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Abstract

We consider conceptual optimization methods combining two ideas: the Moreau—Yosida regular-
ization in convex analysis, and quasi-Newton approximations of smooth functions. We outline several
approaches based on this combination, and establish their global convergence. Then we study theo-
retically the local convergence properties of one of these approaches, which uses quasi-Newton updates
of the objective function itself. Also, we obtain a globally and superlinearly convergent BFGS proximal
method. At each step of our study, we single out the assumptions that are useful to derive the result
concerned.
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1. Introduction

‘We consider in this paper algorithms to solve
min{f(x): x€R"}, (1.1)

where f is always assumed closed proper convex (we follow the terminology of [30]: f
takes its values in RU { +o} but is not identically +o0; closedness means lower semi-
continuity ). Additional assumptions on f will also be made, when studying rates of conver-
gence.

Our algorithms are based on the use of the proximal mapping: given x€R" and a
symmetric positive definite N X N matrix M, f is perturbed to the strongly convex function

1
ou(2) =f(2) + > M(z—x),z2—x); (1.2)
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{u, v)=u"v is the usual dot product in R¥ and | - | the associated norm. Note that ¢,, has
a unique minimizer. The image of x under the proximal mapping is

Pu(x) =arg min{py(2): zER"} . (1.3)
Throughout, we will find it convenient to use the notation
xP=pa(x) .

A traditional way of solving problem (1.1) via the proximal mapping (1.3) is the
proximal point algorithm (see [19,31]1). This method generates a minimizing sequence
{x,} by the recurrence formula

Xn+1 :=xﬁ =pM(xn) ’ (1'4)

with a possibly varying matrix M of the form M=c,/, c,>0. In view of the optimality
condition for (1.3),

xP=x—M"'g?,  for some g’ € of(x") ,

the proximal point algorithm can be seen as a ‘preconditioned implicit gradient method’ to
minimize f. The method is implicit since the subgradient used in the formula is evaluated
at x”, not at x, and the preconditioning is realized by the matrix M.

Another motivation for this approach is the Moreau—Yosida regularization of f (see
[21,31]). This is the function f » whose value at x€ R" is

F7(x) = @p(xP) =min {f(z) + %(M(z—X), z—x): z€RM} . (1.5)

Indeed, the minima of f coincide with those of f # and this latter function is convex, finite
everywhere, and fairly smooth: with no additional assumption, f* has a Lipschitz continuous
gradient given by the formula

Vi?(x)=M(x—xP)=g". (1.6)
Then the proximal point algorithm written in the form
Xp+1 :=-x€1 =X, _M#IM(xn _xlrzt) =Xn _.‘M*lpr(xn)

can also be viewed as a preconditioned ‘explicit’ gradient method to minimize f .

Thus, the Moreau—Yosida regularization provides a link between classical and non-
smooth optimization: a natural and attractive idea is to minimize f ” by a variable metric
method of the type

Xp1 =%, — LMV P(x,) =x, — 6, M7 M(x, = x7) . (L7)

The stepsize t, > 0 can be computed as usual, and the matrix M, can be generated according
to a quasi-Newton formula [8], M,, ., == gN(M,, y,, S,.), using

Su = Xpt X Y =V P () — V(1) =M (X0 — x5 — X +x7) (1.8)

(other choices for s, and y,, are possible, see [ 18]).
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For example, the BFGS formula can be used; because its convergence just requires
Lipschitz continuity of the gradient [25], the resulting method will converge always glob-
ally, and superlinearly in the ‘good’ cases when f” has a Lipschitz continuous Hessian. Now
come implementation issues: how can we compute x2? and how will its computation — or
rather its approximation — affect convergence properties? As pointed out in {9,1], bundle
methods are a possible proposal. Given x = x,,, they provide a way of constructing a sequence
{p*} tending to p,,(x) when k — o, more importantly, they also provide an efficient stopping
criterion to apply a recurrence formula such as (1.4), the proximal point being replaced by
its approximation p*. We refer to [15,5] for an accurate account of bundle methods from
this point of view.

