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Abstract. By analyzing the Bethe-Salpeter equation for even 12(¢), models
we show that for weak coupling the mass spectrum is discrete and of finite
multiplicity below 2m. Moreover on even states of energy less than 4(m—g)
we show that the S matrix is unitary. Here m is the physical mass and ¢ =¢g(1)—0
as A—0. Our results rely essentially only on a simple assumption about the
analyticity of the Bethe-Salpeter kernel which has been verified for weak
coupling. For the interaction A¢*, (1/m3<1) we show that there are no even
bound states of energy less than 4{(m—s).

Introduction

We investigate the energy-momentum spectrum for even A19(¢), models via the
Euclidean Bethe-Salpeter equation. Let P=(P° P') be the energy-momentum
operator acting on the Hilbert space of states # and define Qe # to be the
vacuum. The first results concerning the spectrum of P were established by
Glimm et al. [1,2]. By using a weak coupling cluster expansion, they showed
that the closure of the span of

N
Qe po( fIR, ... ¢ T] dol /), i€ CEMR)

contains all states of energy less than (N + 1)(m—¢) for A (depending on N) suf-
ficiently small. Here g(4)-0 as A0 and ¢4(f;) denotes the time zero field smeared
with f. It was also shown that for even & the mass operator restricted to the odd
subspace of # has exactly one eigenvalue m on the interval [0, 3(m—¢)]. As a
result the Haag-Ruelle theory [3] yields the existence of an isometric § matrix.
It has recently been shown that S51 and is asymptotic in A [4, 5, 13]. For the
special case of 1¢* bound states of energy less than 2m were excluded by using
correlation inequalities [2].

*  Work supported in part by NSF, Grant MPS 74-13252
** Present address: Istituto matematico G. Castelnuovo, Universitd di Roma, 100185 Roma, Italy



2 T. Spencer and F. Zirilli

The Bethe-Salpeter kernel in quantum field theory is analogous to a non-local
potential in quantum mechanics. The Bethe-Salpeter equation takes the form

R(k)=Rq(k) = Ro(k)K(k)R(k) (1.1)

where k=(ko, k;) denotes energy-momentum vector. R, and R correspond to the
resolvents of the free and interacting two body hamiltonian in quantum mechanics.
See § 2 for precise definitions. Unlike quantum mechanics K is not given in closed
form. In perturbation theory the kernel K is the sum of all two particle irreducible
diagrams in a particular channel. There is a vast literature in physics which
investigates (1.1) in an approximation where K is replaced by its first order
contribution in perturbation theory. This approximation is referred to as the
ladder approximation and is frequently used by physicists to compute bound
state energies and wave functions.

In this paper we study the qualitative structure of the energy momentum
spectrum assuming strong exponential decay estimates on K in position space
(or equivalently analyticity in momentum space). These estimates have been
verified in [6] for weakly coupled A%(¢), models by extending the cluster
expansion of [1,2]. In §3 we prove that these results imply that K is compact
relative to R,,. The compactness of K enables us to show that on the even subspace
of energy less than 4(m—g) the spectrum of P is equivalent to that of a free theory
of mass m apart from possible bound states. (See § 5.) By the theory of spectral
multiplicity and the Haag-Ruelle theory, it is easy to establish a restricted form
of unitarity for the S matrix. For the case of weakly coupled A(¢*), we exclude
bound states of energy less than 4(m—¢). Here we use the fact that K is repulsive
to first order for A¢*. Bound states are expected to occur for A(¢p® —¢*) for weak
coupling because of the infrared singulatities in one or two space dimensions
and the fact that — J¢* is attractive.

Next we wish to explain the connection between our work and that of Bros®.
Several years ago J. Bros [7] made a study of the Bethe-Salpeter equation in the
framework of axiomatic field theory. He assumes asymptotic completeness in
addition to a number of technical assumptions in order to obtain decay and
regularity properties of the Bethe-Salpeter kernel. These properties are slightly
stronger than those proved for A%(¢), in [6]. Now using the Bethe-Salpeter
equation and compactness techniques, he shows that the four point function hasa
double sheeted meromorphic continuation in the energy across the cut [2m, 4m].
The poles on the second sheet should correspond to resonances. Thus, although
Bros does not analyze the energy momentum spectrum (since in fact he assumes
asymptotic completeness), some of our results are implicit in his work.

