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Given an n x n matrix M and an n-dimensional vector g, the problem of finding n-dimensional
vectors x and y satisfying

y=Mx+gq, x=0, y=0, x,,=0 (i=1,2,...,n)

is known as a linear complementarity problem. Under the assumption that M is positive semi-
definite, this paper presents an algorithm that solves the problem in O(n’ L) arithmetic operations
by tracing the path of centers, {(x,¥)eS: x;»;=u (i=1,2,..., n) for some u > 0} of the feasible
region S ={(x, y)=0: y = Mx+q}, where L denotes the size of the input data of the problem.

Key words: Linear complementarity problem, polynomial-time algorithm, path of centers,
Karmarkar’s algorithm.

1. Introduction

Let M be an nxn matrix, and ge R". The problem of finding an (x, y)e R*"
satisfying

y:Mx+q’ (X,Y)ZO, xiyi:0 (i:1’2""9n) (1'1)

is known as a linear complementarity problem (abbreviated by LCP), which has
various important applications in linear and convex quadratic programs, bimatrix
games and some other areas of engineering [3, 12, 18, etc.]. Here R™ denotes the
n-dimensional Euclidean space.

Several computational methods have been developed for solving LCPs
[3, 12, 24, etc.]. These methods apply a sequence of pivoting operations to the system
of linear equations y = Mx + q or a certain artificial system of equations associated
with the LCP. In some worst cases, they require an exponential number of pivoting
operations [1, 4 and 16]. It is well-known that an LCP with an arbitrary matrix M
is NP-complete [2].
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In the field of linear programs, there have been developed many algorithms with
a polynomially bounded computational complexity [5,7,9, 10, 11, 19, 25, 26, etc.].
For convex quadratic programs, Kapoor and Vaidya [8] and Ye and Tse [27] have
recently proposed polynomially bounded algorithms. These algorithms may be
roughly classified into three groups:

1. Ellipsoid algorithms which originated from the first polynomially bounded
linear programming algorithm by Khachiyan [10] in 1979.

2. Projective rescaling algorithm by Karmarkar [9], its variations and extensions
[5,8,26,27, etc.].

3. Algorithms using the idea of tracing the path of centers of a polytope
[7,11,19, 25, etc.].

The algorithms in the last group are relatively new and are closely related with
the second group (See [6]). Among these algorithms, the ones given by Gonzaga
[7] and Vaidya [25] in the last group for solving linear programs have attained the
O(n’ L) computational complexity in terms of the number of arithmetic operations.
The idea on which the algorithms of the last group are based have been studied in
more general framework including convex minimization problems and linear com-
plementarity problems by Megiddo [15], Sonnevend [20] and Tanabe [23].

In the previous paper [11], the authors have proposed an algorithm that solves
linear programs in O(n*L) arithmetic operations by using Newton’s method as a
numerical tool to trace the path of centers simultaneously in the primal and dual
feasible regions. In the present paper we modify and extend their algorithm to a
class of LCPs with positive semi-definite matrices. The main emphasis will be laid
on the theoretical computational complexity of the algorithm. We do not refer to
a practically efficient implementation of the algorithm, which should be studied in
the future though.

Let R} and R, denote the nonnegative orthant {x€ R": x=0} of R" and the
positive orthant {xe R": x>0} of R", respectively. We employ the symbol S for
the set of all the feasible solutions of the LCP, §,,, its interior and S, the set of all
the solutions of the LCP;

S={(x,y)e RY": y=Mx+gq},
Sn=SNRY, ={(x,p)e RYs:y=Mx+gq},
So=1(y)eS:xy,=0(i=1,2,...,n)}
Throughout the paper, we impose the following assumptions on the LCP:
Assumptions. (i) n=2. (If n=1 then the LCP could be solved trivially.)

(ii) All the elements of the n x n matrix M and the vector ¢ are integers.
(iii) The matrix M is positive semi-definite, i.e., x* Mx =0 for every x€ R".

We may further assume without loss of generality that
(iv) each row of the matrix M has at least one nonzero element.
To see this, assume on the contrary that all the elements in the ith row of the
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matrix M are zero. If g; is negative then the LCP has no solution. Otherwise we
can reduce the size of the LCP to be solved by eliminating the variables x; and y,.
We define the size L of the LCP (1.1) by

n n+l1
L=|Y Y log(la;|+1)+log(n?)] +1, (1.2)
i=1j=1
where a; denotes the (i, j)th element of the n X (n+1) matrix A=[M q] consisting
of the coefficient matrix M and the constant vector g of the system of equations of
the LCP (1.1) and | £] the largest integer not greater than £€ R, . The assumption
(iv) ensures the inequality n+log(n”)< L, which we will need in Section 6.
The size L determines the accuracy to be attained in the following sense: If

(£, 7)eS and %9, <27t (i=1,2,...,n), (1.3)
then there exists a solution (x*, y*) of the LCP such that

xF=0 foreveryicl,
(1.4)
y¥=0 foreveryjel,

where
I={i:%<27"} and J={j:§<27"} (1.5)

Furthermore, using the information {1.3), we can compute the solution (x*, y*) in
O(n?) arithmetic operations. This will be shown in Appendix B. It should be noted
that (1.3) and (1.5) imply TuJ={1,2,..., n}. Hence each (%, 7) satisfying (1.3)
itself can be regarded as an approximate solution of the LCP. The requirement (1.3)
may be replaced by a stronger one

(£,7)eS and £Typ<27?h (1.3)

This inequality will be used as a stopping criteria in our algorithm.
Now we describe an outline of the algorithm. We first introduce a family of
systems of equations with the nonnegative parameter w:

H(p,x,y)=0 and (x,y)eRY, (1.6)
where H: R, x RZ"> R"x R" is a mapping defined by

H(p,x,y)=(XYe—pue,y—Mx—gq) (1.7)

for every (m,x y)eR\**", where X denotes the nxn diagonal matrix

diag(x,, x5, ..., x,), Y the diagonal matrix diag(y,,y.,...,¥,) and e the n-
dimensional vector of ones. Obviously (x, y) is a solution of the LCP if and only
if it is a solution of the system (1.6) for w =0. In other words, the LCP (1.1) is
equivalent to the system of equations

H(0,x,y)=0 and (x,y)e R3". (1.1)
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We call each (x, y) € R*" satisfying the system (1.6) for some x>0 a center (of
the feasible region §), and define the path of centers S.., to be the set of all the centers:

Scen={(x, )€ RY": H(p, x, y) =0 for some u >0}
={(x, y) € Sini: XYe = pe for some u > 0}.

