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Propagation of Mechanical and Temperature
Acceleration Waves in Thermoelastic Materials

By K. A. Lindsay and B. Straughan, Dept of Mathematics, The University, Glasgow,
Great Britain

1. Introduction

Recently, there has been considerable interest in acceleration waves in thermo-
elastic materials, see e.g. [2-10] and the references therein. In this paper we study the
behaviour of acceleration waves as predicted using the nonlinear thermoelasticity
theory of Green and Lindsay [1]. This theory, which was developed with the aid of an
entropy inequality due to Green and Laws [11], allows heat to travel with a finite
wavespeed : the present study, therefore, may be regarded as an extension of work on
the conventional theory of thermoelasticity which, from the nonlinear acceleration
wave viewpoint taken here, was revived in 1961 by Truesdell [9] and continued by
Chen [5, 6] and Chadwick and Currie [2, 3, 4].

Green [8] has investigated acceleration waves in the linear isotropic theory of
thermoelasticity of Green and Lindsay [1]. He demonstrated that the theory allowed
for two coupled waves, which may be thought of as arising due to discontinuities in
the acceleration of the body and an “acceleration’, 4, of the temperature 6. The present
writers {12] continued this work by examining the behaviour of a thermal wave in a
rigid conductor of Green and Laws [11] type. Since no linearity was assumed the
amplitude of the thermal wave could become infinite in a finite time; an effect which
may be associated with shock wave formation. We here take the work a stage further
and investigate the behaviour of an ‘acceleration’ discontinuity in the coupled non-
linear theory of thermoelasticity presented in [1]. As with [12], the possibility of an
infinite amplitude is encountered, but we here find there are two coupled waves, both
of which exhibit nonlinear behaviour.

Several other models allowing for a thermal wave of finite speed (usually known
as a second sound effect) appropriate to thermoelastic media have been based on the
Maxwell-Cattaneo relation, the more general temperature-gradient history approach
of Gurtin and Pipkin or an idea of phonon diffusion; see [7, 13-19]. It is highly likely,
as the work of {7] would indicate, that the Chen-Gurtin—Pipkin theory will predict
similar results to those obtained here. However, we believe that the theory of Green-—
Laws-Lindsay is more tractable in that less cumbersome algebraic manipulations are
involved since the constitutive variables are quantities defined at the present time only
and do not employ histories as in [7, 20]. It might be mentioned, at this point, that it
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would be interesting to investigate nonlinear wave propagation according to each of
the aforementioned theories and compare the various results. However, this broad
objective is beyond the scope of the present paper.

2. A Brief Review of the Generalized Temperature Theory of Thermoelasticity

For completeness, points of the theory of thermoelasticity presented by Green
and Lindsay [1] relevant to the present study, are collected here.
Thermodynamic arguments are based on the inequality

¢

which holds for all sub-volumes, V, of some reference configuration, and where
7, Po, 1, (> 0) and Q are, respectively, the specific entropy, reference density, externally
supplied heat, temperature function and the heat flux vector acting over the surface at
time ¢ but measured per unit area of V. ¢ is a function of the Kelvin temperature 8
and all other independent variables in the constitutive theory. It transpires that ¢
reduces to a function of 8 and 6, the functional form of ¢ to be determined by inter-
pretation of analysis in accordance with physics (cf. the problem of determining the
functional form of the strain energy in classical nonlinear elasticity). However, the
canonical form for ¢ may be motivated from a statistical mechanical viewpoint and
may be thought of as a continuum attempt to explain the idea of heat being conveyed
by molecular collisions.

Standard indicial notation (see e.g. Truesdell and Toupin [21]) is employed
throughout with x; denoting spatial coordinates and X, reference coordinates. The
momentum, energy and mass conservation equations are then

if pondV—f P—"—’dV+f QalNVa 14 > 0, @.1)
dt ), v ¢ ov

Paia + poi = po¥s, (2.2)
Poé — Pot — XiaPai + Orx = 0, 2.3)
Jp = po, (24

where j = det (x; ,) and where &, p and # are the specific internal energy, Piola—
Kirchoff stress tensor and body force, respectively. (The Cauchy stress tensor, t, and
the usual heat flux vector, q, are given by jt;, = X; 4pax and jg;, = x; 4Q4.)