This paper has only started to answer the fundamental questions concerning
scattering in constructive quantum field theory. There are many techniques of
potential scattering theory such as dilatation analytic methods which may be
useful in the study of the S matrix. The most obvious open problem is to study
three body scattering for A¢* with the three body equations presented in [8].
The spectral multiplicity techniques used to prove the main theorems of this
paper fail to yield unitarity in the three body region®. Hence the solution of the

L' We wish to thank Professor A. Wightman for pointing out this connection
?  SeeRemark2in§2
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three body problem may give some insight into the problem of full unitarity for
A¢*. Another problem is to obtain our results away from the weak coupling
region. This requires new estimates on the Bethe-Salpeter kernel. We expect that
for strong bare coupling such estimates can be obtained by extending the recent
cluster expansion of [12].

§ 2. The Bethe-Salpeter Equation

The Euclidean Bethe-Salpeter equation for an even A%(¢), quantum field model
has the following form

D(xy; x5, X3, Xg)=Dolx 15 X2, X3, X4)

- _fDo(xh X35 Vis }’z)K()’p V2 Y3 VAP 3, Yar X3, x)dy  (2.1)

where x;=(x? x}) and y,=(y? y}) are Euclidean coordinates and K is the Bethe-
Salpeter kernel. Here
D(x 1, X3 X3, X4) =5Mx1, X5, %3, X4) = SPx 1, x2)8P x5, x,)

and

Do(xq, X35 X3, X4)= S(Z}(xp x3)8 P x,, X4)+ S(z)(xp x4)S(2)(x2, X3)

and S?), S denote the two and four point Schwinger functions respectively.
The Bethe-Salpeter kernel and (2.1) are defined whenever the physical mass is
positive [8].

We reexpress (2.1) with the following change of variables:

wa“‘xi _X4'_X3 _x4+X3_X1+X2
=3 =" YT 2
, Va1 ,_Ya—Ys _XitX Y+,
¢=73 e 2
T,,=Y4+J’3__x3+x4
2 2

with £=(&o, &1), 1=(0, 1), etc. Using the translation invariance of D, D,, and
K and the t— —1 symmetry Equation (2.1) can be written

D(z, &, ) =Dy(z, & )~ [ Doz, & EVR(t — 7' — 1", &, 7))
-D(t", y, )d& dn/'dr'dr” . (2.3)

Let p, ¢, and k be the momentum conjugate variables of &, 5, and 1 respectively
and set k=(ik,, k;). We define

Rk, p, @) = [ D(x, & e+ rerangrgzy
(ks p, @) = [ Do, & e FH et angrgedy
Kk, p, g)= jk("& ¢ ﬂ)ei(tlﬁ+p'§+q'")dtdfdn .
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If we consider (2.1) as an equation for integral kernels of operators acting on a
space of functions invariant under {— —¢ we have

Dk, p: g)=0(p+@)Ro(k; p)

where
- ’
Ryl p)= 25“( f}s*(p ; ) 2.5)

S denotes the Fourier transform of the two point function. Using the fact that
the integral (2.2) is a convolution in the t variables, it is easy to show that (2.2)
may be written in the following form

R(k, p, 9) =R(k, p)3(p +q) — { Rok, p)K(k, —p, )Rk, ¢, )dq’ 2.6)
or as operators
R{k)=Ry(k) — Ro(K)K(K)R(K) .

The Feynman-Kac formula connects the analytic properties of R(k) with the
spectrum of the energy momentum operator P=(P,, P,). Let dE(p) be the joint
spectral resolution of P given by the SNAG Theorem [9] so that

e =™ rdE(p).
For £,=#,=0 note that
D(z, & ) =<0(E,), e~ IPoei™ P10 )) .
The inner product on the right is in # and
0D =o€ )po(— )R — (L, Po( —E1)Po(E DR

where ¢, denotes the time zero field, @ is the vacuum. Hence for " and g" belonging
to CZ(R') we have
§ e[ 5(E0)o(10) £ (1) (E,)D(x, & n)dnde
= {R(k, p, 9) f (p1)9(q:)dpdg
— §<9(f)€— i?o{i’eex‘tzf‘ie(g)>eifkd,€

i 1
= Jotp =) | o OB 2600 e

The convergence of the dt integration follows from a mass gap which we assume
throughout the paper. In § 3 and 4 we study the analytic properties in k of

{R(k, p, 9 f (D)g(g)dpdyg .