When S, # 0 and Assumption (iii) is satisfied, the system (1.6} has a unique solution
for each u >0 and the path S,., of centers forms a smooth curve in the set S.,,,. We
can also characterize solutions of the system (1.6) in terms of the logarithmic barrier
function method. These facts have been indicated and studied partially by Megiddo
[15]. We will give a complete proof for these facts in Appendix A.

Geometrically the path S, of centers runs through the interior S, of the feasible
region S to a solution of the LCP which lies in the boundary of S. Starting from a
known initial point in a neighborhood of the path S, we trace the path S, until
we attain a sufficiently small parameter u. The idea of this approach has been
suggested by Megiddo [15].

Generally, we are not able to trace the path S, accurately because it runs
nonlinearly through the interior S;,, of the feasible region S. We are forced to stray
from the path S, even if a given initial point lies on the path. As a measure for
the deviation of each (x, y) € S, from the path S, we employ the quantity

min | H(g, x, y)|| = min | XYe - ue|

neERL neER,

=||XYe—-(x"y/n)e|.

It should be noted that the first equality follows from the definition (1.7) of the
mapping H and (x, y) € S,,, and the second because the point (x'y/n)e is an
orthogonal projection of the point XYe onto the line {ue: u € R}. Obviously an
(X, ¥) € Sin lies on the path S, if and only if | XYe—(x"y/n)el| =0. We want to
control our approximation of the path so that the deviation | XYe—(x"y/n)el|
converges zero at least linearly as the error x"' y for the complementarity slackness
tends to zero. This leads to the definition of the a-center neighborhood S, () of
the path S..,:

Scen(@) ={(x, y) € Sine: | X Ye—(x"y/n)e| <(x"y/n)a}. (1.8)

Here a is a positive number whose value will be specified in the succeeding
discussion.
For the time being, we assume that an initial point (x', y') satisfying

(x',y") € Seen(@) and (x')Ty'=2°" (1.9)

is known in advance. In Section 2, we present an algorithm which starts from this
point and generates a sequence {(x*, y*)} = S...(a). For some positive constant 1,
each iteration decreases the error (x*)Ty* at least linearly with the ratio (1 —n/n%°),
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so that the algorithm stops within O(n®’ L) iterations when an approximate solution
(X, 7) satisfying (1.3)" is obtained. Each iteration solves a linear system induced
from a local linearization of the system (1.6) to compute a new point in S,.,{a).
This requires O(n*) arithmetic operations. Thus, the total number of the arithmetic
operations over all the O(n®® L) iterations amounts to O(n>°L).

Sections 3,4 and 5 are devoted to reducing the total computational complexity
to O(n’ L) by incorporating the rank one update technique [7,9 and 25] into the
algorithm given in Section 2. The modified algorithm with the O(n’ L) computational
complexity described there could be stated directly without requiring Section 2 but
it is rather complicated. So the simpler O(n*>°L) algorithm in Section 2 will be
helpful to understand the structure of the O(n’ L) algorithm.

In Section 6, we show that any given LCP satisfying the Assumptions (i), (ii) and
(iii) can be converted into an artificial linear complementarity problem, LCP’ which
satisfies not only the same assumptions but also has a known initial point from
which the algorithms given in Sections 2 and 3 can start. It will be shown there that
an application of the algorithms to LCP’ either yields a solution of the original LCP
or decides that the LCP has no solution.

2. The O(n*? L) algorithm

We first present a procedure which is used repeatedly in the O(n*® L) algorithm,
Algorithm 1 described below for tracing the path S, of centers to solve the LCP (1.1).
Given a point (x, y) € S, and a parameter u > 0 as inputs, the procedure generates
a new point (X, 7)€ R*" as an output in O(n’) arithmetic operations.

The procedure can be interpreted as a Newton iteration to the system (1.6) of
equations for a fixed parameter u >0. If we write the Jacobian matrices of the
mapping on the left hand side of (1.6) with respect to x and y by D,H(u, x, y)
and D, H(p, x, y) respectively then the Newton direction at (x, y) is defined as a
solution (A4x, Ay) of the system of linear equations:

D.H(u,x,y)Ax+D,H(p,x,y)Ay=H(u, x,y),
or

YAx+ XAy =XYe—pue and Ay= MAx, (2.1)
where

X =diag(x,,...,x,) and Y=diag(y,,...,y.). (2.2)
By a simple calculation, we obtain

Ax=(M+X"'Y) ' (Ye—uX 'e) and Ay= MAx. (2.3)
Then the new point (%, y) will be given by

(% 7) = (x,y) — (4Ax, 4y). (2.4)
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It is easily verified that
y=Mx+gq forany(x,y)eS and any u>0. (2.5)

Furthermore, if the input point (x, y) lies in a sufficiently small a-center neighbor-
hood S...(a) of the path S.., of centers and if we choose a suitable value for the
input parameter w >0 then the new point (X, ) remains in the a-center neighbor-
hood S...(a). More precisely we have the following theorem:

Theorem 1. Let o be a positive number such that « <0.1, and 6 = o /(1 — a). Suppose
that

(X,9) € Seen(@) and p=(1-5/n"?)x"y/n.

Then the point (X, j) defined by (2.3) and (2.4) satisfies
(%, 7) € Seen(a), (2.6)
Ty<(1-68/(6n"*))x"y. 2N

The theorem above will be derived as a corollary of a more general theorem,
Theorem 2 in the succeeding section, whose proof will be given in Section 4.

Remark. The results in Theorem 1 could be strengthened slightly. In fact, if we
gave a proof directly to Theorem 1, we could replace the upper bound for « by
a =<0.2 and the inequality (2.7) by

FTy=<(1-6/(2n"?*)x"y. (2.7)
The direct proof of Theorem 1 would be similar to but simpler than the proof of

Theorem 2 which will be given in Section 4.
Now we are ready to describe an algorithm:

Algorithm 1. We assume that an initial point (x', y') € S, satisfying (1.9) is known
in advance. (We will show how to prepare such an initial point in Section 6.)

Step 0: Let a be a positive constant suchthat e <0.1,and d=a/(1 —a). Letk=1.

