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Rdsumd 

L'6tude porte sur la th6orie de l'6coulement non permanent d 'un  fluide visqueux 
incompressible dans de canaux rectangulaires d'allongement divers, sous l'influence d 'un 
gradient de pression arbitraire, d6pendant du temps. Des solutions ont ~t6 obtenues dans 
4 cas particuliers: 1. gradient de pression impulsif, 2. gradient de pression constant et 
6tabli brusquement,  3. gradient de pression en fonction harmonique du temps, 4. gradient 
de pressjon ~ une composante constante et une composante harmonique. On donne les 
r@artitions de vitesse, les coefficients de frottement et la dissipation d'6nergie par unit6 
de longueur. 
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Nozzle Flow of  a Fully Ionized Plasma Based 
on Two Fluid Theory 1) 

By S. I. PAI, Inst i tute  for Fluid Dynamics and App1. Mathematics, and C. K. TsAo, 
Aeronautical Eng. Dpt., University of Maryland, College Park, Maryland, USA 

I.  I n trod u c t ion  

Most of the invest igat ion of magneto-gasdynamic  channel  flow is based on 'classical' 
single fluid theory  in which the generalized OHM'S law is used instead of the exact 
differential equat ion of electrical current  densi ty  and  the difference of tempera tures  
of ions and  electrons is ignored. One way to improve the results of classical magneto-  
gasdynamics  is to use mult i - f luid  theory in which the effect of various forces - bo th  
gasdynamic  and  electromagnetic - on the electric current  densi ty  has been t rea ted  
exact ly from the macroscopic point  of view and  the behaviors of electrons and  ions 

1) This research was supported in part by the Air Force Office of Scientific Research under the grant 
No, AFOSR 141-64. A part of this paper was submitted to University of Maryland as the M. S. thesis of the 
Junior author. 
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are treated separately. In this paper, we study the one dimensional steady channel 
flow of a fully ionized plasma by  two-fluid theory and compare the results with those 
of classical single fluid theory. 

There are two types of one dimensional channel flow based on the classical single 
fluid theory [1] 2) the approximate one dimensional flow and the strict one-dimensional 
flow, which are based on different approximations on MAXWELL'S equations. In this 
paper we consider only the strict one-dimensional flow in which all quantities are 
functions of the longitudinal coordinate x and strictly independent of the transverse 
coordinate y and z and MAXWELL'S equations must be obeyed. 

Most of the calculations of magneto-gasdynamic channel flow were carried out 
under the special restrictions [2] [3] such as constant velocity channel, constant cross- 
sectional area channel, constant temperature, etc. This means that  the flow configura- 
tions will be very special. We shall follow the analysis of ordinary gasdynamic by  
considering the flow in a nozzle of given shape under various flow rates and applied 
electromagnetic fields. In this manner, the similarity and deviations between the 
results of single fluid theory and two fluid theory can be dear ly  observed. 

We consider a fully ionized plasma consisting of electrons and singly charged ions 
flowing in a nozzle of slowly varying cross-section A (x) which is a given function of the 
longitudinal coordinate x. There is a constant transverse externally applied magnetic 
field Hy in the y-direction and a constant transverse externally applied electric field 
E~ in the z-direction. For simplicity, we may  consider that  the nozzle is of rectangular 
cross-section and that  the walls perpendicular to the y-axis are insulated walls and 
those perpendicular to the z-axis are perfectly conducting walls. We shall assume that  
the Reynolds number of the flow is high so that  both viscosity and heat-conduction 
are negligible. However, we shall assume that  the electrical conductivity of the plasma 
is finite so that  the friction coefficient is finite. 

II. Basic Assumpt ions  and Fundamental  Equations 

The variable in the two-fluid theory are as follows: 

q~ = i %(~) + i v~(x) + k w~(x),  

p~(x); v~(x); T~(x), 

= i Ex(x) + J E,(x) + k EAx) ,  

n =  i Hx(x ) + i Hv(x) + k Hz(x ) ,  

(1) 

where a = 1 or 2 and the subscript 1 refers to the values for ions and the subscript 2 
refers to the values for electrons. The flow velocity vector q~ for each species has the 
components ua, v~ and w~ in the x-,  y -  and z-axis respectively; p~ is the partial pressure 
of a-species, v~ is the number density of a-species, and T~ is the temperature of 
a-species. The electric field strength E has the components E x, Ey ,  and E z while the 
magnetic field strength H has components H x, Hy,  and H ,  along the x-,  y - ,  and z-axis 
respectively. The unit vectors along x-,  y - ,  and z-axis are i, j ,  and k respectively. 

