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L a m i n a r - F i l m  C o n d e n s a t i o n  on  a F la t  P l a t e  in th e  A b s e n c e  
of  a B o d y  Fo rce  

By ROBERT D. CESS, P i t t sburgh  35, Pa., U .S .A) )  

1. I n t r o d u c t i o n  

Analyses of laminar-f i lm condensat ion generally deal wi th  condensat ion of a 
sa tura ted  vapor  on a surface located wi th in  a gravi ta t ional  field and wi th  negligible 
vapor  velocity.  This problem was originally s tudied by  NUSSELT [1] 2) for the  case 
of a ver t ica l  f lat  plate,  and bo th  fluid accelerat ion and the rmal  convect ion  wi th in  
the  l iquid film were neglected. SPARROW and GREGG [2] have  recent ly  obta ined a 
solution to this problem wi thou t  neglect ing accelerat ion and convect ion  effects. 
This was accomplished th rough  appl icat ion of boundary- layer  techniques  and 
subsequent  ut i l izat ion of a s imilar i ty  t ransformat ion.  

A fur ther  considerat ion of laminar-f i lm condensat ion on ver t ica l  surfaces in- 
volves  a finite vapor  velocity.  Here  the mot ion of the  l iquid film is affected by  bo th  
the  grav i ta t iona l  body force and the  sweeping effect of the  vapor.  In  this s i tuat ion,  
a s imilar i ty  t ransformat ion  does not  exist, and a complete  solution to the  problem 
would b~ qui te  complicated.  Only approx imate  soIutions have  been obtained based 
upon the  assumpt ion tha t  the shear stress at  the  l iquid-vapor  interface is a cons tan t  
known quantity~). 

1) Heat Transfer and Flow Section, Mechanics Department, Westinghouse Research Labora- 
tories. 

e) Numbers in brackets refer to References, page 433. 
3) For example, see Reference [3]. 
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The purpose  of the  p re sen t  paper  is to inves t iga te  l aminar - f i lm condensa t ion  
on a flat  p la te  for the  case in which  no b o d y  force is present .  T h e  mot ion  of the  
liquid film therefore  resul ts  solely f rom the  sweeping effect  of the  a d j a c e n t  vapor .  
This p rob lem is i l lus t ra ted in Figure 1. A sa tu ra t ed  vapor  a t  t e m p e r a t u r e  Too flows 

Figure I 
Physical model and coordinate system. 

w i th  a f ree-s t ream veloci ty  Uoo across a cooled f lat  p la te  hav ing  a co n s t an t  surface 
t e m p e r a t u r e  T w. The vapor  condenses  on the  p la te  surface producing  a l iquid film 
of th ickness  & 

Physical ly,  such a s i tua t ion  can occur in one of two  ways.  First ,  if the  plate  is 
or iented  normal  to any  act ing b o d y  force; for example,  if the  p la te  is p laced 
hor izonta l ly  in a grav i ta t iona l  field. The second s i tua t ion  involves the  comple te  
absence of a b o d y  force as would  occur in a non ro t a t i ng  space vehicle. 

2. B a s i c  E q u a t i o n s  

I t  will be assumed t h a t  a cont inuous  laminar  film of condensa te  exists .  Le t  u 
and v be the  veloci ty  componen t s  of t he  liquid, and  U and V be those  of the  vapor .  
Tempera tu r e  is denoted  by  T. For  y < d the  equa t ions  express ing  the  conse rva t ion  
of mass,  m o m e n t u m ,  and energy  m a y  be wr i t t en  as 

Ou Ov 
O~ + ~ -  = O, (1) 

bu Ou ~2u 
u ~ + v o ~ - = ~  a y e '  (2) 

OT OT O~T 
u - b V  + v - 0 7  = ~ ay~ ' (3) 

while for the  vapor  (y > d) the  con t inu i ty  and m o m e n t u m  equat ions  become 

OU 0V 
ax + 3 7  = 0 ,  (4) 

r)U 0U 02U 
a ~ -  + v ~ -  = ~ ay~ " (5) 

The quant i t ies  e and  v are t he  t he rma l  d i f fus ivi ty  and  k inemat ic  viscosity,  respec-  
t ively.  Fur the r ,  the  nomenc la tu re  will be adop ted  t h a t  a phys ica l  p ro p e r t y  wi th  no 
subscr ip t  refers to the  liquid, whereas  the  subscr ip t  v denotes  t he  vapor .  