In §5 we discuss the consequences of these properties for the spectral measure

dE(p).
Now we state the conditions we assume throughout the paper. Let #™* be
the subspace of even states in 2# of energy less than a.




Scattering States and Bound States in 12(¢), 5

Condition (*):
A. The two point Schwinger function § has the form
S(p)=— ' . [ @*+d® 'dpla), 0=8,<m. (2.8)

pz + mz m+ 280
B. The closed subspace of # spanned by
Q, eix?g(f)

for xeR? and feCZ(R') contains A2+ %),
C. The Bethe-Salpeter kernel K is bounded and analytic in the region

Imgol, |Im pol £20,
Hmg,l, Imp,;| =28, (2.9
Reky|S2(m+0d,).

Condition (*) has been established for the case of weakly coupled even 2(¢),
models in [1, 6] with d,=m—s&(4) and 3, =¢&(4)/2, &(A)—0 as A1—-0. The following
additional condition enables us to eliminate bound states in the weak coupling
region by isolating first order repulsive § functions.

Condition (**): For sufficiently small 1>>0 the Bethe-Salpeter kernel has the
form

KXy, .oy Xg) = A0(x; — x,)0(x5 — x3)0(x3 — x4) + A2 K[ (X5 X5, X3, X,) (2.10)

where K, (k, p, g) is analytic and uniformly bounded in 1 for k, p, g satisfying (2.9).
This has been verified for weakly coupled A(¢*+Q(¢)), models in [6] where
O(¢) is a positive even polynomial of degree greater than four.

Let #,ou be the in(out) states constructed by the Haag Ruelle theory. Hence
Hinou 18 the closure of states

Zim []e(s9e
(+ )
where

fﬁi)(p) = ltPo~Vpi+m?) f(i)(p)

and f%(p) are smooth functions whose supports are disjoint and contained in
neighborhood G of the one particle mass hyperboloid. G is defined so that its
intersection with the energy momentum spectrum consists only of the one particle
hyperboloid.

Let A, denote the closed subspace of # spanned by the eigenvectors of the
mass operator M=(P%— P%)!?. We shall restrict our attention to vectors of
energy less than 2(m+6,) so we define

%2(m+éo):%m%2(m+éo)

and also
2{m+ d, 2im+ 5,
Al 0’:32”(qm a¥ 2N
n in

The following Theorems will be established in § 5.
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Theorem 2.1. If condition (*) holds, then the spectrum of M[ A#L™* % has ar most
one point of accumulation at the threshold 2m. The unitary representation of the
Lorentz group carried by each eigenspace of M of mass less than 2m is a finite
sum of irreducible representations.

Theorem 2.2. If condition (*) holds, then

2+6___ 2(m+ 3 Z(m+d
2 0) _;f(m 0"“‘%0(3: o)

in

Theorem 2.3. Suppose both conditions (*) and (**) hold. Then for sufficiently small 4
(and fixed bare mass)

%Z(m-i- do} ¢?fZ(;er»éo)
(out

Remarks. 1) To establish the discreteness of bound states below the threshold 2m,
it suffices to take 6=(0,0).

2) To analyze the absolutely continuous part of the spectrum, we show that
the absolutely continuous spectrum of P has multiplicity 1. Let #2™ % be the
corresponding invariant subspace. Since the in and out states are absolutely
continuous of multiplicity one, we have

%2("1‘!"50) — %Z(m%- S0} __ %2(m+ 60)

This yields unitarity of the S matrix for energy less than 2{m+d,).

3) Note that we have excluded singular continuous spectrum for the mass
operator, but we have not excluded eigenvalues embedded in the continuum
except in Theorem 2.3.

4) If K satisfies condition C, then there are no bound states below m+d,.
To see this, we observe that a bound state of lower energy would create an ad-
ditional subspace of absolutely continuous spectrum of energy less than 2(m+d,)
corresponding to a pair of bound states. This violates Theorem 2.2.

