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M i n i m u m  Weight  D e s i g n  of Circular  P l a t e s  U n d e r  A r b i t r a r y  L o a d i n g  1) 

B y  WILLIAM P R A G E R  2) a n d  RICHARD T. GHIELD3),  P r o v i d e n c e ,  R . I . ,  USA.  

To ProJessor F. K. G. ODQVIST O n  the occasion o/his 60th anniversary 

1. In troduct ion  

T h e  d i r ec t  des ign  p r o c e d u r e s  deve loped  b y  DRUCKER a n d  SHIELD El, 2~ a) h a v e  
b e e n  used  r e c e n t l y  E3J to  o b t a i n  t h e  m i n i m u m  w e i g h t  des ign  of c i r cu l a r  p l a t e s  
u n d e r  r o t a t i o n a l l y  s y m m e t r i c  p re s su re  d i s t r i b u t i o n s .  The  s a n d w i c h  p l a t e  a n d  t h e  
solid or h o m o g e n e o u s  p l a t e  were  cons ide red  a n d  des igns  for  b o t h  s i m p l y  sup-  
p o r t e d  a n d  b u i l t - i n  edge c o n d i t i o n s  were  der ived .  As a n  e x t e n s i o n  of t h i s  work ,  
t h e  m i n i m u m  w e i g h t  des ign  is o b t a i n e d  in  t h e  fo l lowing for  a c i r cu l a r  s a n d w i c h  
p l a t e  l o a d e d  b y  a n  arbitrary d i s t r i b u t i o n  of p ressure .  T h e  d e f o r m a t i o n  m o d e s  used  
to  o b t a i n  t h e  des igns  are  t he  s ame  as t hose  used  in  [31 for  r o t a t i o n a l l y  s y m m e t r i c  
p ressu re  d i s t r i b u t i o n s .  

2. Def ini t ion of the P r o b l e m  

The  idea l  s a n d w i c h  p l a t e  is c o m p o s e d  of a core  of c o n s t a n t  t h i c k n e s s  H 
b e t w e e n  two  iden t i ca l  face shee t s  of v a r i a b l e  t h i c k n e s s  h, w h e r e  h ~ H .  The  core  
car r ies  s h e a r  s t ress  o n l y  whi le  t h e  face shee t s  c a r r y  d i r ec t  s t resses  a n d  so p r o v i d e  
t he  b e n d i n g  m o m e n t  across  a sec t ion .  T h e  m a t e r i a l  of t h e  face shee t s  is a s s u m e d  
to  be  e l a s t i c -pe r fec t ly  p la s t i c  a n d  to  obey  TRESCA'S y ie ld  cond i t i on ,  w i t h  y ie ld  
s t ress  a 0 in  t e n s i o n  or  compress ion .  I t  is c o n v e n i e n t  to  r e p r e s e n t  t h e  p r i n c i p a l  
b e n d i n g  m o m e n t s  M1, M S a t  a gener ic  p o i n t  of t h e  p l a t e  b y  a p o i n t  w i t h  r e c t a n -  
gu la r  c o o r d i n a t e s  ( M  D Ms) (see F i g u r e  1). W i t h  TRESCA'S y ie ld  c r i t e r ion ,  t h e  
s t ress  p o i n t  m u s t  t h e n  be  w i t h i n  or on  t h e  h e x a g o n  in  t h e  f igure  [41 , t h e  m a x i m u m  
b e n d i n g  m o m e n t  M 0 b e i n g  g iven  b y  

M 0 =  ~ 0 H h "  (1) 

