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We consider the space L(D) consisting of Lipschitz continuous mappings from D to the Euclidean
n-space R", D being an open bounded subset of R". Let F belong to L(D) and suppose that x solves
the equation F(x)=0. In case that the generalized Jacobian of F at ¥ is nonsingular (in the sense of
Clarke, 1983), we show that for G near F (with respect to a natural norm) the system G(x)=0 has a
unique solution, say x(G), in a neighborhood of x. Moreover, the mapping which sends G to x(G) is
shown to be Lipschitz continuous. The latter result is connected with the sensitivity of strongly stable
stationary points in the sense of Kojima (1980); here, the linear independence constraint qualification
is assumed to be satisfied.
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1. Introduction

Given an open bounded subset D of the Euclidean n-space R", we consider the
space L(D) consisting of all mappings F: D —R" which are Lipschitz continuous
on D. One of the main results of this paper is an Implicit Function Theorem of the
following type. Let F e L(D), X € D, suppose that F(X)=0 and, moreover, that the
generalized Jacobian of F at X (in the sense of Clarke [1]) is nonsingular. Then
there exist real positive numbers wu, », such that for each G e L(D) belonging to
some p-neighborhood of F (defined in a natural way), the system G(x)=0 has a
unique solution, say x(G), in the v-neighborhood of x; moreover, the mapping
G+—x(G) is Lipschitz continuous.
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As a basic application we shall show how the latter result can be used in order
to analyse the sensitivity of stationary points in nonlinear programming problems
of the type

P(f): minimize fy(z)
s.t. fi(z)=0, i=1,...,1 (1)
[(z2)=0, j=1+1,...,m,

where f;, f1, - - - , fm are supposed to be twice continuously differentiable functions

from R” to R.
In fact, following Kojima [7], the Karush- Kuhn-Tucker stationary conditions

for P(f) can be written as a system of equations
F(z,y)=0, (2)

defined by

VA Y VA S 5VAG)
~fi(2)

Flzy)= —f(2) 3)
Vit —fl+1(z)

y; "fm(z)
where Vf denotes the gradient of f and for « e R we put
o =max{0, a}, a” =min{0, a}. (4)

Each solution x = (z, y) of the equation F(z, y) =0 will be called a stationary point
of P(f).

In [7] Kojima introduced the concept of strong stability of stationary points, and
presented necessary and sufficient conditions for it in terms of first and second order
derivatives of the functions f;,i=0,1,..., m.

Now, assuming the Linear Independence Constraint Qualification, we shall show
that Kojima’s conditions on strong stability are equivalent to the nonsingularity of
the generalized Jacobian of F at the stationary point under consideration. The
Lipschitz continuous dependence of stationary points on C’-perturbations of the
functions f;,i=0,1,. .., m, is then a consequence of our Implicit Function Theorem.
In this way, our results give a deeper insight into the concept of strong stability and
present a connection with Clarke’s theory on nondifferentiable mappings (cf. [1]).
We mention that a relationship with Robinson’s concept of strong regularity,
introduced in [13], is elaborated in [6].
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The paper is organized as follows. In Section 2 we are concerned with the above
mentioned Implicit Function Theorem. As an interesting by-product we state a result
on the mapping degree of a Lipschitz continuous mapping. Then, Section 3 contains
the relationship with strong stability of stationary points.

In the sequel we will use the symbols cl A, conv A and bd A which stand for the
closure, the convex hull and the boundary of a set A< R", respectively. Moreover,
V’f denotes the Hessian of £ By | | we denote the Euclidean norm on R™.

2. An Implicit Function Theorem

Using the notation of Section 1, we introduce a norm on the space L(D) by

|Gl = sup max{}| G(x)||, Lip(G)}

for each G e L(D), where
Lip(G) =inf{c|| G(x)— G(»)|| < c||x —y]| for all x, y € D}.