Step 1: If (x*)Ty* < 272" then stop. Otherwise go to Step 2.

Step 2: Let w=(1—6/n"?)(x*)Ty*/n and (x, y) = (x*, y*). Define the diagonal

matrices X and Y by (2.2).
Step 3: Compute the Newton direction (4x, Ay) by (2.3) and the new point
(x, y*) = (%, 7) by (2.4).

Step 4: Let k=k+1. Go to Step 1.

In view of Theorem 1, the sequence {(x*, y*)} generated by the algorithm lies in
the a-center neighborhood and the value (x*)" y* decreases at least linearly with
the global convergence ratio (1—8/(6n'/?)) along the sequence. Hence Algorithm
1 stops in O(n®’ L) iterations. On the other hand, each iteration requires O(n>)
arithmetic operations to compute a new point. Therefore O(n*’°L) arithmetic
operations are required until the algorithm finds at Step 1 an approximate solution
(%, )= (x* y*) of the LCP satisfying (1.3)". As we have stated, an exact solution
of the LCP can be computed in O(n’) additional arithmetic operations (see
Appendix B).
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3. The O(n® L) algorithm

In order to improve the computational complexity, we will modify Algorithm 1 so
that it requires O(n>) arithmetic operations on the average per iteration and that
it still maintains the linear convergence with the global convergence rate (1—7/n")
for some n > 0; hence the modified algorithm, Algorithm 2 below will attain the
O(n’ L) computational complexity. For this purpose, we introduce approximations
X and Y of the diagonal matrices X and Y into the Newton equations (2.1) as
follows:

YAx+XAy=XYe—pe and Ay= MAx, (3.1)
where

X =diag(xy, X2, .., Xn ), Y =diag(y1, ¥2, -+ Vn)s (52)

X =diag(x;, X5, ..., %,), Y =diag(y,, V2, .. -, Vu)-
We call (Ax, Ay) the modified Newton direction. It follows immediately from (3.1)
that

Ax=(M+X"'¥Y) !X '(XYe—-pue) and Ay=MAx. (3.3)
The new point (X, y) is given by

(%, 7)=(x, y) —(4x, 4y). (3.4)

Thus, the modified Newton procedure accepts u >0, (x, y) € S, and (X, 7) € R,
as inputs and generates the new point (X, y) as an output, which always satisfies
the system of equations

y=Mzx+q forany (x,y)e Sy, and any x> 0. (3.5)

Concerning the modified Newton procedure we have the following result:

Theorem 2. Let a, B and § be constants such that 0<a<0.1,6=a/(1—a) and
2n

0= B <4. Suppose that the inputs pe R, (x,y) € S, (X, ¥) € R}, to the modified
Newton procedure satisfy

(%, ) € Scen (@), (3.6)

p=01-8/n"*)x"y/n, (3.7)

%5/xe[(1+B)7,(1+8)] (i=1,2,...,n), (3.8)

vi/yiel+8)", 1+B)] (i=1,2,...,n). (3.9)
Then the new point (X, j) given by (3.3) and (3.4) satisfies

(%, 7) € Scen (@), (3.10)

' y<(1-6/(6n"*)x"y. (3.11)
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The proof of this theorem will be given in the next section. If we take 8 =0 then
the assertion of Theorem 2 is exactly the same as that of Theorem 1. Hence we can
derive Theorem 1 from Theorem 2 as a corollary. Theorem 2 shows the possibility
of using the modified Newton procedure instead of using the Newton procedure to
get the same order O(n®’ L) of the total iterations as Algorithm 1. The modified
procedure will be used repeatedly, as a core of Algorithm 2, together with a device
which saves a certain amount of the arithmetic operations to compute the modified
Newton direction.

The algorithm starts with an initial point (x', y') satisfying (1.9). Let

X =diag(x}, x},...,xL),  Y=diag(y},»i,...,¥h). (3.12)

We also set B= M+ X' Y and compute its inverse B~ which will be used later
for computing the modified Newton direction by (3.3). This work requires O(n*)
arithmetic operations. The matrices X, ¥, B~! will be updated and stored throughout
the iterations.

Let k= 1. Suppose that we have obtained the (x*, y*)e S..,(a) and the matrices
X, Yand B™'=(M+ X' ¥) ! at the end of the (k — 1)th iteration. At the beginning
of the kth iteration, we set

p=(1=8/n"H(x )Y, G y) =0,
(3.13)
X =diag(x;, X5, ..., X, ), Y =diag(yy, ¥2,. .-, ¥u )

We then update the diagonal matrices X and Y so that they satisfy the assumption
(3.8) and (3.9) of Theorem 2: for every i=1,2,..., n, if

%/x2[(1+8)7", (1+8)] (3.14)
or

Vil yig[(1+B) ", (14 B)] (3.15)
then update x; and y; by

X;=x;, and Jy,=y. (3.16)

Here B denotes a positive number which we have specified in Theorem 2. It should
be noted that the number of arithmetic operations required to compute x and to
update the diagonal matrices X and Y is bounded by O(n).

When some of the diagonal elements of the matrices X and Y have been changed
by (3.16), we no more have the identity B™' = (M + X ' Y)'; hence we need update
the matrix B! before computing the modified Newton direction (Ax, Ay) by

Ax=B'X ' (XYe—pue) and Ay=MAx. (3.17)

Let A* denote the set of the indices i for which (3.14) occurs, and I'* the set of
the indices i for which (3.15) occurs. Then we see that the matrix (M +X ' 17)
whose inverse we want to compute differs from the matrix B which corresponds to
the old (M + X! Y) only in the columns with the indices ie A* U I'*. Hence we
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apply a sequence of rank-one updates to the matrix B! to transform it to the inverse
of the matrix (M+)2‘1 f/). The number of rank-one updates required amounts to
the cardinality |A* U I'*| of the index set A* U I'*. Thus, |A* U I'*| x O(n?) arithmetic
operations are required to update the matrix Bl

Now we are ready to compute the modified Newton direction (Ax, 4y) by using
(3.17) and the new point (x*™', y**!) by

(xk+1,yk+1) = (Xk, yk)__(Ax’ Ay) (318)

For these computation, O(n”) arithmetic operations are required. Since all the
assumptions of Theorem 2 are satisfied at (x, y) = (x*, y*), its conclusions (3.10)
and (3.11) hold at (%, 7) = (x**%, y**1), i.e,,

(x“, y*) € Seen (@),
(xk+l)Tyk+1 = (1 _6/(6n1/2))(xk )Tyk.

