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SINGULAR VALUE ANALYSIS
OF DEFORMABLE SYSTEMS*

Edmond A. Jonckheere*
and Leonard M. Silverman*

Abstract. Singular value analysis, balancing, and approximation of a class of de-
formable systems are investigated. The deformable systems considered herein include
several important cases of flexible aerospace vehicles and are characterized by
countably infinitely many poles and zeros on the imaginary axis. The analysis relies
completely on the so-called asymptotic singular value decompositon of the Hankel
operator associated with the impulse response of the system. A parametric study of
a six-dimensional single-input single-output case is performed.

1. Introduction

This paper addresses singular value analysis, balancing, and approximation
[16]-[25] of a class of single-input single-output transfer functions having
the general form

l =]
(s) = < + E o o)

To take care of several convergence issues, we shall assume throughout the
paper that

O<w < oo < Wi < Witr < ooy (2a)

Y el < o (2b)
k=1

This indeed guarantees that the formal inverse Laplace transform of h°(s),
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that is, A°(¢) = + i % sin w,t exists uniformly, is continuous and dif-
k=1 "k
ferentiable over [0,0).

Transfer functions of the type (1), consisting of a double integrator and
countably infinitely many oscillators interconnected in a parallel structure
as depicted by Figure 1, are common in the description of the linearized
dynamics of flexible aerospace vehicles [1]-[15]. The ¢,’s are real constants,
called modal constants or modal gains; the w,’s are the so-called global
eigenfrequencies.

The particular example that one will refer to is the case of the linearized
roll dynamics of a satellite consisting of a main rigid body and two flexible
panels undergoing skew-symmetric bending [12], [13]. In this particular case,
the input u is the torque acting on the roll axis divided by the overall roll
moment of inertia, and the output y is the roll angle of the main rigid body.
The linearized dynamical equations take the form of a second order differen-
tial equation, accounting for the dynamics of the main rigid body, and a
partial differential equation, accounting for the dynamics of the deforma-
tion of the panels, intercoupled via the angular acceleration of the main rigid
body and the deformation acceleration of the panels. Eigenmode analysis
then yields countably infinitely many differential equations. Finally, taking
Laplace transform yields a transfer function of the type (1). For this par-
ticular case, it is noteworthy that ¢, > 0, vk; further, ¢, 10 and w,too, in
a strict monotone sense as ktoo; finally, Condition (2b) is satisfied [7].

Figure 1. Parallel connection structure of a transfer function of Type (1).
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This paper provides a brief case study of applying singular value analysis,
balancing, and related approximation procedures [16]-[25] to systems having
transfer functions of Type (1). A deeper aim of the paper is to investigate
what the rather theoretical machinery of [16]-[25] becomes in the physical
world.

An outline of the paper follows. In Section 2, we introduce the so-called
asymptotic singular value decomposition of the Hankel operator associated
with the impulse response of the class of systems considered. This concept,
which is the key to the entire paper, provides a nice physical interpretation
of the singular values of a deformable system. In Section 3, asymptotic
singular value decomposition is used to derive approximations of the transfer
function (1) and allows us to prove that several approximations are equivalent
in some asymptotic sense. Section 4 provides a parametric study of singular
value analysis, balancing, and approximation of a transfer function of Type
(1), where only two oscillators have been retained. Section 5 is the conclusion.

2. Asymptotic singular value analysis

Singular value analysis of linear systems is, so far, restricted to asymptotically
stable systems [17], [18], [21]-[25], so that it is not directly applicable to
transfer functions of Type (1). It is, however, simple to circumvent this dif-
ficulty. Indeed, deformable systems like flexible aerospace vehicles exhibit
the so-called structural damping. From a purely technological point of view,
structural damping is not easy to assess because very small; here, we choose
a more mathematical avenue of approach by shifting all of the poles of A°(s)
to the left by a quantity e. This yields the ‘‘damped” transfer function

]

Cr
he(s) = + —_— 3)
) (s+e)? k; 52+ 265+ Wi+ € (

Generally, the superscript € will denote the quantity resulting from this pole
shift. In this paper, we shall rather perform singular value analysis of A°(s),
as €l0.

Still a difficulty with (3) is that it is infinite dimensional. There are several
ways of introducing singular values of a transfer function [25], and some
of them are conveying an underlying finite dimensionality assumption.
However, singular values of a transfer function can be equally defined as
the singular values [19], [26], [27] of the Hankel operator associated with
the impulse response A< (¢) of the system [18], [19], [25], and this definition
can be carried over in the infinite dimensional situation, with some addi-
tional care.