Now we recall the definition and some properties of the generalized Jacobian of a
Lipschitz continuous vector function (cf. [1]). Given G € L(D) and X € D, the set
of (n, n)-matrices

dG(x) = conv{M|3x* > x: x* € E5 and VG(x*) > M}

is called the generalized Jacobian of G at X, where E; < D is the set of all points
x for which the Jacobian VG(x) exists. This definition is justified by the fact that
each G e L(D) is almost everywhere on D differentiable (Rademacher’s Theorem,
cf. [3]). As usual, the set 3G(x) will be regarded as a subset of the linear space
R"*" which is endowed with the associated matrix norm

IIM|:= max{||Mh| [heR", ||h] = 1}

for each M e R"*". Then the following holds for xe€ D (cf. [1]):

(a) aG(x) is a nonempty convex compact subset of R"™";

(b) 3G is upper semicontinuous at X,

(¢} if G, G,eL(D) then G,+G,cL(D) and #(G,+ G,)(X)v<aG,(X)v+
dG,(X)v holds for all veR".

Remark 2.1. For Ge L(D) we have the following inequality:

sup [IM||<Lip(G).
MeaG(x)
xeD

To show this, let x € D and M € §G(x) be arbitrarily chosen. By definition of 8G(x),
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there are matrices M,, ..., M, and sequences {x*}, i=1,...,1 such that
M ecconvi{M,, ..., M},

x*eE; Vk Vie{l,...,I} and x*——sx Vie{l,...,1I},

k-0

M;=1im VG(x*) Vie{l,...,1}.

k—->o0

Let ¢ be any positive real number. For each ic{l,...,!} and each ke{1,2,...}
we have

G(x™ +Bh)=G(x™)+BVG(x™)h+0o(B)
for all heR" with ||h]]=1 and all 8>0 (where o(B)~,B”—;>O), since x*e
E; Vk Vie{l,...,1}. Hence

VG0l =5 1G(x* + 8= Glx*) ] + 22

= Lip(G) +¢,
if B is sufficiently small. Passing to the limit, we get
M| <Lip(G)+e Vie{l,...,1I},
and so
IM||<Lip(G) Vie{l,...,I}  and ||M||<Lip(G),

where we have taken into account that ¢ was an arbitrarily chosen positive number.

Remark 2.2. For G,, G, L(D) satisfying |G, — G,||. < € (with £>0), one has
8G(x)vc3Gy(x)v+eB, VxeD, VoeR": |v||=1,

where B, is the closed unit ball in R”. To show this, we only note that for all xe D
and all veR" with ||| =1,

dG1{(x)v = 3G(x)v+ (G, — Go)(x)v < 8G,(x)v+ Lip(G, — G,)B,,

where Property (¢) of generalized Jacobians and Remark 2.1 were used.

Now we shall formulate the main result of this paper. We shall say that a nonempty
subset S of R"™" is nonsingular, if every matrix M € S is nonsingular. In the following
we shall denote by B, the open unit ball in R”, by B(X, ¢) and B(%, ¢) the closed
and the open e-neighborhood of X, respectively, by B,., the closed unit ball in
R"*", and by U,(F) (with Fe L(D)) the set {Ge L(D)||F—G| . <u}.
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Theorem 2.1 (Implicit Function Theorem). Let D be a nonempty open bounded subset
of R", let Fe L(D), and let X € D be a point satisfying F(x)=0. Suppose that §F(x)
is nonsingular. Then there exist positive real numbers v, u and vy such that the following
holds:

(i) For each Ge U,(F), B(X,3v) contains a solution x(G) of G(x)=0 which is
unique in B(%, v).

(ii) The mapping G—x(G) satisfies a Lipschitz condition on U, (F) with Lipschitz
modulus v, i.e., if G, G,€ U,(F) then |x(G,)—x(G,)||< v||G,— G,

It is worth noting that the proof of the theorem will in fact provide that
[x(G)—x(G)|| <y max Gi(x)— Gy(x)|| for all Gy, Gy€ U, (F),

where V= B(%,1v).

The proof of Theorem 2.1 is based on the Inverse Function Theorem for Lipschitz
functions, given by Clarke [1], and on a lemma on the degree of a Lipschitz
continuous function @. First we shall present the above mentioned Inverse Function
Theorem in a version which is convenient for our purposes.