The b o u n d a r y  condi t ions  a t  t he  p la te  surface are u = v = 0 and  T = Tw, while 
T = Too for y = ~ and  U = L~ for y = oo. Three addi t iona l  b o u n d a r y  condi t ions  
are necessary.  Across the  l iqu id-vapor  in terface  b o t h  veloci ty  and  shear  stress 
m u s t  be cont inuous,  so t h a t  wi th in  the  f ramework  of bounda ry - l aye r  t heo ry  u = U 
and  /~ ~)u/Oy = #v r)U/r)y for y = d, where  # is the  d y n ami c  viscosity.  In  addi t ion,  
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c o n t i n u i t y  of mass  across y = r3 requires  t h a t  

~ (u d6 (U  d6 
d f f - - v ) y = ~  = ~ o  -2/~ -- V)y=~ 

wi th  ~ deno t ing  densi ty .  
E q u a t i o n s  (1) and  (4) are sat isf ied b y  i n t r oduc ing  s t r e a m  func t ions  ~o and  [P 

defined b y  t he  re la t ions  

by ' bx ' 
Def in ing  fu r t he r  

equa t ions  (2), (5), a n d  (3) 
equa t ions  

b~ v b ~  
u = - o y - ,  v = -  ~x " 

T - - T e o  V U o o  
O('q) -- Tw _ T~o ' rl = y 7~7; ' 

t r ans fo rm,  respect ively ,  to  the  o r d i n a r y  d i f fe rent ia l  

1 " +  2- 1 = 0 ,  (6) 

1 F F "  = O, (7) F "  + 2 

o"  + ~ / o '  = 0 .  (8) 

The  b o u n d a r y  cond i t ions  become  

/(0) = / ' ( 0 )  = 0 ,  e (0 )  = ~ ,  (9a) 

/ ~0 v ~5 v \ 
(Ob) 

F'(o~) = 1 ,  (9c) 
where  75 = d l/U~o/u~ x. 

One m a y  no t e  t h a t  equa t ions  (7) a n d  (gb) are ana logous  to vec to red  b lowing  or 
suct ion,  where  in th i s  case t he  vec to red  b lowing  or suc t ion  is specified a t  ~ = ~ 
r a t h e r  t h a n  ~ = 0. In  v iew of th i s  result ,  consider  a f u n c t i o n  G(~) def ined b y  

1 G" C "  + ~ G = 0 (10) 

w i t h  t he  b o u n d a r y  cond i t ions  

G(O) = G~, G'(O) = 0, G ' ( ~ )  = 1 .  

This  cor responds  to t he  p r ob l em  of n o r m a l  b lowing  or suc t ion  as t r e a t e d  b y  EM- 
MONS and  LEmH [4J, and  i t  h a s  been  shown  t h a t  vec to red  b lowing  or suc t ion  can  
be  d e t e r m i n e d  f rom t he  so lu t ion  of e q u a t i o n  (10) w i th  i ts  b o u n d a r y  c o n d i t i o n s  
t h r o u g h  use of a f ic t i t ious  or igin for 7. Consequent ly ,  t he  so lu t ion  of e q u a t i o n  (7) 
m a y  be  w r i t t e n  as 

F(~]) -- G (7 -- Y) , (11) 

where  y a n d  t he  app r op r i a t e  va lue  for G w are c o n s t a n t s  to  be  d e t e r m i n e d  f rom the  
b o u n d a r y  condi t ions  a t  B = ~ .  