Summarizing the above discussions, we obtain the algorithm and the theorem
below.

Algorithm 2. We assume that an initial point (x', y') satisfying (1.9) is known in
advance.

Step 0: Let a, B and & be constants such that 0<a =<0.1, §=a/(1-a) and
0<B<=34. Define the diagonal matrices X and Y by (3.12). Compute B'=
(M+X7'Y) ' Let k=1.

Step 1: If (x*)Ty* < 272" then stop. Otherwise go to Step 2.

Step 2: Define u, (x,y), X and Y by (3.13), i.e.,

p=(1=38/n")x") Ty n, (% y)=(x" 5,
X =diag(xy, X2, .-, X0 ), Y =diag(y,, Y2, 5 Y )
Step 3: For every i, if

% /x2[(1+B)7, (1+B)] ((3.14))

or
Fi/yg[(1+8) 7, (1+B)] ((3.15)

occurs then update the diagonal elements x; of X and 3, of Y by (3.16), i.c.,
X=x; and ¥, =y.

Update the matrix B !s0 that it represents the inverse of the matrix (M +X7'Y).
Step 4: Compute the modified Newton direction (Ax, 4y) by (3.17), i.e.,

Ax=B'X"(XYe—pe) and Ay=MAx,
and the new point (x**', y**') by (3.18), i.e.,
(X" Y = (x5, pF) ~ (4x, 4y).
Step 5: Let k=k+1. Go to Step 1.
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Theorem 3. Algorithm 2 generates a sequence {(x*, y*)} satisfying
(x5, y*) € Seenl@) and  (x*)Ty*=(1-58/(6n"?))(x" )"y

for k=23, ..., and terminates in O(n® L) iterations.

In the discussions above we have also observed that the kth iteration requires
O(n) arithmetic operations for computing w by (3.13), O(n) for updating X and
Y (see (3.14), (3.15) and (3.16)), |A“ U I'*|x O(n?) for updating B!, and O(n?)
for computing the modified Newton direction (Ax, Ay) by (3.17) and the new point
(x*"1, y*"1) by (3.18). Hence the total number of operations in the kth iteration is
bounded by

O(n*)+|A* U I'*|x0(n?).

In addition, we need O(n’) arithmetic operations to compute the initial B~
Therefore, if we denote the total number of iterations by k* then the total number
of arithmetic operations throughout the iterations is bounded by

O(n3)+k*><0(n2)+[ kz |AkuF"|] xO(n?).
k=1

It should be noted that the second term k*xO(n?) is bounded by O(n*’L). In
Section 5, we prove that the term in brackets [ - ] is bounded by k* x O(n®®) =0(nL).
This will establish that the total number of arithmetic operations required in
Algorithm 2 is bounded by O(n’ L).

4. Proof of Theorem 2

Throughout this section, we use the same symbols «, B, 6, u, (x,y), X, Y, (%, y),
(%,7), (X, Y) and (Ax, 4y) as in Theorem 2 and the previous section. In addition,
we use the following symbols throughout this section.

{=x"y/ny  {=X"§/n;

AX =diag(Ax,, Ax,, ..., Ax,);

AY =diag(Ay,, Ay,, ..., 4y, );

X =diag(%,, %,,...,%,) =X —AX;

_ (4.1)
Y =diag(y,, 1,...,9.)= Y —AY],

B=(RY™)12 = diag &1/ 512, .. 21 5));
i=(XY)"*(XYe—pe);

|All =max{||Az|: ze R", ||z =1} for every nx n matrix A.

We need five lemmas to prove Theorem 2.
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Lemma 1. If p, r and u in R" satisfy
ptr=u_ p'r=0
then
Ipll=lell, 7= Null,
Pl = llui?/2,
Ipll+ Q<22 ul.

Proof. It follows from the assumption that
lu]*=lp+r|?
=|pl?+2p"r+|r|?
=|pll*+1rll”
This implies that ||p|| < ||u| and ||r] < |ju||. We also have
Iplllrl=dlpl>+llr*)/ 2= lluli?/2,
and

Ui+ 0> <lpl+ el +20ph vl <2ful®. O

Lemma 2. (a) [|[(XY)?||<(1+6)*'¢” for any pe R.
(b) |(XY)?||=<(1+8)*"'¢* for any pe R.
Here { =x"y/n.

11

Proof. Let pe R be fixed. Since (x, y)€ Sc.n(a), the definition (1.8) of S..,(«)

implies that, for every i=1,2,..., n,
(1-a)f=xy=(1+a)L
If p=0 then, for every i=1,2,...,n,

(xy;)=(1+a)i’=s (1+5)1pI§p‘

The last inequality holds because 0<a < 8. If p <0, for every i=1,2,...,n,

(xy)’<(1-a){"=(1+8)"°

(the last equality holds because 8§ = a/(1 — a)). Since X and Y are diagonal matrices,

we have
H(XY)p “ :max{(xiyi)p: i= 1) 2a AR ] n}

<(1+8)7¢*.
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Hence we have shown (a). From the assumptions (3.8) and (3.9) of Theorem 2 and
0=pB=4, we see

ICXX )7 = (1+8)" = (1+8)"!
Similarly

[(YY™!y | =(1+8)".
By the inequalities above and (a), we obtain

XYY <XV IEX P IIYY DY l=q+8)™ . O
Lemma 3. [|i|<28(1+8)*?¢">. Here ii=(XY) ">(XYe—pue) and {=(x"y)/n.

Proof. By the definition, we have
i) = [(X¥) "2 (X Ye—pe)|
< [(X¥) 2| XYe—fe+(L - pe]
= [[(XY) 21X Ye ~ge|| +1¢— ul|le]]
<[(XY) "2 |[[as+(8/n"?)¢|le]]]
(by the assumptions (3.6) and (3.7) of Theorem 2)
<(1+8)2¢ " [al +8(]
(by Lemma 2 and |e||=n"?)
<26(1+8)?¢(V? (since 0<a=8). [
Lemma 4. (a) |D™'AXe|+||DAYe|<2"?|d|.
(b) |AXAYe|<|jdl?/2.
(c) | X 'Ax|<28(1+8)*<04.