Lemma 2.1 (Clarke [1]). Let Q be a nonempty open subset of R", let §:Q—>R" be
Lipschitz continuous on Q, x°c Q and ®(x°)=0. Let £ be a nonempty, convex and
compact subset of R"™", and suppose that (2 is nonsingular. Further, suppose that there
is a positive real number r such that B(x°, r)< Q and d®(x)v < Qu for all x € B(x°, r)
and all veR" with ||v| =1. Let § = min{|Mv|||M € £, ||v|| =1} (hence §>0).

Then there exists a mapping x( - ) :3r6B, - B(x°, r) satisfying the following properties:

(a) Foreachve 1r8B,, x(v) is a solution of the equation ®@(x) = v, which is unique
in B(x°, r).

(b) x(-) is Lipschitz continuous on 1r8B, with Lipschitz modulus 1/5. O

Lemma 2.1 follows at once from Lemmas 1-3 in the proof of the Inverse Function
Theorem in [1, Theorem 7.1.1]. We shall omit the details of the proof. For con-
venience, we have used in the formulation of the lemma a notation similar to that
in [1, pp. 252-255]: replace the F in [1] by @ and take the definition of £ in [1,
p- 254] into account.

Given a nonempty open bounded subset V of R", a continuous function @:¢cl V-
R™ and a vector ¢ € R" such that @(z) # ¢ for each zebd V, the Brouwer degree of
@ at ¢ w.r.t. V, which we denote by deg(®, V, ¢), is well defined (cf. [2, 10]).

Lemma 2.2. Let Q be a nonempty open subset of R". Let ®:Q—R" be Lipschitz
continuous on Q, x"€ Q, and suppose that @(x°) =0. If 6®(x°) is nonsingular, then
there exists an r>0 with B(x°, r) < Q such that

deg(®, B(x°, r), 0) =sign det A,

where A is any element from d®(x°). In particular, we have deg(®, é(xo, r),0)e
{+1, —-1}.
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Proof. Let us first note that sign det A is constant and nonvanishing for all A e §®(x°),
since 3P (x?) is nonsingular and connected. Now, choose A€ d@(x") and put

H(x,t)=(1-1)®(x)+tA(x—x"), xeR" tecR.

We note

(i) H(x° ¢t)=0 for all teR;

(i1) moH(x°, t) <P (x®) for all te[0,1],
where mdH(x°, t) signifies the set of all (n, n)-matrices M such that, for some
vector beR", the (n, n+ 1)-matrix [ M, b] belongs to dH(x°, 1).

From (ii) we see that m.dH(x’, t) is nonsingular for all ¢ [0, 1]. Together with
(i) and the Implicit Function Theorem of Clarke (cf. [1, p. 256]), we obtain: for
each 7€[0, 1] there exist £ >0 and 7> 0 such that B(x°, /)<= Q, and (x°, 7) is the
unique solution of the equation H(x, t)=0 in B(x°, 7/)x ({—¢, i+ £). Choose f; e
[0,1], i=1,...,k (<00), such that [0,1]1c %, (f;— &, T;+ &), with (x°, f;) the
unique solution of H(x, t)=0in B(x°, 7)) x (f;— &, f;+ £;), and put ri=min <, 7.
Then, H(x, t) #0forall (x, t) e bd B(x°, r) x[0, 1]. Hence, in virtue of the homotopy-
invariance of the degree (cf. [2, Satz 1, p. 39]), we have

deg(H(-, 1), I§(x°, r), 0) =constant for t€[0, 1].
Consequently, the assertions follow in view of the obvious fact that

deg(x— A(x —x°), B(x°, r), 0) = sign det A. O
As a corollary of Lemma 2.2, we immediately obtain:

Lemma 2.3. Let Q be a nonempty open subset of R". Let ®:Q—->R" be Lipschitz
continuous on Q, x° € Q, and suppose that ®(x°) = 0. Furthermore, suppose that 5 ®(x°)
is nonsingular.