A free energy function ¢ (= ¢ — n¢) is introduced and constitutive equations are
assumed such that

¥, ¢, 1, Qand p (2.5
are functions of
6, 0 4, 6and F,g,

where F,4, = x; 4. (It is assumed thrdughout this work that the reference body is
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homogeneous and so X is omitted from the above list. This is not essential to the
development of the theory, see {1].) Then, with the zid of (2.1), the following relations
are deduced:

¢ = $(6, 0), (2.6)

_ _.Z‘_g / %’g, @.7)
Q4= —potp % / Z—‘g (2.8)
Pai=po aii- (2.9)

The function ¢ is restricted in that ¢|; = 6, where a line followed by a subscript
E indicates evaluation in a state of constant temperature (6 = 6 , = 0). Moreover,
we note for later use that if the material is in a static configuration at uniform defor-
mation and temperature and if the initial body has a centre of symmetry, then

P 44 Qg Oe 00
2 b b — -1
00 oF, 00 4 o6 (210

are identically zero.

3. Acceleration Waves in Anisotropic Materials

For the notation employed here the reader is referred to Chen [5], Sections 4
and 5.

The waves considered in this paper are propagating singular surfaces across
which the discontinuities of lowest order are the second derivatives of displacement
and temperature. The wave normal n and the local speed of propagation U = u, — X-n
of an acceleration wave o(t) are respectively the unit vector normal to o(t) in the
direction of travel and the component in the direction of n of the velocity with which
the wave moves relative to the material. o(¢) is the spatial representation of the surface
and a material representation X(¢) is also useful, together with its associated normal N
and the speed of propagation Uy. The wave amplitudes a{r) and «(r) are defined by

a=[X]=% —-%* and o = [f], 3.1

and we suppose throughout that a # 0, « # 0.

It should be observed that thermoelastic waves defined as above are different
from the analogous ones in the classical theory of thermoelasticity, see Chadwick and
Currie [3], and as may be expected they lead to different results to those predicted by
the classical theory.

It is supposed the body force and heat supply are zero. The calculation of the
equation governing wavespeeds is now a routine application of compatibility relations
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given in e.g. Chen [6]. (The analysis leading to the propagation and growth of ampli-
tude equations is now well known and so we merely present a statement of the final
results together with the relations needed to calculate the coefficients appearing in
them. However, complete details are given in [22], available from the writers.) In fact,
the propagation conditions are

xPa; = xPa = 0, 6
XPa — 3§72 = 0, '

where @, x® and y® are defined by

xX5P = poUiSy; — Qu,
- (Yoo G o
o0 4 o6

(3) — NANK apA: — UyN, _a_g_g_z,

and where 4 and Q,-,(N) are given by

P
A= —N,Ng5 0" and 0, = N,N; af;; (3.4)

From (3.2) it follows that
(Px® = x2xP)a = 0. (3.5)

We suppose henceforth that the material ahead of the wave is an isothermal
region at rest in a fixed homogeneous configuration, and that the reference body

has a centre of symmetry.
By Chen [6], (4.10), we have

\%
M=mk§| (.6)

and so defining 8;; by

_ Vx| (Opa
Bi] - IVXZ, 80 FIA

we may, noting the symmetry properties of the body, write (3.2), as
(Qisle(n) — poUzdi)a; — Uyefin; = €, (3.8

where Q,(n) is the tensor Q;; represented now as a function of n rather than N.
Equation (3.8) is similar to equation (2.1) of Chadwick and Currie [3] and the
term @ plays an analogous, important role to the corresponding term in [3]. As with
[3] we shall require B to be nonsingular, and since det F # 0 is a basic assumption of
the theory this reduces to requiring det (dp,,/@0) # 0. A physical motivation for this

3.7

)
E



Vol. 30, 1979 Propagation of Mechanical and Temperature Acceleration Waves 481

requirement may be obtained as in [4], p. 305: the contact force on an arbitrary surface
element is always changed when the temperature velocity, 6, is changed at constant
deformation.