Vol. XI, 1960 Kurze Mitteilungen - Brief Reports - Communications br~ves 429 

The q u a n t i t y  ~0 remains to be evaluated,  and this m a y  be accomplished in the  
same manner  as considered by  SPARROW and GREaG [2]. An over-al l  energy  balance 
on the  l iquid film yields 

x d 

0 0 0 

where c~ is the specific hea t  of the l iquid a t  cons tan t  pressure, k is the the rmal  
conduct iv i ty ,  and hf_ denotes the  la ten t  hea t  of condensat ion.  Wr i t ing  this in g 
te rms of the  boundary- layer  variables,  and le t t ing A T = Too -- T w, there  i sob ta ined  

( v ) I c ~ o d T ]  1 1(176) (12) 

with  P r  represent ing the P rand t l  number  (Pr  = v/e). Thus, a fixed value  of ~a defines 
the  pa ramete r  on the  left-side of this equat ion.  

3. A p p r o x i m a t e  S o l u t i o n  

The solution of the preceding equat ions  can be obtained by numer ica l ly  inte- 
grat ing equat ion  (6) and ma tch ing  this solution wi th  equa t ion  (11) th rough use of 
the boundary  condit ions a t  ~ = ~ .  Equa t ion  (8) m a y  then  be solved th rough  a 
separate  numer ica l  integrat ion.  Such a procedure would, however,  be somewhat  
tedious in v iew of the  number  of parameters  involved  (O~v/O, %/v, ~1~, Pr) ,  and an 
approx imate  solution will instead be considered. 

I t  m a y  readi ly  be verified tha t  series solutions of equat ions  (6), (7), and (8) are 
of the  form 

I ( , D  = U ~  - ~ -  %! + " ' 

'G/" 1 G= G(~ 
rOD = 6 w + (~ - ~')~ 2 3! (~ - e)~ + ' ' "  (14) 

0(~7) = 1 -  a ~ +  /32~_4!Pr a ~ 4 + . . . ,  (15) 

where equa t ion  (14) follows from equat ions  (10) and (11), G~ = G"(O), and/3  and a 
are constants .  For  all pract ical  purposes, i t  will be necessary to eva lua te  equat ion  
(14) only in the  neighborhood of zia so as to sat isfy the boundary  condit ions a t  

= ~a. The  assumpt ion  will now be made  tha t  ~ and (~/~ -- V) are suff icient ly smal l  
such tha t  the  preceding equat ions  m a y  be rewri t ten  as 

9) 

F(~I) = Gw + (~l -- ~)2, (17) 

0(~) = 1 -- a ~/. (18) 

Physically,  the  neglect  of higher-order  terms in equat ion  (13) is the  same as 
neglect ing accelerat ion effects wi th in  the film, since equa t ion  (16) gives 02u/~)y 2 = O. 
In  turn,  equa t ion  (18) neglects the rmal  convect ion  within  the  film, and the  resul t ing 
t empera tu re  profile is linear. 
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Equa t ions  (16), (17) and  (18) conta in  five unknowns (fl, y, ~, Gu~, G/o ), and four 
of these m a y  be eva lua ted  from equat ions  (9b) giving e = 1 / ~  and 

G'u' , (19a) 

=,~, (1 ~%) (l~b/ ~ v  ' 

The remaining unknown,  G~, has been t abu l a t ed  as a function of G w b y  EMMONS 
and LEmH [4!, and  an abbrev ia t ed  l ist ing of thei r  results  is given in Table  1. 