§ 3. K(k)R, (k) is Compact

In order to obtain information about the spectral resolution of the energy
momentum operator dE(p) we shall analyze the singularities of R(ky+ie, k)
where k, and k, are real and ¢—0. We shall define a Hilbert space A4; such that
K(k)R(k) has an analytic continuation as a family of compact operators for fixed
real k, and for k;, belonging to

Det, 8, 64, ky)
= {ko:|Reko|S2m+3,), and arg(ko—|/ ki +4m*)%a} (3.1)
for small .

Thus matrix elements of
R(ky=R(k)(1 + K (k)R (k)

for fixed k, are meromorphic functions of k, for koe Z(a, ¢, 04, k1). The choice
of a is equivalent to the choice of a cut whose branch point is the threshold
V ki +4m?.
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The compactness and analyticity of K(k})R(k) rely on the choice of a rather
complicated Hilbert space. To motivate our choice of Hilbert space, we fix k; =0
and consider Rg(ko, 0) as a bilinear form on L*(R?) x L*(R?). For [Rek,|<2m,
Ry(ko, 0) is analytic in k.

However, Ry(ko,0) is not analytic when |Reky|=2m even when Imk,=+0.
This is because

(po—ike)* +pi+4m* =0
has a real solution pe R?> whenever |Rek,|=2m. We can regain analyticity in kg

(for Im ko =0) if we replace L? by a space of analytic functions. To illustrate this
idea, note that if f{p,) is analytic and bounded for |Impy|<a

j S lpo—ike)* +pi +4m*]™ dp,

is analytic in k, for 0<Rek,<2m+a. We eliminate singularities of the integrand
by shifting to contour of integration to Imp,= +a.

We now turn to the definition of our Hilbert space. Let w(p)=[pi+p?+
16m*]723. Let A, be the Hardy class of functions analytic in the region

Hmpo| £260; Tmp,| <26,
and such that f (p)= f(—p) with the norm given by

s HAé——SUp f (W) (p+io)fdp . (3.2)

€l —an

Here 0=(0¢,90,) and I;= {o={(o, 0 }}|ttg| £28¢; |0t,1£26,} and dp=dp.dp,.
In x space the norm is equivalent to

lfl jl[wf] (x)12 4dolxolpddulxal 1y (3.3)

where {wf1(x) is the Fourier transform of [wf(p) and dx=dx,dx,. We shall
show that K{(p)R(k) maps A; to A;.

Theorem 3.1. Let f =g, -g, where g,€ A; and let k, be real. Then as a function of k,
{Ro(k, p) f (p)dp (34

has an analytic continuation for ko in D(a, 8¢, 64, ky) for a and &, sufficiently small.
Moreover if 0 <k,<2(m+9d,) we have

tim { Y Ro(ko+ i, ks, p)f (p)dp

[0 for O<ko<|/ki +4m?
163 (kG — k3) ™ VA(kG — kT —4m?) ™1 f(A 1O, (kG — kE —4m?)' %)

Jor VIZ +4m? <ko<2Am+3,).

Here A, is the complex rotation defined so that

Aliko, ky)=(i(k§ —k1)'/2, 0) . (3.6)

(3.5)
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Proof. Since R, is invariant under the complex rotations A and det A =1 we have

[Rolko, k1. p)f ()dp= [ Ro((k§ ~ k$)''2,0, p)f(Ax *p)dp .
Hence we need only establish the theorem for k; =0. We represent Ry(k, p) using
(2.5) and (2.8). Let Ry, be defined by

Roolk, p)=32[(p —k)* +4m*1 7 [(p +K)* +4m*]
and set R,=R,— Ry, Recall k=(iky, k). For k, =0 note that

Roolk p)=%; [+ +4m*] ™ —[(p—FY +4n] 1} (3.)

