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4. A n y  t h e o r y  of e las t ic i ty  m u s t  proceed f rom a r e l a t ion  be tween  t h e  t ensors  of s t ress  
and  re la t ive  de fo rma t i on  or s t ra in .  T he  t ensor  of s tress  can  h a v e  the  c o v a r i a n t  or con t ra -  
v a r i a n t  form, and  express ions  in these  forms are  therefore  requ i red  also for t he  t ensor  of 
s t ra in .  Usua l ly  t he  d imens ions  of t he  b o d y  are g iven  in the  in i t ia l  s ta te ,  a n d  the  s t r a in  
t enso r  m u s t  be expressed in such state .  However ,  t he  in i t ia l  s t a t e  is no t  one of equ i l ib r ium ; 
th i s  is t he  p r o p e r t y  of t he  f inal  s ta te .  In  some p rob lems  the  necess i ty  t h e n  arises of ex- 
press ing the  s t r a i n  t enso r  in t he  f inal  s ta te .  These  condi t ions  m a k e  i t  des i rable  to  m a k e  use 
of the  e igh t  express ions  l is ted in t he  p r e s en t  paper .  
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Phases  of Elast ic  Materials  

]By I~/[ORTON E. GURTIN a n d  \~-ILLIAM O. WILLIAMS, D e p a r t m e n t  of Mathema t i c s ,  
Carnegie  I n s t i t u t e  of Technology,  P i t t s b u r g h ,  P e n n s y l v a n i a ,  U S A  

Introduction 

The  n a t u r e  of a s imple  ma te r i a l  m a y  be, in large pa r t ,  descr ibed b y  i ts  s y m m e t r y  
group1),  wh ich  is t he  se t  of all t r a n s f o r m a t i o n s  of reference con f igu ra t ion  wh ich  leave  
i n v a r i a n t  t he  response  of the  ma te r i a l  to  all d e f o r m a t i o n - t e m p e r a t u r e  his tor ies .  Clearly 
th i s  desc r ip t ion  is no longer  a d e q u a t e  in t he  case of ma te r i a l s  which  suffer bas ic  s t r u c t u r a l  
changes  due  to d e f o r m a t i o n  and  t e m p e r a t u r e ,  changes  wh ich  arise, for example ,  in the  case 
of phase  t r ans i t ions .  T h u s  i t  is impl ic i t  in  mos t  t r e a t m e n t s  of the  sub jec t  t h a t  c o n s t i t u t i v e  
equa t i ons  are to  be  t a k e n  as def ined for a single phase  of t he  ma te r i a l .  More  in keep ing  
w i t h  t he  general  a t t i t u d e  of m o d e r n  c o n t i n u u m  mechanics ,  however ,  is to  r ega rd  the  const i -  
t u t i v e  func t iona l  as f ixed and  to consider  changes  of the  w_aterial u n d e r  d e f o r m a t i o n  to be  
ref lec ted  in changes  in s y m m e t r y .  This  is a r a t h e r  s imple  concept ,  b u t  one which  we bel ieve 
m a y  be  useful  in descr ib ing  ma te r i a l  response.  W e  here  d e m o n s t r a t e  i ts app l i ca t ion  to the  
s imples t  non - t r i v i a l  case : an  elast ic  m a t e r i a l  for wh ich  the  phase  is a func t ion  on ly  of the  
dens i t y  a n d  t e m p e r a t u r e .  W e  beg in  b y  i n t r o d u c i n g  a group, called t he  phase  s y m m e t r y  
group,  which  we al low to be  a func t ion  of the  dens i t y  @ a n d  t e m p e r a t u r e  u) 0. Fo r  a g iven  
@ a n d  0 th i s  group is t he  set  of all dens i ty  p rese rv ing  t r a n s f o r m a t i o n s  of t he  reference 
conf igura t ion  which  are ind i s t ingu i shab le  b y  an  e x p e r i m e n t  in which  t he  dens i t y  a n d  t h e  
t e m p e r a t u r e  a f te r  t he  d e f o r m a t i o n  are O a n d  0 respect ively .  Us ing  th i s  group we are  able  
to  give phys ica l ly  m e a n i n g f u l  def in i t ions  of such  no t ions  as solid phase,  l iquid  phase ,  
mesomorph i c  phase  a n d  crys ta l l ine  phase.  F u r t h e r  we show t h a t  m o s t  of t he  resul t s  k n o w n  
p rev ious ly  for t he  s y m m e t r y  group h a v e  i m m e d i a t e  c o u n t e r p a r t s  for the  phase  s y m m e t r y  
group.  

i) We prefer this term to "isotropy group". 
2) Wang and Bowen [1966] in considering the "instantaneous isotropy group" of a quasi-elastic 

material allow the group to depend upon the present temperature. 
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Elastic  Materials .  The S y m m e t r y  Group (5M 

A n  elast ic  m a t e r i a l  is descr ibed  b y  a c o n s t i t u t i v e  e q u a t i o n  re l a t ing  t he  s tress  t enso r  S 
to t he  d e f o r m a t i o n  g r a d i e n t  F and  t e m p e r a t u r e  0: 

S = gM(F,  0). 