Starting from these ideas, we distinguish three possibilities.

Algorithmic Pattern 1 (AP1)

Step 0. The symmetric positive definite matrix M is fixed throughout, say M =1, Start
with an initial x, and some matrix M;. Set the iteration counter n=1.

Step 1. Given x,,, generate a sequence p* — Py,(x,), for example by a bundling algorithm,
until the associated stopping criterion is satisfied.

Step 2. Compute a stepsize ¢, >0 to obtain

Xn4+1 =X, _tnMn_lM(xn —Plfz) .

Step 3. Update M,, by a quasi-Newton formula using (1.8). Increase n by 1 and loop to
Step 1.

Unfortunately, bundle methods, which produce the estimate p% in Step 1, rely heavily on
the update formula x,,, , =p%. The reason is that Step 1 is stopped when f(p¥) is sufficiently
smaller than f(x,); but this decrease does not seem to allow f(x,, ;) <f(x,) in Step 2. We
refer to [20] for first steps into the analysis of the above strategy.

Remark 1.1. Incidentally, a second question is the choice of M: after all, the best matrix
for (1.1)~(1.3) should be M =0, in which case no update of x,, would be needed. Among
other things, M should somewhat take into account the scaling of the problem.

A way round this difficulty is to take in (1.5) a varying matrix M yielding x,, , =x%.
This results in the following variant:

Algorithmic Pattern 2 (AP2)

Step 0. Start with some initial point x; and matrix M,. Set n=1.

Step 1. Given x,, and M, generate a sequence p~ — py, (x,), for example by a bundling
algorithm, until the associated stopping criterion is satisfied.

Step 2. Take

Xns1 =D
Step 3. Update M,, by a quasi-Newton formula using (1.8). Increase n by 1 and loop to
Step 1.
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The need for an artificial M is thus eliminated (barring the initial M;), and the spirit of
bundle methods is preserved; but now, the difficulty is in the quasi-Newton field: we no
longer have a fixed Moreau—Y osida regularization f?, whose Hessian is going to be approx-
imated by {M,}: we rather have a varying function f” which depends on M, giving birth
to a sort of vicious circle.

Remark 1.2. Exploratory experiments with this latter algorithm indicate that some eigen-
values of M,, may have a tendency to approach 0; in view of Remark 1.1 this is not bad (f?
becomes closer to the true objective f), but will certainly result in delicate analysis and
numerical implementation. On the other hand, preliminary experiments also indicate that
this pattern deserves study: the algorithm behaves quite well on a benchmark of test problems
for non-smooth optimization [32].

In this paper, we concentrate on a third alternative, based on an idea of [28]:

Algorithmic Pattern 3 (AP3)
Take (AP2) but, instead of (1.8), let the quasi-Newton update use more simply

Sp =Xnvt — Xns yn=Vf(xn+l)_Vf(xn) . (1'9)
Then the algorithm is just that of (AP2) with the following last step:
Step 3. Update M,, by a quasi-Newton formula using (1.9). Increase »n by 1 and loop to
Step 1.

Naturally this has little meaning in the framework of non-smooth optimization: (1.9)
requires differentiability from f. Furthermore, we will pay little attention to implementability
issues, i.e., on the actual computation of each proximal point x4. Our ambition here is
limited to exploring preliminary results to combine methods for non-smooth optimization
and classical quasi-Newton methods.

The paper is organized as follows. In the next section we state an abstract algorithmic
pattern which accommodates any of the above strategies (AP1-3), and we give conditions
guaranteeing global convergence. This section does not rely on the actual computation of
proximal points x4, neither on specific formulae generating the matrices M,. We obtain in
Section 2 our global results without any additional assumption on f. In the following sections,
when we consider the local analysis of specific quasi-Newton formulae, we require Vf to
be locally Lipschitzian, we assume also that it admits directional derivatives at X. In Section
3, we adapt to our case the criterion of [6] for superlinear convergence. Then we give
superlinear convergence results for a wide class of quasi-Newton methods, including PSB
and DFP, assuming that f has at ¥a Hessian, in a ‘strong’ sense. Under the same assumptions,
we concentrate in Section 4 on both global and superlinear convergence of a conceptual
algorithm using the BFGS update. Finally Section 5 gives some concluding remarks.

