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Zusammen/assung 

Die vorl iegende Not iz  behande l t  das Prob lem der Spannungskonzent ra t ion  an einem 
kreisf6rmigen Loch in der Theorie  der mikropolaren  Elast izi t~t .  Es wird gezeigt, dass der 
Konzen t ra t ions fak tor  im Gegensatz  zum klassischen Fal l  nicht  kons tan t  ist, sondern yon 
drei dimensionslosen Pa rame te rn  abhfingt, welche mi t  dell Mater ia lkons tan ten  verknt ipf t  
sind. Bet passender  W a h l  dieses Paramete rs  stell t  sich heraus, dass der 14onzentrations- 
faktor  um wenig v o m  klassischen W e r t  abweicht .  
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Note  on Wave  P r o p a g a t i o n  in Linear ly  V i s c o e l a s t i c  Media  
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Introduction 

The s tudy  of p ropaga t ing  surfaces of d iscont inui ty  in cont inuous media  was apparen t ly  
in i t ia ted at  the  end of the  last  century.  The main  reference f rom tha t  period is the  classical 
t reat ise  by  I-IADAMARD Eli 1). In  recent  years the  subject  has been given renewed a t ten t ion  
by COLEMAX et  al. [2, 3] in two va luable  papers  on the  propaga t ion  of wave  fronts in 
non-l inear  viscoelast ic  solids. In  the  l a t t e r  papers  the  a t t en t ion  was restr icted,  however,  to 
the  ve loc i ty  of the  p ropaga t ing  waves, and to the  growth  or decay of a propagat ing  
d iscont inui ty  a t  the  wave  front.  

In  the  present  note  we use the  analyt ica l  tools of the  theory  of p ropaga t ing  surfaces of 
d iscont inui ty  to de termine  solutions tha t  are also val id  af ter  the  wave  front  has passed. 
To show the  me thod  in its most  elegant  s impl ic i ty  we l imit  ourselves to one-dimensional  
wave  propagat ion,  small  deformat ions  and l inear mater ia l  behavior .  The  present  method  
may,  however,  p rove  to be useful for non-l inear  wave  propagat ion  problems. 

The  viscoelast ic  mater ia l  t h a t  is considered here satisfies the  most  general  l inear 
stress-strain relation.  The  field quant i t ies ,  such as stresses and part ic le  velocities, are 
t rea ted  as funct ions of t ime, while the  spat ia l  coordinate  is t rea ted  as a parameter .  At  an 
a rb i t ra ry  locat ion the  solutions are obta ined  in the  form of a Tay lor  expansion about  the  
t ime  of ar r ival  of the wave  front.  The coefficients of the  expansion, which depend on the  
pa rame te r  x, are obta ined  wi th  a m i n i m u m  of effort  as solutions of l inear first  order  
ord inary  different ial  equat ions.  

1) Numbers in brackets refer to References, page 144. 
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Analysis 

W e  consider  a t h i n  viscoelast ic  rod (0 ~< x < co), wh ich  is a s sumed  to be  in i t ia l ly  
und i s tu rbed .  A t  t ime  t = 0 a t i m e - d e p e n d e n t  s t ress  is appl ied  a t  x = 0. Fo r  in f in i t es imal  
s t ra ins  and  l inear  m a t e r i a l  b e h a v i o r  the  ensu ing  wave  m o t i o n  in the  rod  is governed  b y  t h e  
fol lowing two equa t ions  

Oa 02u 
Ox - -  ~ Ot 2 (1) 

Ou 
ox - Jo a(~, t) + [ J~ (x - ~) ~(~, ~) d~ (2) 

d 
0 + 

where  a(x, t) and  u(x, t) are t he  un iax ia l  s t ress  and  t he  uniaxiaI  d i sp lacement ,  respect ive ly ,  
and  @ is t he  mass -dens i ty .  I n  (2) J(t) is t he  un iax ia l  creep func t ion ;  a super sc r ip t  deno tes  
d i f f e ren t i a t ion  w i t h  respec t  to  t he  a r g u m e n t .  W e  also define 

do = d(O) a n d  d~ ds" s=0 (3) 

I n  a viscoelas t ic  m a t e r i a l  d i s tu rbances  will p r o p a g a t e  w i t h  a f ini te  ve loc i ty  if t he  
ma te r i a l  shows in i t ia l  e last ic  behav ior .  Fo r  a l inear  viscoelas t ic  m a t e r i a l  t he  p r o p a g a t i o n  
ve loc i ty  depends ,  moreover ,  on ly  on  t he  m odu l us  t h a t  governs  t he  in i t ia l  elast ic  response.  
F r o m  (1) and  (2) t h e  wave  ve loc i ty  is easi ly o b t a i n e d  as 

c = (  i ),/~ 
o Jo " (4) 