Here  M is t h e  (local) reference conf igu ra t ion  re l a t ive  to wh ich  F is takenS) .  The  func t i on  
SM is cal led t he  response  func t ion  of t he  m a t e r i a l  r e la t ive  to M.  W e  assume  t h a t  SM(F, O) 
is def ined for eve ry  non- s ingu la r  t enso r  F, eve ry  pos i t ive  sca lar  0 a n d  eve ry  con f igu ra t ion  
M,  and  is ob jec t ive  in t he  sense t h a t  

Q ~M(F, O) Qr = gM(Q ~, O) 
for eve ry  o r t h o g o n a l  t enso r  Q. 

The  response  func t ions  SM a n d  S y  re ia t ive  to two d i f fe ren t  conf igura t ions  M a n d  N 
are no t  i n d e p e n d e n t ;  t h e y  are r e l a t ed  b y  

SM(F, O) = SN(F C -1, 0), 

where  G is t he  d e f o r m a t i o n  g r a d i e n t  f rom M to N,  i.e., N = GM. 
The  symmetry group (~M of t he  m a t e r i a l  r e la t ive  to t he  con f igu ra t ion  M is t he  g roup  of 

all  non- s ingu la r  t ensors  H for w h i c h  t he  i d e n t i t y  

gM(F, O) = gM(F H, O) 

holds  for all  F a n d  0. Thus  H belongs  to (~M if a n d  on ly  if t he  response  f rom the  confi-  
g u r a t i o n  N = H M  is t h e  same  as t h a t  f rom M ,  i.e., 

S,v(F, 0) = SM(F, 0) 

for all F a n d  0. Also, if M a n d  N are a n y  two conf igura t ions  a n d  if G is the  d e f o r m a t i o n  
g r ad i en t  f rom M to N, t h e n  

~ = G (~M G - 1  . 

The  on ly  r e s t r i c t ion  4) we place on the  group 0D M is t h a t  i t  be c o n t a i n e d  in t he  u n i m o d u l a r  
g roup  lI. The  m a t e r i a l  is cal led a solid if for some M,  tSM is a s u b g r o u p  of the  o r t h o g o n a l  
g roup  ~ ;  a fluid if for some (and hence  every) M, (SM = llS). 

The Phase  S y m m e t r y  Group ~3M(0, 0) 

Le t  ~ > 0 a n d  0 > 0 be  g iven  va lues  of t he  dens i t y  a n d  t e m p e r a t u r e .  The  phase 
symmetry group ~3M(~, O) a t  (~, 0) re la t ive  to  a conf igu ra t ion  M is t h e  g roup  of all uni -  
m o d u l a r  t ensor s  H for wh ich  t he  i d e n t i t y  

SM(F, 0) = S~u(F H,  0) 

holds  w h e n e v e r  the  conf igura t ion  F M  has  dens i t y  0, i.e., w h e n e v e r  ~ [ det_F ] = eM, where  
~M is t he  dens i t y  in  M.  Thus  a u n i m o d u l a r  t enso r  H be longs  to ~M(O, O) if and  on ly  if 

~N(~,  0) = ~ u ( ~ ,  0) 

w h e n e v e r  N = H M  a n d  ~o [ d e t F  i = ~M (=  ex). Clear ly t he  m a p p i n g  (o, 0) --> ~M(,O, 0) 
genera tes  t he  s y m m e t r y  group  (SM b y  means  of t he  fol lowing re l a t ion :  

~M = n ~3M(o, o); 
all 
~,0 

a) F o r  precise  def ini t ions  of the  concep t s  used in th is  sec t ion  see Truesde l l  a n d  Noll  [1965].  
4) Conditions under which this restriction is necessary are discussed by Gurtin and Williams [1966]. 
5) This classification of materials is due to Noli [1958]. See also Coleman and Noll [1964] and Truesdell 

and Noll [1965]. 
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i.e., H belongs  to (SM if a n d  on ly  if H belongs  to ~M(~, 0) for eve ry  Q and  0. If  M a n d  N 
are a n y  two conf igura t ions  and  G t he  d e f o r m a t i o n  g r ad i en t  f rom M to N,  t h e n  

~N(O, 0) = G ~;M(O, 0) G -1 . 