2. Global convergence

In this section we prove the global convergence of the algorithms described abstractly
by the General Algorithmic Pattern (GAP) below. Let (x,,, M,) be the current iterate with
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M, symmetric positive definite. Then, according to (1.4) and (1.5), the corresponding
proximal point will be:

1
x5 = pag, (%) =arg min{f(z) + 5 (Ma(z=x), z=x): 2€RY} . 2.
We set
W, =M.

Lemma 2.1. With the notation and assumptions of Section 1, the following holds:
(1) The proximal point x%, is well defined and given by

xp=x,—W,gh, (2.2)
with
gheaflxy) . (2.3)
(ii)
JOR) <f(x,) — (W87, 80 - (24)

(iit) x, minimizesf < x,=x! < g =0.
(iv) For all y with f(y) <f(x%), there holds

<Mn(y_x1r,l)’ y_xt’;><<Mn(y—xn)v y_xn> . (25)

Proof. The minimand in (2.1) is lower semi-continuous and strongly convex; moreover,
for any z€ dom(df) it has the subdifferential 9f(z) + M,,(z—x,,) . Existence and uniqueness
of its minimum (that is the proximal point) is therefore clear, as well as the optimality
conditions (2.2), (2.3). To obtain (2.4), multiply (2.2) by g% and use (2.3). The equiv-
alences in (iii) follow easily from (i) and (ii). As for (iv), take y with f(y) <f(x%). Using
(2.3),

S Z2f(y) 2f(x}) +<gh, y—xb)
so that, with (2.2),
(M, (x,—x5),y—x) <O0.
Then develop the relation |M1/2(x, —v) |*= |ML/?(x, —x2 +x% —y) | *to obtain (2.5). O

Thus, the decrease of f from x,, to x%, is at least (g%, W, g% ), a positive number unless x,
is optimal. The Moreau-Y osida regularization takes the value

1
S P(e) =fx0) + 5 ¥n =%, My(xi = %,)) (2.6)

and, using (2.2) we set
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1
6,, :=f(xn) _fp(xn) =f(xn) —f(xﬁ) - E <gﬁ’ anlr:> . (27)

Observe that, in view of (2.4),

1

We consider in this section a very general pattern, in which S is simply required to
decrease at each iteration by at least a fixed fraction m of 0., interpreted as a ‘nominal
decrease’.

General Algorithmic Pattern (GAP)

Step 0. Start with some initial point x; and matrix M,; choose some descent parameter
me]0,1];setn=1.

Step 1. With 8, given by (2.7), compute x,, , | satisfying

S 1) <f(x,) —m8, (2.9)

(note: for this, Proposition 2.2 below is helpful ).
Step 2. Update M,,, increase n by 1 and loop to Step 1.

For a nominal decrease, the use of the value f(x,) —f(x%) in (2.9) may seem more natural
than our §,. A substantial advantage of (2.7), however, is that implementable methods are
known to guarantee (2.9) without computing any proximal point. In fact, if fis replaced
by some smaller function ¢ in the proximal problem (2.1), we get a smaller optimal value,
which can be used to overestimate the nominal decrease.

Proposition 2.2. With the notation above, let Y be a closed convex function on R satisfying
Y<fand set

ari= arg min{y(z) + % M, (z2—x,), 2= x,): zERM} . (2.10)
W If
JOm) <flx,) —mlf(x,) = p(m)], (2.11)

then (2.9) is satisfied by x,, , , = .
(ii) If x, does not minimize f, there exists €,> 0 such that f(r) — y(m) < €, implies

S(m) —p(m) < (L=m) [f(x,) = p(m)] , (2.12)
which is equivalent to (2.11).

