma 4.5 to transform
(4.22) into a generalization of the g-Selberg integral.

Proposition 4.8. For all R(%1),R(k2) >0, |g| < 1, 1 =¢" A€ Zsg, andn > 0, we

have
n 1 .
M=t (9% Qe Wy 1A%
dpr = En(x g, ) [ [ (d T
[1, dort ™ ot et 0.0 [T

[ 1)]?.,1

n ol 1 (gxi ) i
= En(%: q,t / PRT R ik Ll § P NP I B
n( q ) {q%1+?»z+23t(n—l)}f]ﬁ g o GrA (qui; q)m g i (q X Q)ZK

4.23)
Proof. Apply (4.13) to (4.22) and write
= - - T —~An— 2%
W(X) - (_1)7\11( 1)/2qn(n DAa(a—1)/4 (fo (n 1)) Hx?k(ql ?\.x_J‘;q)Z}V
fe=] i<j t

ThenletA; = —b—Aln—1), My =a+b-+1. |
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The above derivation of Propositions 4.7 and 4.8 has some further consequences in
relation to the general theory. First, it allows new derivations of the g-Morris identity
and the g-Selberg integral.

Proposition 4.9. [27] For all R(a+b+1)>0, |g|, || < 1,1 = ¢* andn > O we have

CT (In_[(xi; @)a( %; q)bW(X))

i=1 4

ﬁ Fll+a+b+A(i— 1)1+ A @24)
=1 +a+7u(z—1)]r‘q[1+b+7\,(z—1)] J1+A] ’
Proof. Letn = 01in (4.11). Using (2.15) and the evaluation [1,9],
(E) _ I“g[xn +1]

The g-Selberg integral can be evaluated as in [7] by applying Lemma 4.5 to the
g-Morris identity and making some manipulations.

Proposition 4.10. [2] For all R(A1), R(ky) > 0and A € Z~g

-1 (gxs Q)w 2x g xx
/ Ay’ (%33 9)ee g 02
LylA + A3 — DTy + A — 101+ M

_ (RO T
FH O] T, + A2+ An+i— 2L [+ 1]

i=1

(4.25)

We can use (4.25) to simplify Proposition 4.8.

Proposition 4.11. For all R(A), R(A2) >0, lg| < 1, 1 = g* A € Zsg, and 1 > 0, we
have

i1 (@5 9)w o 24122
/ A e n(x g, gx v,fl)zx
A+ 1) TA +A(n = 1) + 071 Tg[ha + Mn — 1))
Toh+ 1A + A +A2n—i— 1) +n]
(4.26)

n
= g (2)+222(3) Eq(t%q,1) I—! Ll

This formula is a generalization of the integration formula of Kadell [16] and Kaneko
{17]. The formula of [17] can be reclaimed by multiplying both sides of (4.26) by
d'y+(g,t)/d'v(q,t) and summing over distinct permutations of x = n™ using (2.35).
Writing Eq 4, :x;‘lEn and noting that E, Ay (3 q,0) = Ml(Z)En(ts g, 1), it is clear
that (4.26) is true for all 1} € Z” as long as it is defined.

The second consequence of the derivation of Proposition 4.8 is that it allows us to
calculate the normalization constant uy(g, t) appearing in (3.1).
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Proposition 4.12. [26]

_ le’[(% t)
un(q, t) = @D 4.27

Proof. Using (2.16), (3.5), (3.14) and Ey(cx) = c'"'En(x) we obtain un(g, ) =
d'n(g,t)/dq(q,1) for A € Z3o. Since both sides of this expression can be written as
formal power series in g and £ if 0 < g, ¢ < 1, we can apply Lemma 3.6 to show that this
result is true for all A > 0. |

5. Symmetric Macdonald Polynomial Theory

In this section we will deduce symmetric analogs of Propositions 3.1-3.5 and 4.12. This
will be done by exploiting the relationships between the symmetric, t-antisymmetric,
and nonsymmetric Macdonald polynomials.

In order to deduce the analog of Proposition 3.1, we need to derive the following two
results. The first reveals the relationship between the symmetric and #-antisymmetric
Macdonald polynomials.