(d) Y Ay||<26(1+8)*<0.4.
(See (4.1) for the definitions of D, AX, AY.)

Proof. M~ul~tiplying the first equality of the modified Newton equations (3.1) by the
matrix (XY) /2 from the left, we have
D7 'Ax+ DAy =(XY) V*(XYe —pe)=1u
We also see from the second equality of (3.1) and Assumption (iii) that
(D' Ax)T(DAy) = Ax" Ay = Ax" MAx = 0.
Applying Lemma 1 with p = D 'Ax and r= D~Ay, we obtain the inequalities (a), and
1D axl|<|lal, | Dayl=lal,

- - (4.2)
1D~ Ax|| | DAy | < ||/ 2.
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It follows from the last inequality that
|AXAYe||= | D™ AXDAYe| < || D™ Ax|| | Day|| < || ||*/ 2.
Thus, we have shown (b). We also see
| X axl| = | X X1 XY |72 D x|
<(1+8)[(1+86)**/¢ 1]
(by (3.8), Lemma 2 and (4.2))
<28(1+6)* (by Lemma 3)
<0.4 (because 0=8=a/(1—a)<0.12).
Thus, we have shown (c¢). The inequality (d) can be proved similarly. [
Lemma 5. (a) || XYe — ue| <0.82af.

(b) }{—u|=<0.82as/n'".
(See (4.1) for the definitions of X, Y, { and £.)

Proof. First we observe
XYe=XYe—(YAXe+ XAYe)+ AXAYe
=XYe—(YAXe+XAYe)+((Y - Y)AXe+(X —X)AYe)+AXAYe
=pe+((Y—Y)AXe+(X —X)AYe)+AXAYe.

The last equality follows from the fact that (4x, Ay) =(AXe, AYe) is a solution of
the modified Newton equations (3.1). Hence

| XYe—pel<||((Y—Y)AXe+(X - X)AYe)| +||AXAYe|

< (XY (Y- Y)D ' dXe+X (X — X)DAYe]|

+]|AXAYe|| (since D=(XY')V?)
<XV Y (Y=Y | D Axe|

+[ XN (X = X)|| | DAYel||]+| XA Ye|

<(1+8)¥2¢*(8| D' AXe| + 8| DAYe|) + |4 ]*/2

(by Lemma 2 and 4, and the Assumptions (3.8) and (3.9))
<(1+8)¥2¢"282"2||d|| +|4i|?/2 (by Lemma 4)
=(2+2%¥?)8°(1+8)°¢ (by Lemma 3)
=(2+2¥)a*(1—a) ¢ (since s=a/(1-a))

=<0.82af (since 0<a =<0.1).
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Thus, we have shown the inequality (a). The inequality (b) follows immediately
from (a) and

[{—nl=le"XYe/n—pee/n|
= [e"[X Ve~ pel/n]
<|lell|XYe - uell/n
=||XYe—puell/n'?. O
Now we are ready to prove Theorem 2. In view of (¢) and (d) of Lemma 4, we
see that
X 'g=X""x-4x)=e—X 'Ax>0
and
Y 'y=Y ' (y—Ay)=e— Y 'Ay>0,

respectively. This implies (%, 7) € R3% . Taking account of (3.5), we obtain (%, 7) € Sy,
Now we shall show (X, ) € Scen(a). By (b) of Lemma 5, we have

{=upn—0.82af/n"?
=[1-6/n"*~0.82a/n'?1¢ (by (3.7))
=0.85¢ (since 0<a=0.1,8=a/(1—a)<0.12 and n=2). (4.3)
On the other hand, we see,
IXYe —lel| <[ XYe— e
<0.82a¢ (by (a) of Lemma 5)
=af (by (4.3)).

Thus, we have shown (X, ) € S... ().
Finally, by (b) of Lemma 5, we obtain

{<u+082a7/n'?
=(1-68/n"?4+0.828/n"*)¢
(since w=(1—-6/n"?), and 6=a/(1—a)=a)
=(1-8/(6n"?))¢,

which shows (3.11). This completes the proof of Theorem 2.
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5. Evaluation of the total arithmetic operations

As we have stated at the end of Section 3, in order to prove that the total number
of arithmetic operations required by Algorithm 2 is bounded by O(n*L), we need
only show

k*
Y AR U T = k*x0(n"). (5.1)
k=1

Recall that k* denote the total number of iterations, A* the set of indices i for
which (3.14) occurs at the kth iteration, and I'* the set of indices i for which (3.15)
occurs at the kth iteration. The method of the proof here is based on the one given
in section 5 of [7]. In fact, we shall utilize the following lemma whose assertion
and proof are closely related with Lemma 5.1 and Theorem 5.2 of [ 7] and their proof.

Lemma 6. Let 0<g<1 and 0<B. Let {x*(ke K)}<= R, be a finite sequence such
that

I(X*) (" = x") || =<, (5.2)
where
K={1,2,...,k* and X"=diag(x},x5,..., x5).
For every j=1,2,...,n, let K; be a subsequence of K such that 1< K; and that
xf/xfel(1+8) 7, (1+8)] (5.3)

whenever k and k are consecutive indices in K;. Then

|K;|<n+e[(1—¢)log(1+B)] ' n"/?k*.
=1

J

Here |K;| denotes the cardinality of the subsequence K,.

Proof. We first establish the inequality
k*
|K|<1+[(1—&)log(1+B)]1" ¥ (Ix"—x¥|/x) (5.4)
k=1

for every j=1,2,...,n Let je{1,2,..., n} be fixed. By the assumption (5.2) on
the sequence {x"}, we have

k+1 _ k|

k
|x; " —x;|<ex; forevery k=1,2,... k*

Hence

i —xf |/ xE s (1 —g) M [|xf T = xF|/xF] for every k=1,2,..., k*.
(5.5)
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Let k and k be consecutive indices in the subsequence K;. According to the property
imposed on the subsequence K;, the inequality (5.3) holds. Hence we see

log(1+8)=<]|log xf—log xf[

j /e df’

k—1
=< ¥ max{x;" —x} /x5, |xE = xk|/xiry
k=k

k-1
sk;;(l—s)"1|xj'-‘“—x}'-‘|/x}‘. (5.6)

The last inequality follows from (5.5). Since the inequality (5.6) holds for every pair
of consecutive indices k and k in K;, taking the summation of those inequalities,
we obtain the inequality (5.4).