3) N u m b e r s  in b r a c k e t s  re fer  to References ,  p a g e  369. 
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The fundamenta l  equations which govern the 18 variables of Equat ion  (1) are 
[41 [5] [7;: 

1. Equat ion  of state for e-species is 

p~ = R A v~ T~, (2) 

where R A is the universal gas constant.  
2. Equat ion  of conservation of mass of e-species is 

v~ u~ A = Q~ = cons tan t ,  (3) 

where the mass source term is zero because we consider only the fully ionized plasma. 
3. Equat ion  of mot ion of e-species is 

dq~ _ _ i dp~ 
m~ v~ u~ d ,  -h~- + e~ v~ E + e~ v~ #e (% x H) + ~12 (% -- q~) , (4) 

where m~ is the mass of a particle of e-species and m I >> ms; e~ is the electrical charge 
on a particle of ~-species and el = -e~ = e where e is the absolute electric charge;  
# ,  is the magnetic  permeabil i ty;  B = # e  H (i.e. B x = # e H x  etc.) is the magnetic  
induction, and elz is the friction coefficient. 

4. Energy  Equat ion  of ~-species is 

m E  
3 Uo~ dPedx + 25 PO;fO~NO~ dVO~dx 35q~0 ~xl$ k (T~ - -  TZ) -- mo ~ (qo~ - -  qfl)2 , (5) 

where the ratio of specific heats of each species is 5/3 in our problem and J~ = v~ e~ q~ 
is the electric current density of c~-species, and m o = m~ + mZ. 

Equat ions  (2) to (5) are the twelve gasdynamic  equations of two fluid theory. 
5. Electromagnet ic  equations. 
The first MAXWELL'S equation of electromagnetic field V• E = 0 gives in our 

problem 
E v = constant  and E ,  = constant.  (6) 

The conservation of electrical charge gives 

1 d A  E~  e (vl  - re) (7) 
A d x  e ' 

where e is the inductive capacity.  
The second Maxwell equation V• H = J gives 

Jrx = g ( U l  ~"1 - -  US V2) - -  0 ,  (8a) 

d H  z 
d x  -- e (v 1 vl -- vs vs) = - J r ,  (8 b) 

d H  v 
d x  - ~ (w~ ~ - ~ s  ~s) = L .  (8 c) 

The divergence of magnetic field gives 

A H~ = constant.  (9) 
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Equat ions  (6), (7), (8b), (8c) and (9) give the relations of the electromagnetic 
fields and the gasdynamic variables. I t  should be noticed tha t  Equat ion  (9) is not  an 
independent  relation. We m a y  use either Equat ion  (8 a) or (9) as a basic equation. 

We should solve the 18 variables of Equat ions  (1) from the 18 Equat ions  (2), (3), 
(4), (5), (6), (7), (8b), (8c), and (9)for  a given nozzle A(x)and given initial and final 
conditions at the two ends of the nozzles. 

III. Comparison Between Single Fluid Equations and Two Fluid Equations 

In  the single fluid theory  we deal with the gross variables of the plasma as a 
whole which are related to the partial  variables of Equat ion  (1) by  the following 
relations: 

~' = "Pl -~- V2, 0 = m v = m 1 v 1 + m 2 v 2 : 01 + 02, / (10) 

P : P l  + P 2 ,  V T = v 1 T 1 -~- v 2 T2, 0 q = 01 ql + 02 q', , / 
where the quantit ies without  subscript refer to those of the plasma as a whole. 

The equations of state and of cont inui ty  for the single fluid theory  are obtained 
exact ly by  the summat ion  of the corresponding equations of part ial  variables. 
However,  some approximations have usually been made in the equations of motion,  
of electrical current  and of energy for the single fluid theory  so tha t  these equations 
are not  exact ly in comparison with the two fluid theory.  We shall point  out the 
difference between the two theories in the following sections. 