F o r  a p o i n t  on  t h e  h e x a g o n ,  p l a s t i c  b e n d i n g  of t h e  p l a t e  c a n  occur.  The  p r i n c i p a l  
c u r v a t u r e  r a t e s  nl, n2 as soc ia ted  w i t h  a m o d e  of p la s t i c  d e f o r m a t i o n  c a n  be  
r e p r e s e n t e d  in F i g u r e  1 b y  a v e c t o r  w i t h  c o m p o n e n t s  p r o p o r t i o n a l  to  ~1, ~2 
a t t a c h e d  to  t h e  s t ress  p o i n t  in  ques t ion .  T h e  f low rule  r equ i r e s  t h e  c u r v a t u r e  r a t e  
v e c t o r  to  be  n o r m a l  to  t h e  h e x a g o n  for  p o i n t s  on  a side, a n d  a t  t h e  co rne r s  of t h e  
h e x a g o n  t h e  v e c t o r  m u s t  lie in  t h e  f an  b o u n d e d  b y  n o r m a l s  to  a d j a c e n t  sides.  The  
r a t e  of d i s s i pa t i on  of e n e r g y  D A per  u n i t  a rea  of t h e  midd le  sur face  due  to  p l a s t i c  
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ac t ion  is g iven b y  
DA = M a  ~1 + M 2  x2 (2) 

a n d  is un ique ly  d e t e r m i n e d  by  the  c u r v a t u r e  ra tes  Y-l, Y-2- 
I t  is r equ i red  to  d e t e r m i n e  the  th i ckness  h of the  face shee t s  so t h a t  t he  p l a t e  

can  j u s t  ca r ry  a g iven  d i s t r i bu t i on  of p ressure  and  so t h a t  m i n i m u m  w e i g h t  of 
ma te r i a l  is involved .  The  ma te r i a l  is a s sumed  to  be h o m o g e n e o u s  a n d  m i n i m u m  
weigh t  coincides  w i th  m i n i m u m  volume.  The m i n i m u m  we igh t  des ign  is ach ieved  

M2 

M, 

Figure 1 
Yield condition. 

by  a p la te  des igned  to  collapse in a m o d e  for  wh ich  the  cond i t i on  

D A = cons t  (3) 
h 

is sa t i s f ied  over  t he  p la te  El, 21, if b o d y  forces are  neg lec t ed .  Condi t ion  (3) is a 
cond i t i on  on the  r a t e  of def lec t ion  w of t he  midd le  surface  of t he  p la te  a n d  t h e  
th i ckness  h does n o t  en t e r  in to  cond i t ion  (3) because  of t h e  l inear  d e p e n d e n c e  of 
D A on h. To th i s  ex t en t ,  t h e  cond i t i on  is i n d e p e n d e n t  of t he  p ressure  d i s t r i bu t i on  
over  t h e  p la te  b u t  t h e  fo rm of t he  cond i t i on  d e p e n d s  u p o n  the  pos i t ion  of t h e  
s t ress  p o i n t  on the  hexagon ,  wh ich  in t u r n  is in f luenced  b y  the  loading.  

Fo r  a c i rcular  p la te  w i t h  cond i t ions  of s imple  s u p p o r t  or bu i l t - in  s u p p o r t  a t  
t he  edge of t he  pla te ,  t he  def lec t ion  mode  w sa t i s fy ing  (3) is r o t a t i o n a l l y  s y m -  
metr ic .  W i t h  po la r  coo rd ina t e s  (r, 0), t he  edge of t he  p l a t e  be ing  r = R, the  
c u r v a t u r e  ra te  ;~r0 is zero a n d  i so t ropy  t h e n  requi res  t h e  b e n d i n g  m o m e n t  Mro 
to  be zero. Fo r  equi l ibr ium,  t he  b e n d i n g  m o m e n t s  M r, M o sa t i s fy  t he  e q u a t i o n  

02 O M  0 1 O~Mo 
Or s (r dl/Ir) Or + r2  �9 002 r p ,  (4) 

where  p = p(r ,  O) is the  p re s su re  over  t he  pla te .  Fo r  def in i teness ,  t he  p la te  is 
t a k e n  to  be hor izonta l .  Pos i t ive  va lues  of M r ,  M o s t ress  t he  lower  surface  of t he  
p la te  in t ens ion  a n d  the  p ressure  is app l ied  to  t he  u p p e r  surface.  The shea r  forces 
Qr, Q0 are g iven  b y  