Lemma 5.1.
n(n-1
Sers(vg,1) =177 T A{x)Pe(x; g, qt). 6.
Proof. Consider
1
(8 (3)Pe( 4, 1), A ()P (3 4, 40 = CT (H(xi - ;xak(x)) SNEE)
i<j
where
(qx Do (g5 @)en 111
h(x) =T ]( “ 5T p g, qr) P+, —
,U,xz 15 @) (9135 9)es P
is an antisymmetric polynomial. Let [n],! := [T}_;[/]a- It follows from the identity
A (H(xi —axj)) = [n]a! ] J(xi = x)),
i<j i<j
that

CT (H(x; - axj)h(x)> = L’—E—?—!CT (H(xg -—xj)h(x)) . (5.3)

i<j
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Applying this result twice to the left-hand side of (5.2) gives

(e (9P @, a0), A (P 0, 01)) e = [{Q},q (H(x, — ))

i<j

1!
= T (Pe(x,9, 1), Pu(x: 4, Gt)) g,

~1!
= E—i—,-(l’x(x; 9, 1), Pc(%; 9, 91)) g,q: Si-
q-

The polynomials ~*~1/2A, (x) Pc(x; g, qt) then form an orthogonal set with respect to
() -)q,¢- Since they also satisfy (2.33) with leading term m’,,.5, we obtain (5.1). |

Lemma 5.2. We have
u~® (H( 1—1xy;)(1 —iji)> = A (x)A-1 (). (5.4)
i<j

Proof. 1t follows from (2.26) that (5.4) is equivalent to

a7t (x) A% (H(l — ;)1 —xm)) =410, (5.5)

where 4 is the antisymmetrization operator with respect to x. Arising out of the theory
of the Schubert polynomials, we have the reproducing kernel (see, e.g., [23] (2.10),
(5.15),(5.2))

AT AW (Fx)C(x, 2)) = f(z), (5.6)

where C(x, z) := 1< j(zi — x;) and f is any linear combination of monomials x where
1; < n—ifor each i. Substituting f{x) := f(x,y) :=y§H,~<j(l —xyj),andz:=1/y, we
obtain (5.5). | |

We can now give a new derivation of the symmetric analog of Proposition 3.1.

Proposition 5.3. [24] We have

ny!% Z PKx‘]s )Px()’;%f),
K )

O(x,y9,t) := H (xj; 9)e (5.7
i j=1 (xiyj3 () @)=

for scalars vi(q, t) independent of n.
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Proof. To derive (5.7), we apply U~ to both sides of (3.1). On the left-hand side,
write

Qx,y:9,1) =T(x, y; g, gt) [ [ (1 = txiy;) (1 — x;91).
i<j

Since U™ commutes with symmetric functions Lemma 5.2, we have
UmY0(x, ¥ 4,1) = A1 () AT, ¥; g, 1) (5.8)

On the right-hand side, we use (2.34) and Lemma 5.1. This gives

A1) A (D)TL(x, y; g, gt) = Z*Y‘;(q’ ) ), (5.9

[} “P(‘]’ t)

b

1
Ay (x) P+ _5(x; g, 1) Ep(x; L
where # denotes that the sum is restricted to p with distinct components. Now, applying
v-v ;-1 to both sides of (5.9), we see that A,_1(y) is replaced by [n],!A,-1(y) on the
left-hand side, while on the right-hand side E(x; ¢!, # 1) is replaced by using Lemma
5.1. Cancelling A,—1(y)A;(x) from both sides and summing over permutations of p

which give the same x gives (5.7). The stability property of the symmetric Macdonald
polynomials [24]

P(K;,‘..,K,,”l)(xls"' »Xn—13 4, t); X, =0,
Pe(x1,0 5 %n-1,059,1) = (5.10)
0, K, >0
applied to (5.7) shows that the v{g, 1) are independent of n. |

Define the polynomials g«(x; g, t) by [24]

I(x,5; 4,1) == ) gx(x: g, 1)mx ().

Corollary 5.4. (cf. [24, pp. 310, 311, 313]) Define an scalar product by

<PK(X; q, t)? Pp(ﬁ q, z‘)>g = Vx(q, Z)S'm(.