IV. Some Simple Solutions of the Two Fluid Theory 

The general solution of the two fluid theory  is usually very  complicated, part icu- 
larly when the number  densities of electrons and ions are not  the same. Prel iminary 
computa t ion  shows tha t  if v 1 is not  equal to v2, the interaction force between ions and 
electrons is so large tha t  all the other forces are negligible. Hence the plasma has the 
tendency  to be neutral.  Hence we shall only consider the case for 

vl = *:2. (11) 

I t  should be noticed tha t  Equat ion  (11) means no charged separation which is usually 
made in the single fluid theory. 

F rom Equat ions  (11) and (8a), we have 

u 1 : u 2 : u .  (12) 

F rom Equat ion  (11) and (7), we have 

A E x : cons tan t .  (13) 

For  simplicity, we shall assume 

H ~ = 0 ,  Hz=O , E , = 0 ,  Ev=O. (14) 

The values H x and H z are the x- and z-induced magnetic  field components.  Since 
we do not have the externally applied magnetic field components  in both  x and z 
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direct ion,  the  induced  magne t ic  field m a y  be neglec ted  for engineering problems  in 
which the  magne t i c  Reyno lds  number  is small .  The  x- and  y - c ompone n t s  of electr ic 
field are assumed to be zero and  t hey  are also assumed in single fluid t heo ry  analys is  
in l i te ra ture .  

F r o m  Equa t ions  (Sb), (10), (11) and  (14), we have  

V l = V 2 = W : 0 , 

because  for one d imens iona l  flow v = 0. 
Under  the  assumpt ions  (11) and  (13), we need to  solve s imul taneous ly  the  seven 

var iables  u, w l ,  w 2, P l ,  Ps,  v l ,  and  Hy. If  we have  P l ,  P2, and vt, we m a y  ca lcula te  the  
t empera tu re s  T 1 and  T s from equat ions  of s ta te  (2). F r o m  Equa t ions  (3) to (8), we 
ob ta in  the  following simplif ied equat ions  for our seven var iables .  

du dpl 
m l  vl u dx -- dx e vl wl  B . ,  (15 a) 

du _ dp2 
ms vl u dx dx + e vl Ws B v , (15b) 

U d w l  ml Vl dx = e vl E .  + e vl u B v + ~lS (Wl - -  W2) , (15 c) 

dw2  _ 
m s v l U  dx - - e v l E ~ - e v l u B v + e l 2 ( w ~ - - W l ) .  (15d) 

3 dpl 5 du 
2 U d 2 - +  2 P t 2 x  + 

5 Plu dA 3 ~ 2  (p~ _ Ps)  - -  m2 (w I w2) (15e) 
2 A d x  m o v 1 m ~  ~ 1 2  - -  , 

#~. dA 3 ~1~ (p l  _ Ps)  - -  ~ (w~ ws)  2 (15f) 
m o  V l  ~ ~x12 - -  ' 

3 @2 5 du 5 
2 u ~ . T +  ~P2  dx-+ 2 A dx 

dH v 
dx e vl (wl -- w2), (15g) 

where B v = rit e My and  E .  = cons tant ,  m 0 = rn 1 + m s . 
The  in i t ia l  condi t ions  of our  p rob lem are a t  far ups t ream,  say  x = x o 

q l  = q s  : O, P~ = P2 = Po , T1 = Ts = To ,  vx = v2 = Vo, By = By o . (16) 

Some simple re la t ions  m a y  be deduced f rom E q u a t i o n  (15). 
F r o m  Equa t ions  (15c) and  (15d), we have  

m~ w 1 + m 2 w s = cons tan t  = m w = 0 ,  (17 )  

because  there  is no mass  flow in the  z-direct ion and  the  ini t ia l  condi t ion  (16) shows 
t h a t  the  cons tan t  in E q u a t i o n  (17) mus t  be zero. 

E l imina t ing  dPl/dX from Equa t ions  (15a) and  (15e) and  dP2/dx from Equa t ions  
(15b) and  (15f), we have  respec t ive ly  the  followings equat ions  

m l v l ( a ~ - - u 2 )  dx -- 3 A dx + e v l w l B v U +  mov ~ (18a) 

2 m~ (wl ws)2, 
- -  ~ -  ~ 0~lS - -  
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du 5 P2 u dA 2 oh2 
m2 vl ( a ~  - -  u 2) dz 3 A d x  e V 1 W~ e v u - -  - -  ( P l  - -  P z )  T/~ 0 ~d 1 

(lSb) 
2 m 1 (W 1 Wg)2  - ~ m~ ~12 - , 

where 

at = ( 5  p ! t ~ 1 2 =  ion sound speed" a 2 = ( 5  p ~ l 1 2 =  electron sound speed. 
Sq/~l Vl ] ~ 2  Vl / 

Now mult iplying (18a) by  m~ and (18b) by  m 2 and subtract ing the resultant  equations, 
we have 

dA 

(19a) 

+ 2 ~,~ K ( 5  - T~). 