OM r 1 ( M  r -  M o  ) Qo = 1 OM o 
Qr= o ; -  + r -  ' - r -  o ~  (5) 
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3.  S i m p l y  S u p p o r t e d  P l a t e  

W h e n  the  edge r = R of t he  p la te  is s imp ly  suppo r t ed ,  t he  m i n i m u m  we igh t  
des ign is o b t a i n e d  b y  a s suming  t h a t  t he  whole  of t h e  p la te  is s t r e s sed  to  s t a t e  A 
of F igure  1. The def lec t ion  ra te  w (measured  in t h e  d o w n w a r d s  direct ion) ,  asso- 
c ia ted  w i t h  p o i n t  A and  sa t i s fy ing  (3), and  the  cond i t ion  w = 0 a t  r = R, is 
g iven  b y  E3] 

w =  ~ ( R  2 - r  2), (6) 

where  ~ is a pos i t ive  cons t an t .  The  b e n d i n g  m o m e n t s  Mr,  3/1 o are b o t h  equa l  to  
the  m a x i m u m  m o m e n t  M 0 and  s u b s t i t u t i o n  in t he  e q u a t i o n  of equ i l i b r ium gives 

d2Mo 1 OM o 1 O2Mo 
--Or - ~ -  + ~ "  dr + ~ - "  003 -- -- p "  (7) 

This  e q u a t i o n  and  t h e  cond i t i on  M 0 = 0 a t  r = R are suf f ic ient  to  d e t e r m i n e  M 0 
over  t he  pla te .  

F o r  a c o n c e n t r a t e d  load P a t  t he  p o i n t  (e, q0), t he  so lu t ion  of (7) sa t i s fy ing  
3 1 0 : 0  a t r =  R i s  

lnr r2 a 0 H h =  M 0 =  ~ Lr l  " ' 

where  rl, r 2 are t h e  d i s t ances  of t h e  p o i n t  (r, 0) f rom the  p o i n t  (e, 9) and  i ts  
inverse  w i th  r e spec t  to  the  circle r = R, t h a t  is t h e  p o i n t  (R2/9, 9), r e spec t ive ly :  

R 4 R 2 
r ~ =  9 2 + r 2 - -  2 9 r c ~  r ~ = ~  + r 2 - 2 - r c ~  (9) 

The  so lu t ion  for a d i s t r i b u t e d  load p(r, O) can  be o b t a i n e d  f rom the  funda -  
m e n t a l  in tegra l  (8) b y  i n t eg ra t i on :  

2~  R 

{ } a ~  4 ~  P ( 9 ' ~ ) l n  R 2 + r 2 9 2 / R 2 - -  2 9 r c ~  
e 2 + ; ~ - -  2e~cos(0: ~i ed~d~.  (10) 

0 o 

4.  B u i l t - i n  P l a t e  

For  the  p la te  w i t h  a bu i l t - in  edge,  s t ress  p o i n t  C of F igure  1 appl ies  nea r  t he  
edge of t he  p la te  and  s t ress  p o i n t  A appl ies  in t he  cen t e r  of t he  plate .  The ve loc i ty  
field 

= ~ ( 2 a 2 - - r ~ )  (O<=r<= a) ,  w :  2 ~ ( R - -  r) 2 (a<~r<-- R ) ,  (11) w 

where  a = 2/3 R, sat isf ies  t he  cond i t i on  (3) over  t he  p la te ,  t o g e t h e r  w i t h  t he  
cond i t ions  w = Ow/Or = 0 a t  t he  c l amped  edge r = R a n d  w a n d  Ow/Or con-  
t inuous  a t  r = a [3]. The  d e f o r m a t i o n  mode  (11) is assoc ia ted  wi th  s t ress  p o i n t  A 
for 0_< r ~ a and  s t ress  po in t  C for a_< r ~< R. The  m o m e n t s  Mr, M o are t he re -  
fore g iven b y  

~VI r = M o = .~I o (0 <_ r < a) , M~. = - - M o ,  Mo = 0 (a < r <: R ) .  (12) 