We have

(8u(x: g, 1), me(x))g = Sy

and hence, the g,(x; g,t) are a basis for the ring of symmetric polynomials with coeffi-
cients in Q(q, 1).

Proof. Similar to the proof of Corollary 3.2. |

In order to proceed further with the development of the symmetric theory we require
the following symmetrization formulas.
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Lemma 5.5. Letn® := (n*) and f; := f;(n) := #{i|n; = j}. Then

ny

(a) Pyt (5 ¢, 1) =72 T ! U Egr(x; ¢, 1), (5.11)
j=0 UjL"l :

(b Spr (6.4, 1) = (=1 VU E e (x: g, 1), (5.12)

Remark. Using the theory of the symmetric Macdonald polynomials, Baker and For-
rester [5, (5.8), (5.18)] derived a more general formula for the constant relating to U +En
and P+ . Their expression is not in the same form as (5.11), although they can be shown
to be equal using the first equality of (5.14).

Proof. We shall only consider (a) as the proof of (b) is similar. Since U™ f is symmetric
for all f, it follows from (2.3) and the triangular structure of E# that

U Bl ) = U+ T aumo)
pu<nt
for scalars a,,. From (2.30), we know that U/ +En;a is a scalar multiple of P+. To find the
scalar multiple, we need to determine [my+ |U +x1% . We first determine [ma+ U It
follows from (2.3) that
Tox" = cox™" + Z Co,pu,
plut<t
s0
Ut = ] ) T
olont=n+*
Since Tix{x}, | = tx{x{, ,, we have
[xn+]U+xn+ _ }: tl(c)’
olont=n*

and so
N

W =] Y A = Hfmn

=0 oleSym)

. + . .
Since UTx"" is symmetric, we then have

nf
[ JUTST = ]!
i=0
Hence, from Lemma 2.7, we have

[ JUHT = (20D 2\

”"IWHU M)t ! (5.13)

j=0
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We can now deduce the symmetric analog of Proposition 3.5.

Proposition 5.6. [24]

A0 [n], 1 enr(q, 1) _ ) by+(gq,1)

+({t%q,t , (5.19
i a0)= H?:lo[fj]rl- (g, 1) hn+(g,1)
where
he(g, 1) = [J(1 — g9,
o0 =11
Proof. Applying Lemma 5.5(a), we have
5 2‘-n(n—l)/Z
P+ (1% g,1) = = Y (ToEp(xq.1))| _s-
Hji—(}{ j}t“i f o€Sn
Using (3.6), we obtain
t—n(n—l)/ZZ s tl(o‘)
Py (1% q,1) = = S Enr(t% q,1).
IT jzom]t*l !
Since 1"~ D/2y es, 1O =y, S,; = [n],-1!, we obtain the first equality in (5.14)
by using Proposition 3. 3
The second equality follows immediately from the identities
En]t! enR(% 1) _ bn*'(‘?: t), (5.15)
ol 4t 1) P (41
! T Ul
A=ty e 132 (5.16)
[t g L3l
For the first identity, we use (2.16) and (4.9) to obtain
€nr (g,1) 1 £ + ,
= ——1lom +n—i+1
bye(gn) T L1 '
y n—fo(m)
- (! I lenf +n—i+1]. (5.17)
Al
It suffices then to show that
h , dar(g,t
n+(q ) &g, 1) (5.18)

Mol T lomt +n—i+1),

This is an easy consequence of a natural g-generalization of the argument used in [6] to
prove the corresponding identity in the Jack polynomial theory.
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We now turn to the second identity. Noting that %l‘—;—, = prlm=1)/ 2 we have
1

!y Uit _ seenp-silostn-ne
[n]t_l!j o Lfil! .