To be more specific, it is easily seen from (3) that the impulse response is

he(r) = te + Y % eeisin wt = eh°(1), @)
k=1 Wi
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which is readily checked to exist uniformly and to be continuous and dif-
ferentiable over [0,00). Then the Hankel operator 3¢ associated with the
impulse response A<(t) is, by definition,

JCe : L2[0,00) ~ L2[0,00), (52)

™

ur JCeu = So he(t+ myu(r)dr. (5b)

Lemma 1. With Condition (2), and for any ¢ > 0, the operator 3C¢ is self-
adjoint and Hilbert-Schmidt. Moreover, JC<*3C¢ = 3C3C<* is self-adjoint,
positive semi-definite, and Hilbert-Schmidt.

Proof. Self-adjointness of JC is clear from (5). Further, if Condition (2)
is verified,

o

f(o ) E &sin w,t
k=1 7k
exists as an almost periodic function [28, VI.101]. Further, A<(?)
= [t+f(¢)]e. It is then readily verified that

So So(h*(t+7’))2dtd7
exists and is finite. Hence JC¢ is Hilbert-Schmidt; see Kato {29, V.2.4].

Finally, the operator JC=*JCs = JC<JC=* = (JC<)? is obviously self-adjoint
and positive semi-definite; furthermore, it is also Hilbert-Schmidt, as the
product of two Hilbert-Schmidt operators; see Kato {29, V.2.4]. The proof
is completed.

JC< is Hilbert-Schmidt and hence compact. Since it is also self-adjoint
and positive semi-definite, it has a countably infinite set {o> : n = 1, 2,...}
of (repeated) eigenvalues classified in decreasing order, i.e., 0 <...
< Omi < 0, <...,Vn. Further, by virtue of the Hilbert-Schmidt property of
JC?, we have

E ol < oo 6)
n=1
see Kato [29, V.2.4]. Let u, € L*[0,o0) be a normalized eigenvector of JC*
corresponding to o,, i.e.,

2, = ou,, Nud = 1. (7a)

It follows that JC2(3Cu,) = o> (3Cu,). If o, 0, let Iu, = 13eu,llv,, with
v, € L?[0,00), luv,l = 1. We have I3l = ((3Cu,,3u,))? =
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((u.,32u,))"* = (u,,02u,)*’* = o,. Hence
X, = ov, v =1, (7b)
and
Keu, = o0, lul = Iyl =1, (8a)
From the above, it follows that 3C<%u, = 0,3Cv,. But 3*u, = o’u,. Hence
v, = 04, (8b)

The singular functions v, associated with g, = 0 are defined as those func-
tions in the kernel of JC<* completing the previous singular functions into
an orthonormal basis of L2[0,). '

The o,’s are called the singular values of the operator JC¢, see Kato [29,
V.2.3]. Equations (8) (or (7)) define a so-called Schmidt pair (u,,v,) for 3C¢
corresponding to g,, see [19]. Obviously, {u,: n = 1,2,...}and {v,: n = 1,
2,...} are orthonormal bases for L*[0,c0). Finally, JC¢ admits the so-called
singular value decomposition

3

Y, ot (vi,e), (92)

n=1

"}Ce

or

@

Y o ()0, (1); (©b)

n=1

he(t+7)

see Kato [29, V.2.3]; from (6), it follows that the convergence of the right-
hand side of (9a) is uniform; from (8), it follows that the left-hand side and
the right-hand side of (9) coincide on the dense subset generated by
{v,:n =1,2,...}, so that the two members in (9) coincide everywhere and
are hence equal.

It is no easy task to derive the exact singular value decomposition of a
system whose impulse response has the form (4). However, an approximate,
more precisely, an asymptotic as €10, singular value decompositjon is easily
derived. By direct calculation, one finds that

he(t+7) = Y 0l (1), (7), (10a)
n=1
where
Oay = M_, (IOb)

4¢?
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2e
U (1) = ——— (1 +V2et)et, (10¢)
V24242
Vi (1) = V% (1 + VZer)y™, 10d)
N2+ 22
3-2V2
Ouz = T, (10e)
U, (ty = —\/E—— (—1+V2et)ee, (10f)
2-V2
2
Voo (7) = ——\/——6— (1 —V2er)y ™, (10g)
2-v2
[cl
Oa2k+1 = Ogak+2 = , kK = 1, 2,.--, (10h)
4ew,
Upzen (2) = 2Ve sign (c)escos wif, &k =1, 2,..., (10i)
Va1 (1) = Ve esin wer, k=1, 2,..., 10§)
Uazea (1) = Ve sign(c)e=sin wit, k= 1,2,..., (10K)
Vaena(7) = 2Ve €cos wer, k= 1,2,..; (10¢]

further, the above is an asymprotic singular value decomposition, in the sense
that the orthonormality relationships are not verified exactly, but only asymp-
totically as €10, i.e,

SO lu,,. (1) 12dt—1, as €0, vn, (10m)
So 1., (1) 1?dT—1, as €10, vn, (10n)
Soua,m(t)ua,n(t)dt~0, as el0, v m # n, (100)

Sou,,,,,,(—r)vu,,,(T)dr—»O, as el0, vm # n. (10p)
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The asymptotic singular value decomposition is useful, because it is easi-
Iy derived in terms of the physical parameters of the system, and also because
it gives a rather precise idea as to what the exact singular value decomposi-
tion is, as asserted by the following theorem.