Theorem 2 of [3] may now be used to show there is at least one direction n* such
that Bn* is an eigenvector of Q. Since the wave is propagating into an isothermal,
homogeneous region at rest, Q is a constant matrix and so @n* is fixed. Furthermore,
since B is a constant matrix it follows m* must be a fixed direction. We may, therefore,
consider the propagation of a plane acceleration wave in the direction n*, with
amplitude in the direction Bn*. Following Chadwick and Currie [3], these waves may
be termed generalized longitudinal waves.

Let the unit vector in the direction of Bn* be v, and so a = av. Since a # 0 (3.5)
leads to the wavespeed equation

(U — U)U3 - Up + KU =0, (3.9
where

0
Uf = (A/Po é%) e Uit = (Quvwilpo)ls (3.10)

and

K=—{(p26—”?ﬁ)'1N:§1’—“N;@L‘?‘ @.11)

® 20 06 26 PY;

E

Equation (3.9) clearly admits two solutions for U under suitable conditions on the
coeflicients and, indeed, appears superficially to be the same as the equation for the
wavespeeds of harmonic waves in a classical linear elastic material, see e.g. Sneddon
[23], p. 43. However, unlike the classical case, (3.9) admits two real solutions for Ug.
(Other areas in which two distinct wavespeeds exist are in granular media, Nunziato
and Walsh [24]; mixtures, Bowen and Chen [25] and Bowen and Wright [26]; and the
present writers have observed a similar phenomenon with temperature-twist waves in
the Ericksen-Leslie theory of Nematic liquid crystals based on the thermodynamics
of Green and Laws [11], these waves being an extension of the isothermal twist waves
studied by Shahinpoor [27].)
Equation (3.9) has real solutions if either

() K=z (Uu+ Up)? or (i) K< (Uy — Up)

However, (i) is inconsistent with the fact that UZ > 0, and so we find it necessary that
(ii) holds. We have already assumed det (9p,;/26) # 0, and we suppose also that the
derivatives of ¢ and  with respect to § do not vanish. Thus, K # 0. If = 5(¢, Fi,),
then sgn K = —sgn (97/d4), and we may expect from this that K < 0, although we
still examine the possibility of K > 0.

K < 0.
For this case.
U2 < (U, U < U2, 3.12)

Uy is the speed of an acceleration wave in an elastic material neglecting thermal
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effects, see Chen [6], whereas Uy is the speed of a temperature wave in a rigid heat
conductor, i.e. neglecting elastic effects, see Lindsay and Straughan [12]. Therefore,
(3.9) gives two solutions, one which represents a wave travelling with speed greater
than either an isothermal acceleration wave or a temperature wave in a rigid heat
conductor, and the other slower than either of these. (Of course, this occurs only at
the instant of generation of the wave, for, after that the slower wave advances into a
nonequilibrium region.) The speed of the second wave has then to be calculated from
Eqns. (3.2). A similar situation was encountered by Nunziato and Walsh {24] for one-
dimensional waves in granular materials. We can employ their ideas to show that the
second wave cannot intersect with the first. For, the coefficients in (3.5) in the region
between the waves are continuous functions of x, ¢ and so, therefore, will be UP. If
the second wave intersects the first, then at the point of contact the normal to the
second wave is n*, and so by (3.12) UY < U§” which is inconsistent with the fact that
U? is a continuous function of x, ¢ and the second wave is overtaking the first. Clearly,
for this approach to be applicable it is necessary that the second wave remains a smooth
surface and we have, therefore, to neglect the interesting possibility of a caustic
forming on the second wave with possible interaction of both waves.

K > 0.

