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ZusammenJassung 

Der  Aufsa tz  beweis t  die E x i s t e n z  e iner  D r e i - P a r a m e t e r - F a m i l i e  yon  i n h o m o g e n e n  
D e f o r m a t i o n e n  m i t  k o n s t a n t e n  D e f o r m a t i o n s i n v a r i a n t e n .  Diese D e f o r m a t i o n e n  tassen 
sich in j e d e m  anf~tnglich homogenen ,  t r a n s v e r s a l i s o t r o p e n ,  i nkompres s ib l en  e las t i schen  
Mater ia l  d u r c h  Ober f l / i chenkrMte  au f r ech t e rha l t en .  
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S t r e s s  F u n c t i o n s  for P lane  P r o b l e m s  w i t h  Couple  S t r e s s e s  

B y  DONALD E. CARLSON, Dept .  of Theore t i ca l  a n d  Appl ied  Mechanics ,  U n i v e r s i t y  of 
Ill inois,  U r b a n a ,  Il l inois,  U S A  

1. Introduct ion 

For  p l ane  p r o b l e m s  a n d  in t he  absence  of b o d y  forces a n d  b o d y  couples,  t he  s t ress  
equa t i ons  of equ i l i b r ium for a c o n t i n u u m  which  can  s u p p o r t  couple  s t resses  m a y  be 
w r i t t e n  as 

Ot~ Otvx Otxv Otvv Om~.z Omvz 
ox + 0 ) -=0 ,  b ~ +  0-r = 0 , - 0 x  + oy + t , y - t , x = 0  (1.1) 

w h e n  refer red  to  r e c t a n g u l a r  Car tes ian  coordina tes .  I n  (1.1) txx, tvv, t~ v, a n d  tvx are  t he  
c o m p o n e n t s  of t he  stress tensor, a n d  mxz a n d  mvz are t he  c o m p o n e n t s  of t he  couple stress 
tensor. The  d o m a i n  of these  func t ions  is some b o u n d e d  region R of t h e  x, y-plane.  A d i rec t  
a n d  e l e m e n t a r y  d e r i v a t i o n  of (1.1) ha s  been  g iven  b y  MINDLIN [lJ 1). T h e y  can  also be  
r eached  b y  specia l iza t ion  of t he  co r re spond ing  e q u a t i o n s  for t he  t h r e e - d i m e n s i o n a l  case [2]. 

I t  is t he  purpose  of t he  p r e s en t  p a p e r  to  give t he  genera l  so lu t ion  of (1.1) in t e r m s  of 
a r b i t r a r y  f u n c t i o n s  (stress funct ions) .  I n  t he  n o n - p o l a r  case ( ident ica l ly  zero couple  
stresses),  t h e  we l l -known genera l  so lu t ion  was g iven  b y  AIRY [3]. I t  is i m p o r t a n t  to  
emphas ize  t h a t  since we are dea l ing  on ly  w i t h  the  s t ress  equa t ions  of equ i l ib r ium,  all  of our  
resu l t s  (except  those  in Sect ion 4) are i n d e p e n d e n t  of a n y  c o n s t i t u t i v e  equa t ions  which  t he  
s tresses  m a y  be  requ i red  to  satisfy.  

I n  Sect ion 2 t he  s t ress  func t ion  so lu t ion  is de r ived  a n d  shown  to  be  comple te .  The  
degree of a rb i t r a r ines s  of t he  s t ress  func t ions  for a g iven  set  of s t resses  is t h e n  examined .  

I n  Sect ion 3 t he  s t ress  func t ions  are  i n t e r p r e t e d  in t e r m s  of t he  r e s u l t a n t  force a n d  
m o m e n t  t r a n s m i t t e d  across an  arc in t he  body .  Th i s  leads to  necessa ry  a n d  suff ic ient  
cond i t ions  for  t he  s t resses  to  sa t i s fy  in o rder  t h a t  t he  s t ress  func t ions  be  s ingle-valued.  

F ina l ly ,  in Sect ion 4 t he  s t ress  func t i on  so lu t ion  g iven  b y  MINDLIN [1] for  t he  case of 
l inear ized e las t i c i ty  is o b t a i n e d  f rom our  genera l  solut ion.  

2. Stress  Function Solution 

Here  a n d  in w h a t  follows, we will n o t  s t a t e  expl ic i t ly  t he  s m o o t h n e s s  r equ i r emen t s .  
T h e y  m a y  be  read i ly  in fe r red  f rom wel l -known t h e o r e m s  of ca lculus ;  see, for  example ,  
COURANT [4J. 

1) Numbers in brackets refer to References, page 792. 



790 Kurze Mitteilungen - Brier Reports - Communications br6ves ZAMP 

The following theorem,  which  supplies the  stress funct ion  solut ion of (1.1)i m a y  be 
conf i rmed b y  d i rec t  subs t i tu t ion .  