Then, for each £ >0 there is some a >0 such that for each continuous function
&:Q~>R" with supXEQH(D(x)—d;(x)H < a, the ball B(x°, &) contains at least one
solution of ®(x)=0. O

Remark 2.3. We note that Lemma 2.3 may be considered as a special case of
Kummer’s Implicit Function Theorem [8, Theorem 4.1] for Kakutani mappings
(which are introduced in [8] to be convex-valued and closed multifunctions I': Z <
R" > R™ such that for each r> 0 there is some s >0 with I'(z)nsB,, #0 if ze Z
rB,). The mentioned theorem particularly says that if a point x°c R", and & >0 and
a multifunction I': B(x°, ¢)>R" are given, and if for some >0 the multifunction
y—I(y)={xe B(x’ &)|yeI'(x)} defined on t. bd B, is a Kakutani mapping, then
the set {xe B(x°, e)lOef(x)} is nonempty whenever I" is a Kakutani mapping
“near” I With I':={®}, ["':= {<f>}, and by use of Lemma 2.1, it is not difficult to
verify that Kummer’s theorem applies to the situation in Lemma 2.3. We have
preferred the approach via the degree lemma (Lemma 2.2), because this result is
of interest in itself.
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Now we prove Theorem 2.1. We recall the assumptions of Theorem 2.1: D is a
nonempty open bounded subset of R”, F: D - R" is Lipschitz continuous on D, and
% e D is a point such that F(x) =0 holds, and, moreover, 4 F(x) is nonsingular.

Proof of Theorem 2.1. First we shall introduce a triple (v, 5, 8) of positive real
numbers which will be used to construct a triple (v, u, ¥) such that (i) and (ii) in
the statement of our theorem hold. Let v, 5, § satisfy the following properties:

B(x,3v)c D, (5)
0 =9F(x)+2nB,,, is nonsingular, (6)
aG(x)vc Qv VYGe U, (F), Yxe B(X,3v), Yu: |v| =1, (7)
8 =min{|Mv||Me 0, ||v]|=1} (hence §>0). (8)

The existence of such a triple (v, n, 8) is clear: (6) can be ensured because dF(X)
is nonsingular, (7) is a consequence of the upper semicontinuity of 9F at X (which
implies 6 F(x)<dF(X)+ nB,., for all xe B(x,3v) with some »>0, and so, by
Remark 2.2, as Ge U, (F), 3G(x)v< aF(f)v+2n1§,, < v for all xe B(x,3v) and
all v: ||v]|=1); (5) can then be guaranteed without loss of generality, and, finally,
in (8) the number § is well defined and positive because of (6). Further, let a(v)
be a positive real number such that

B(%, 3v) contains at least one solution of G(x)=0if Ge U, (F). (9)
The existence of a(v) follows from Lemma 2.3.

Let G be any element of L(D) satisfying | F — G|, < min{n, a(»)}. Then, by (9),
B(x,3v) contains at least one solution of G(x)=0. Now let x(G) be any solution
of G(x)=0in B(x, v). With Q:= D, &= G, x":= x(G) and with £ as given in (6)
and r:=2y, all assumptions of Lemma 2.1 are satisfied (note that B(x(G),2v)<
B(%,3v) and take (5)-(8) into account). Hence, by Lemma 2.1, there exists a mapping
xs(+): v8B, - é(x(G), 2v) such that

x;(v) is the unique solution of G(x)=v in é(x(G), 2v), (10)

xg(+) is Lipschitz on v8B, with modulus 1/8. (11)
Since x(G)eé(i, ) and B(X, v)c é(x(G),2v), x(G) is the unique solution of
G(x)=0in B(x, v). Thus, we have shown

B(%, 1v) contains a solution x(G) of G(x)=0 which is unique in B(x, v)

(12)

and

xG(0) =x(G). (13)

Proof of (i). Define

p = smin{z, a(»)}.

Since (12) even holds for each G e U,,(F), (i) is shown.
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Proof of (ii). First let G U, (F) be fixed. Let x(G) and x¢( ) satisfy (10)-(13).
Further, let £ be a real number satisfying

0< e <min{3v, v8/Lip(G)}.