Theorem 1. Let Condition (2) be verified; then

Tr

-1, as €l0, vn, (11a)

Capn
lu,—u,, -0, as el0, vn, (11b)
lv,—v, .1 =0, as €0, vn, (11c)

Proof. This is most easily proved by showing that o2, and u,, and v,

are ‘‘approximate’’ eigenvalue and eigenvectors of the self-adjoint, positive
semi-definite operator JC¢, whose kernel is given by

oo

H(t,1) = SO he(t+xYhe(x+7)dx.

After some long — but elementary — calculation, the above and (4) yield

t 1 t
H(t,7) = et (—T +— + +T>

2¢ 4¢3 4¢?

@
¢
+ Y, 5 e tcos wi(t—7)

2
o 4ew,
il c
+ E k S €7 (£00S WiT + TCOS Wil) +6(t,7), 12)
e 4+ wy

with

lim el8llz = 0,
el0

where 512, = 5;’ S;" 16 (2,7) 12dtdr, that is, the Hilbert-Schmidt norm; see
Kato [29, V.2.4].
For n = 1, 2, (12) and (10) yield

SOH(t,r)ua,n(r)dT Ot (D) +an(t), n=1,2, (13a)

Il
il

s BN (dr = 0,01 + 8000, 1,2, (13b)

X
i

where o, and 8, are in L2{0,o) and such that
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lim e*lle,l =0, n=1,2, (13¢)
elo
limetlB.l =0, n=1,2, (13d)
el

Hence (11) is verified for n = 1, 2.
For n = 2k+1 (k = 1, 2,...), the problem is a little more difficult.

Observe that

|, B tntr1dr = 0t + i +

1 2 2
bl Gy e B2EFWe 14y
We e+ w! Ae?(de? + wi)?

- Veew, (t+1)
H(t, )V, .(T)dT = aznva,., H+6.(t)+ —————, 14b
0 ) Ve () + B.(2) 2@ + ) (14b)

where «, and 3, are in L?[0,00) and such that
lim el =0, n=2k+1, k=1,2, (14¢)
el

limelgl =0, n=2k+1, k=12, (14d)

el0

Let J3C, be the operator whose kernel is given by

t 1 t
H(t,7) = et (i PRI +T>.

2e 4¢ 4¢?
o V2e i o
It is easily seen that —————— (1 +V2et)e " are exact normalized eigenvectors
V2+2v2
. . 3+2 . .
of 3C, corresponding to the exact eigenvalues Té“*—@ Hence, if we define
€
A _ 122+ w? 1 Cr
) = —30t 2\/— ~er, L+ fee —_), 15a
5@ ° ( @ 1wy e de+ wi) (s
s S(Vee w (t+1)
H = -8 ———, (15b)
50 ° { 24 (46 + wl) }
we have
limd 1A < oo, (15¢)
€
limL If0 < oo, (15d)

elo €
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Combining (14) and (15) yields

50 H(,7) o (1) +A(DAT = 02,10 (D) + (D] + (1),
n=2k+1, k=1,2,.., (16a)

| H ) 0un(7) + A = @ [00n(0) +£(0] 4 600,

n=2k+1, k=1,2,.., (16b)
with
limella,l =0, n=2k=1, k=1,2,..., (16¢)
el0
limelgl =0, n=2%k+1, k=1,2,.., (16d)
elo

(16) together with (15,¢,d) means that (11) is verified forn = 2k+1(k = 1,
2,...).

The proof for the case n = 2k+2 (k = 1, 2,...) is the same as for the
casen = 2k+1 (k = 1, 2, ...) and is hence omitted. The proof is completed.

The preceding theorem provides the asymptotic singular values of the
transfer function (3}, consisting of the summation of infinitely many elemen-
tary transfer functions. It is of interest to look at the singular value of each
elementary transfer function . . .

