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A Note on a Paper of Sperb ')

By James R. Kuttler, Applied Physics Laboratory, The Johns Hopkins University,
Silver Spring, Maryland, USA

In [7] Sperb considers the eigenvalue problem for the elastically-attached
membrane

Au+iu=0 in G,

0
—l+ocu=0 on I,
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where G is a bounded region of n-space with boundary I, 4 is the Laplacian, 0/6n
the outer normal derivative, « a non-negative constant.

In his paper, Sperb proves a number of inequalities for the first eigenvalue
A(@). Two particularly interesting inequalities giving lower bounds for 4,(x) are
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where 4, is the first eigenvalue of the fixed membrane, ¢, the first Dirichlet eigenvalue
(see [4], [6], [7]), satistying

[ h? ds {(4¢)* dx
=mint- —— —mno%
D=0 Thdx 90 . [0o\ .
inG & onl j‘(—) Os
7 \on

and v, is defined by
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where D(g) is the Dirichlet integral. These inequalities were proved in [7] by a con-
vexity argument applied to a quadratic form associated with the Robin’s function.
Sperb also proves (40’) by a decomposition (Zerlegung) method. We simplify this
method and then also show how (43) may be derived similarly,

To show (40'), let u be the eigenfunction associated with 4,(«) in (1). Let u=v-+h,
where

dv=du, Ah=0 in G

v=0 h=u on .

Note that D(u)=D(v)+ D(h). Then, by the triangle inequality,
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where we have used the minimum principles for 4, and g, (see [4]). Squaring and using
the arithmetic-geometric mean inequality
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which gives (40).
To show (43), first note that, by the Principle of Duality [3], v, can also be
characterized by

y,= min b
1—_IvdS=0 jvzdx'
r G

(*)

Now let c=L"! fuds, where u is still the eigenfunction associated with (). We
r

proceed exactly as above. By the triangle inequality,
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by (x). Squaring and using the arithmetic-geometric mean inequality,
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which gives (43).

We conclude with a couple of remarks.

From () it follows, as noted by Sperb, that v, <u, (see also [1]), where p, is
the second eigenvalue of the free membrane, and equality holds if and only if

fwds=0 (%)
r

when w is the free membrane eigenfunction associated with u,. Now w must have
exactly one nodal line [2], which cannot be a closed curve [6]. If G has two axes of
symmetry, the nodal line must be one of those axes of symmetry, by the argument
of {5], and so (**) holds. Thus, if G has two axes of symmetry, v, =u, and
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We also remark that (40’) can be written as
1 S [ 1 1 ]

— a ——— N
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which can be used to give upper bounds for ¢, with a nearly optimal choice of .
For example, if G is a square of side a, and a=mn/24q, then

=2n%a?,  l(n)2a)=n*/2a,

and
aq, <%n=4.1888,

as compared with the bound 4.7530 given in Table 2 of [4].

References

[1] J.H.BrawmsLE and L.E. PAYNE, Bounds in the Neumann Problem for Second Order Uniformly Elliptic
Operators, Pacific J. Math. 12, 823-833 (1962).

[2] R.Courant and D. HILBERT, Methods of Mathematical Physics, Vol. 1, Wiley (Interscience), New
York (1953).

[3] G.FicHErA, Su un principio di dualitd per talune formole di maggiorazione relative alle equazioni
differenziale, Atti Accad. Nazl. Lincei 19, 411-418 (1955).



434
(41
(5]

(6]
(71

James R. Kuttler ZAMP

J.R. KuTtTLER and V. G. SIGILLITO, Inequalities for Membrane and Stekloff Eigenvalues,]. Math. Anal.
Appl. 23, 148-160 (1968).

J.R. KUTTLER and V. G. SIGILLITO, An Inequality for a Stekloff Eigenvalue by the Method of Defect,
Proc. Amer. Math. Soc. 20, 357-360 (1969).

L.E. PAYNE, Isoperimetric Inequalities and their Applications, SIAM Rev. 9, 453-488 (1967).

R. P. SPERB, Untere und obere Schranken fiir den tiefsten Eigenwert der elastisch gestiitzten Membran,
Z. angew. Math. Phys. 23, 231-244 (1972).

Summary

Two lower bounds of Sperb for the first eigenvalue of an elastically attached membrane are proved

in an elementary way.

Zusammenfassung

Zwei untere Schranken von Sperb fiir den tiefsten Eigenwert einer elastisch gestiitzten Membran

werden in einfacher Weise nachgewiesen.
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