Proof. In the inequality

1
() —f(x,) <P(m) + 5 M=), w25, =f(%,) ,
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over-estimate the right-hand side by replacing successively 7 by x% and by f. Using (2.2),
(2.7) we obtain

1
Ylm) —f(x) <fOxn) + 5 (Wagh, 80) —A%) = = 8,3 (2.13)

because m >0, (i) is clearly proved.

Now the equivalence between (2.12) and (2.11) is straightforward. If x, does not
minimize f, then x4 #x, and g% #0. In view of (2.13), we see that (2.12) =(2.11) is
satisfied whenever, for example,

flm) — () <(1—-m)s,=¢,>0. O

The idea underlying (2.11) is classical in line-searches and trust region algorithms, if we
interpret ¢ as a model for f, whose value at the trial iterate 7 is a target for f(x,.,).
Proposition 2.2 only says that our descent test (2.9) is passed whenever the model is
accurate enough at 7. Bundle methods, precisely, construct such a model which is piecewise
affine, resulting in a quadratic program for the proximal program (2.1); see for example
{s5].

In the convergence result below, A ;, (W) denotes the smallest eigenvalue of a symmetric
matrix W; (2.14) is natural to rule out perturbed functions ¢,, of (1.2) departing too much
from f.

Theorem 2.3. Assume that the closed convex function f has a nonempty bounded set of
minima, and let {x,} be a sequence generated by (GAP). Then {x,} is bounded, and if

n=1

any accumulation point of {x,} minimizes f. The same properties hold for the sequence of
proximal points {x%} and it also holds lim inf | g% | =0.

Proof. Our starting assumption implies that the level sets of f are bounded (see [30],
Theorems 8.4 and 8.7 and [13], Proposition IV.3.2.5); the sequences {x,} and {x%} are

therefore bounded by construction. In what follows, f will denote the minimal value of f.
Combining (2.8) and (2.9), we have

1 1
5 Wagh, gny < — (fx,) =f(xaen)) (2.15)
m

which gives by summation
=5} » 2 _
Z <ann’ gﬁ>< ; (.f(xl) _.f) <®
n=1

and therefore
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Z /\mm(Wn)lgﬁ|2<oo’

n=1

In view of (2.14), the sequence { | g% |*} cannot be bounded away from O: there exists a
subset N; CN such that lim,, 5, g4 =0.

Extract from N, a further subset, say N, CNy, such that {x}, ., tends to some limit .
Because of (2.3), the closedness of the subdifferential mapping implies that 0 € df (%): £
minimizes f and (%) =f.

Now {f(x,)} is non-increasing and has a limit f *; also (W, g%, g2)—0 in view of
(2.15). Pass to the limit in (2.9), written for n € N,; we obtain

fr<fF=-m(f* =),

which implies f * =f. Then any accumulation point of {x,} is also optimal. [J

3. Local convergence

From now on, fis assumed differentiable (and therefore finite everywhere). We use the
notation g(x) for the gradient of fat x, as well as g, = g(x,) and g% =g(x%).

We specialize in this section the General Algorithm Pattern of Section 2 along the lines
of (AP3) in Section 1: we suppose the proximal point x% is computed exactly and the
symmetric positive definite matrix M, is updated at each iteration by a formula such that
the quasi-Newton equation holds:

Mn+lsn =Yn> (31)
where
S$p i =Xp41 T Xp, Yn = 8&n+1 —&n-

In these circumstances, the pure prox-form of (AP3) is clumsy, as observed in [28,20].
Indeed, take the ‘ideal’ situation in which f is quadratic with a positive definite Hessian
matrix A, and take M, = A in the algorithm. Then, x is the minimizer of

1
<gn’ x_xn> + 5 <2A(-x_xn)’ x_xn> B

which is only half-way towards the real minimum of £. A natural cure would be to do a line-
search along the direction x% —x,,. This idea will be used in Section 4, but in the present
local study, we assume that the ‘ideal” step size of 2 is taken.