Finally, from the inequality (5.4), we have

I {1 =

K| n+[(1-e)log(i+p)] " X ¥ (x}" =xt1/x))

j=1

k* n
sn+[(1-¢)log(1+B)]" ¥ ¥ (IxF—xf|/xf)
k=1j=1

=n+[(1-¢)log(1+p)]" kz n' I TR =)
k=1
<n+e[(1—¢)log(1+8)] 'n*?k* (by the assumption (5.2)). [

Now we are ready to prove (5.1). Since

k* k* k*
z IA"uF"I$kZ IA"|+k21|F"|,
=1 =

k=1

it suffices to show that
K*
Y A= k*x0(n®?) (5.7)
k=1

and
k*
YT <= k*x0(n°). (5.8)
k=1

To show the inequality (5.7), we construct a subsequence K; of {1,2,..., k*} for

each j=1,2,...,n as follows: Let K;={1}, and add ke{2,3,..., k*} to K; if and
only if je A* Then, in view of (c) of Lemma 4 and the construction of the index
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set K;(j=1,2,...,n), we see that the sequence {x*: k=1,2,..., k*} satisfies all
the hypothesis of Lemma 6 with ¢ =0.4 and that 0<8 <6 =a/(1 —a)=<0.12. Thus,
we obtain

k*

Y AN =3 |K|-n<=k*x0(n%).
k=1 =1

J

The inequality (5.8) can be shown similarly by using (d) of Lemma 4. This completes
the proof.

Remark. Although we have not evaluated the computational complexity of
Algorithms 1 and 2 in bit operations, we conjecture that it is enough to keep all the
elements of the kth iterate (x*, y*) in rational numbers with denominator 2°".
Then a similar bit analysis as in Section 8 of the paper [19] by Renegar would
suggest that Algorithms 1 and 2 have the total bit computational complexity
O(n*’ L*(log L)(loglog L)) and O(n*L*(log L)(log log L)), respectively.

6. An artificial problem having a trivial initial point

In this section we show how to prepare an initial point (x',y') from which
Algorithms 1 and 2 start. For this purpose, we shall construct an artificial linear
complementarity problem, LCP' which not only satisfies Assumptions (i), (ii) and
(iii) in Section 1 but also has a trivial initial point.

Let

L=3 Y log(ay|+1)+log(n’),

i=1j=1

where a; denotes the (i, j)th element of the nx(n+1) matrix A=[M ¢]. By the
definition (1.2) of L,

L=|L]+1 and L-1<L<L. (6.1)
Define
go=2"(n+1)/n’>,  ¢'=(go,q) e R"",
0 T
M’=[ y ]
e M

It is easily verified that all the elements of the vector ¢’ and the matrix M’ are
integers. We consider the artificial linear complementarity problem, LCP’: Find an
(X,, y,) = (an X, Yo, y) SUCh that

y=Mxtg, () e RO,
x,~y,—=0 (i:(),l,...,n).
The LCP’ obviously satisfies Assumptions (i), (ii) and (iii).
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We use the symbols S’, Si., St., and S..,(«) for the feasible region of the LCP’,
its interior, the path of centers of S’ and its a-center neighborhood, respectively.
If we denote the (i, j)th element of the (1+n) X (n+2) matrix A’=[M’' q'] by aj,
the size L' of the LCP’ is given by

n+l n+2
L’=l Y X 10g(|a,§-}+1)+log(1+n)2J+1.

i=1 j=1

Taking account of the inequality n+log n®< L=< L, which follows from Assumption
(iv) in Section 1, we obtain

L<L'=4L. ; (6.2)
Define
xb=22F, x'=(2%/n)e,
yi=go—e"x'=25(n+1)/n?—(25/n*)eTe=2"/n?,
yl=(x})e+Mx'+q=(2 )e+(25/n*)Me+yq,
(x", y™) = (x0, X", ¥5, ')
Lemma 7. ) i
(a) 0<(15/16)x(2*M)Ye=2’"(1-1/n*)e<y’
<22L(14+1/n*e<(17/16) x (2*D)e.
(b)  (x",y")e Sk

Proof. We see

25/ n*)Me+q=(2%/n*)[Me+(n*2 1)q]
and, by the definition (6.1) of L,

—(2%/n*Ye< Me+(n*2 Fyg<(2Y/n?)e.
Hence

—(22E/ne<(2F/n*)Me+ g < (2°F/n*)e.

Thus, (a) follows from the definition of y' and n=2. Since x>0 and y;>0 are
obvious by the definition, we have (x’, y') > 0. By the definition we also see y"' =
M’x"'+q’. Hence we obtain (b). O

The theorem below shows that (x”', y') can serve as an initial point for applica-
tions of Algorithms 1 and 2 to the LCP'.

Theorem 4.
(a) (x/l )Ty/ls23L$23L’.

(b)  (x", ¥ € Seen(0.1).
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Proof. By the definition, we have
xbyb =21/, (6.3)
and by Lemma 7, for i=1,2,...,n,

(15/16) x 2°E/n*< 2L (1—1/n*)/n> < x! y!

B _ (6.4)
<22 (1+1/n*)/n*<(17/16) x2**/ n>.
Letting { = (x"")"y""/(1+n), we then see
(15/16) x 2°L/n*< £ < (17/16) x 2*L/ n?. (6.5)

Hence, by (6.1) and (6.2), we obtain (a). From (6.3), (6.4) and (6.5), we also see

n 1/2 n 1/2
[;0 |x3y3—llz] =min[ ) IX§y3—#12]

neR i

n _ 1/2
< [ ) |x3y3—23L/n2|2]
i—0

n - 1/2
< [ A; |23L/n6|2] (by (6.3) and (6.4))

<230
<(2*/n**)¢/1(15/16)x 2> /n’]  (by (6.5))
<(16/15)[1/(n**)]¢

<0.1¢ (by n=2).