For this case either

min (UZ, UZ) < UP? < UP? < max (U3, UR), (3.13)
or ‘

K= (Uy — Up), (3.14)
which represents a single wave propagating with constant speed Uy given by Uy =
(UMUT)1/2-

We shall now proceed to give details of the growth or decay of amplitude of the
first wave. The question of amplitude behaviour of the second wave is beyond the
scope of this paper as it requires a detailed knowledge of the deformation behind
the leading wave. This point raises the question as to whether the second wave can
develop into a shock wave before the first wave and whether the shock wave can then
interact with the leading wave.

Since the calculations now concern the fast wave only the coefficients appearing
are all for the equilibrium region ahead of the first wave and so we shall omit the |
notation.

The differential equation governing the evolutionary behaviour of the amplitude,
a, is obtained by differentiating (2.2) and (2.3) with respect to time and evaluating the
resulting expressions at the surface of discontinuity. The resulting equation is

a A i
g CjUN + 2@taj (pO 80 1}4,3,-, — AQU) ( (2)NAUNA apg X(s) 60 UN)

?py  NNoNy %pg
(2) Ai ALVCIYK Al
+ o ( A{N UN 802 + UN 60'0 80'[{}
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2

220, 0% o2
+ X§3){2NCNK 30,0 20 + PoUz%’a—eg + pONANC ao,A 90'0

— aa (2Ax<2>N Ny -2 Pai
! 478 90 oF 5

ONN; 20 2% Py )
3 Bi{VK K _ e A
tx NA{ Uy 806,0F, T U ggar, ~ v g

(2)A 826 ”
+ aﬂm(xTN Rijm + X(ia){pONANB 5FopdF;s Qjm}) =0, (3.15)
where
A=9 / o, (3.16)
o8

By = (Px? — x®DIA,
Cl = NANB[FiA,B]a (3-17)
~ pa 3.18
Rijm = NANBNG ma ( )

and 2, is the ‘displacement derivative’ denoted in [6] by 8p/8t. It should be observed
that (3.15) may be obtained for any plane wave with amplitude in a direction v; and
which conforms with the condition %,»; = 0, not necessarily the one travelling in the
n* direction, and so we have presented the equation in its fuller generality. Since 4 is
a symmetric singular matrix, forming the scalar product of (3.15) with »; leads to a
growth equation of the form

Da = —Ba + wa?, (3.19)

where a = |a|.

The solution of (3.19) with the initial value of wave amplitude a(0) = q, is

at) = Blof(Blwas — 1) e + 1}, (3.20)
The evolutionary behaviour of a(f) may now be deduced as in e.g. Chadwick and
Currie [2], p. 152. The details are similar to those of Lemma 5.1 which deals with the
equivalent problem for cylindrical and spherical waves. However, it is worth observing
that whenever 8 and w are such that f,, = —f 'log(l ~ (Blway)) > 0, then
|a(t)| — oo, t — t54; a phenomenon which is thought to be associated with shock
wave formation.

For completeness, we give the values of w, B for the generalized longitudinal wave
propagating in the n* direction:

0 on
(v - va{us G - A G Ui - UD)

B = 3.21)

0
255 (U% — URUR)
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w={—l/2pg (UA - UﬁUT)}

_ 0%py . NoNx 0%py
{AV;NA(UN UM)(UN 26 T U, 90 ¢ 06

%0k e
(2) (UN - )(POUN PYE + 2NoNg ——+ EY; FT + poNuNg ;55— 75— 90,005
d%¢
(3). - Uz
+ x>y (N aNgvvy, 3F., OF,, UM)
@A 2A o
X
+ m Rum”i"jvm - E Xgr?)VmN AN BViV; 28 5;28
_ 2 _P0x _Pe
wsz - UM)( VN NNy -—— 0 5 0F + 2poUnN v, 26 0F,,
— Uy, N, a"éf) } (3.22)
o8

With the aid of (2.7)-(2.9), » may clearly be rewritten in terms of derivatives of the
Helmholtz free energy . In fact, the expression essentially consists of a combination
of third derivatives of 4 with respect to the independent variables, cf. the corresponding
expression in the classical theory of elasticity, e.g. {2], p. 152.