Fo r  equi l ibr ium,  i t  follows f rom equa t i ons  (4) and  (12) t h a t  M 0 m u s t  sa t i s fy  
equa t i on  (7) for 0 =< r < a, and  for a < r < R 

03 
Or ~- (r Mo) = r p . (13) 
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A t  t h e  j u n c t i o n  r = a, M r is  c o n t i n u o u s  so  t h a t  M 0 = 0 a t  r = a. I n  a d d i t i o n ,  
t h e  s h e a r  f o r ce  Qr m u s t  b e  c o n t i n u o u s  a t  r = a ( in t h e  a b s e n c e  o f  c o n c e n t r a t e d  
load )  a n d  t h i s  r e q u i r e s  ] OMo/Or ] t o  b e  c o n t i n u o u s .  E q u a t i o n  (7) a n d  t h e  c o n d i t i o n  
M 0 = 0 a t  r = a a r e  s u f f i c i e n t  t o  d e t e r m i n e  M 0 fo r  0 __< r < a. E q u a t i o n  (13) a n d  
t h e  c o n d i t i o n  M 0 = 0 a t  r = a t o g e t h e r  w i t h  t h e  k n o w n  d e r i v a t i v e  (OMo/Or)r= ~ 
a r e  t h e n  s u f f i c i e n t  t o  d e t e r m i n e  M 0 fo r  a < r < R .  

\ u  f i r s t  c o n s i d e r  a c o n c e n t r a t e d  l o a d  P a t  a p o i n t  (Q, 9) w i t h i n  t h e  c i rc le  
r = a, so  t h a t  Q < a.  A s  i n  t h e  p r e v i o u s  s e c t i o n ,  t h e  s o l u t i o n  o f  e q u a t i o n  (7) w i t h  
p = 0 a n d  h a v i n g  t h e  a p p r o p r i a t e  s i n g u l a r i t y  a t  (e, ~0) a n d  M 0 = 0 a t  r = a is  

P l n [  r~ o 0 H h =  M 0 =  y ~ -  Lr l  " _ 

w h e r e  n o w  
a 4 a s 

r ~ = e ~ + r ~ - 2 e r c o s ( O - ~ ) ,  r 2 =  ~ - + r ~ -  2 r c o s ( 0 -  ~) , (15) 
e "  e 

F o r  r _ - - > a , M  0 s a t i s f i e s  e q u a t i o n  (13) w i t h  p =  0 a n d  a s  M 0 =  0 a t  r ~  a, w e  
o b t a i n  

M o = / ( 0 )  ( 1 - -  a )  ( a~<r - -<  R ) .  

T h e  p o s i t i v e  f u n c t i o n  /(0) e n t e r i n g  i n t o  t h i s  e q u a t i o n  is d e t e r m i n e d  b y  t h e  
c o n d i t i o n  t h a t  t h e  m a g n i t u d e  o f  t h e  d e r i v a t i v e  O.Vfo/Or is  c o n t i n u o u s  a t  r = a.  
T h i s  r e q u i r e s  

~ 0 H h = M o  = -p a 2 - - e  2 ( r a )  2 ~  a ~ + e 2 - - 2 ~ c o s ( O - - 9 )  1 - -  (a<_r<_R) .  (16) 

T h e  d e s i g n  fo r  a l o a d  p(r, O) d i s t r i b u t e d  i n s i d e  t h e  c i rc le  r = a a n d  ze ro  l o a d  
o v e r  t h e  a n n u l u s  a_< r_< R c a n  b e  o b t a i n e d  f r o m  t h e  d e s i g n  (14), (16) b y  
i n t e g r a t i o n  : 

2 ~  a 

{ } c r ~  4 ~  P (e, ~~ In  a2+r~e~/a2--2erc~ e d e d 9  (17) 

0 0 

f o r r _ _ < a ,  a n d  f o r a y < r _ <  R 

2 ~  a 

a o h H = ~  1 -  P(e ,~)  a ~ + e ~ _  2 e a c o s ( O - 9 )  e d e d F -  (18) 
0 0 