Thus, we have shown (b). O

In view of the theorem above, we can apply Algorithm 2 to the LCP' from the
initial point (x'’, y"') to compute an approximate solution (£,, £, 5, ¥ ) € Sty such
that

=<2t (i=0,1,2,...,n) (6.6)

inO((1+n)%° L") = O(n®’ L) iterations, requiring O((1+ n)* L') = O(n> L) arithmetic
operations. Furthermore, using the information (6.6) on the approximate solution,
we can compute an exact solution (%, %, j,,7) of the LCP' in additional
O((1+n)’)=0(n*) arithmetic operations. (See Appendix B.) If %,=0 then (X, 7)
turns out to be a solution of the LCP (1.1). Otherwise, the theorem below ensures
that the LCP has no solution. Therefore we can conclude that the application of
Algorithm 2 to the LCP’ solves the LCP in O(n® L) arithmetic operations.
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If we apply Algorithm 1 to the LCP’ instead of Algorithm 2, a total of
O((1+n)*°L")=0(n>® L) arithmetic operations will be required to solve the LCP.

Theorem 5. Suppose that the LCP (1.1) has a solution. Then x,=0 for any solution
()E09 X; .)70’ )7) Of the LCP,

Proof. Since the LCP has a solution, we can find a solution (X, y) in the set of basic
feasible solutions of the system of equations y — Mx = q, (x, y) = 0. We then see that
each coordinate of X is bounded by 2L_/n2, ie, Xx= (2E/n2)e. For every coordinate
of the basic feasible solution (X, y) can be represented as the ratio 4,/4, of the
determinants 4, and A, of some n X n submatrices of [E —M gq] such that 1<|4,]
and Os]Allsf_/nz. See, for example, [21]. Here E denotes the n X n identity
matrix. Let £,=0 and J,= g, — e" . It follows from X < (Zi/nz)e and the definition
of g, that y,>0. Obviously the point (X', J')=(X,, X, yy, y) satisfies the other
requirements of the LCP’, so that it is a solution of the LCP. Let (X', 5')=
(X0, X, Jo, ¥) be an arbitrary solution of the LCP'. To show x,=0, we utilize the
identity

() =X)TF+HE)FHE )M (X —%)

given by Mangasarian [14]. This identity can be verified directly by using (x')" 7' =0.
Since (X')T5'=0 and M’ is positive semi-definite, we have (¥')" 7 +(x')"y <0.
Hence, by (X, 7")=0, (X', ') =0 and y,> 0, we obtain x,=0. ]

7. Conclusions

We have presented two algorithms, Algorithms 1 and 2 that solve an LCP satisfying
Assumptions (i), (ii) and (iii) in O(n®° L) iterations, where L denotes the size of
the input data of the LCP (see (1.2)). An essential idea behind the algorithms is
“tracing the path of centers of the feasible region by using Newton’s method”,
which has been successfully utilized by several authors to develop polynomial-time
algorithms for linear programs. Algorithm 1 requires O(n>) arithmetic operations
per iteration; hence it has the O(n>°L) computational complexity in terms of
arithmetic operations. Algorithm 2 is rather complicated mainly because it incorpor-
ates the rank-one update procedure to save O(n®’) arithmetic operations on the
average per iteration, but it attains O(n’ L) computational complexity.
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Appendix A. A characterization of centers in terms of the logarithmic barrier
function method

Consider the following quadratic programming problem (QP):
Minimize x'y
subjectto (x,y)eS,

where S={(x,y): y—Mx=gq,x=0, y=0}. The QP is equivalent to the LCP in the
sense that (x, y) is a solution of the LCP if and only if it is a minimal solution of
the QP with the objective value 0. We now apply the logarithmic barrier function
method to the QP to replace the nonnegativity condition (x, y)= 0 by additional
logarithmic barrier function terms to the objective function.

L(w): Minimize x"y—pu ¥ logx;—pu Y logy;
j=1 ji=1
subjectto  (x, ¥) € Sin-
The following two theorems characterize a point in the path S., of centers, i.e., a
solution of the system (1.6) with x>0, in terms of the problem L(w).

Theorem A.1l. Let u>0. If (x, y) satisfies the system (1.6) of equations then it is a
minimal solution of L(w).

Proof. The objective function of the problem L(u) can be rewritten as
‘21 [xy; — w log(x;y;)].
iz

Since each term x;y; — u log(x;y;) in brackets [ -] attains the minimum under the
condition (x;, ;) >0 if and only if x;y; = u, the desired result follows. [

Theorem A.2. Let u>0. Let the LCP satisfy Assumption (iii) in Section 1. Suppose
that (x, y) is a minimal solution of L(w). Then it is a solution of the system (1.6).

Proof. We first observe that (x, y) satisfies the Karush-Kuhn-Tucker optimality
condition (see, for example, [13]) with a Lagrangian multiplier vector ue€ R":
y—uX 'e+M u=0, x—uY 'e—u=0 and y-Mx=gq.

We shall show that u = 0. Then the condition above is equivalent to the system (1.6).
Multiplying the diagonal matrices

deiag(xlsx2a---:xn) and Y:diag(ylay2’~"ayn)
to the first and the second equalities above, respectively, we obtain

Xy-pme+XMTu=0 and Xy—pue- Yu=0,
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which imply
X(M™+X ' Y)u=0.

By Assumption (iii) and (x, y) >0, we see that the n X n matrix X(M "+ X 'Y) is
nonsingular, so that we can conclude that the Lagrange multiplier vector u is
zero. [

Theorem A.3. Let the LCP satisfy Assumption (iii) and Si..# (. Then the problem
L(u) has a unique minimal solution for every u > 0.

Proof. Let u > 0 be fixed. The problem L{w) can be rewritten as
Minimize x"(Mx+gq)—u ¥ logx;—pu ¥ logy;
Jj=1 Jj=1

subjectto (x, y) € S,,-

Since the objective function to be minimized is a strictly convex function on a
nonempty convex constraint set S;,;, a minimal solution is unique if it exists. In
order to see the existence of a solution to this problem, we need only prove that
the set S, (w) of all the feasible solutions of the problem L(u) with the objective
value not greater than « is nonempty, closed and bounded for some sufficiently
large . The closedness of the set S, (w) can be verified easily. By the assumption
Sine # 0, the set of all the solutions to the LCP is bounded. (See [14].) Hence so is
the set

{(x,y)e S: x"(Mx+q)=<0}.
Since the function x > x"(Mx+q) is convex by Assumption (iii), the set
{(x, ) S: x" (Mx+q) < w}

is bounded for every w = 0. This implies that the minimum of the quadratic function
xT(Mx + q) over the subset

S(r)={(x, y)e S: ||(x, »)l=r}

of S grows at least linearly in r for sufficiently large r. Hence the minimum of the
objective function of the problem L(u), which differs only the logarithmic barrier
terms

~—p L logx;—p ¥ logy
j=1 j=1
from the quadratic function x"(Mx+ gq), over the set S(r) diverges as r tends to

the infinity. This ensures that the set Sj,,(w) is bounded for any . Finally, we see
by the assumption S, # (J that the set S, (w) is nonempty for sufficiently large . [
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Theorem A.4. Let the LCP satisfy Assumptions (iii) in Section 1, and S, # 0. Let
(x(u), y(u)) denote the solution of the system (1.6). Then (x(u), y(r)) is C' (con-
tinuously differentiable) at every p>0.