Equat ions  (19a) m a y  be writ ten as follows: 

du --(u a~/A) (dA/dx) + (2 vl/~ ) (e/ml) 2 K (T 2 -- T1) 
dx a 2 __ u 2 (19b) 

e 
where 

a~ L m~ - m~ l = effective sound speed of a fully ionized p l a sma ,  (20) 

(7 v12 e2 -- electrical conduct iv i ty  of the p lasma .  (21) 
(X12 

A similar expression for the single fluid has been obtained for infinite conduct ivi ty  
case by  the senior author  [5]. 

2 du --u des dA 
-d~ = A ( a L -  "~) a - ~ ,  (22) 

where 

a . ,  = (a2 + - ~ e H g )  1/2 . (23) 

For a = oQ, Equat ion  (19b) reduces to a similar form as Equat ion  (22) but  with a 
quite different value of critical speed. The case of infinite conduct iv i ty  is not  impor tan t  
in engineering problems. We shall not  discuss it any  more. 

For  finite electric conductivi ty,  Equa t ion  (19b) shows that  at subsonic speed, the 
max imum value of u will not  occur at the neck dA/dx .  We shall discuss this point  
further in our numerical  example section. 

Another  formula for du/dx m a y  be obtained by  adding Equat ions  (18a) and (18b) 
and using Equat ions  (15c) and (15d) to eliminate (wl - w2), we have 

du 1 

dx (1 -- M 2) (24) 

• A dx ~ - p  E z + u B ,  -~ e d x !  5 E ~ + u B v +  5 e ' 

where M = u/a  = Mach number  of the plasma as a whole and 

P t 1/2 
a = ( 3  m o ~ !  = sound speed of the p la sma .  
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If  the inertial terms with dw2/dx a r e  neglected, Equat ion  (24) reduces to the 
formula of single fluid theory  obtained by  SEARS and RESLER. In  our numerical  
example, we find tha t  these inertial terms are indeed negligible. Hence the results on 
the x-wise velocity u given by  the single fluid will be the same as tha t  given by  the 
two fluid theory.  However,  the main difference lies in the results of temperature  as we 
shall see more clearly in the following numerical example. 

V .  N u m e r i c a l  E x a m p l e  

No simple close form solution has been found for Equat ions  (15) because these 
equations are non-linear. In  order to illustrate some features of the results of these 
equations, the following numerical  example has been calculated by  the high speed 
comput ing  machine IBM 7090 at the Computer  Science Center of the Univers i ty  of 
Maryland. 

The cross-section area of the nozzle is assumed to be given by  the formula 

A = 214-x 2 t 150 x + 0.0008, (25) 

where x in meters is measured from an arbi t rary  initial section x = 0 and A 0 = 0.0008 
m 2 at which the gas is assumed to be fully ionized with the following properties 

Pl = P2 = 1013 Newton/m 2 

T~ = T 2 = 20000 ~ K .  

The externally applied electric and magnet ic  fields are 

E z = 10 vol t /m 

By 0 = 10 x 10 -2 weber/m ~ . 

Since the plasma is fully ionized, we use SPITZER'S formula for the electrical con- 
duct iv i ty  [6] 

7 �9 7 • 103 T a/2 
m h o /m,  (26) ~ lnA 

where 

A - 3 k T ( k_S_T 1112 (27) 
2 e 3 \ ~ v 2 ] 

and T should be the kinetic temperature  of the electrons. In  single fluid theory,  the 
gross temperature  of the plasma as a whole is used. F rom the value of the electrica. 
conduct iv i ty  o, we m a y  calculate the friction coefficient ~12 from the Equat ion  (21)1 
I t  is evident tha t  if the electron temperature  T 2 is different from the plasma tempera-  
ture T, different values of electrical conduct iv i ty  and friction coefficient will be 
obtained. As a result, the flow variables given by  the two fluid theory  would be 
different from tha t  by  the single fluid theory. 