Theorem 2.1. Define stresses through 

OF OG OG OF OH OH 
t x x - - O y '  t v v = - - - O x "  t x v = - O v '  tvx--  Ox '  m x z =  Ov - F '  myz Ox G,  

(2.1) 

where F, G, and H are arbitrary functions. Then these stresses satisfy (1.1). 
The proof  of t he  n e x t  theorem,  which  shows t h a t  eve ry  solut ion of (1.1) can be repre-  

sen ted  in the  form (2.1), is ac tua l ly  the  mo t iva t ion  for r ep resen ta t ion  (2.1). 
Theorem 2.2. Let the stresses satisfy (1.1). Then there exist functions F, G, and H on R 

such that the stresses can be represented by (2.1). Furthermore, i / R  is s imply connected, then the 
stress functions F,  G, and H will  be single-valued. 

Proof. According to  the  t h e o r y  of to ta l  different ials  [4], (1.1)1 implies the  exis tence  of a 
func t ion  F (single-valued if R is s imply  connected)  such t h a t  

OF OF 
t~x tvx -- 

Oy ' Ox " 

Similarly,  by  (1.1)2 there  exists  a funct ion  G such t h a t  

OG OG 
t x v -  Oy ' t y y -  OX " 

Then  (1.1)2 can be wr i t t en  as 

0 0 
Ox (m~z + F) + ~ (myz + G) = O , 

and  hence  there  is a func t ion  H such t h a t  

OH OH 
mxz + F Oy ' rnuz + G =  -- Ox " 

This comple tes  the  proof.  
I t  is of some in te res t  to know to w h a t  e x t e n t  the  stress funct ions  are de t e rmined  by  the  

s tresses t h e y  represent .  This in fo rmat ion  is con ta ined  in t he  following theorem.  
Theorem 2.3. Let a given set of stresses which meet (1.1) be represented according to (2.1) 

by the stress/unctions F,  G, H and also by the stress/unctions F' ,  G', H' .  Then 

F - - F ' = F o ,  G - - G ' = G o ,  

where F o, G o, H o, are constants. 
Proof. By (2.1) 

o ( F -  F ' ) =  O o~ o~(F F')=O, 

0 
0x- ( H - -  H')  = - - ( G - - G ' )  , 

Hence  

H H ' =  - - G o x + F o y + H  o, 

o (~  _ G') = o 
o ~  ~ (C - G') = 0 ,  

0 ( H - - H ' )  = ( F - -  F ' ) .  

F -- F '  = const .  = F 0 , G -- G' = const .  = Go, 

H - -  H ' =  G o x + F o y + c o n s t . = - - G  0 x + F  0 y + H  0;  

and  the  proof  is complete .  
I t  is w o r t h  no t ing  t h a t  (2.1) m a y  be regarded  as a special case of GONTHER'S [5, 6] 

stress  func t ion  solut ion of the  th ree -d imens iona l  equi l ibr ium equat ions .  Also, i t  is a t r ivial  
m a t t e r  to  wri te  (2.1) in i nva r i an t  form. 
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3.  R e s u l t a n t  F o r c e  a n d  M o m e n t  

Guided  b y  TRUESDELL'S a n d  TOUPIN'S [2] t r e a t m e n t  of MICHELL'S [7] work  in t h e  
non -po l a r  case, we now  give a phys ica l  i n t e r p r e t a t i o n  of t he  s t ress  func t ions  in  t e r m s  of t he  
r e s u l t a n t  force and  m o m e n t  on  a n  arc in  t he  body.  

Consider  a n  e l em en t  of arc i dx + ] dy, where  i and  ] are  t he  u n i t  vec tors  a long  t he  
x- and  y-axes,  respeci tvely .  Since a u n i t  n o r m a l  to  th i s  e l emen t  of arc is i dy/ds -- ] dx/ds,  
t h e  c o m p o n e n t s  of t he  stress vector and  t he  couple stress vector on  t h e  e l emen t  of arc  are 
g iven  b y  

dy tvx dx  dy dx  (3.1) 
tx = txx ds - ds " tv = txv ds -- tvv ds  ' 

a n d  

dy dx (3.2) 
mz : mx z ds- -- my z d s  ' 

respect ively .  E q u a t i o n s  (3.1), (3.2), a n d  (2.1) yield 

d F  dG d ( H - -  y F + x G )  (3.3) 
t ,  = -ds-  ' t v  = d s  ' m z  - -  y tx + x t v = d s  

N e x t  let  (Xl, Yl) a n d  (x2, y~) be  a n y  two po in t s  in  R, and  le t  F be  a n y  s imple  arc  
c o n t a i n e d  in R d i rec ted  f rom (Xl, Yl) to  (x2, Y2)- T h e n  t he  c o m p o n e n t s  of t he  resultant  ]orce 
and  t he  resultant momen t  ( abou t  the  origin) t r a n s m i t t e d  across F measu red  pe r  u n i t  
th ickness  of t he  b o d y  are  

rx(r) :.[t,j ds, : ft _ d s ,  (3.4) 
/- /- 

and  

M z ( r )  = f ( m z  -- y tx + x t~) d s ,  (3.5) 

respect ive ly .  The  fol lowing two t h e o r e m s  are i m m e d i a t e  consequences  of (3.3), (3.4), 
a n d  (3.5). 