Setting Q= D, ® = G, x":=x(G) and taking into account that 6G(x(G)) is non-
singular (because of (12), (7) and (6)), we see that Lemma 2.3 applies to this
situation. Hence, we obtain: there exists an ¢, with 0<<a =< u, such that

G(x) =0 is solvable in B(x(G), ¢) for all G with |G~ G|, <a.

Now we fix @ with 0< a < g, and choose any G € U,(G). Since, by (12), x(G) e
B(x,iv) and so for all ze B(x(G), €),

lz=x|<llz—=x(G)|+||x(G)—x||< e +3v <,

each solution z of G(x)=0 in B(x(G), ) belongs to B(%, v). On the other hand,
we have norm |F - G| <|F—G|.+||G— G||.<2u, and so the arguments used
above in the derivation of (12) also apply to G (instead of G), and we have that

B(%,3v) contains a solution x(G~) of G(x) =0 which is unique in é(i, v).
(12')

Thus, the point x(G) given by (12') is the unique solution of G(x)=0in B(x(G), ¢).
By (5), (12) and (12'), one has x(G), x(G) € D, therefore

IG(x(G)N|=1G(x(G)) ~ G(x(G))]| = Lip(G) | x(G) — x(G)|| = Lip(G)e < v3,
where G(x(G)) =0 was used. Hence, G(x(G)) € v8B,, and so, by (10),
x(G) is the unique solution of G(x)=G(x(G)) in B(x(G), 2v).
The definition of xg(v) in (10) thus implies
x(6) = x6(G(x(G))).
Taking G(x(G))=0, (11) and (13) into account, we see that
1%(G) =x(G) | = |%6(0) = xs(G(x(G)|

=

IG(x(G))]

> | =

[G(x(G))— G(x(G))|

Oy | =

1 ~
=~ sup | G(x) = G(x)|
xeD

1 -
Sg ”G_G”L
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This means, we have shown that for each G e U, (F) there is some a = a(G)>0
such that

Ix(G)-x( &)= 1G-Gll. if GeU.(O). (14)

Take now any pair G,, G,€ U,(F) and consider

H(x, t)=(1—-1)G(x)+1tG,(x) VxeD, Vte[0,1].
It is easy to show that for each t€[0, 1],

H(-,t)e UF).
Hence, (i) holds, i.e., for each t€[0, 1] there exists some point x(H(-, t)) which
satisfies (12) and (14) (put there G:= H(-, t)). In particular, x(G,) = x(H(-,0))
and x(G,) = x(H(-,1)). Hence, for each t [0, 1] there is some a = «(¢) such that
(14) holds:

. 1 - . .
(15)

where in (14) one has to put G:= H(-, t) and G = H(-, T). This defines a covering
of [0, 1] by open sets {B(¢, a(t))|t€[0, 1]} and so there exist finitely many numbers
0=1<t,<:--<ty_;<ty=1such that

91 B(1;, a(1;)) [0, 1]

and, moreover,
L=t —a(tin), t+a(t)#0 (Vie{l,...,N—1}).

Now we choose numbers s, §,,...,Sy_; satisfying s;e I; (i=1,..., N—1) and
t<s<t,<---<sy_<ty and apply (15) with (¢, {)= (1, 5;) and (¢, T)= (s, ti11)
fori=1,..., N—1:

(G~ x(G)l = x(H (-, 0) = x(H (-, )]
< xCH (-, 1) =x(H (-, s |+ IxCHC, s0)=x(HC, )]
o [ x(H (-, tn—)) = x(H G s D) F 1 (H G, sy -1) = x(H (-, i)l
(% 160G 0+ - 90(Go= Gl )

By definition of || G||, one has ||tG||, = || G| . for t=0. Thus, we then have

1 /N1
Hx(Gl)—x(G2)||<E( Y (si_ti+ti+1_si)>”G2_G1"L
i=1

1 1
gtNIIGz—G1||L=gIIGz—GIIIL,
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where 5; > t,>s; 1 (i=2,..., N=1), s,>t,=0and ty =1 were used. With y:=1/§,
(ii) is shown. O