The behaviour of the thermal amplitude « may now be deduced with the aid of
equation (3.2). Since a(r) and «(z) do not change sign, and sgn «(0) = —sgn a(0) x
sgn (— K), it is, therefore, likely that sgn a(r) = —sgn a(?).

In the next section we examine briefly acceleration waves in isotropic materials.

4. Principal Waves in Isotropic Materials

The theory appropriate to the present paper for an isotropic thermoelastic
material was developed by Green [8] in the linear case and by Lindsay {28] for the
nonlinear case. We review the presentation of [28]. The continuity, momentum and
energy equations are in the current frame,

b+ pit, =0, | @1
pxXP = pF® + 12, 4.2)
pé = t*dy. — qi; + pr, 4.3)

where d;,, = 3(X; . + X, ;) are the covariant components of the rate of deformation
tensor, the other quantities being defined as in Section 2.
The constitutive equations for an isotropic thermoelastic material are ([28])

= hodi + Mbi + hybyb? + hibibigg. + hig'gs, 4.4)
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= (kod} + kyb! + kybib%)g’, 4.5)

where g; = 0, b = g4Bx! x/; g4B denote the metric tensor with respect to the X
coordinates and Ay, . . ., Ay, ko, k; and k, are functions of 6, 6 and the invariants I,
where

I, = b, 1, = bib), I, = detb,

. 4.6
I, = g'si, Is = bigig’, Iy = bibig"g.. (46)

In fact, in terms of the free energy function ¢, A, . . ., k5 have the explicit forms:

ho = 2po13 2 a”b hy = 2pol5 2 61"‘,
1
_1s O ax/:
—_ 12 Z¥ — 12 Y¥
h2 4Po]3 81’2 i3133 239013 616 (4'?)
hy = —2poI5 112 ‘g‘}ﬁ’ ko = —2poly vz (‘IS/ )

k;

»

Il

s ) e 413

In Section 3 we have seen that there is at least one direction in which a plane
acceleration wave may propagate. We now wish to consider the case when this direc-
tion is an eigenvector of the tensor b. Morcover, we again suppose the region, £,
ahead of the wave is an isothermal one and is at rest in a homogeneous configuration.
It then follows from (4.4) that the principal axes of stress and strain coincide in #. The
propagation conditions are again (3.2), and we shall rewrite (3.2), as follows

kp

%
(pU?s2, — QB)a™ + aln, 2=-

= 4.
Fr (4.8)

where the acoustic tensor Q is given by
ot+?
P __ L hns
Oh = 2z b¥nmy. 4.9)

Suppose now n® js an eigenvector of b, corresponding to eigenvalue (principal
stretch) A3,. Then, using (4.4) we see that the vector with components n, {01 ¥2[96) is in
the direction of n®. Moreover, Q given by (4.9) is the mechanical acoustic tensor for
an isothermal region (see Truesdell and Noll [10], Section 74) and has the same
representation as (74.2) of [10], and so we may apply the argument given there to
(4.8), to establish Truesdell’s theorem for principal waves in our theory; namely: ‘In
an isotropic material, the acoustic axes for principal waves coincide with the principal
axes; in particular, every principal wave is either longitudinal or transverse’.

The wavespeeds of the longitudinal waves are obtained by contracting (3.5) with
n{Y and it is worth noting that the waves in this case are also longitudinal in the con-
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ventional sense. If we let U;; be the wavespeed and write K, = ko + M)k, + A&,ks,
then (3.5) may be written in the form

2
o (pvn - 20 52) (p % vs + ko) - ova (3 %) -0, @10
where it is to be remembered ¢ and ¢,,, the principal stretch in the n® direction, are
evaluated at constant temperature.
As in Section 3, the wave amplitudes a and « may be obtained and the coefficients
given by (3.21) and (3.22) are easily calculated employing (4.4)—(4.7). Details of these
routine calculations are given in [22].