Proof. It is easily verified under Assumptions (iii) that the Jacobian matrix of the
mapping H with respect to (x, y) is nonsingular and C' at every solution (x, y) of
the system (1.6) with w > 0. Thus, the desired result follows from the well-known
implicit function theorem (see, for example, [17]). O

Appendix B. Computing an exact solution of the LCP

We shall assume that an approximate solution (%, ¥) € S of the LCP (1.1) satisfying
the relation (1.3) and show how we compute an exact solution by using this
information. We employ the notation z for the 2n-dimensional variable vector (x, y)
and A for the nx2n matrix [E —M], where E denotes the n X n identity matrix.
Then the feasible region S of the LCP (1.1) can be represented as the set of solutions
of the system of equations

Az=gq,z=(x,y)e R". (B.1)

Lemma B. Supposeze S. Let K ={k: z, <27 "“}. Then there is a vertex z* of S such that

z¥=0 forall ke K. (B.2)

Proof. By Cramer’s rule, we know that each element of a basic feasible solution of
the system (B.1) can be represented as the ratio A,/ A, of the determinants of some
n x n submatrix of [A ¢q]. From the definition (1.2) of L, we see the absolute value
of the determinant A of any n X n submatrix of [A g¢] is bounded by 2%/n’ See,
for example, [21]. This implies that, for any basic feasible solution v,

;=0 ify<n®2™ "
or equivalently
v;=zn?27F >0 (B.3)

holds. Since v is a vertex of S if and only if it is a basic feasible solution of
(B.1), (B.3) is true for any vertex of S. On the other hand, the point Z can be
represented as the sum of the convex combination of some vertices v', v, ..., v”
of S and some unbounded direction u of S such that

) p
v’ tu, Y =1, ¢=0(j=1,2,...,p).
j=1
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See, for example, [22, Theorem 2.12.6]. In view of Caratheodory’s theorem [20,
Theorem 2.2.12], we may assume that p <1+ n. Hence we can find an index r such
that ¢, = 1/(1+ n). We shall show that z* = v" satisfies (B.2). Assume on the contrary
that

v;>0 for some ke K.

Then

because v” is a vertex of S so that (B.3) holds with v =v". Since all the components
of the vectors v', v°,..., v” and u are nonnegative, we obtain

p .
Ze=3 cjv’k+uk2c,vLZ(l/(1+n))n22‘L>2_L (since 2= n).
j=1

This contradicts ke K. O

Suppose that 2= (%, #) € S satisfies the condition (1.3). For every 7€ S, define
K(z)={k:z,<27"}
and
Kz ={k: z,=2""}.

As we will see below, we can move from £ to a point Z€ S in O(n®) arithmetic

operations such that K(Z)< K(Z) and that the set of columns of the matrix A with

indices in K(Z) is linearly independent. We now consider the system of equations
Az=gq, zeRY,

(B.4)
7z =0 for every ke K(Z).

Applying Lemma B, we see that this system of equations has a solution z* = (x*, y*),
and by the assumption (1.3) and K(Z) < K(Z) that (x*, y*) is an exact solution of
the LCP satisfying (1.4). On the other hand, since the columns of the matrix A
associated with indices in K (Z)° is linearly independent, the solution z* = (x*, y*)
is unique and can be computed in O(n?) arithmetic operations.
Now we shall show how to move from the point € S to a point Z€ S such that
K (%)< K(%) and that the set of columns of the matrix A with indices in K(Z)° is
linearly independent. Let Z=Z. We consider the polyhedral set P(Z) consisting of
the solutions z = (x, y) of the system
Az=gq, zeRY,
(B.5)
z =%, for every ke K(Z).

By applying the Gaussian elimination to the homogeneous system

Au=0, (B.6)
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we compute a solution u satisfying u; =0 (j € K(Z)) and u, >0 for some ke K(Z)°
if it exists, and a maximal index subset K of K(Z)° such that the set of the columns
of the matrix A with the indices in K is linearly independent. This requires O(n*)
arithmetic operations. If K = K(2) then Z itself is a desired point in S. Otherwise
we have a solution u of the system (B.6) satisfying u; =0 (j € K(2)) and u, >0 for
some k€ K(2)°. In this case we can move from Z toward the direction ~u to obtain
a point z € P(Z) such that |[K(z)|<|K(Z)] by applying a ratio test to the solution z
of the nonhomogeneous system (B.5) with the solution u of the homogeneous system
(B.6). Here | K| denotes the number of elements in an index set K. Then, replacing
Z by z, we perform pivot operations to the homogeneous system (B.6) to generate
a new solution u such that ;=0 (j € K(Z)) and u, >0 for some k € K(2)° if it exists,
and repeat the same procedure until we find a point Z€ S satisfying the desired
property. This iteration terminates in at most n steps since 0<|K(z)|<|K(2)|<=n.
The total number of pivot operations, each of which requires O(n>) arithmetic
operations, is bounded by n. Each ratio test requires O(n) arithmetic operations.
Therefore, the total number of arithmetic operations amounts to O(n?).

Remark. To estimate the bit computational complexity for computing such a Z€ S,
we assume that each element of Z has been represented in a rational number with
a denominator 2°*) and a numerator 2°“). Then we can execute each iteration
above such that each element of z is a rational number with a denominator 2°%,
If we assume, in addition, that all the elements of z generated at each iteration
have numerators 2’ we can conclude that the total number of bit operations
amounts to O(n’ L(log L)(loglog L)) because each pivoting operation requires
O(n” L(log L)(log log L)) bit operations and each ratio test O(nL(log L)(loglog L))
bit operations. See also the Remark at the end of Section 5.
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