Theorem 2. We have

1 +
o; = 3£2V2 , (17a)
(s+¢)? 4¢2
Cr
o —
8%+ 2es+ Wi + €
— 1,asel0, i =1, 2. @am
feel
dew,

Proof. The exact singular value decomposition of the kernel of the Hankel
operator associated with the inverse Laplace transform of

1
Gt

(t+ T)e-s(r+1) o 3 +2\/§ |: \/—2; ( 1+ \/ift)e-et

4e 2+2V2
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2y \/ier)e'”}
2+2V2

3“3\6 2 (—1+\/'2_et)e'“}
4 |\2-v2

T (1—\567)6'*’}
V2-v2

From this, (17a) follows.
To prove (17b), consider the kernel of the product of the Hankel operator

associated with the inverse Laplace transform of —9‘—2~—— by itself:
82 + 2es + wy + €

® 9
A c . ,
K(t,7) = SO —£ e=*Isin w, (£ +x)e " sin wi (x + 7)dx
wk
—_ Clz‘ —e (t+7)
= o e cos wi(f—7)
k
_ : s W+ 7) — wisinw, (£ + 1)
2wk 2(e+wl)
Then observe that
oo 2
. c .
§ K (#,7)2Ve e7sin wrdr = ——2— 2Ve e'sin wit + (1),
0 1662w’
lim eliull = 0, Hm I2Ve ewsin w,rll = 1,
el0 el0
o 2
c
K(t,7)2Ve e="cos wordr = —%— Ve e~“cos wit +v(¢),
2
0 16¢*w;
lim elvll = 0, lim I2Ve e*cos wrll = 1,
el el0

From this, (17b) follows. This completes the proof.

We finally have

Theorem 3. The set of singular values of the transfer function (3), con-
sisting in the summation of infinitely many elementary transfer functions
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as depicted by the parallel connection structure of the block diagram of Figure
1, is the union of the sets of singular values of the elementary transfer func-
tions taken separately, asymptotically as €!0.

Proof. Combine the results of Theorems 1 and 2.

It should be stressed that the above is not a general property of a transfer
function consisting in the summation of many transfer functions of any kind.
In our case, it is rather the fact that the elementary transfer functions are
a double integrator and oscillators which endows the overall transfer func-
tion with a rich structure, responsible for the rather exceptional result of
Theorem 3.

3. Approximation

An obvious approximation procedure for the transfer function (3) consists
in cutting the expansion at a given order. This stems from the fact that the
higher order terms are higher frequency terms which have a minor contribu-
tion to the input-output map. This is the so-called modal truncation. Although
widely used in aerospace engineering [1]-[15], this procedure is, however, still
heuristic and in need of justification.

As we shall see, the systematic approximation procedures [17]-[25]
developed these last few years provide a justification of modal truncation,
at least in an asymptotic sense.

One should distinguish two systematic approximation schemes - the
balanced and the optimal approximations. Both of them can have rather easily
been derived from the singular value decomposition of the Hankel operator
associated with the impulse response of the system.

Consider the exact singular value decomposition (9). Define

0() = [Vouur (1) Voara () ..., (182)
Voy vi(7)]
Vo, v2(7)

e(r) = . : (18b)
i J

The singular value decomposition provides a factorization

he(t47) = 0(1)C(7). (18¢)

It is fairly well-known that a factorization of the Hankel operator associated
with the impulse response of a sytem readily leads to a state space realiza-
tion [18], [30]. In addition,"in this case, the fact that the factorization (18c)
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comes from a singular value decomposition leads to a very special state space
realization. Indeed, recalling that he(¢) is differentiable, one can write

%hf(l+ 7) = l—il;hf(t+ 7), which yields 6 ()€ () = O(¢)C(7), from which
it follows that

Gty = e(z)go G(r)e*(r)dr, asd)
é(r) = SO 0*(1)0(1)drC (1), (18¢)
with
1
—_— 1 t
7 ui (1)
u (1)
02
0+ (t) = ) , (18f)
CH(r) = 1 v, (7) L 0(7) ... (18g)
Vo, Vo,
(18d) further yields
SO O+ (1)0()di = SO é(ryet(ndr = A. (18h)
With this notation, (18d,e) yield
o) = ()4, (18i)
C(r) = AC(7). (18j)
Define
B £ e©), (18Kk)
¢ 2 0(0). (180

Hence, from (18i-f), one deduces

o(t) = Cet, (18m)
C(7) = e"B. (18n)

It follows that
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he(t+7) = O(H)C(7) = Cedt*nB; (180)

hence (A, B,C) is a realization of A<(¢). This realization is quite particular;
indeed, the controllability and observabiltiy grammians are, respectively,

S:eﬁfééfeﬂfdf = S:e(f)ef(r)df =L, (192)
S:e’iT’C‘TCe’i’dt = g: OT(1)O(tydt = ¥, (19b)
with
(51
02
r= . . (19¢)

Hence, in the state space realization (A4, B, C), the controllability and obser-
vability grammians are equal, diagonal, and equal to . (A, B, €) is the so-
called balanced realization of A<(¢) [17], {25].