W e  now uti l ize t he  g roup  ~M (~, 0) tO define as follows the  var ious  phases  of the  mate r ia l .  
(i) The  m a t e r i a l  is in a solid phase a t  (e, 0) if for some M, ~M(O, 0) is a subgroup  of 9 ;  

in th i s  case the  conf igu ra t ion  M is called u~dislorted. 
(it) The  ma te r i a l  is in t he  f luid phase at (o, 0) if for some (and hence  every) M,  ~M(r 0) 

~ [ .  
(iii) 8) The  m a t e r i a l  is in  a mesomorphic (or liquid crystal) phase a t  (~o, 0) if i t  is ne i t he r  

in  a solid phase  nor  in the  f luid phase  a t  (o, 0). 
(iv) The  m a t e r i a l  is in an  isotropic phase a t  (~, 0) if for some M, $5 is a subgroup  of 

~3M(e, 0); in th i s  case M is called undistorted. 
Tr iv ia l ly  each  fluid phase  is isotropic.  W e  now list  o t h e r  consequences  of the  above  

defini t ions,  o m i t t i n g  t he  proofs  of those  resul t s  wh ich  are d i rec t  c o u n t e r p a r t s  of k n o w n  
theorems .  

(~) 7) E v e r y  isot ropic  phase  is e i the r  a f luid phase  or a solid phase.  
(/~) 8) An o r thogona I  t enso r  Q be longs  to ~3M(Q, 0) if a n d  on ly  if 

Q ~M(F, o) Qr = ~ ( Q  F Or, o) 

for  eve ry  F w i t h  ~ ] d e t F  I = ~OM �9 
(d) 9) If  t he  m a t e r i a l  is in an  i sot ropic  phase  a t  (~, 0), t h e n  t he  res idua l  s tress  a t  t he  

t e m p e r a t u r e  0 in  a n y  u n d i s t o r t e d  local conf igu ra t ion  w i t h  dens i t y  ~ is a h y d r o s t a t i c  
pressure .  (The res idual  s tress  in a local conf igu ra t ion  M is SM(J[, 0).) 

(e) ~) I f  t he  m a t e r i a l  is in an  i sot ropie  phase  a t  (@, 0), thez~ for eve ry  F sa t i s fy ing  
I d e t F  [ = ~,u we h a v e  

SM(F, O) = -- p [4 -  ~t B + v B 2, 

where  B = F F  T, and  p = p(B,  0), # = it(B, O) and  v = v(B, O) are scalar  func t ions  of t he  
p r inc ipa l  i n v a r i a n t s  of B. If  t he  ma te r i a l  is in  t he  f luid phase  ~ = v = 0 and  p = p(~, 0). 

(9) ~) A n y  two u n d i s t o r t e d  conf igura t ions  of an  isot ropie  phase  are connec ted  b y  a 
d e f o r m a t i o n  g r ad i en t  of t h e  form z~Q, where  Q is o r thogona l ,  a n d  eve ry  such  d e f o r m a t i o n  
g r a d i e n t  carr ies  a n  u n d i s t o r t e d  conf igu ra t ion  in to  ano the r .  

(y) ~2) If  t he  ma te r i a l  is in t he  solid phase  a t  (~o, 0) and  M and  N are u n d i s t o r t e d  con- 
f igura t ions ,  t h e n  

~3N(~, o) = Q ~3M(o~, O) Qr, 

where  Q is the  o r t h o g o n a l  t ensor  co r respond ing  to the  poIar  decompos i t ion  of the  deform-  
a t i o n  g r a d i e n t  f rom M to N.  Thus  ~3,~(~, 0) and  ~ ( o ,  0) are c o n j u g a t e  w i t h i n  t he  o r tho-  
gonal  group.  

A solid phase  is called aeolotropic, or anisotropic, if t he  co r respond ing  phase  s y m m e t r y  
group  , re la t ive  to  some (and hence  every) u n d i s t o r t e d  conf igura t ion ,  is a proper subg roup  
of t h e  o r t h o g o n a l  g roup  9 .  B y  (y) the  in t r ins ic  s y m m e t r y  of a n  aeolo t ropic  solid phase  is 
descr ibed b y  a n  equ iva lence  class of con juga t e  p rope r  subgroups  of ~ .  E leven  such  equi-  
va lence  classes cor respond  to the  c rys ta l  classes ~) and  m a y  be  used to def ine t he  var ious  
possible  crystalline phases. A n o t h e r  t y p e  of aeolo t ropic  phase  is def ined b y  equ iva lence  
to a g roup  of t he  fo rm {Q atD { Q v = v or Q v = - v} where  v is some u n i t  vec to r ;  such  a 
phase  is called transversely isotropic. 

