
A STUDY OF PLASMA FILLED PARALLEL PLATE WAVEGUIDE 
WITH ONE BOUNDARY CORRUGATED 

S. K. Ghosh, S. P. Pal 

Department of Mathematics, University of North Bengal, Darjeeling - -  734 430, India 

Warm plasma theory is used to investigate the propagat ion of electromagnetic waves 
in a plasma filled parallel plate waveguide with one boundary plate corrugated. Dispersion rela- 
t ions for TE- and TM-modes are derived and  it is found that  the propagat ion of TE-modes is 
unaffected by corrugation of one boundary  plane while the propagat ion of TM-modes is affected 
by it. For  TM-modes the wave number  k depends on the frequency co as well as  on the distance 
through which the wave is propagated.  

1. I N T R O D U C T I O N  

Wave propagations in a cold plasma between two infinite conducting plates were 
investigated by Schumann [1], Dawson and Oberman [2] and Weber [3]" Recently, 
the wave propagation in a warm plasma between two infinite conducting plates was 
investigated by Azakami et al. [4]. 

In the present paper, we discuss the wave propagation in a warm plasma between 
two conducting plates whose one plate is plane and the other is corrugated. In this 
paper we derive dispersion relation (characteristic equation) for transverse electric 
(TE) modes and transverse magnetic (TM) modes. We see that the propagation of 
TE-modes is unaffected by the corrugation of one conducting plate whereas the pro- 
pagation of TM-modes is affected by it. Here the frequency co of wave propagation 
depends on wave number k as well as on the distance z. If the corrugated sheet be- 
comes plane the result reduces to the result obtained by Azakami et al. [4]. 

2. BASIC EQUATIONS 

(1) 

(2) 

(3) 

and 

(4) 

To explain the warm plasma motion inside a waveguide we take following set of 
equations (Krall and Trivelpiece [5]) 

U2Nm V.  V = dp 
dt ' 

N m  (d~ + vV) = - N e E  - Vp , 

dE 
V x H =  - N e V + t  o - ,  

at 

dH 
V x E =  - P o - - ,  

dt 
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where U = (ykr/m) 1/2 is the velocity of  sound wave propagation in warm plasma, 

N - electron density, 
m 

y - 

k - 
T -  
y 

p - 

r -  
E - 

H -  

electron mass, 
ratio of  specific heats, 
Boltzmann's constant, 
temperature of  the warm plasma, 
electron-collision frequency, 
pressure, 
velocity of  the electron, 
electric intensity and 
magnetic intensity. 

3. G E O M E T R Y  O F  T H E  P R O B L E M  

We shall apply the basic equations of  the last section to discuss the following 
boundary value problem. 

o 

. . . .  

L ~r x =~_ ( z )  

- - /  

- - ~  W a r m  Plasma 
t .  

--;/  
- - . s  

O X=O 
Z 

Let us take x = 0 as the lower boundary surface and x = ~(z) as the upper bound- 
ary surface, where ~(z) is a periodic function of z and z-axis is taken in the direction 
of  wave propagation. We consider the upper  surface as cosine-function, then 

(5) = r  1 - ~ c o s  - .  , 

where e = b/a and a is the average distance between two plates, b and L are the ampli- 
tude and wave length of  the periodic function. The system is taken to be infinite in 
y- and z-directions. We assume that all physical quantities depend on x and z only. 
Further, we assume that the amplitude of  the upper  surface is small in comparison 
with the average thickness a of  the waveguide, i.e. e is very small. 

The boundary conditions satisfied by s and V at the plate x = 0 are 

(6) E y =  0, E,  = 0 and V== 0 
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and the boundary conditions at the upper surface require that the tangential com- 
ponent of  electric field vector and the normal component of electron velocity vector 
vanish. Thus at the upper surface x = r 

(7) Ez + r = 0 ,  

V.-~'V~ = 0 .  

4. S O L U T I O N  O F  T H E  P R O B L E M  

To solve the problem we take the time dependence of  E, H, V and p in the following 
form 

(8) E = E o sin cot, 

H = H ocosco t ,  

V = V o cos cot, 

P = Po sin cot. 

For  typographical convenience from now on we shall write E, H, V, p for the ampli- 
tudes Eo, Ho, Vo and Po, and the z dependence of  the amplitudes E, H and V are 
taken in the form 

(9) E = R E  x sin kz +pEy sin kz + ~E z c o s k z ,  

H = :~Hx cos kz + )Hy cos kz + ~H= sin k z ,  

V = ~V~ sin kz + )Vy sin kz + ~Vz cos k z ,  

where ~, ) ,  2 are unit vectors. Elimination of V from equation (3) with the help of 
equations (1) and (2) gives 

(10) V x H = coeoep E + '~ v (v .  E) 
co 

where 
2 

(11) ep = 1 coP 
03 2 

and 
= ( N e 2 ~  z/2 

(12) cop - -  
\ meo / 

we have assumed that (v/co) ,~ 1. 

= plasma f requency,  

Czech. J. Phys. B 31 [1981] 27  



S. K. Ghosh et al.: A study of plasma filled parallel plate waveguide ... 

After elimination, from equations (4) and (10), H,  and E~ are found to satisfy the 
following equations 

(13) d2H------~ + k2H~ = 0 
d x  2 

_ _  _ _  2 2 (14) d4Ez + (k~ + k~) d2Ez + k~k~Ez = 0 
d x  4 d x  2 ' 

where 

092 __ k 2 (15) k 2 = -~- ep , 

o92 k 2 
(16) k; = ~ ~p - . 