3. Strong stability of stationary points

Let us return to the nonlinear programming problems of the type P(f), as introduced
in Section 1, where f = (fy, fi, . .., fin). Let € denote the space of twice continuously
differentiable mappings from R” to R™"". For a given f ¢ €” the associated mapping
F:R"™>R""™ introduced in (3), is piecewise continuously differentiable (in the
sense of Kojima [7]) and hence, locally Lipschitz continuous. A point X =(Z, y) at
which F vanishes is called a stationary point of P(f), whereas Z is called a stationary
solution and y an associated multiplier. Obviously, an associated multiplier y is
unique if the Linear Independence Constraint Qualification (LICQ) is satisfied at Z.

LICQ: The set {V£(2)|fi(Z2)=0, 1< i< m} is linearly independent.

In this section we shall study the relationship of strong stability of stationary points
and the nonsingularity of the generalized Jacobian of F, under the assumption of
LICQ.

For fe € and a subset V<R" we put

N(f, V)= sup supmax{|fi(2)|, [VA(), IVA(2I}.

osism zeV

Definition 3.1 (cf. [7]). Let Z be a stationary solution of P(f) for a given fe €°.
Then, z is strongly stable if for some *>0 and each &< (0, §*] there exists an
a(8)>0 such that for each ge € with ¥ (f—g, B(Z, 6%)) < a(8) the set B(Z, §)
contains a stationary solution of P(g) which is unique in B(Z, §*). A stationary
point (Z, y) of P(f) for which Z is strongly stable is called strongly stable as well.

The concept of strong stability plays a central role in parametric optimization,
homotopy methods, multilevel methods and statements on local convergence in
nonlinear optimization (cf.[4, 5,7, 9, 12]). Under LICQ, Kojima presented necessary
and sufficient algebraic conditions for strong stability [ 7, Theorem 3.5 and Corollaries
3.6, 4.3]. We will actually use the latter equivalent conditions; but before stating
them we need some additional notation.

At a stationary point (Z, y)} we define

Iy={ie{l+1,..., m}|fi(2)=0}, (16)
I ={ie L|y>0}, (17)
1 m
C=Vfot X pVfi+ ¥ 7V
i=1 j=1+1
Moreover, we put for J<{1,..., m},

A()=(Vfi(2),ie)),
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and for I with I, < I < I, (assuming for simplicity that I ={I+1,..., k}),

C A(LuI) 0
M) =|-A"(1.uT) 0 0|, (18)
—AT(T) 0 E

where I.={1,...,1}, I={1+1,...,mN\I and E is the unit matrix of order m — k.

Lemma 3.1 [7]. Let (Z, 7) be a stationary point of P(f) for a given f € €>. Suppose,
moreover, that LICQ is satisfied at Z.
Then, (z, V) is strongly stable if and only if

sgndet M(I) is constant and nonvanishing

forall I withI,cIcl,. O (19)
We will prove the following two theorems.

Theorem 3.1. Let fe €* and let F be the associated mapping introduced in (3) and
let (2, ¥) be a stationary point of P(f).
The, the nonsingularity of 3F at (Z, j) is equivalent with (19).

Theorem 3.2. Let (X =(Z, j) be a stationary point for P(f) with f € €. Suppose that
X is strongly stable and the LICQ is satisfied at 7. Let * be chosen according to
Definition 3.1.

Then there exist positive real numbers v, i and ¥ such that the following hold:

(i) For each ge €* with N'(f—g, B(Z, 6%)) < (the latter set being denoted by
0.f) the set B(%,37) contains a stationary point of P(g), say %(g)=(2(g), 7(g)),
which is unique in é(f, D).

(ii) The mapping g—x(g) is Lipschitz continuous on O f with Lipschitz modulus ¥,
ie,ifg', g € 0,f, then

[x(g") —x(g*)|| =< y¥(g' - g7, B(z, 6*%)).

For the proof of Theorem 3.1 the following technical lemma from linear algebra
is crucial.