In a word, we consider in this section the following algorithm:

Quasi-Newton proximal algorithm (qN-AP3)
Step 0. Start with some initial point x; and a positive definite matrix M,. Set n=1.
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Step 1. Compute x%, :=p,, (x,).
Step 2. Update

Xpy1 =%, —2M ;' gh =2, +2(x} —Xx,) . (32)

Step 3. Update M,, by a quasi-Newton formula satisfying (3.1). Increase n by 1 and loop
to Step 1.

Keeping here the notation of the preceding sections, we set
e, =X, X, eh=xf—x and o,=le,+ |+ ]e.] - (3.3)
Recall that we have from Lemma 2.1, with g% == g(x%),
gh+M,(xh —x,)=0. (3.4)
Finally, remark that (3.2) gives
xo=1x +ix,,, and ef=1e,+1le, .. (3.5)

In this section, we study the local convergence properties of the sequence {x,} generated
by Algorithm (gN-AP3). We always assume that the gradient of f has directional deriva-
tives at ¥, a minimum point of f; our smoothness assumptions are reviewed in Section 3.1.
In Section 3.2, we prove the linear convergence of {x,}, assuming that (x;, M;) is ‘good
enough’ and that a bounded deterioration property holds for {M,} as is done in [14] for
standard quasi-Newton algorithms. We characterize the superlinear convergence in Section
3.3, giving the prox-version of the well-known characterization for superlinear convergence
of [6]. Finally, under stronger smoothness assumptions, we obtain local and superlinear
convergence results for a wide class of quasi-Newton formulae, including the prox-versions
of the PSB and DFP algorithms. For this we extend the approach of Grzegérski [12] to
variational quasi-Newton methods with variable norms and to the ‘proximal’ framework.

3.1. Smoothness assumptions

In this subsection we state the assumptions needed for the sequel. We start by recalling
some classical notions. An operator H from RY to R is positively homogeneous when
H(tv) = tHu, for all v€ R" and all t>0. Such an operator is said bounded if

|H|= sup |Hv|
o] =1
is finite. It is equivalent to say that H is continuous at 0. Observe that we use the same
notation for the Euclidean norm in R" and for the induced operator norm.

For the local analysis, only the behaviour of fin some neighbourhood of £ is relevant.
Actually, our assumptions throughout involve a convex neighbourhood (2 of %.

— First of all, we require the gradient to be locally Lipschitzian around %: there is a constant
L, such that

Vx,yel), |g(x)—g(y)|<Lg|x—y|. (3.6)
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~ We postulate that g admits at ¥ a directional derivative g'(%, d), for all d € R”. To stress
that we are only interested in g’ at the fixed solution point %, we will generally use the
notation A for the mapping d— g’(x, d). In other words,

ﬁd==ﬁ(d) =lim w

m p (3.7)
t

Observe that A is positively homogeneous by definition and bounded because of (3.6):
|H| <L,.

— We will often suppose that the directional derivative (3.7) exists in a strong sense at X
([22,23], see also [4], where the word strict is used). This means

I (€l {60 —H(x—y) _
1m =

() = G5F) [x—y]
xX#+y

0. (3.8)

— Our final results need the difference quotient in (3.8) to converge at a specific rate,
namely: for some positive constant L and all x, y € {2,

le(x) —g(») —Hx—y) | <L(|x—%| + |y=%]) |2~y . (39)

Needless to say, (3.9) implies (3.8), which in turn implies (3.7).

It is interesting to relate our assumptions with some other notions of weakened differ-
entiability already stated in the literature; see for example [23,16,14,24]. We recall first
that, under the Lipschitz property (3.6), the limit in (3.7) becomes uniform in d: (3.7) is
then equivalent to

g(F+h) =g(Z)+Hh+o(|h|), whenh—0, (3.10)

that is, H is the B-derivative of g at %, in the sense of [29].