6) CI. Coleman [1965], Wang [1965J. 
~) Cf. Truesdell and Noll [1965~, p. 84. 
s) Cf. Noll [1958], Theorem 5; Coleman and NolI [1964], Proposition 4. 
9) Cf. Coleman and Noll [1964], Proposition 6. 
10) Cf. Coleman and NolI [1964], Proposition 7; Truesdell and Noll [1965], p. 140. 
al) Cf. Colemarl and Noli [1964], Proposition 8. 
12) CI. Coleman and Noll [1964], pp. 97-98. 
13) See, for example, Truesdell alld Noll [1965], p. 83. 
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The  n e x t  two  resu l t s  d e m o n s t r a t e  t he  connec t ion  b e t w e e n  t he  n o t i o n  of a m a t e r i a l  
be ing  a solid or f luid and  t h a t  of be ing  in t h e  solid or f luid phase .  

(~) If  t he  m a t e r i a l  is a f luid t h e n  eve ry  p h a s e  is a f luid phase .  
(z) I f  t h e  m a t e r i a l  is a n  i sot ropic  solid t h e n  eve ry  phase  is e i the r  a f luid phase  or an  

i sot ropic  solid phase.  
The  proof  of (t) is i m m e d i a t e :  s ince (SM c ~M(r 0) C 1I, (~M~ 11 impl ies  ~M(@, 0) = 11. 

To es t ab l i sh  (z) we assume  (5 ~ / =  f3 for some M.  T h e n  ~3 = (SM c ~M (~, 0) c l I  wh ich  impl ies  
~M(@, 0) = f? or ~3m(@, 0) ~ l i  for eve ry  (~, 0), since t he  o r t h o g o n a l  g roup  is m a x i m a l  in  
t he  u n i m o d u l a r  g roup  14). 

Remark; VARLt~Y and DAY 15) consider  phase  t r a n s f o r m a t i o n s  in a d i f fe rent  m a n n e r .  
Given  an  isot ropic  elast ic  solid t h e y  consider  de f o r ma t ions  of t he  ma te r i a l  w h i c h  can  occur  
a t  c o n s t a n t  t e m p e r a t u r e  a n d  pressure .  T h e y  f ind t h a t  if for a g iven h y d r o s t a t i c  p ressure  
a n d  t e m p e r a t u r e  t he  Gibbs  free ene rgy  func t i on  ha s  a (possibly cons t ra ined)  s t a t i o n a r y  
p o i n t  t h e n  t he re  exis t  de f o r m a t i ons  (cor responding  to  t h a t  s t a t i o n a r y  value) o t h e r  t h a n  
a u n i f o r m  d i l a t a t i o n  wh ich  m a y  occur  a t  th i s  p ressure  and  t e m p e r a t u r e .  T h e y  t h e n  no t e  
t h a t  the  s y m m e t r y  group of the  m a t e r i a l  r e l a t ive  to t h e  second conf igu ra t ion  is n o t  t h e  
full o r t h o g o n a l  group,  i.e., t h a t  th i s  conf igu ra t ion  is no t  u n d i s t o r t e d ;  t h e y  call such  a 
conf igu ra t ion  a non- i so t rop ic  phase  of t he  mate r ia l .  
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Zusammen/assung 

Es  wird  eine Me t hode  besch r i eben  fiir die Cha rak t e r i s i e rung  von  S to f f -Phasen  d u t c h  
A n g a b e  der  S y m m e t r i e - G r u p p e  als F u n k t i o n  der  D e f o r m a t i o n  u n d  T e m p e r a t u r .  W e n n  in 
e inem e las t i schen  Stoff  die Phase  d u r c h  Dich te  u n d  T e m p e r a t u r  b e s t i m m t  wird,  d a n n  gel- 
t e n  die me i s t en  der  i ib l ichen R e s u l t a t e  ftir die G e s a m t - S y m m e t r i e - G r u p p e  auch  fiir die 
Gruppe ,  die e iner  gegebenen  P h a s e  en t sp r i ch t .  

14) Brauer [1965], Noll E1965J. 
15) Varley and Day [1966]. 