Lemma 3.2. Let N, be a nonsingular (n, n)-matrix and a', ..., a" b', ... b*eR"
Moreover, let M be the set of matrices of the form N(I),

N(I)=Ny+ Y a'b'", withI<{l,..., k}.

i+I

Then, sgn det N =sgn det N, for all N € conv . if and only if sgn det N =sgn det N,
forall Ne M.



134 H.Th. Jongen et al. | Implicit functions and sensitivity

Proof. Let us put #={Ny, Ny,..., N}, with K=2"~1and N;=Ny+Y,.;, a’b”,
I, being a specific subset of {1, ..., k}. Since .4 < conv /, one direction of the proof
is trivial. Hence, from now on, suppose that

sgndet N =sgndet N, forall Ne . (*)

For an arbitrary j€1{0, 1, ..., K}, each index set I ={1,..., k} with I ~nI;=, and
each re{l,..., kP\(J U I;) we show at first — by induction on q:=|I| —that the
following two assertions hold (a pair (I, r) as above is called admissible):
(i)  sgndet(N;+ Y wa'b’")=sgndet Ny,
iel

-1
(ii) 1+,L,b*T(Nj+ Y ,LiafbfT) a >0,
iel
for all w;€[0,1] (ie T u{r}).
The case q = 0. In this case we have I =@, and (i) follows from the assumption
(*). In order to show (ii) we use formula (2.20) in [11, p. 198] and obtain:

det(N;+p,ad ") =(1+u,b"N;'a") - det N;.

If in particular, we put w, =1, we have N,+a’b"" € M. This implies, according to
the assumption (x), that 1 +b""N;'a" > 0, and, consequently, that 1 + u,b"'N;'a" >
0 for all u, [0, 1].

Now assume that (i) and (ii) are satisfied for each admissible pair (I, r,) with
|I| < go. we shall prove (i) and (ii) for an arbitrary admissible pair (I, r) with
[1]=go+1.

Let i, belong to I and define I, = I\{i,}. Note that |I,| = q,. Further, let u; € [0, 1]
for ie I U{r}. In order to show assertion (i) for (I, r) we again use formula (2.20)
in [11, p. 198], and obtain (the induction assumption guarantees the invertibility
which is used):

det(Nj+ Y /.L,-aibiT> =(1+p,b""N 'a") - det N,

iel

where

N:(N,.+ > ,u,a%”). (20)

icly

From the induction assumption (on the pair (I, I,)) it then follows:

sgn det(Nj + ¥ ;;,iaibiT> =sgn det N =sgn det N,

iel

and hence, assertion (i) is satisfied for L
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In order to prove assertion (ii) we apply formula (1.13) in [11, p. 190], and obtain
for fixed u; €[0,1] (i€ I,u{r}) and variable p, €[0,1]:

-1
)L(/L,b)::l+l.LrbrT<]\]j+ y MiaibiT> a’

iel

. N—laiobiOTNGI :l
=1+ub | N '—p, - a4
M [ /"l"o (1+MiﬂthTN~1alo) a,
where N is defined in (20).
According to the induction assumption we have:

1+ u,b""N7'a”>0, pelr i},

~1

1+/J,,brT(]\_fj+ Y ,u,,-aibiT) a">0,
iely

where N, == N, +a"b"" belongs to . since iye{1,..., k)\I. This implies A(0) >0,

A(1)>0 and, for u; [0, 1]:

sgn A () =sgn A,
where, N as in (20),

Rpa) = M1+ i b N " ab]
Note that A(-) depends affinely on u, . So, we obtain sgn A (u;) =sgn A(u;) =1 for
w1, €[0, 1] and hence, assertion (ii) for (I, r) follows.