Transverse waves

By Truesdell’s theorem we may consider a transverse principal wave travelling
say in the n'®’ direction. We consider only the case where the amplitude is in the direc-
tion of one of the other principal axes of stress, n®? or n®, For definiteness, suppose
a = an®. For this case, the propagation conditions (3.2) reduce to

(PULBE — ORE®Damn? = 0,

Oe oqt 4.11
(p og Ut + nioni® a_z;)“ =0, “1D
where U;, denotes the wavespeed. These equations may be interpreted as implying
that initially the wave separates into two waves, with wavespeeds

UiR? = Qin{Pnly[p,
oqt | Oe (4.12)
U2 — _popn [, 08,
12 nyng 2g; / P Y

where on the (1) wave a # 0, « = 0 and on the (2) wave « # 0, a = 0. We shall
suppose U{Y > U{2 at the instant the wave is created, although the modifications for
the other cases are obvious. For this case the (1) wave is a mechanical wave and travels
into the equilibrium region, whereas the (2) wave travels behind into a nonequilibrium
region and so the coefficients in (4.12), have to be calculated for such a region. Again,
the Nunziato-Walsh proof employed in Section 3 may be used to show the second
wave cannot ‘catch up’ with the first.

After deriving the amplitude equations it is found that the amplitude of the first
wave is that obtained by Chen [6], i.e. Z,a = 0 and so a(¢) = a(0). However, the
amplitude equation for the second wave is essentially that of a thermal wave entering
an isothermal region, cf. [12], although the waveshape has first to be calculated before
an attempt is made to find the amplitude (see Section 6).

We have seen that for transverse waves a second sound effect is again present,
although the theory essentially breaks down into that for a classical thermoelastic
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material, studied extensively by Chadwick and Currie [4] and Chen [6], and further
details may be obtained using the methods developed in these works.

5. Curved Waves

In the previous sections, only plane acceleration waves were considered, although
it is clear that non-plane waves will certainly be of importance. In order to study such
waves, we examine the situation in which the stress in the isothermal region ahead of
the wave is a hydrostatic pressure. The waveshape is allowed to be arbitrary, but
smooth, although the wave amplitude is assumed to be uniform over the surface.
Considering only longitudinal waves, we find as before two waves are present and
explicit expressions for the wavespeeds are given. The solution of the general amplitude
equation depends on the mean curvature of the waveshape and details are given in [22].
However, we here present explicit solutions for the physically important cases of
cylindrical and spherical waves (cf. Chen {5, 6]).

The stress is hydrostatic and so t = —pl where the pressure p is a function of
p, 6 and 6. Suppose the body has undergone a deformation of the form x = AX; then,
since the region ahead of the wave is isothermal, the arguments of Chen ([6], Section
10) concerning the existence of longitudinal and transverse waves may be shown to
continue to hold. In particular, if the region ahead of the wave is homogeneous and at
rest, longitudinal waves have the same constant speed throughout the body and may
propagate in every direction.

The wavespeed, U, of an arbitrary shaped acceleration wave moving into such a
region satisfies the same propagation conditions as those for principal waves and in
this case the equation for the wavespeeds of longitudinal waves of arbitrary shape,
may be written as

2
{pu2 — 4X%(hy + 2X%hy) — p 8”}{ Z A28) }

A=0

2 a 2
- Uz{ > AzAﬁhA} 6=0. (5.1
A=0

The same procedure as in Section 3 is again used to obtain the amplitude equation
although since now the waves may be curved the complete compatibility expressions
(e.g. Chen [6], (4.14), (4.16), (5.9)) are necessary.