In order to establish the analyticity of | Roo(k, p)f(p)dp we consider the region
0= {{py, p)| P11 <4m} and its complement R?~Q. Then we have

JRoolk,p) f(p)= QSI Roolk,p)o f (p)+ é Roo(k,p)3 f(p)dp + [ Roo(k,p) f(O,p1)dp (3.8)

where 6 f(p)=f(p)—f(0, p,). The first integral on the right is clearly analytic in k
since Ry has no singularity for pe Q'. By (3.7) the second term on the right of (3.8)
equals

8f[(p+l§)2+4m2]‘1 éj—p@dp—-S ] [(p—ky? +4m*] "1 é“ﬁ&)dp. (39

2 ikopo 0 ikopo

Since (ikopo)” 16 f(p) is analytic for |Impg| <2(m+6,) we can shift the contour
of integration to Imp,= —28;, +206;, in each of the two integrals in (3.9) re-
spectively. Here 8y <9, This yields analyticity in k for [Reky|<2(m+d,). The
region Q is used to ensure the convergence for large p of the integrals in (3.9).
Because

ﬁ}"g Im Rgolko +ie, ke, p)=0 (3.10)

uniformly in p when 0 <Rek, <2m, the two terms of (3.9) do not contribute to
(3.5) for 0 <Re k, < 2m. Moreover because they are analytic in the region 0 < Rek, <
2(m+ ), they don’t contribute to (3.5) in the same region.

The analyticity of

J ORqfk p)/ (pMdp

also follows by shifting the contour of the p, integration and again it is easy to
see that R, makes no contribution to {(3.5).

Now it remains to analyze the final term of (3.9). We compute the p, integral
explicitly by the method of residues. This yields

_fw Roolk, P)apo=8n{[kopp:)1lp1) — ko)1 ™' — [kop(p ) pp) + ko)1 ™'} (3.12)

where u(p,)=(p? +4m?)'/2, To compute the limit of (3.5) as £ |0 we use the identity

tim £ h(v)dv

210 T (0,5 (v—r)+¢

=Hh{r} when re(a.b). (3.13)
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Let v=up(p,) then

Py =1/ 2)2—4?’!’12 and dplZVE"v—-—sz

v? —4m
By (3.12), (3.13) and the symmetry f(p)= f(—p), we have
lim { ImRoo(ko +ie, ki, p)f(O, py)dp

£,0 R2

_lim8n | Ckot(po)pepy) —ko +ie)] ™ £(0, py)dps

g0 —
=lm8n | e[koul(v—ko)*+*)]™ (0> —4m*) ™ v f(0, (v* —4m*)'*)dv
£l0 2m
1672 (0, (kg — 4m®) )5 1k — 4m?) 112 (3.14)

which yields (3.5) for the case k; =0. Note that the second term on the right of
(3.10) does not contribute since Reky>0.

To establish the analyticity of
5 SO, p1)dp,
#p Ydpy) — kodko

across the cut (2m, 2(m+9,)) we deform the contour of the p; integration to the
contour given by

(3.15)

s+is  |sl<dy
t(s)=<s+id; >0}
s—ioy s< =90}
Along this contour
wt(s)) =2m+is2m+ O(57) [s| <&

=)/ 4m? + 52+ ils|8/)/4m® + 57+ O(BF) |s|> 5, .

Hence for 6, and o>0 sufficiently small (3.15) has an analytic continuation for
ko in D(a, d4, 87, 0). This completes the proof.

Theorem 3.2. If condition (*) holds, then for fixed k, and ge A; the operator
K(k)Rq(k):g— [ K(k, p, 9Ro(k. 9)g(9)dq

has an analytic continuation as a Hilbert-Schmidt operator from A, to A, for
koeD(a, 6, ky).

Proof. Let U be the unitary map from A; to L*(IR?, dx) defined by
(U100 =21 510 [wg T (x)

Then the Hilbert-Schmidt norm of UK(k)Ry(k)U ! is bounded by
[dxdy [l + 511D [y K (k)R (kjw™ T (x, yle ™ 20obol + a2

3.16
<const [w(p)*[|K(k, p+i26, ¢)Ro(k, ¢')w™ *(¢)Bs(d —q)dq'1*dpdq 316
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where

1 1
Bg)=—5—= 5—75-
D=2 1457 G+ a0
To bound the ¢ integral we follow Theorem 3.1 where f in (3.4) is replaced by

f@'; 9, p, K=Kk, p+i26, ¢ )w™(q)Bsq' —q) -

From the proof of this theorem it is easy to show that the integral has an analytic
continuation in ko€ such that

URO(kﬂ q/)f(q/a q» ps k)dqll é const W(‘l) .
Hence (3.16) is bounded by

fw(@Y*w(p)*dpdg < oo .