W h e n  t h e r e  is n o  l o a d  i n s i d e  t h e  c i rc le  r = a, M 0 is  h a r m o n i c  fo r  r =< a a n d  
s i n c e  M 0 = 0 a t  r = a,  i t  f o l l o w s  t h a t  M 0 is  z e ro  i d e n t i c a l l y  i n s i d e  r = a.  W e  
a s s u m e  t h a t  t h e  p l a t e  is  l o a d e d  i n  t h e  a n n u l a r  r e g i o n  b y  a l i ne  l o a d  G p e r  u n i t  
l e n g t h  a l o n g  t h e  a r c  e l e m e n t  9 G  0 _ - - < 9 +  A0  of  t h e  c i rc le  r =  e, w h e r e  e > a  
( F i g u r e  2). T h e  t o t a l  l o a d  o n  t h e  p l a t e  is t h e n  P = ~o e /10. B e c a u s e  p = 0 i n  
e q u a t i o n  (13) e x c e p t  fo r  r = e, F =  < 0 ~  F +  ~ 0 ,  a n d  a l so  M 0 = OMo/Or = 0 a t  
r = a,  i t  f o l l o w s  f r o m  e q u a t i o n  (13) t h a t  M 0 is  z e r o  e x c e p t  i n  t h e  t r u n c a t e d  s e c t o r  
e ~ r =< R ,  ~0 ~ 0 ~ 9 + A 0 ,  s h o w n  s h a d e d  ill F i g u r e  2. T h u s  t h e  l o a d  is  c a r r i e d  
b y  a ' c a n t i l e v e r '  f r o m  t h e  p o i n t  o n  t h e  s u p p o r t  c i rc le  r = R n e a r e s t  t o  t h e  r e g i o n  
o f  a p p l i c a t i o n  o f  t h e  l o a d .  I n  o r d e r  t o  d e t e r m i n e  M o i n  t h e  s h a d e d  r e g i o n ,  we  
n o t e  t h a t  M 0 is  ze ro  a t  r = e a n d  t h e  s h e a r  f o r ce  Qr, a n d  t h e r e f o r e  OMo/Or, h a s  a 
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d i scon t inu i ty  of a m o u n t  ~ across t he  loaded  e l emen t  of arc. The  resul t  is 

a o H h ~  M 0 =  ~ ( 1 - - - r ~  ) 

in the  region ~ r ~  R , ~ 0 ~  0 ~  qg+ A0. 
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(19) 

\ \  

V/ 

Figure 2 
Line load on arc element AB. 

I n t e g r a t i o n  of the  design (19) leads to  the  design for a d i s t r ibu ted  load p(r, O) 
which  is zero inside t he  circle r = a:  

r 

h 0/ (1 - ; )  dQ (201 
a 

for a _< r ~< R and the  th ickness  h is zero for r ~ a. The  upper  l imi t  of i n t eg ra t ion  
in equa t ion  (20) is r because the  pressure  p(q, 0) at  t he  po in t  (e, 0) adds ma te r i a l  
on ly  to po in ts  (r, 0) for which  0 ~ r. 

W h e n  the  pressure d i s t r ibu t ion  p(r, O) is non-zero  in b o t h  r ~  a and a_< r--_< R, 
the  th ickness  d is t r ibut ions  g iven  b y  equa t ions  (17), (18) and  equa t i on  (20) are  
added.  
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Z u s a m m e n / a s s u n g  