Finally, the nontrivial assertion of the lemma follows from (i) by using the
subsequent representation for an arbitrary element N € conv /:

vt

Jj=1

K
LN AH(1=Y 4N,
j=1

k k
=N+ Y ( y Aj>afbfT=No+ Y wa'b’™, (21)
=1 i=1

i jiiel;
Since ;=0 (i=1,...,K) and ¥ /<, A, <1, the inequality 0<< u; <1 (i=1,..., k) is
satisfied in (21). O

Proof of Theorem 3.1. The mapping F in (3) is a continuous selection of the finite
number of C'-mappings F', Ic{l+1,..., m}, where

VS VAE)

Fl'(z,y)= —fi(z), ielTu{l,..., I} ,
yi—fi(z), jel
with T={I+1,..., m}\L
In a neighborhood of the point (Z, ) the mapping F is pieced together by means

of the mappings F’ with I, = I < I, (none of them being redundant), and I,, I, as
in (16) and (17).
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Note that VF'(Z, 7) = M(I), cf. (18). Then, from the definition of a generalized
Jacobian it follows that aF(Z, ¥) = conv , where

M={M(I)|I,cTc Iy} (22)

Hence, the nonsingularity of dF(Z, y) implies (19). In order to prove the converse,

we use Lemma 3.2 with # as in (22), No= M(I,) and k=|I\1,|. The required
representation for elements of .# follows from the relation

M(L)-M(I)=a'h",

L=DL\{i}, a'= (Vf”if)),

e’ is the ith unit vector in R™, and b’ is the (n+i)th unit vector in R""™. This
completes the proof of the theorem. [

where

The following lemma will be used in the proof of Theorem 3.2. Recall the definition
of |G|l. and N (f, V) in the first lines of Section 2 and 3, respectively.

Lemma 3.3. For f, ge €7, let F, G denote the associated mappings accordings to (3).
Then for any nonempty, open, bounded and convex subset D<R""™ there is a
number A >0 such that for every f, g€ €°,

|F~Gll.=AN(f-g, Dy, (23)
where D; = 7,D and 1, is the projection (z,y)—z (e€R").

Proof. Let 7, be the projection (z, y)—y (€R™), and put D,=w,D. As further
abbreviations we put

h=f-g H=F-G,

;= suglhi(Z)L pi= sup IVRh(2)], = SupHIVzh @I,
i=0,1,...,m, aﬁd, finally,

8,= max sup |yi/.

1<i=m yeD,
In view of the definition of |H||,, we have to estimate sup ., .p||H(z, y)| as well
as Lip H in terms of W' (h, D,). Using the inequality |a*|<|a| we obtain, with some
z%ecl D,, some y°ccl D,, and A = (2m +1) max{8,, 2}:
sup [H(zy)|= max |H(zy)|=[H(z" )]

(z,y)e D (z,y)ecl D

< || Vho(z%)+ Z WIR(D)+ 3 (7)) Vhy(2%)

i=1 Jj=i+1

+ Z | (%)

<19+ £ 219G+ E )

< B+ 0 Z Bi+ Z aiS)\N(h, D,).

i=1 i=1
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Note that 8; and vy; are Lipshitz moduli for h; and Vh;, respectively (with respect
to D,). Then using the inequalities |a*|<|a/|, ¥ — 87| <|a — 8|, the following holds
for every (z', y"), (2%, y*) e D:

IH(z', y") = H(z% y*)|

< ||[Vho(z") = Vho(2*)|[+ X |vi=yil - [Vhi(z)]
i=1
+ Z lyﬂ ”Vhi(zl)"Vhi(Zz)” + 21 |hi(zl) _hi(zz)'
i=1 i=
<vlz' -2+ _gl Bilvi—yil+ 8 §1 villz' = 2%+ _;1 Billz' —2°
'y
y'/o\?

This implies the inequality Lip(H)<AAN(h, D,), and, consequently, (23) is
proved. [J

S(3’0"‘2 > Bitdo X %)'
i=1 i=1

sA-N(h D)) -

Proof of Theorem 3.2. Lemma 3.1 and Theorem 3.1 ensure that §F is nonsingular
at Xx=(Z, y), where F is the mapping introduced in (3). Then, with D= B(%, §*),
Theorem 2.1 and Lemma 3.3 provide the desired results. [

Remark 3.1. A counterexample in [14, p. 219] shows that z(- ) in Theorem 3.2 need
not be Lipschitz continuous if LICQ is replaced by the weaker Mangasarian-
Fromovitz Constraint Qualification.
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