Theorem 3.3. Let Tik,) be an analytic family of compact operators for ky belonging
to a domain 9. Then either

(i) (1—T(ko))™* does not exist for all kye D
or

(il) (1— T(ky))~* is meromorphic in 9 i.e., there is a discrete set SCD of poles
such that T(koyv=v has a solution for kyeS. For koe \S, [1—T(ko)]™* exists
and is analytic.

The proof follows from well known facts about compact operators [10]. The
above formulation of the theorem has been frequently used in quantum mechanics.
See [11] for example.

Theorem 3.4. For fixed k, the operator [1+K(k)Ry(k)]1™! is meromorphic for
koe D, 8, 64, ky)-

Proof. We exclude conclusion (i) of Theorem 3.3 by noting that if Imk, is suf-
ficiently large the norm of the operator K(k)Ro(k) goes to zero so that
[1 4+ K(k)Ry(k)]™* exists.

§ 4. The Absence of Bound States

If condition (**) is fulfilled, the Bethe-Salpeter kernel is given by repulsive
& function to first order in perturbation theory. This condition enables us to
exclude bound states for weak coupling. The basic idea of the section is to eliminate
the infrared singularity of Ry(k) for k near the treshold by considering the
operator

o(ky=[Ro(k)™* +10] ™" “.1)

where 6 =08(x; — X,)8(x, —x3)0(x3 — x4). Let Ry{k, p, q) the integral kernel of Ry(k)
acting on functions ge A; in the following way

[Ro(k)g1(p)=[ Ro(k. p, 9)g(q)dq . 4.2)
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Note that Ry(k)ge A¥ because Ry(k) is a continuous form on A, x 4;, where 4}
is the strong dual of A, with respect to the L, inner product. Let
& ={ko|Reko £2Um+,)} \{kollmky,=0,2m<Rek,<2(m+5,)}
and set
& =) (kg —ki=c}.
ced

Lemma 4.1. Let Ro(k), Ry(k)s Ro(k, p, q), and Ry(k, p) be as above and ke&”. Then

2d*(k)  Ro(k, p) Rolk, q)
ok: p» )= Rolk, p)o(p —g)— — 4.3)
MR+ dky  d(k)

where

d*(k)=[dpRo(k, p).
Proof. A straightforward computation for y, e 4, using (4.3) yields:

A A2d*(k)

TR0+ AR+ 1) Ak)=v:)
where (k)= [dpR(k, pyy,(p). And for v, belonging to the range of Ry(k) we have
A A2d*(k)
(k)+1  Ad*(k)+1

(Ra (0 + )RR (0)=1,(p) + (z

RO(RXRG (k) + A0y 1(p) = (p) + (z -7
=1,(p) -

This completes the proof.

)%«»Ro(k, »)

For Imk, sufficiently large it is easy to verify by Neumann series the following
identity
R(k) = Ry(k)(1 + 22K 1 () Ry(k) ™" (4.4)

where K] is defined by (2.10). By analyticity (4.4) holds in 9.
We shall show that for sufficiently small 4

(1 + 22K ()R, (k)™

has no poles in {(ky, k)|0<Reky<2(m+3d,), Imk, =0}.
It suffices to show that for 0 <A<

1K (R)RG(K) 5. Sconst 4™ (4.5)

where |||y denotes the Hilbert-Schmidt norm in A; From Theorem 3.2 it is
easy to show that | K (k)Ry(k)l|y¢ is uniformly bounded (independent of i) when
koec2 is bounded away from the threshold k0=1/k§+4m2. In the following
theorem we establish (4.5) for k, near the threshold using the fact that

FRo(k, p, 9)dpdg = d*(k) — Ad*(k)[Ad* (k) + 1]~
=R (k) +1]" =001 (4.6)
Note that this bound holds even as d?(k)— 0.
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Theorem 4.2. Suppose conditions (*) and (**) hold, and Ry(k) is defined by (4.3).
Then (4.5) holds for k, =0 0<Reky <2(m+d,), uniformly as Imky-0.