Table  1. Values of G~ [.4] 

Go I 0 i0.1 10.2 io.~ io.o I0.~ i1.0 11.5 I 2 I 5 i l o  i 
G~ i 0.332 t0.36910.40610.~3 10.563 10.045 [0.72910.945 11.1~9/2.590 1 ~.049 
Now, from equat ions  (16) and (18), equa t ion  (12) gives 

4 [ c ~ A T ]  ~ = ~ ~ ?~ h ~ j  " (20) 

Fur ther ,  for mos t  physical  appl ica t ions  (~v/o ~ 1) equat ion  (19c) m a y  be rewr i t t en  
as  

and combining this wi th  equat ions  (19a) and  (20) 

G w (4) 213 / ( a l l / 2  [ (~0)  { c ~ A r  ]]t2/a (21) 

(G'w'W ~ = - - 2 - -  t~ ~, ~ ev  \ P~ h ~  JlJ  �9 

Employ ing  Table  1, the q u a n t i t y  G;' v is comple te ly  de te rmined  for a given value  of 
the  pa rame te r  

Asympto t i c  expressions m a y  also be ob ta ined  for Gg. If  the r ight-s ide of equa t ion  
(21) is ve ry  small,  then  G w ~_ 0 and 

t! G w = 0-332. (22) 

On the other  hand,  if the  r ight-s ide of equat ion  (21) is large, then  G w _~ 2 G~' o [41 
and equat ion  (21) reduces to 

G,'~= y ~ % /  o~ \ P r h f e l ] "  (23) 

4. R e s u l t s  

The results of usual practical importance are the shear stress and heat transfer 
at the plate surface. Consider first the local shear stress T, which is given by 
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F r o m  equat ions  (16) and (19a), i t  is found tha t  

where Re is the  vapor  Reynolds  number  defined as Re = Uoo x/%. 
The shear stress results are i l lustrated in Figure  2. F o r  small  vaiues of the  

abscissa, a cons tan t  va lue  is a sympto t ica l ly  approached  given by equa t ion  (22). 
E q u a t i o n  (23) represents  the  asympto t ic  result  for large values  of the  abscissa. 
One m a y  note  t h a t  since accelerat ion effects have  been neglected the  shear stress is 
cons tan t  t h roughou t  the  film, and the  results for T also apply  at  the  l iquid-vapor  
interface. 

8 

I 3 - -  I 

'L2 2 

"is 9 
0.1 

/ 

i P L 

42 4~ ~6 48 1 2 

o (U' 
Figure 2 

Variation of local shear stress. 
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With respect to heat transfer at the plate surface, the local heat flux per unit 
area q is given by 

From equation (18), and writing the result in terms of a local Nusselt number 

N u  -- (Too q x 1 I/Re - T~.) k ,~ 

Combining this wi th  equat ions  (19a) and (20), then  

A plot  of the  Nussel t  number  is shown in Figure  3. For  small  values of the  
abscissa, the  asympto t i c  relat ion is found from equat ions  (22) and (25) to be 

N u  (Z ' l a /2  = 0.436 ~ ( 5 ~  [ P r  h,g ~]~1[8 (26) 
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Upon  combining equat ions  (23) and (25) 

N u  
t = 0 .5  

.Re \ Vv l 

which is the asympto t ic  expression for large values of the  abscissa. 

7.2 

7.0 

t 0 . 8 - -  
O.4 
o.2 

,Equstion (;7) 
,Equation(26) 

i r I i i I I I 

O.7 0..2 O.~ 0.6 0.8 7 2 4 6 8 lO 

o 

Figure 3 
Variation of local Nusselt number. 

(27) 

5. D i s c u s s i o n  o f  R e s u l t s  

I t  will be recalled tha t  higher-order  terms have  been neglected in equa t ion  (13), 
and t h a t  this corresponds to negligible accelerat ion effects wi th in  the  l iquid film. 
The neglect  of accelerat ion te rms  is therefore  permissible if the condi t ion 

is satisfied. F r o m  equat ion  (20), this m a y  be rewri t ten  as 

_ % j r  < 30. 
P r  hlg 

In  a similar manner ,  the rmal  convect ion wi th in  the fi lm will be negligible only  if 
higher-order  terms are small  in equa t ion  (15), and this gives 

% A  T 

A final r equ i rement  tollows f rom equat ion  (14) to be 

% A T  
P r  hfg ~ 3 .  