A t  a f ixed pos i t ion  x a long t he  rod, the  ma te r i a l  is a t  res t  un t i l  a d i s t u r b a n c e  a r r ives  
a t  t ime  t = x/c. I n  t h i s  no te  we propose  to seek solut ions  for t h e  field va r i ab le s  a t  pos i t ion  x 
in t he  fo rm of a Tay lo r  series a b o u t  t he  t ime  of a r r iva l  of t he  d i s tu rbance .  Thus  for f ixed x 
and  for t >~ x/c: 

For  a n  in i t i a l ly  u n d i s t u r b e d  rod  t he  de r iva t ives  O"a(x, l)/Ot n are iden t i ca l ly  zero before  t he  
w a v e f r o n t  arr ives,  and  t h e y  h a v e  f ini te  values  a f t e r  t h e  wave  f ron t  has  passed.  These  
der iva t ives ,  or a t  leas t  m a n y  of t hem,  are, therefore ,  p r o p a g a t i n g  d iscont inui t ies .  B y  us ing  
a fami l ia r  n o t a t i o n  for d i scon t inu i t i es  (5) can  t h e n  be r e w r i t t e n  as 

L oe, j (6) n = O  ~'~- 

I t  is shown  in t he  sequel  t h a t  the  d i scont inu i t i es  in  t he  t ime -de r iva t i ve s  of t he  s t ress  can  be  
o b t a i n e d  d i rec t ly  as the  solut ions  of inhomogeneous ,  o r d i n a r y  d i f fe ren t ia l  equa t ions  of t he  
f i rs t  order.  

Consider  a func t ion  /(x,  t) wh ich  is d i scon t inuous  and  ha s  d i scon t inuous  de r iva t ives  
across a p lane  t h a t  moves  w i t h  ve loc i ty  c. Basic  to  t he  s t u d y  of t he  m a g n i t u d e s  of p ropa -  
ga t ing  d i scont inu i t i es  in  one d imens ion  is t he  k i nema t i ca l  cond i t ion  of c o m p a t i b i l i t y  [4] 

The  genera l  rule  (7) m a y  now  be  appl ied  to the  de r iva t ives  O's~Or ~ and  On+~u/Ot n+l. 
W e  o b t a i n  

d [Onc; ] [ 0"+10" 1 [ 0"+~a 1 

r r ~ [ 1 
dt L at "+~ J = L Ot"+~ J + c L Ox Ot.+~l (9) 

where  c is def ined b y  (4). 
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L e t  us  d i f f e r e n t i a t e  t h e  c o n s t i t u t i v e  E q u a t i o n  (2) n + 1 t i m e s  w i t h  r e s p e c t  t o  l: 

t 
On+2u On+lff ~*+1 On+l i(7 ["  

- -  + i " J (10)  Z J0 -a?,,$1-~- + J,,+~ (t - s) (7(., s) d s .  Ox Ol "+~ Jo 01.+1 ~=1 
0 + 

Since  t h e  i n t e g r a l  is c o n t i n u o u s  a t  t h e  w a v e  f r o n t  (1 O) y ie Ids  t h e  fo l lowing  r e l a t i o n  b e t w e e n  
f in i t e  d i s c o n t i n u i t i e s  

0. ,+~ [ 0.+1(71 .+1  . [ 0n+1-'i(71 
[ ox otn+l ] = Jo [ Ol,+l j L ~ J  + __2tJ~ . (11) 

A f t e r  d i f f e r e n t i a t i n g  t h e  e q u a t i o n  of  m o t i o n  (1) n t i m e s  w i t h  r e s p e c t  to  t, we o b t a i n  for  t i le  
f in i t e  d i s c o n t i n u i t i e s  

[0.+1(7 1 f 0 ~  1 
O~07~-J = ~ L ~ J "  (12) 

W e  n o w  f o r m  t h e  s u m  (1/~) (12) + c (11), w h e r e  c is d e f i n e d  b y  (4). B y  e m p l o y i n g  t h e  
r e l a t i ons  (8) a n d  (9) t h i s  s u m  r e d u c e s  to  

d [ o,,+,~ l d f o,,(71 "+~ r 2"+I  '~ l  
c e dt k at "+1 J = d i  [ Ot. J + 2 ~=~Z ~ L Ot"+l-5-'J (13) 

w h e r e  
YJ 

~i 2 3% ' (14) 