Assumption (3.8) turns out to be rather strong, even though it is a purely punctual
condition. In fact, it can be seen as in the proof of [23, Theorem 2], that it implies the
linearity of H; and this just means that H is the strong Fréchet derivative of g at £. To grasp
the essence of (3.8), consider the case when g has directional derivatives in a neighbourhood
of %: (3.8) just expresses the continuity of the mapping x> g’(x, -) at X, this comes from
the following theorem, which is an equivalent formulation of Theorem 2 in [23].

Theorem 3.1. Let g: RN — R" be a mapping satisfying (3.6) and having directional deriv-
atives g'(x, +) for all x € (). Then the three statements below are equivalent:

(i) the directional derivative H of (3.7) satisfies the stronger limit property (3.8),

(i1) g is Fréchet differentiable at X in the strong sense,

(iii) the mapping x> g'(x, ) is continuous at %; in other words,

sup |g'(x,d)—g'(x,d)| >0, whenx—x.
ld] =1
For an interpretation of our last assumption (3.9), assume again the existence of

g'(x, -) in a neighbourhood of % (3.9) connotes something stronger than the above
continuity property (iii), namely the ‘radially Lipschitz’ property stated in (3.11). This
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comes from the next result, an equivalent formulation of Lemma 2.2 in [14]. It is here that
the convexity of (2 is important.

Theorem 3.2. The hypotheses are those of Theorem 3.1. In addition, assume there exists a
constant L such that

sup |g'(x, d)—g'(xX,d)| <L|x~x| forallxe{l. (3.11)
ldl =1

Then, for all x and y € (X
|g(x) —g(y) —H(x—y)| <L max{|x—%|, |y—%]|}|x~y|,
so that (3.9) holds.

3.2. Linear convergence and bounded deterioration

In this subsection, we prove the linear convergence of Algorithm (gN-AP3) when the
generated matrices M, satisfy a ‘Bounded Deterioration’ property ( Theorem 3.4). Before
doing this, it is useful and instructive to analyze one step of the algorithm (Lemma 3.3).
Our results are obtained under an extra assumption: there exists a positive definite matrix
M such that

[ I-M~'H| <7<1. (3.12)

Assumption (3.12) is just a way of expressing that the positively homogeneous operator H
is not too far from the open set of positive definite matrices that is convenient for the
convergence analysis. This assumption was also made by Ip and Kyparisis [14]. When H
is linear, condition (3.12) implies the non-singularity of A. When H is only a continuous
positively homogeneous operator, however, the surjectivity of H is guaranteed (see the
proof of Lemma 2 in [23]) but not its injectivity.

Lemma 3.3. Suppose that (3.6), (3.7) and (3.12) hold. Then, for all r> 7/ (2 —F), there
exist positive constants &, €, and (. such that if one iterate (x,, M,)) of Algorithm (qN-
AP3) satisfies

|x,~%| <& and |M,~M|<é&, (3.13)
then M,, is positive definite with |M, ' | < p and the next iterate x,, , | satisfies

|%ns1 —X| <rlx, —%] . (3.14)

Proof. Let r>F/(2—F7); there exists r'>7 such that r=7'/(2—r'): just take r’':=2r/
(1+r). Now, choose & >0 so that

(3.15)

. 1
€ < ——=

|71

-1
_ _ 1 X
and &M} |H|(I_MIT|' —62) <
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and set

-1
1
== — & . 3.16
w~{7 -4) <10
By the first inequality of (3.15), u is a positive constant. Now, because g () =0, we have
in (3.10) g(x) —H(x—x) =o(|x—x|). Therefore, there exists €, > 0 such that

r—r

2p

x—X%| <& = |g(x)—H(x—7%)|< |x—x] . (3.17)

Then, define €, >0 by

a €
€ = = " .
Vo uVA(I M|+ &)V

(3.18)