Therefore,  the  present  analysis is applicable if the last two condit ions are satisfied. 
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Admi t ted ly ,  the  present  results neglect  any  ripple effects wi th in  the  l iquid film, 
and this could be an impor t an t  factor  in the  actual  physical  process. Nevertheless ,  
the  analysis gives an insight  into the  physical  phenomena  involved,  and i l lustrates 
the effect of the  var ious parameters .  

R E F E R E N C E S  

Eli W. NUSSELT, Z. Ver. dtsch. Ing., 60, 541, 569 (1916). 
E2] E . M .  SPARROW and J.  L. GREGG, Trans.  ASME,  87 (C), 13-18 (1959). 
[3] W.M. I~OHSENOW, ]. H. WEBER, and A. T. LING, Trans.  ASME,  78, 1637-1643 

(1956). 
[4] H. W. EMMONS and D. C. LEIGH, Tabulation o/ the Blasius Function with 

Blowing and Suction, Fluid  Motion Sub-Commit tee ,  Aeronaut .  Res. Coun., 
Repor t  No. FM 1915 (1953). 

Zusammenfassung 

Die laminare  S t r6mung yon  ges~Lttigtem Dampf  fiber eine gekfihlte ebene 
F1Ache wird un te r such t  ffir den Fal l  tier Kondensa t ion  eines Fi lms an der Ober- 
fl~che. Es wird angenommen,  dass keine Grav i ta t ionskra f t  vor l iegt  und dass die 
Bewegung des Kondensa ts  ]ediglieh durch die Re ibung  am s t rSmenden D a m p f  
hervorgerufen  wird. Ergebnisse ftir die Scherkraf t  und die W~rmef iber t ragung an 
der Oberfl~che werden mitgetei l t .  Die wesent l ichen Rechenergebnisse konnten  in 
zwei Diagrammen  zusammengefass t  werden : F igur  2 gibt  die zu e rwar tenden  Schub- 
spannungen wieder, F igur  3 den W~rmetibergang.  

(Received: April ~1, 1960). 

Signalf luss  und Analogiedarstel lung der Neutronen6konomie 
beim Abbrand yon Reaktorbrennstoffen 

Yon \VALTER H.&LG, Ziirichl). 

1. Allgemeine Bemerkungen 

Bei s~mtl ichen Untersuchungen,  welche die Gestehungskosten der Atomenergie  
zum Gegenstand haben, b i ldet  die Frage  nach der 5konomischen Verwendung der 
im Reak to r  vorhandenen  Neut ronen  eine ausschlaggebende Rolle. Jedes  Neut ron ,  
welches aus dem Reak to rke rn  entweicht  oder  welches n icht  zur Ein te i tung  einer 
Kernspa l tung  oder zur U m w a n d l u n g  yon n ich tspa l tbarem Stoff in spal tbare  Kerne 
Verwendung findet,  stellt  ein Ausgabenpos ten  ill der Bilanz dar. LEwIs  ~~ ha t  ver-  
schiedentl ich gezeigt, dass es zweckm~Lssig ist, die Neut ronenbi lanz  der Kernbrenn-  
stoffe yon derjenigen der iibrigen Reaktorbaus tof fe  einschliesslich Leckante i l  
separa t  zu betrachten.  Man erreicht  dadurch  eine wei tgehend universelle Behand-  
lungsweise der verschiedenen Reaktorkonzept ionen ,  well sich tier komplexe  zeit- 
liche Ablauf  von  Neu t ronenproduk t ion  und Neu t ronenkonsumat ion  im Spal ts toff  
gleichart ig darstell t .  

1) ETH und Eidg. InstJtut fiir Reaktorforschung, Wiirenlingen. 
3) Vergleiehe zum Beispiel W. B. LEWIS, Low cost ]uelling without recycling, AECL, Nr. 382, oder 

AECL Nr. 651. 
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