Das  D i m e n s i o n i e r u n g s v e r f a h r e n  v o n  DRUCKER u n d  SHIELD [1, 2] w u r d e  kt i rz-  
l ich au f  die D i m e n s i o n i e r u n g  r o t a t i o n s s y m m e t r i s c h  b e l a s t e t e r  K r e i s p l a t t e n  ft ir  
M i n d e s t g e w i c h t  a n g e w a n d t  [3], wobe i  sowohl  ge lenk ig  ges t i i t z t e  als a u c h  ein-  
g e s p a n n t e  S a n d w i c h p l a t t e n  b e t r a c h t e t  w ur den .  I n  de r  v o r l i e g e n d e n  A r b e i t  
w e r d e n  diese U n t e r s u c h u n g e n  au f  k re i s f6 rmige  S a n d w i c h p l a t t e n  u n t e r  n i c h t  
r o t a t i o n s s y m m e t r i s c h e r  B e l a s t u n g  a u s g e d e h n t .  Es  zeigt  sich, dass  a u c h  fiir so lche  
L a s t e n  de r  D i m e n s i o n i e r u n g  ftir  M i n d e s t g e w i c h t  d i e j en igen  V e r f o r m u n g s z u s t ~ n d e  
z u g r u n d e  ge legt  w e r d e n  k 6 n n e n ,  welche  s c h o n  zur  L 6 s u n g  de r  e n t s p r e c h e n d e n  
A u f g a b e  bei  r o t a t i o n s s y m m e t r i s c h e r  B e l a s t u n g  k o n s t r u i e r t  wurden .  F t i r  Be l a -  
s t u n g  e ine r  ge lenk ig  ges t f i t z t en  oder  e i n g e s p a n n t e n  K r e i s p l a t t e  d u t c h  e ine  E i n -  
ze l las t  m i t  be l i eb igem A n g r i f f s p u n k t  w e r d e n  exp l iz i t e  D i m e n s i o n i e r u n g s f o r m e l n  
gewonnen ,  fi ir  be l i eb ig  ve r t e i l t e  B e l a s t u n g  w e r d e n  I n t e g r a l d a r s t e l l u n g e n  d e r  
o p t i m a l e n  D i m e n s i o n i e r u n g  gegeben .  

(Received : February 4, 1959.) 

A N o t e  o n  A d d i t i o n  T h e o r e m s  f o r  M a t h i e u  F u n c t i o n s  

B y  K. S ~ R M A R K ,  C openhagen ,  D e n m a r k  1) 

I t  is t h e  p u r p o s e  of t h i s  no t e  to  p o i n t  o u t  t h e  ex i s t ence  of a n  a d d i t i o n  t h e o r e m  
for  M a t h i e u  f u n c t i o n s  bes ides  t h e  one  g i v e n  b y  MEIXNER a n d  SCHAFKE [1--3] 2). 
The  l a t t e r  s t a t e s  - in  t h e  n o t a t i o n  of [1] - t h e  following.  W e  cons ide r  two  e l l i p t i ca l  
cy l i nde r  c o o r d i n a t e  s y s t e m s  A a n d  B :  

A : x 1 _L i 2 2 = C cosh  (z ]z i t) ; 

B :  x I •  6 =  c 0 c o s h ( z  o ~ i t o ) ,  
c o n n e c t e d  b y  

c cosh(z  ~ i t) = l e ~ i u  + c o e ~ i v  cosh (z  0 1 i to) . 

(We cons ide r  on ly  real ,  pos i t i ve  va lues  of c, c 0, z, z 0, t a n d  to; see f igure.)  L e t  
z 1 a n d  z 2 be  t h e  e l l ip t ica l  c o o r d i n a t e s -  in  t h e  A - s y s t e m -  of t h e  focal  p o i n t s  
of t h e  B - s y s t e m  a n d  Zn, ax t h e  l a r ge s t  one of zx, z2, t h e n  

M ,(Zo: ho)me,(,o; h0 )= A, . )  
s=--oo (1} 

> O) ( ] ~  1, 2, 3 or  4; p = i n t e g e r  

will be  va l i d  in  t h e  reg ion  

z > Z,~a~ (O < t < 2 z~) . 

I n  (1) M~)(z; h) me~,(t; h 2) a n d  M7)(Zo; h0) me~(to;  h~o) are  so lu t ions  of t h e  w a v e -  

1) Technical University of Denmark, Physics Department. 
2) Numbers in brackets refer to References, page 428. 