Now,leto, = 6, = ... = 0, > 0.4 = ... From the singular value decom-
positon (9), the best rank r approximation [25, Section III} of the Hankel
operator JC¢ is the operator with kernel O,(¢)@,(7), where

0,(t) = Vo, ui(8)...Vo, u, (1)}, (202)
Vo, vi(1)]

C.(r) = . , (20b)
| Vo, v,(7) ]

since
la<(t+7) = 0,(DC (D = 0,41,

where ll« | denotes the spectral norm, i.e., the square root of the supremum
of the spectrum of the operator premultiplied by its adjoint. The big prob-
lem is that O,(¢)C,(r) does not, in general, depend only on the sum 7+ 7
of the two arguments [25]; in other words, the operator of kernel O, (£)C,(7)
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does not have Hankel structure. Nevertheless, a decent approximation {18,
Section III] of this operator is the Hankel operator associated with the im-
pulse response

he(t) = Ce™B., 200)
where
i = f:@:(t)e,(t)dt
= S:é,(f)ej(r)dr, (20d)
B, = C,(0), (20e)
C. = 0,(0). (20f)

(The equality between the two integrals in (20d) stems from the fact that they
are both the same top left-hand corner submatrix of A; see (18h).) (4,,B,,C.)
is the so-called balanced approximation of (4,B,C) [17], [25]; observe that
A. is the top left-hand corner submatrix of dimension r of A, and that B,
and C. are the corresponding submatrices of B and C, respectively.

Amazingly, Krein [19] has proved that there exists a Hankel operator JACf
of rank r such that

hsee — ol = 0.

The impulse response ﬁi(t) corresponding to JC¢ is the so-called optimal ap-
proximation of A<(?).

Note that, if the operator of kernel O, (¢)C, (7) has Hankel structure, then
Ei(t) = h%(t); in other words, balanced and optimal approximations are
equivalent.

Applied to the transfer function (3), the above yields the following rather
surprising result:

Theorem 4. Consider the transfer function (3) with the sequence (10h)
monotone decreasing. For any even order r = 2p of approximation, modal
truncation, balanced approximation, and optimal approximation are
equivalent, asymptotically as el0. (Two operators are ‘‘asymptotically
equivalent as €10 iff the spectral norm of their difference goes to zero as e!0.)

Proof. First, it is easily seen that cutting down the asymptotic singular value
decomposition (10) is equivalent to modal truncation; indeed, direct calcula-
tion shows that

Cx

et gin w,(f+ 7).

2p p—1
E Oallan (D Van(7) = (E+T)E T+ Z

n=1 h=1 We
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Consider now approximation in the balanced and optimal senses. The cen-
tral issue is O, (7)C,(7), as defined above. Combining (10), Theorem 1, and
(20) yields

p—1
C .
10,()C.(7) — (£+ 7)) — 2: —£ eewnigin w (£ +7)1=0, as el0.
Wy
k=1

It follows that ©,(¢) €, (7) has Hankel structure, asymptotically as ¢10. Thus,

as said above, balanced and opt1mal approx1mat10ns are equivalent, and

Re(1) = he(t) = (t+7)e " + T L eeesin wi(t47), where o = -
k=1 "k

means that the norm of the difference between the two memebers goes to

zero as e}0. Hence, modal truncation, balanced, and optimal approxima-

tions are equivalent, asymptotically as €l0.

4. Parametric study of six-dimensional case

This section offers a parametric study of singular value analysis, balancing,
and approximations of the transfer function

2

he(s) = ——— + LI @1
(s+e)* o S+2es+w,t+é
A minimal state space realization is provided by
X = Ax+ bu, 22a)
y =cx, (22b)
with
—¢ 1 'i 0 0 I}I 0 0 W ( 0 1
0 —¢ | 0 0o | 0 0 1
_________ e e~ ————
0 0! — w! 0 0 ~1
A= ) | , b= ) 22¢)
0 0 —-w —e 0 0 1
_________ e P
0 0! 0 0! —e 9w ~1
I I
L0 0! 0 0! -w —¢! 1]
I | P P
c= | 1 o & & 8 2 (224d)
| : 2wy 2w, 2w, 2w,
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The controllability and observability grammians are defined by

. SO et bbTe " dt, 23a)

W, = S 0 e*"'cTeetdl; 23b)

obviously, W, = W’ > 0and W, = W, > 0. Let T be a similarity trans-

formation of the state, i.e., (A,b,c)i(TAT‘,Tb,cT“).»It is readily

verified that
W, LTTW,T-,

w, LTw.T",

W, W, & T-TW,W,T".
Consider the eigenvalue decomposition of the controllability grammian
W, = UL.U’, 249
where U. is the (orthogonal) matrix of eigenvectors of W, arranged colum-

wise and L. the diagonal matrix of eigenvalues of W, It is easily checked that

E-—IIZUT
I/Vc i I)