For cylindrical and spherical waves, the mechanical amplitudes are given by, cf.
Chen [5], p. 247,

—u-1)
acy(t) = 1‘1’2{ —— ¢ } (5.2)

as En=12 e*(y(L, pt) — v, 1)

e—u(t—l)

asph(f) = t_l{al_l — fe“(El('u,) — El(’u[))}’ (53)
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where a; = a(1), and y(.,.) and E; are the incomplete gamma function and exponen-
tial integral defined by

wp, %) =j 121 et dt
0
and

w ¢
Ey(x) = f < at

x
The coefficients p and £ are determined from (3.21) and (3.22) and are given explicitly
in [22].
Concerning the behaviour of the amplitude we may prove from (5.2) and (5.3)
the following lemma concerning the decay of the wave amplitude or possible formation
of a shock wave (|a] — o).

Lemma 5.1. Suppose p > 0. The amplitude of a cylindrical wave is such that:

L Ifsgna, = —sgn &, orif

lai?| > €] e~ V7 — vl3, W},
then |a| — 0, t — co. Otherwise,

1L |a| — oo, t— 15, where 1, satisfies

Y3 pe) = v W) + V(@d)~te (5.4)
The amplitude of a spherical wave is such that:

L Ifa, = —sgn &, or if

lai | > || e*Ex(p),
then |a| — 0, t — co. Otherwise,

IV. la| = o0, t — t5, where t,, satisfies

Ei(pto) = Ex(p) — (@ é)"ten (5.5
Suppose now p < 0. The amplitude of a cylindrical wave is such that:

V. If sgn ¢ = sgn a, then |a| — oo, t — t,,, where t,, satisfies (5.4). Otherwise,

V1. a remains bounded for all t and

g
f’

The amplitude of a spherical wave is such that:

a(t) — t— 0. (5.6)

VIL If'sgn ¢ = sgn a, then |a| — o0, t — t,,, where t, satisfies (5.5). Otherwise

VIII. VI applies.
The behaviour of the thermal amplitude, «, may again be inferred from (3.2).
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6. Concluding Remarks

So far we have been mainly concerned with the fast wave. However, the second
wave will in general be as important as the first unless its behaviour can be shown to
be negligible. If one can determine the deformation and its gradients in the region
behind the first wave then one can in principle determine the shape of the second wave
by using a bicharacteristic method developed for elasticity by Varley and Dunwoody
[29]. In principle one can construct the solution behind the first wave by Taylor series,
although the actual construction may be difficult. It appears physically obvious that
the spherical wave in Section 5 will create a spherically symmetric deformation field
behind it, and since X; = —a'n /U, and n = 1, n? = n® = 0, b = A%g¥, we deduce
from the propagation condition (3.2); that X’; is the only nonzero component of x!; .
However, to deduce the velocity behind the wave is radially symmetric one needs a
knowledge of x!;; and higher gradients at the wave and the solution to this problem is

not obvious to the present writers. If one can show that %' = (x!(r), 0, 0) behind the
first wave then it is straightforward to show the second wave is spherical (cf. Section
9.3 of Lindsay and Straughan [30] where a similar problem is solved). Nevertheless,
the method of bicharacteristics would appear to be a possible means of investigating
the second wave.
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Abstract

The behaviour of acceleration waves in the nonlinear theory of thermoelasticity of Green and
Lindsay [1] is investigated systematically. It is shown that two coupled waves may propagate with
different finite wavespeeds. For waves entering isothermal homogeneously strained regions, explicit
results are obtained for the wavespeeds and wave amplitudes, and the possibility of shock-wave
formation is discussed.

Zusammenfassung

Das Verhalten von Beschleunigungswellen in der nichtlinearen thermoelastischen Theorie
von Green und Lindsay [1] wird systematisch untersucht. Es wird gezeigt, dass zwei gekoppelte
Wellen mit verschiedenen endlichen Wellengeschwindigkeiten wandern kénnen. Fiir Wellen, welche
in isotherme, homogen verzerrte Gebiete eintreten, werden die Wellengeschwindigkeiten und
Amplituden explizit bestimmt, und es wird die Moglichkeit der Bildung von Stosswellen diskutiert.
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