Our results of numerical  examples are given in figures 1 to 5. 
The axial velocity distributions in a nozzle at  various rates of discharge Q are 

shown in Figure 1 where O is ions or electrons per cubic meter  per second. When the 
rate of discharge is low, say Q < 3 • 1021 ions or electrons per cubic meter  per second, 
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Figure 1 

Velocity distributions along the nozzle at va- 
rious rates of discharge Q (Low subsonic case). 
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Temperature distributions along the nozzle 
at  various rates of discharge Q. 
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Figure 3 
Pressure distributions along the nozzle at various rates of discharge O. 

smooth flow occurs in the whole nozzle. Both the single fluid theory and the two fluid 
theory give the same velocity distribution at low speed. One of the effects due to 
electromagnetic field on the x-component of velocity is that the maximum velocity 
occur at a position down stream from the neck of the nozzle i.e. d A / d x  = O. As Q 
increases, the location of U~ x for a given Q moves further downstream. As the value 
of Q increases up to and above a critical value, the Mach number of the flow in the 
nozzle reaches unity at certain point of the nozzle downstream from the neck where 
the slope du/dx  is infinite and the analysis of inviscid fluid breaks down. The critical 
point at du/dx  = oo moves upstream as Q increases. At high speeds, the deviation of 
electron temperature T= from the plasma temperature T increases with the speed. 
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Number density distributions along the nozzle Electrical current density distributions along 

at various rates of discharge O. the nozzle at various rates of discharge O. 

Hence the values of electrical conductivity a and the friction coefficient a12 are 
different depending whether we use T 2 or T in the formula (27). As a result, the veloci- 
ty  distribution along the nozzle will be different ackording to the variation of electrical 
conductivity. In Figures 1 to 5, the dotted curves are based on electron temperature 
which represents the correct values of two fluid theory, while the solid curves repre- 
sent the single fluid result in which we assume T = (TI + T~)/2. The velocity based on 
two fluid theory is higher than that based on single fluid theory. 

Figure 2 shows the temperature distributions for various value of rate of discharge 
Q. The interesting result is that  at low values of Q, the difference between the tem- 
peratures of electrons and ions is negligible while at high values of Q, this difference is 
appreciable. However, the temperature of the plasma as a whole T given by the single 
fluid theory is the same as that by  the two fluid theory T = (T1 + T2)/2. The tem- 
perature of electrons is higher than that of ions. The most interesting result is that 
for high rate of discharge where the local Mach number of plasma as a whole reaches 
unity, the ion temperature T 1 drops to zero and so is the ion pressure at this critical 
location but the velocity u reaches a finite value. Hence we may consider that the ions 
reaches its terminal or maximum possible velocity at this critical point for a given 
initial pressure. This result has not been obtained previously. At low values of Q, 
both the ion temperature and the electron temperature increases downstream in our 
example but for high values of Q, the electron temperature increases and ion tem- 
perature decreases downstream. In the intermediate case e.g. Q = 10 • 10 21 ions or 
electrons per cubic meter per second, the ion temperature may first increase down- 
stream and drop suddenly near the critical point du/dx  = e~ or M = 1. 



Vol. 16, 1965 Nozzle Flow of a Fully Ionized Plasma Based on Two Fluid Theory 369 

Figure 3 shows the pressure distributions along the nozzle at various values of 
rate of discharge Q. Again, at low values of Q, the pressures of electrons and ions are 
about the same while at high values of Q, they are different. The pressure of the elec- 
trons is almost constant for all values of Q while the pressures of ions varies con- 
siderably with Q. For the case where local Mach number reaches unity, the local 
pressure of ions drops to zero. This fact is consistent with our previous s tatement  
that  the ions reach their terminal or maximum possible velocity for a given initial 
pressure. The effect on pressure due to the values of a based on T or T 2 is also shown 
in Figure 3. 

Figure 4 shows the distribution of number density, ions or electrons per cubic 
meter, along the nozzle at various rates of discharge Q. The number density decreases 
as x increases. At the critical point M = 1, the number density has a finite value. 

Finally, Figure 5 shows the distributions of electrical current density along the 
nozzle at various rates of discharge Q. 

VI. Conc lus ions  

From our investigation, we found that  at low rate of discharge, the single fluid 
theory gives almost the same result as those by  two fluid theory. However, the two 
fluid theory gives a much more detailed picture of the flow field of the plasma. For 
instance, it shows that  the temperature of electrons is much larger than that  of ions 
at high rate of discharge. Since the temperature of electrons determines the electrical 
conductivity of the plasma, the single fluid theory may  underestimate the electrical 
conductivity. 