:1/2
W, ZVe LAUTWLULY? 2 W,

Consider now the eigenvalue decomposition
Won = U.L*U,,, @5)

where U, is the (orthogonal) matrix of eigenvectors of W, arranged column-

wise and I? = diag{af,...,oﬁ} the diagonal matrix of eigenvalues of W,,;
the singular value notation is purposely used, and it will be justified very

soon. Now, it is easily seen that

E1/2UT
I

. on E,

AT L)

In other words, the similarity transformation

T = D2yl o2 U” (26)
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defines a state space realization
(A,b,c) 5 (TAT*,Tb,cT) = (A,5,6), (27a)

in which the controllability and observability grammians are equal and
diagonal, i.e,

W, LE, Q7h)

w, Lz, @27¢)

<

It follows that (A,5,¢) is the balanced state space realization of ¢(s/ —A)™b,
and that the o.’s are the singular values. This is another approach for deriv-
ing balanced state space realization and singular values, computationally more
tractable [31] than the singular value decomposition avenue of approach.

Numerical exploration (in single precision on a DEC 10 computer) of
singular value analysis, balancing, and balanced approximation has been per-
formed, as well as comparison between pole/zero configurations of the high
order model and the reduced order models.

Computation of Poles/Zeros of High Order Model

The poles of the original model are easily computed from (21). The zeros
were computed as the Smith zeros of the system matrix associated with the
state space realization (22), which were themselves computed as solutions
of a generalized eigenvalue problem [38], by making use of the subroutines
QZHES, QZIT, and QZVAL of EISPAK [35], [36].

Computation of the Grammians

In place of computing the grammians either as the numerical integrals (23)
or as numerical solutions to associated Lyapunov equations [33], [37], it turns
out to be more reliable to compute them via their analytic values derived
from (22-23). The derivation of the analytical formulas of W, and W, is easy
and left to the reader.

Singular Value Analysis, Balancing, and Approximation

This was done by roughly following the procedure outlined in [31]. The eigen-
analyses (24) and (25) of the controllability grammian W, and the new observ-
ability grammian W,,, respectively, were performed in single precision using
the routines TRED2 and TQL2 of EISPAK [35]-[37]. Although these eigen-
analyses are badly conditioned because of the rather large spectra of the eigen-
values of W, and W,, (typically, Anas (W) = 10° and Aoas (Won) = 107,
)\min ( Wc) >\min ( WOn)
for e = 0.05) due to the underlying physics of the problem, the TRED2 and
TQL2 subroutines performed more than satisfactorily, even in single preci-
sion. The eigenanalysis of W, could have been replaced by its Cholesky fac-
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torization [31], with equal numerical reliability. The singular values of the
transfer function (21) were computed as the square roots of the eigenvalues
of W,,; see (25). The “‘balancing”’ transformation 7" was computed as given
by (26). The balanced state space realization (A, 5,¢) was computed accord-
ing to (27a). The coefficient matrices 4,, b,, and ¢, of the balanced approx-
imation were simply derived as submatrices of A, b, and & respectively, as
outlined in Section 3.

Computation of Poles/Zeros of Balanced Approximation

Poles of the balanced approximation were computed as the eignevalues of
A,, using the routines BALANC, ELMHES, and HQR of EISPAK [35], [36].
These routines performed more than satisfactorily. However, the computa-
tion of the zeros of the balanced approximation (A,,5,,é,) is no easy task.
It appears, indeed, that these zeros are extremely sensitive to the data
(A,,b,,¢,). This great sensitivity can be justified by the fact proved in Section
3 that the balanced aproximate system is asymptotically the modally trun-
cated system and hence has its zeros close to the flexible poles; this sensi-
tivity issue can also be more precisely justified by a condition number analysis
[39]. Further, the data (4,,b.,¢.) is uncertain, since it comes from the balanc-
ed realization (A,b,¢) which is itself uncertain, because the whole balanc-
ing procedure is badly conditioned due to the large spread of singular values
typical for this class of systems. It is hence not surprising that the zeros of
(A4,,b,,¢) are hard to compute. These zeros were computed as the Smith
zeros of the associated system matrix, using the routines QZHES, QZIT,
and QZVAL of EISPAK [35]-[38]. These zeros were also computed as the
poles of the inverse system, that is, as the eigenvalues of the matrix

2

(A,— b’j’j}f) . using BALANC, ELMHES, and HQR of EISPAK.
cr riJr

Both procedures gave pretty close results. They both provided realistic

numerical zeros in the case of a moderate spread of singular values, with

a slight preference for the inverse system procedure; in the case of a wide

spread of singular values, the numerical zeros were completely irrelevant.