Proof. As in the proof of Theorem 3.2, it suffices to show that

1 @)Retk, ' @)1l aidpie) < 5wt @)

where

f1(0) =K (k, p+i26,p’)
fod';9)=w"(q)Bsg' —q).

By (4.3) and (4.6) we see that (4.7) follows from bounds of the form
|[ Ro(k, p)g(p; 9)— 9(0; g)1dp| < const w(q) 4.8)

where g(p; )= f1(0)f2{p; @) or glp;: @)= f,(p; g) etc. Here we follow the proof of
Theorem 3.1. First we replace R, by Rg, in (4.8) since by complex translation it

is easy to show that éR, has no singularity near k==(2m, 0). We set
59(17, q):g(p, q)—-g((O, pl)a q) »

so that reasoning as in (3.8) and (3.9) one can show

[f Roolk, PYog(p, g)dp| < constw(q).

Using (3.12) the key estimate reduces to a bound on

§Roolk, P90, p1), ) —9(0, g)1dp
=47 [ [up Nu(p)* — k&)1 g0, py). 9)—9(0, ¢)1dp, .

We split the dp, integral into |p4| <1 and |p,|= 1. For |p,| =1 there is no singularity
near kq=2m and so

§ [lp)lpy)* — K31~ *[pi + 16m* 12 By(qo, Py — 4, )dp, | Sconstw(q) .

Izt

For |p,|=1 let g"(py; q) be the smooth function defined by

i
g(©, p,); 9)=9((0,0), 9) +p, [E 9(0,p1); 9) . +p39"(p1; 9)

B =

using the p,;— —p, symmetry, we see that the integral over {p| =<1 reduces to

pig"(p1, @)

=constw(q) .
pil=1 #(Ih)[p% +4m* — k]

dp,

This estimate is elementary using the factor of p7 to cancel the infrared divergence
of the denominator when k,—2m.
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§ 5. The Energy-Momentum Spectrum

In this section we show how the results of § 3 and § 4 can be applied to give informa-
tion about the energy momentum spectrum. Let A be the subspace of functions
in A; which are independent of p,. Note that the span of ¢ *0(f) for fe A} and
xeR? is dense in #2™* %) because AL contains the Fourier transform of functions
in CF(RY). We recall the formula (2.7) which connects R(k) with the spectral
resolution of P,

1
S RIS 2= [8(ps — ki) Lﬁ t ok d<o(f), E(p)o(f)> .1

for feA} and Imky+0. Let h be a smooth function. Then for real k, we have
181%1 { S, ImR(ko + e, ky) f Dhiko)dk,

=lim § 8(p, — k) Im [(po — ko +1) ™" + (po + k+12) ~ ' Th(ko)dkod<{6(f ), E(p)O(S)>

={0(p, — k)h(po)d<O(1 ), E(p)O(f)> (5.2)

where supp hCIR™. For the last identity we have used (3.13). Now let us consider
the spectrum of P for energy less than 2m.

Lemma 5.1. The spectrum of the mass operator below 2m is contained in the poles
of (1 +K(ko, 0)Ro(ko, 0) .

Proof. If b<2m is not a pole of [1+ K(kq, 0)Ro{kg, 0)]* then since R(k) is analytic
in a neighborhood of (b, 0) (with no cut) we have for k, near b and k, small

lsilrg<f, ImR(ko+ie, k) f>=0, fed;.
By (5.2) we have
{ dE@e™=To(f)

Ip— 3,0 <e

= | €*PAE@(S)

lp—b,0)f <
=0.

Lorentz covariance implies that dE(p) has no support in a neighborhood of
the hyperboloid of mass b.

Lemma 5.2. On each eigenspace of mass less than 2m the representation of the
Lorentz group is a finite sum of irreducible representations.

