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A N o t e  on  a Paper  of  Sperb 1) 

By James R. Kuttler, Applied Physics Laboratory, The Johns Hopkins University, 
Silver Spring, Maryland, USA 

In I-7] Sperb considers the eigenvalue problem for the elastically-attached 
membrane 

A u + 2 u = O  in G, 

0u 
- - + ~ u = O  on F, 
On 

(1) 

where G is a bounded region of n-space with boundary F, d is the Laplacian, 0/0 n 
the outer normal derivative, ~ a non-negative constant. 

In his paper, Sperb proves a number of inequalities for the first eigenvalue 
21(~). Two particularly interesting inequalities giving lower bounds for 21(~) are 

1 1 1 (40') 
21(c 0 -<-~--1 -~ c~qt' 

1 1 A 
< + (43) 

21 (e) - v 1 e L '  

where 21 is the first eigenvalue of the fixed membrane, q~ the first Dirichlet eigenvalue 
(see [4], [6], [7]), satisfying 

h I ds ~ (Ack) z dx 

ql=  rain h ~ - -  =min  a 
d h = O  dx J f in G G o n F  ?0  20s 

i" \ Onl 

and v 1 is defined by 

(Ag) z dx 

v I = min G 
~=c D(g) ' 
On 
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where D (g) is the Dirichlet integral. These inequalities were proved in [7] by a con- 
vexity argument applied to a quadratic form associated with the Robin's function. 
Sperb also proves (40') by a decomposition (Zerlegung) method. We simplify this 
method and then also show how (43) may be derived similarly. 

To show (40'), let u be the eigenfunction associated with 21(a ) in (1). Let u = v + h, 
where 

Av= Au, Ah=O in G 

v = 0  h=u on F. 

Note that O(u)= D(v)+ D(h). Then, by the triangle inequality, 

] f  fu2~x<_lf lv2dx+lfl fh2dx 
13 (I G 

< _ ~ + l / q C l  [h~ds 
F 

/q; 11u2 ds, 
F 

where we have used the minimum principles for 21 and ql (see [4]). Squaring and using 
the arithmetic-geometric mean inequality 

I u2 dx <_2~ 1 D(u)+2 ]/~.C 1 qfl D(u)I u2 ds+q~ 1 ~ u2 ds 
G F F 

_< (2i -1 + (a qO- 1) O (u) + (a 2i -~ + qi- 1) I u 2 d s 
F 

= ( 2 i  - 1  + (~ q,)- 1)(D (u) + ~ [. u 2 as) 
r 

=(at '  +(~ ql) -1) al(~) I ~d~, 
G 

which gives (40'). 
To show (43), first note that, by the Principle of Duality I-3], v 1 can also be 

characterized by 

v l=  min D(v) 
s - ~ = o  I v2 d x  " (*) 

/ -  
G 

Now let c=L-l~ u ds, where u is still the eigenfunction associated with 21(~). We 
r 

proceed exactly as above. By the triangle inequality, 

r  S I.-c)2 dx 
G G 
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by  (.). Squar ing and using the ar i thmet ic-geometr ic  mean  inequality,  

u 2 dx<_v{ 1 D ( u ) + 2 ] / c 2 A v {  1 D ( u ) + c 2 A  
G 

< (vi -1 + A(e C)-  1) D(u) + (1 + e L ( A  h ) - 1 )  C 2 A 

= (vi -1 + A (e t ) -  1)(D (u) + a L c 2) 

<_(v; 1 + L) - ' )  (D(u) + I u2 ds) 
F 

=(Vi -1 + A ( a  L) -1) 21(e)I  u2 d x ,  
G 

which gives (43). 
We conclude with a couple  of  remarks .  
F r o m  (,) it follows, as noted  by Sperb, that  vl < # 2  (see also [1]), where #2 is 

the second eigenvalue of the free membrane ,  and equal i ty holds if and only if 

w ds = 0 (**) 
F 

when w is the free m e m b r a n e  eigenfunction associated with P2. N o w  w must  have 
exactly one noda l  line [2], which cannot  be a closed curve [6]. If  G has two axes of  
symmetry ,  the noda l  line mus t  be one of those axes of  symmetry ,  by  the a rgumen t  
of  [5], and so (**) holds. Thus,  if G has two axes of symmetry ,  vl = # 2  and  

1 1 A 
< - - - t - - -  (43') 

~1(0~) -- ]22 eL"  

We also r emark  that  (40') can be wri t ten as 

[ ,  1] 
- - > ~ e  ' - , 
ql 21(e) 2, 

which can be used to give upper  bounds  for ql with a near ly  op t ima l  choice of  e. 
F o r  example,  if G is a square  of side a, and e = re/2 a, then 

21 ---- 27z2/a 2, 21(rt/2a)=Tt2/2a 2, 

and 

aq l  <-~n=4 .1888 ,  

as compa red  with the bound  4.7530 given in Table  2 of  [4]. 
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Summary 

Two lower bounds of Sperb for the first eigenvalue of an elastically attached membrane are proved 
in an elementary way. 

Zusammenfassung 
Zwei untere Schranken von Sperb f'fir den tiefsten Eigenwert einer elastisch gesttitzten Membran 

werden in einfacher Weise nachgewiesen. 
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