T h e o r e m  3.1. Let  F be a s imple  arc directed / rom (x 1, Yl) to (x 2, Y2) as above. Then  

Fl~.~,y # - -  r i r . ~ , y , )  - -  T x ( F ) ,  G r . , , y ~ )  - -  G ! ( ~ , , y , )  = T y ( r ) ,  

(H  -- y 1:: + x G)i(*~, y,) -- (H  -- y F + x G)[(x~, y,) = WIz(F) " 

T h e o r e m  3.2. A necessary and su/[icient condition that the s t re s s /unc t ions  F ,  G, and H 
be single-valued is that the stresses be totally sell-equilibrated in  the sense that 

T,(C) = ry ( c )  = M~(C) = 0 

/or every s imple  closed contour C in  R.  
Of course i t  follows i m m e d i a t e l y  f rom (1.1), (3.1), (3.2), (3.4), (3.5), a n d  the  d ive rgence  

theo rem,  t h a t  if t he  b o u n d a r y  of R consis ts  of a n u m b e r  of s imple  closed con tou r s ;  t h e n  
t he  s tresses  will be  t o t a l l y  se l f -equi l ibra ted  if and  on ly  if t he  r e s u l t a n t  force a n d  r e s u l t a n t  
m o m e n t  on  each  of the  b o u n d i n g  c o n t o u r s  van ishes .  

4.  L i n e a r  E l a s t i c i t y  a n d  M i n d l i n ' s  S o l u t i o n  

I n  p a r t i c u l a r  theor ies  of mate r ia l s ,  t h e  s t resses  are requ i red  to sa t i s fy  ce r t a in  cond i t ions  
of c o m p a t i b i l i t y  as well as t he  equ i l ib r ium E q u a t i o n s  (1.1). I n  the  l inear  t h e o r y  of e las t i c i ty  
Ell, one of t he  c o m p a t i b i l i t y  equa t i ons  is 

Omv z Omx z (4.1) 
Ox Oy 
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Equa t ion  (4.1) implies the  existence of a funct ion K such t h a t  

OK  OK 
mx ~ = -Ox- ' my z -- Oy " 

By (4.2) and (2.1) 

Z A M P  

(4.2) 

OH O K  OH O K  
F Oy Ox ' G = Ox Oy " (4.3) 

Thus f rom (4.2), (4.3), and (2.1) the  complete  solut ion of the  equi l ibr ium E q u a t i o n s  (1.1) 
and the  compat ib i l i ty  E q u a t i o n  (4.1) is 

02H O~K O~H O~K 
txx = , try = + - -  

Oy ~ Ox Oy Ox ~ Ox Oy ' 

O~H 0 2 K  O~H O~K O K  
txu Ox Oy Oy ~ ' tv~ -- Ox O~ + Ox ~ ' m ~  Ox ' 

OK  
m ~ z  = ~ :  , 

o y  

where the  stress funct ions  H and K are arbi t rary.  This is MINDLIN'S [11 solution. Of course 
if the  rest  of the compat ib i l i ty  equat ions  are t aken  into account ,  then  H and K will have  to 
sat isfy certain differential  equations.  

Note  Added in Proof,  N o v e m b e r  4, 1966: Af te r  this paper  had  gone to the pr.mter, 
Professor SCHAEFER informed me t h a t  some of its results are contained in his Versuch  
e iner  Elas t i z i t i i t s theorie  des z w e i d i m e n s i o n a l e n  ebenen C o s s e r a t - K o n t i n u u m s ,  Miszellaneen 
der  Angewand ten  Mechanik,  277-292,  Akademie-Ver lag ,  Ber l in  1962. However ,  I have  
no t  ye t  been able to ob ta in  this  work  and thus  do not  know to wha t  ex ten t  the two 
papers  overlap.  
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Z u s a m m e n / a s s u n g  

Die L6sung der zweidimensionalen Gleichgewichtsbedingungen fiir ein Kont inuum,  
das Spannungsmomente  aufnehmen kann, wird m i t  Hilfe von  willkiirl ichen Spannungs-  
funkt ionen  gegeben. Die Spannungsfunkt ionen  werden mi t  Hilfe der resul t ierenden Einzel-  
kraf t  und des resul t ierenden Momentes  gedeutet ,  welche durch einen Bogen im K6rper  
i iber t ragen werden. 
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