The other components of field vectors and electron velocity in terms of H, and Ez 
are as follows: 

UZ/c 2 FdaEz d~, 1 
(17) Ex = - kk~(1 - U2/c 2) k dx3 + {k~z - k2(1 -- c2/U2)} 3' dx 

(18) Ey = o/t  o dH~ 
k 2 dx ' 

(19) Hx = -- - -  k dH= 

k~ dx 

r ~ -  ( 2 -  c2 - ( i  --~2)}dE~l 

eU2/c2 U[--~pZ dSEz {1 U2kz~ 
(21) V~ = mokk2-~l 1 : U2/c2) dx 5 e)~ 

- - - +  o--T 1 -b  

- {k2+k2(1-~--~)  {'U2----k2~, O2p i/j)~ --JxxjdEzl ' 

(22) Vy = 
el.t o dH~ 
mk~ dx 

e 
(23) V== 

m(,o �9 2 2 2 . . . .  ~ 'ke(1 - U2/c2) L dx4 + kz 1 b- ~ dx 2 

-- ~ - ~-~)(1 + WZk-~2~Ez]. 
v 2 o~ / 
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5. DISPERSION RELATIONS 

Applying the above set of  equations together with the boundary conditions we ob-' 
tain dispersion relations for TE- and TM-modes: 

5.1. T E - m o d e s  

In case of  TE-modes E= = 0 and from equation (13) 

(24) H= = A cos kex + B sin k~x, 

where A and B are integrating constants. The equations to determine other compo- 
nents of field vectors and electron velocity will take form 

(25) Ex = 0 ,  

(26) Ey = c0/~ o dH~ 
k~ d x '  

k dHz 

dx 

Hy = 0 ,  

G = 0 ,  

Vy = e#o dHz,  
mk~ dx 

(31) Vz = 0 .  

The boundary conditions (6) and (7) together with the above equations give the 
following relation between o9 and k 

(32) o92 2 k2c2 : ogp "[" 

(27) 

(28) 

(29) 

(30) 

5.2. T M - m o d e s  

In case of TM-modes H~ = 0 and from equation (14) 

(33) E~ = A1 cos ksx + A2 cos kex + B1 sin ksx + Bz sin kex 

where A1, BI, Az, B2 are integrating constants. The other exponents of  field vectors 
and electron velocity will be determined from the following equations 

(34) E .  = - kk (1 - v21c2) L-d-Z   + 1 dxJ' 

Czech. J. Phys. B 31 [1981] 29 



S. K. Ghosh et al.: A study of  plasma filled parallel plate waveyuide ... 

(35) Ey = 0, 
(35a) H= = 0, 

~ ' ~  ,r'" dx a ~ ( 2 - c 2  ~ ( i  cs '~ ' ldE'q (36) H ,  = -- ~ 1 + (k• ~-3j - k2 -- 
- v V J a x . l '  

(37) V== e__. US/c 2 [U__~d'E= { 1 - - - 2 - + - -  U2k~ U Z k S ( 1 -  cs)} 
m~ kk~(i - v~lc ~) dx' o~. o~ ~ " 

daE~ k~ + k s 1 - - -  

(38) v, = o ,  

,,,o~ ~,,~ ke(1 -- V~/~ s) Lax" + k~ 1,~ 1 ~ dx ~ 

_ + 

we have from the boundary conditions (6) and (7) together with the equations (33) to 
(39) by using (%/o~) < 1 and neglecting second and higher order terms in e the 
following characteristic equation 

(40) 

where 
k s 

(41) Z = :-;--, (o),/co) 2 , 
K~K, 

4X - (X + 1) 2 cos ( a k ,  + aloe) + (Z - 1) s cos ( a k ,  - ak~) - 

- e[Ps in  (ak s + ak 3 - Q s i n ( a k ,  - ak,)] = O, 

(42) 
I 2~z P = 2 0 ~ +  1) 0~ + 1)(ak,+ a k , ) c o s - -  

L 

(43) 
2rtz Q = 2 ( Z -  1) ( Z -  1)(ak , -  a k , ) c o s - -  
L 

~) (aks -  ake)sin , 

2~ ( co z) sin2~zl iZz 1 - ~  (ak, + ako) ~. j ,  

when we take (rap/co) > 1, equation (40) becomes 

(44) 4)( + 0( -- 1) 2 cosh (ak' s + ak'e) - O( + 1) 2 cosh (ak'~ - ak') - 

-- e[P' sinh (ak' s + ak'e) - Q' sinh (ak' s - ak'e) ] = 0 
where 
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b -  ~ ~ .  , k ;  = k ~ - - -  

~ 
C 2 EP 

(47) P' = 2(1 - Z')[(1 - Z ' ) ( a k "  + ak')cos 2nZL 

�9 (ak ' s -  ak;) sin ~ f  I , 

(48) Q ' = 2 ( l +  Z ' ) [ ( l + z ' ) ( a k ' - a k ' ) c ~  2~ , (  co~') ~-LZ 1 -  , 

. ( a k : +  ak') sin ~ ] .  

6. CONCLUSION 

In this paper the characteristic equations for TE- and TM-modes are derived for 
a waveguide whose lower boundary is a plane conducting plate but the upper bound- 
ary is corrugated. In case of TE-modes we see that the characteristic equation (32) 
is same in case of parallel plane waveguide. But for the TM-modes the characteristic 
equations (40) and (44) express the fact that the wave number k depends upon the 
frequency co as well as distance z in the manner which is determined by the form of 
roots of these equations. The characteristic equation can thus be used to determine 
frequency as a function of the wave number for each value of z. As the wavelength 
of the periodic surface approaches to infinity or the amplitude of the surface tends 
to zero the characteristic equations (40) and (44) take the same form as was obtained 
by Azakami et al. [4]. 
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