Numerical Results and Interpretation

The numerical resulis are summarized in Tables 1, 2, and 3. Table 1 pro-
vides the singular values and the asymptotic singular values as functions of
e. Observe that the singular values fit well with the asymptotic predictions,
except that os and o, s are quite apart for ¢ = 0.001, but this is a numerical
pitfall due to the (too) large spread of singular values for e = 0.001. Also
observe that the spread of singular values increases as ¢}0. Table 2 provides
the singular values and the asymptotic singular values as functions of the
modal constant c¢,. Observe that the singular values o3, 0, and the asymp-
totic singular values 0.3, 0.4 corresponding to the first flexible mode in-
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crease as ¢, increases, whereas the other singular values are roughly left un-
changed, which is not surprising in view of (21). Finally, Table 3 provides
the singular values, the asymptotic singular values, and the fourth and second
order balanced approximations for some sample values of the parameters.
As already said, the computation of the zeros of the balanced approxima-
tions was too unreliable for the small values 0.05 and 0.1 of ¢, because the
spreads of singular values were too large, so that these zeros are not listed
in Table 3. However, for e = 0.5, the spread was moderate enough to allow
a fairly reliable computation of the zeros, and these are given in Table 3.
The important fact is to observe that the pole/zero configuration of the
balanced approximations is close to the pole/zero configuration of the original
transfer function (21) after modal truncation, thereby confirming Theorem 4.

From all the numerical results, it follows that for realistic values of the
physical parameters the rigid mode has large singular values and the first
and second flexible modes have low singular values. Since singular values
provide a measure of controllability/observability, it follows that the flex-
ible modes, and especially the second one, are ‘‘weakly controllable/obser-
vable,”” thereby recovering a result already obtained via the Linear-Quadratic-
Gaussian avenue of approach [12], [13].

5. Conclusions

We have attempted in this paper to perform a first evaluation of the recently
emerged tools centered upon singular value decomposition as applied to
physical systems. We have chosen a class of flexible systems, because of their
importance with the advent of Large Space Structures, and also because for
these systems measures of controllability/observability and systematic ap-
proximation procedures like those provided by singular value decomposi-
tion are badly needed. In a flexible system consisting of the interconnection
of a double integrator and oscillators, singular values have been shown to
provide a measure of the contribution of each subsystem to the overall in-
terconnected system and has allowed a fairly rigorous justification of the
deletion of the low singular value subsystems in reduction procedures.

Although from a very specific sensitivity standpoint balanced realization
is desirable [40], one should, however, keep in mind that balancing so far
requires a lot of eigenanalyses which are more and more ill-conditioned as
the spread of singular values increases. Hence the computed balanced realiza-
tion may be far enough from the true value as to invalidate conclusions drawn
from this computed balanced realization, as shown by the difficulties en-
countered in computing the zeros of the balanced approximation.

More reliable numerical procedures for balancing seem to be called for.
Specifically, a procedure not involving the unessential multiplications bb”
and cc, typical in the grammians and making the spectral spreads twice as
big, would be welcome. In other words, it would be desirable to compute
the ¢,’s, rather than the o?’s as is usually done with the currently available
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o % % % %5 %
ElM i |9 % %, %a,2 %,3 %a,4 %,5 %a,6
0.20 127 (10.0 | 0.4 |o.05 || 1508908 |2.583373 | 0.1881321 | 0.1665404 | 0.006326852 | 0.006155448
15.08884 | 2.588835 | 0.1851852 | 0.1851852 | 0.00625 0.00625
05 | 2.7 |10.0 | 0.4 |o.05 ||26:82473 | 4.599166 [0.252944 | 0.2289220 | 0.00840336 | 0.008242955
26.82459 | 4.602373 | 0.2469136 | 0.2469136 | 0.0083333 | 0.0083333
010 | 2.7 110.0 | 0.4 |o.05 || 8035540 | 10.35387 | 0.3792661 | 0.3534001 | o0.0vz55293 | 0.01239213
60.35534 ) 10.35534 | 0.3703700 ] 0.3703704 | 0.0125 0.0125
0.05 |27 1700 Loa |o.as || 2404214 | 41.92099 | 0.7523660 | 0.7251955 | 0.02609735 | 0.02297378
241.4214 | 41.42136 | 0.7407407 | 0.7407407 | 0,025 0.025
0.03 | 2.7 | 10.0 | 0. | 005 || 6706149 [ 115.0502 |1.246698 | 1.219699 | 0.04162987 | 0.03814798
670.6149 | 115.0593 | 1.234568 | 1.234568 | 0.04166667 | 0.04166667
0.02 | 2.7 | 10.0 | 0.4 | 005 || 1508.883 | 2688833 |1.u64733 | 1.837369 | 0.06313205 | 0.06239883
1508.883 | 258.8835 | 1.851852 | 1.851852 | 0.0625 0.0625
0.0 | 2.7 | 10.0 | 0.8 | g.05 || 6035.529 | 1035529 | 3.721410 | 3.689781 | 0.1706231 | 0.1249703
6035.534 | 1035.534 | 3.703704 | 3.703704 | 0.125 0,125
0.005 | 2.7 1100 L oa | o.05 || 2824211 | 8162115 | 7.426310 | 7.393704 | 0.2896103 | 0.2499762
24142.14 | 4142.135 | 7.407407 | 7.407407 | 0.25 0.25
0.001 | 2.7 | 10.0 | 0.4 | o.05 || 823584.3 | 103545.3 | 4025545 | 36.99051 | 19.45975 1.251383
603553.4 | 103553.4 | 37.03704 | 37.03704 | 1.25 1.25
Table 1. Singular values and asymptotic singular values of #¢(s), as a function of e.
[ a [ o [+3 g
1 2 3 4 5 6
€ L T 9,1 %,2 %.,3 %a,4 %,5 %,6
005 |15 | 6.0 |os |op || 2014216 810167  |1.705022 |1.598848 | 036779 | 0.1657916
2414214 | 41.42136_ | 1.666667 | 1.666667 | 0.1666667 | 0.1666667
01 |15 | 6.0 |os |0z || 6035619 | 1033783 | o0.8508420 | 0.758a192 | 0.084271 | 0.0823207
’ ) ) ' 60.35534 | 10.35534 | 0.83333 | 0.83333 0.083333 | 0.083333
05 L1560 los | oz || 2446828 |0.3173683 | 0.1008865 |0.07380008 |0.05308 | 0.01460638
: 2.414214 | 0.41421 | 0.1666667 | 0.1666667 | 0.01666667 | 001666667
05 |15 130 07 |05 || 2:064807 | 02679845 | 01231249 |0.1112025 | 0.0622465 | 0.04704958
) - 17 [l z.a18214 | 04142135 | 0.23333 | 0.233333 | 0.083333 | 0.083333