Proof. Let b<2m be an eigenvalue of M. Then from (5.1) we have for small £¢>0

@r)™" ¢ {f, Riko, 0) ko

lko—-bj=¢
=, J o dNEPIS)) - (5.3)
~pol<e
Note that since the poles of [ 1+ K(ko, 0)R(ko, 0)]~ ! are simple [by (5.1)] we have
O0=[14+K(b,0Rb,0)] ¢ [1+K(ke 0)Rqlko, 0)] *dkj. (5.4)

{ko—bl=2
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The compactness of K(b,0)Ry(b,0) and (5.4) imply that the range of §[ ]7' is
finite dimensional, say of dimension n. Hence (5.3) as a bilinear form is of rank n.

Now suppose the Lorentz representation is n+1 reducible. Then there exist
n+1 vectors v; belonging to distinct components of the representation such that

d<UiE(P)Uj> =5ij5(p% - P% - bz)dp

for small p,. Since the v; can be approximated by vectors ¢*F0 it follows that
the form (5.3) has rank n+1 which is a contradiction.

Next we analyze the spectrum above 2m. We shall show that apart from
possible bound states the energy momentum spectrum is absolutely continuous
and of multiplicity 1.

Let ¢; be the poles of [ 1+ K(kq, 0)R ko, 0)] ™! above 2m. For a CC[2m,2(m+
o)), let

C'= {lko, kp)lkg — ki =€*}n02

eeC

where

Q={(ko, k)|k§ — k3 =4m, 0=k <2(m+6,)} .

Lemma 5.3. Let C={c;}. Then for ke Q/C~ and f e Ay we have
lifg {SoImRkg+ie k) f D= Iig)l Wik f, Im Rolky +ie, W) [ 12 (5.5)

where

W (k) =lim [1 +K (ko +ie, ky)Rofko +ie. ko)™ (5.6)

Remark. By Theorem 3.4 W(k) is well defined and bounded for k¢C".
Proof. Let z=(k, +1ie, k,) and for an operator T(z) let

ImT(z)=2i)" [T(z)—T(z)] .
Note that

Im R(z)=Im {Ro(2)W(2)} =(Im Ro(z))W(2) — Ro(2) Im(W(2)),
and

ImW(Z)= —W(z) Im(K(Z)RoENW(z) .
Since

Roz)W(2)K(z)=1~[1+Ro(2)K(z)]"*

=1-W@)*,

the above identities yield

Im R(z)=W{(z)* Im Ro(z)W(z)— Ro(Z)W(ENIm K{(z))R(2)W(z}. (5.7

As £]0, ImK(z))Ro(z)—0 in the strong operator topology on A; hence the
second term on the right side of (4.7) vanishes as ¢}0, and the lemma follows.
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Remark. Lemma 5.2 and (5.2) imply that for p¢ C and feA}
d<O(f)E@)e™To(f)>

is absolutely continuous with respect to Lebesgue measure.
Next we show that ¢*F acting on the absolutely continuous spectrum of P is
unitarily equivalent to multiplication by ¢*% on L*(Q, d®p) i.e. the absolutely
continuous spectrum is of multiplicity 1. .

By Theorem 3.1 we can compute the right side of (5.5). For feA; and ke Q/C
we define

(Lf)R)y=m{kg — k) (kg — ket —4m*)VHW [)[ A4, (0, (kg — ki —4m?)/%)] .
Then we have

lim (g, ImR(ko +ie, k) f>=(Lf J(k)Lg)(k)
and so by (5.2)

A 0(g), E(p)e™70(f)y =L f)p)Lg)p)dp -

Let N be an open set containing C, (¢={c;}). Then the above identity enables
us to define a unitary map

U:EQ~N)#—-L*Q~N,dp)
which extends the map
U:E(@Q~ N)e>Fo(f)—e>?(Lf)p).

We have used the fact that ¢*F0(f) is dense in H#20* %),
Proof of Theorems 2.1 and 2.2. By the Haag Ruelle theory, P acts on E(Q)# ,,

out

as a free energy momentum operator. Hence the multiplicity of ¢ is one on
E(@)# ., . Since

out
E@Q~N)A# , CE(Q~N)H
out

inclusion must be equality for each neighborhood N of C”. The proof of Theorem
2.3 follows immediately from Theorem 2.2 and Theorem 4.3.

Acknowledgement. We wish to thank Professors J. Glimm, A. Jaffe, and L. Thomas for many helpful
discussions.
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