B y  e m p l o y i n g  t h e  e q u a t i o n  of m o t i o n  (1) a n d  t h e  k i n e m a t i c a l  c o n d i t i o n  of  c o m p a t i b i l i t y  (8) 
we c a n  w r i t e  fo r  n ~> 1: 

d F 0.-1(71 f a.(71 [ o . + ~  l 
d f  L Ol "-I J = L at .  j + ~  L ~ j "  (15) 

T h e  f i r s t  t e r m  of  (13) c a n  n o w  be  e l i m i n a t e d  w i t h  ( t5) ,  and ,  for  n > 1, we  o b t a i n  t h e  
fo l lowing  i n h o m o g e n e o u s  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  for  [O'(7/Ot'] 

r o,, l r = F(t) 
dt [ O l "  ] + ~1 [ 0t" ] 

w h e r e  
1 d 2 [o~-,(71 ~ to.-,(71 F($) 
2 dt 2 L ~ J  - / Z ~ + I  L ~ J "  (1'7) 

F o r  n = 0 we  e m p l o y  t h e  w e l l - k n o w n  k i n e m a t i c  r e l a t i o n  

[(7] = _ co [ O u ] .  (18) 

S u b s t i t u t i o n  of  (18) in to  (13) y ie lds  

d 
)7 [(7] + ~I[(Y] = 0 .  (19) 

T h e  so lu t i ons  of  (16) a n d  (19) are  d e t e r m i n e d  s u b j e c t  to  in i t i a l  c o n d i t i o n s  t h a t  d e p e n d  
on  t h e  s t r e s s  a t  x = 0. S u p p o s e  t h a t  t h e  s t r e s s  a t  x = 0 c a n  be  e x p a n d e d  in  a M a c L a u r i n  
ser ies  

co ~n 

(7(0, t) -Z0(7~  ~! . (20) 

T h e  s o l u t i o n  of  (19) is t h e n  o b t a i n e d  as 

[(7] = % e  ~ .  (21) 
F o r  n > 1 t h e  s o l u t i o n  of  (16) i s :  

t 

~ f i - j  = e - ~ t  F(s )  e~'," ds + a,, e-~,~t. (22) 
0 
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For  an a rb i t ra ry  posit ion x the coefficients in the  expansion (6) are obta ined by  
replacing t by  x/c in (21) and (22). The first three coefficients are 

[a] = a 0 e-~Y~ (23) 

I t  should be pointed out  t ha t  for a l inear problem the  expansion (6) can be obta ined by 
means of the  Laplace t ransform technique.  The Laplace t ransform of the  stress is easily 
obta ined as 

8(x, p) = ~(0, p) exp {-- (~ pa j(p))l/.a x}.  (26) 

A binomial  expansion of the exponent ,  combined wi th  an expansion of the exponent ia l  
and t e rm by  t e rm inversion, yields the same result  as is obta ined in a less cumbersome 
manner  in this note. The  first t e rm of the  expansion was obta ined in tha t  way  by  CHU [5]. 

Acknowledgment 
This work  was supported by the  Advanced  Research Pro jec t  Agency  of the U.S. 

D e p a r t m e n t  of Defense th rough  the Nor thwes te rn  Univers i ty  Materials Research Center.  

R E F E R E N C E S  

[1] J. HADA~ARD, Lefons sur la Propagation des Ondes el les Equations de l'Hydrodynamique, 
Librair ie  Scientif ique A. Hermann ,  Paris (1903). 

[2] B. D. COLEMAN, M. E. GURTIX, and I. HERRERA R., The Velocity o/One-Dimensional 
Shock and Acceleration Waves, Arch. Rat .  Mech. Anal. 19, 1-19 (1965). 

[3] B. D. COLEMAN and M. E. GURTIN, On the Growth and Decay o/ One-Dimensional 
Acceleration Waves, Arch. Rat .  Mech. Anal. 19, 239-265 (1965). 

[4] C. TRUESDELL and R. A. TOUplN, The Classical Field Theories, Encyclopedia o/Physics, 
Springer-Verlag, Berl in (1960), p. 504. 

[5] B.-T. CHu, Stress Waves in Isotropic Linear Viscoelastic Materials, J. M6canique 
1, 439-462 (1962). 

Zusammen/assung 

Die analyt ischen Mit tel  der  Theorie der sich for tpf lanzenden Diskont inui tg ts f lgchen 
werden verwendet ,  um die vollst i indige L6sung eines e indimensionalen l inearen Problems 
der Wel lenfor tpf lanzung aufzustellen. Diese LSsung wird erhal ten als eine En twick lung  in 
eine Taylor -Reihe  um die Zeit des Antreffens der ViTellenfront. Die Entwicklungskoeff iz ien-  
t en  sind L6sungen yon gew6hnlichen Different ialgleichungen erster  Ordnung.  
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