Table 3. Singular values, asymptotic singular values, fourth order and second

softwares. A possibility of avoiding the unessential ‘‘squaring up’’ might be
provided by [21], where it is shown that the inherent structure of the con-
trollable canonic form allows the computation of the ¢,’s as the solutions
to a generalized eigenvalue problem. Another such possibility is given in a
recent report [41] on the solution of Lyapunov equations in a ‘‘square-root’
fashion.
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9 % 93 % % %

El M M 9 % %, %,2 %,3 a4 %5 Ca,6

0.0s] 270 100! 0.6 o.05 || 2414214 | 41.42083 | 1.328332 | 1.087769 | 0.02497815 | 0.02452533
241.4214 | 41.42136 | 1.1 | 1011111 | 0.025 0.025

005! 27| 1001 o5 o.05|| 241-4214 | 41.22091 | 0.9403207 | 09064842 | 0.02524023 | 0.02496893
241.4214 | 41.42136 | 0.9259259 | 0.9259259 | 0.025 0.025

0.05| 271 10.0] 0.4 | o.05 || 247:4214 | 41.42099 | 0.7523660 | 0.7251955 | 0.02609735 | 0.02497378
241.4214 | 41.42136 | 0.7407407 | 0.7407407 | 0.025 0.025

005l 2.7) 10.0] 0.3] .05 || 2414213 ] 41.42106 | 0.5641830 | 0.5438994 | 0.0251145 | 0.02492053
241.4214 | 41.42136 | 0.5555566 | 0.5555556 | 0.025 0.025

0.5 2.71 10,01 0.2 | 005 || 241-4203 | 41.42115 | 0.3761815 | 0.3625994 | 0.02547584 | 0.02496273
281.4214 | 41.42136 | 0.3703704 | 0.3703704 | 0.025 0,025

Table 2. Singular values and asymptotic values of A(s) as function of c,.

fourth order balanced approximation second order balanced approximation
zeros of original poles zeros poles zeros
=
-0 05+j 5.644228 . -0.049+ j 1.499732 § o -0.0495+ j 0.0086498 .E %
~ j 1.222964 ; -0.049% § 0.0007557145 | & & ~ 1:5 OE
X — . S8 adw
-0.1+ j 5.644227  -0.0990+ j 1.499144 ] -0.09687+ § 0.017242 ES L
i 1.222964 | -0.0999% j 0.003074864 | S S e 3
_0.5 +j 5.644228 i -0.47867+ j 0.0877055 -0.468507 -0.3329831+ j O ©
+j 1.222964 . -0.5064326F j 1.550953 | *j 1.392281 ~0.9285787* j 0
. 1 -0.405
-0.5+ § 2:685597 " g'Gea -0.6209861 -0.3297905 .
j 1.129693  -0.65389% j 1.143566 *j 0.934361 -0.93333

order balanced approximations of h(s).
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