—
~+

1l

It follows from Lemma 2.1 that
1n®) =1(o)+1(m"),

where G is the permutation of minimum length for which N+ = 6(n®). Since the mini-
+
mum of such a length is [(¢) =n(n—1)/2 — Z?_‘_,ij(fj —1)/2, we obtain (5.16). &

Proposition 5.7. [24] Ler ALY (g,1) = (Px(x; 4, 1), Pe(x; g, 1)) g0 Withm™ =%, we
have

N.Efﬁ(q,f): ! d'n+(q,t)enk(q,t>:bn+(q,r)d’n+(q,t) (5.19)
A (g0 M W@ 0@ " ylg el

Proof. We have

(UYEqr, UYE)g,: = ZS (UYEyr, ToEqr)g, = Zg (Ts "UTEr, Eqr)g,i
CESp OES,

= Y 7O U Ewr, Eqr)g,e = [l (U T Eyg, Eqi)g,r-
CES,

In the second equality, we use the fact that Ti_1 is the adjoint operator of 7;, while in the

+
third equality, we use (2.23). Multiplying each side of (5) by H:.Llo 1/[f]e!fjl~1! and
using Lemma 5.5 we obtain

ln=1/211
<PT\+7 Pﬂ*‘}q,t = —‘T]?CLL}_(PM’ EnR>q,t~
iz [fi]:!

Using (2.35) and the orthogonality of the nonsymmetric Macdonald polynomials, we
obtain

[)!  d'y+(g,1)

Hm() {fj}ts d!nR(q, t)

j=i

(Pn+,Pn+>q,; <EnR, EnR)q,;.

Dividing each side by NE)P) {g,1)= 9\[(0@ {g, t) and using Proposition 3.4, we obtain the
equality on the right-hand side of (5.19). The second identity follows from using the
identity (5.15). 1
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It remains to establish the analog of Proposition 3.5 and to specify the constant
vi(q,¢) appearing in Proposition 5.3. We proceed as in the derivation of Proposition 3.5
using (5.7), (5.14), and the identity

1 1
bﬂ+( _.,(l(n“‘>+l’(n+)—(n-*l)m|) bn+ (q,t).
th+ L t hn+(45t)
We obtain
n (axis q [a]?
H : =) ! Py+(x; g, 1). (5.20)

= (xu‘I)w n* Unt (g, t>hq+(q’ 1)

Now substituting (2.35) for P+ and comparing the results with (3.13), we can read off
the value of v+ (g, 1).

Proposition 5.8. [26]

d'«(q,1)
e )= 05

Substituting this result back into (5.20), we obtain the g-binomial theorem involving
the symmetric Macdonald polynomials.

Proposition 5.9. [17]

Tl Q)‘” Z (634, 1), (5.21)

=1 (xh oo K R 7
As an application of the above theory, we can derive the value of the constant
Yn (g, ) appearing in (2.34).
Lemma 5.10.
NG 0(,;4-)(‘17 t)k()c) (g, qt)
dp+(q,1)dyy (4, gt)

'Yc-;(p+)(qa t) = ( ) ) (522)

where p* =k +38.

Proof. Substitute (5.7) with ¢ = gt into the left-hand side of (5.9) and cancel A;(x) from
both sides. Noting that Pc(x; ¢, 1) = Pc(x, ¢~ 1, t™1), we obtain

Pe(x; q, gt) A1 (v) Px (y, L l)

< vx(g, q1) q’ qt
e (g ) , 11
"_Z up(q: I)P(K)(x’ q, qt)EP (y’ 5) ;’) . (523)

Using (2.35) and (5.1), we can write

11
A1 ()P (y,l .1_) — 2( )I(G)Cﬂp—(iq’;_)_ G(p+)< é %) . (5.24)
q’

1
9 q &S, T
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Substituting (5.23) into the left-hand side of (5.23) and equating the coefficients of

Pe(ys 3 31) Eopr) 3 3o 5), e obtain

o) Uoph) (4: 1) dofer) (3> 7)

Voery (@ 1) = (=1)'¢ : (5.25)
oo @ ) dp-(1, 1)
To obtain (5.22), we simplify (5.25) using the identity
11
dp"‘(q?t)dc(p“")(aa 7) _ ~i(o)
dG(p+)(47 t)dp“'(és %’) ]

The expression for the constant Votn+) (g,t) in Lemma 5.10 can be simplified using
a natural g-generalization of the argument in [6]. The simplification gives

Lemma 5.1¢/

d/c(n+) (g,7)

- 1) = (=1)10) .
Yc(n"l‘}(q ) ( ) d;nR(q’ t)
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