At the critical point M = 1, d u / d x  ~ oo  the ion temperature and ion pressure both 
drop to zero, and ion velocity reaches its terminal value for a given initial pressure. 
I t  is a new result. 

A special numerical example of subsonic nozzle flow of a fully ionized gas is 
presented. Our result may  be regarded as an illustrating example to show that  even 
though the single fluid theory may give reasonably good results of gross variables of a 
plasma, the multi-fluid theory will definitely give bet ter  results, particularly about 
the electron temperature which is essential to evaluating the over-all performance of 
the flow of a plasma. 
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Zusammen/assung 

Die streng eindimensionale stetige Str6mung eines v611ig ionisierten Plasmas in einer 
Dfise mit  langsam ver/inderlichem Querschnitt  unter dem Einfluss eines transversalen 
elektrischen und magnetischen Feldes ist nach der Zweikomponenten-Theorie analysiert  
worden, und die Ergebnisse wurden mit  der klassischen Einkomponenten-Theorie der 
Magneto-Gasdynamik verglichen. Es wurde festgestellt, dass die Einkomponenten- 
Theorie zwar die Werte  der Variablen fiir den gesamten Vorgang des Plasmas liefert, dass 
jedoch die Zweikomponenten-Theorie anzuwenden ist, um ein Bild der Einzelheiten des 
Str6mungsfeldes zu erhalten, vor allem vom Temperaturunterschied zwischen Elektronen 
und Ionen. Dieser Temperaturunterschied w~tchst mit  steigender Temperatur.  Dies diirfte 
wiehtig sein ftir die Best immung der elektrischen Leitf/ihigkeit im Falle einer technischen 
Anwendung. In einem numerischen Beispiel wird die Untersehallstr6mung des v611ig 
ionisierten Plasmas in einer Dtise berechnet. 
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Structure os Axisymmetric Force-Free Magnetic Fields 
in a Dissipative Plasma 

By HEINZ DIETER MID~)ENDORF, Jever, Germany 1) 

1. I n t r o d u c t i o n  

Among  the mechanisms  b y  which a cur rent  in an ionized gas m a y  become con- 
s t r ic ted  the  o rd ina ry  (or Bennet t - )  p inch has been the subjec t  of extens ive  s tudy.  
ALFV~N ~1] 2) has descr ibed a second t ype  of f i l amen ta ry  current- f ie ld  s t ruc ture  t h a t  
can exist  in a more raref ied p l a sma  when electrons (e) and  ions (i) are free to gy ra t e  
m a n y  t imes  before suffering apprec iable  m o m e n t u m  changes due to  coll isional 
in terac t ion .  If  the  l a t t e r  is charac te r ized  b y  su i t ab ly  defined re laxa t ion  t imes  zs (s = 
e, i), and  the cyclo t ron  frequencies are we : q, H/c  rn s (qs/m, being the  charge/mass  
rat io,  H the  magne t ic  field), then  condi t ions  of this  k ind  correspond to ~o s z s >> 1. 
In  this  l imit  the  conduc t iv i ty  tensor  for a magne t ic  p l a sma  reduces to one where the  
conduc t iv i t y  para l le l  to the  magnet ic  field domina tes  to  order  (~o, zs)2 over  the  
t ransverse  component ,  and  to order  ~o~ z, over  the  off -diagonal  terms.  As the  current  
dens i ty  vec tor  j becomes everywhere  para l le l  to  H the Lorentz  force j n H vanishes  
ident ical ly .  Using j = (c/4 z~) curl  H and  d iv  H = 0 from Maxwell ' s  equations~),  the  
condi t ion  for a magnet ic  field to  be force-free in this  sense can be expressed as 

4 ~ j n H : H n c u r l H = 0 ,  (1.1) 
c 

o r  

c u r l H  = ~ H ,  H g rad~  = 0 ,  (1.2) 

where ~ is a scalar  funct ion of posi t ion.  

1) Pe rmanen t  address :  Oestr inger Weg  5, Jever ,  Fr ies land,  ~r. Germany.  
2) Numbers  in bracke ts  refer to References, page 385. 
3) Gaussian c. g. s. un i t s  are employed  throughout .  