Having determined the positive constants €,, € and u, we now prove the conclusions of
the lemma, assuming (3.13).
First, by (3.13) and (3.15), we have
M,-M|<é&< —.
I I € I M- 1 l
Then, the identity M,,=M[I+M ~'(M,—M)] and the Banach perturbation lemma imply
that M,, is non-singular (in fact positive definite) and that {M, ' | < u, with u defined in
(3.16).
Next, we observe that x, ., =x, —2M, 'gh =x% —M, ' g. Thus an easy calculation
gives

en1=eh—M;'gh
=(I-M;'Hyel —M, ' (g2 — He?)
=(—M"'"Hye? +M (M, —M)M, ' He? — M (g% — He?) . (3.19)

We are going to bound the norm of the right-hand side of (3.19) by a multiple of |eZ|.
There is no difficulty with the first two terms. For the last term we shall use the implication
(3.17) after having shown that |e% | <e¢;. To do this, observe that Lemma 2.1(iv) with
y=1X gives

IM——-1, leﬁ|2< |Mnl |en'2'
n

Hence, using (3.13), |e, | <€ and (3.18), we get
led| <M V2 M, |V e, | < p' P (M| +&)V%8 =€ .
Now, using (3.12) and (3.17), (3.19) gives

== r'—r
|€n+1l<(r+|M Héu|H| + p a )Ie’;|<r'|€’§l,
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where we used the second inequality of (3.15) and (3.16). Finally, by (3.5), |ef| <
(le, |+ |€ns1])/2, and the last inequality becomes

r’ r'
1- _2_ len+1'< _2- lenl N

The conclusion of the lemma follows from the definition of 7:

r
|en+1|< 2_r,|en|=r|enl‘ [

Since 7/ (2—F7) <1, Lemma 3.3 allows us to take r < 1. Then an easy consequence of
this result is: if the matrices M, are maintained in a ball of radius &, around M and if the
first iterate x; is taken sufficiently close to %, the sequence {x,} generated by Algorithm
(gN-AP3) converges to £ linearly with rate r. As we shall see, this property of the matrices
M, is satisfied when they are updated by a large class of formulae, namely those satisfying
the bounded deterioration assumption defined below. This assumption depends on a partic-
ular matrix norm || - || possibly different from | - |. Note that, since all norms are equivalent
in RY*¥, there exists a positive constant 7 such that

1
;Il‘|l<l'|<71||'ll- (3.20)

Bounded Deterioration Assumption (BDA). Let there exist a positive constant Cgp, a
symmetric positive definite matrix M and a neighbourhood % = £, X 2, of (%, M), with
{2, containing only non-singular matrices, with the following property. If (x,, M,,) isin Z,
if (x,.1, M, ) is generated by Algorithm (qN-AP3) from (x,, M,) and if x,,, ; is also in
{2, then

M, 41 —M|| < (1+Cop0,) |M, ~M|| + Cyp 0, , (3.21)

where the matrix norm || - |} satisfies (3.20) and o, is defined by (3.3).

This assumption is weaker than the one usually obtainable in standard quasi-Newton
methods (see [2]) in the sense that here inequality (3.21) is only assumed to be satisfied
when x, and x,,, | are close to X. Usually no restriction of this type is supposed for (3.21)
to be valid, but when variational quasi-Newton updates with variable norms are involved
(see Section 3.4), only the above weak form of BDA can be obtained. As far as local
convergence is concerned, however, our weaker form suffices: indeed, as shown in Lemma
3.3 (with r < 1), once (x,, M,,) is close enough to (%, M), x,.., is even closer to X than x,,.

Conditions for linear convergence are given in the next theorem. We denote by B(z, p)
the ball of radius p> O centered at z (in a normed space depending on the context).

Theorem 3.4. Suppose that (3.6), (3.7) and (3.12) hold and that the update of the matrices
in Algorithm (QN-AP3) satisfies (BDA) with the same matrix M as in (3.12). Then, for
all r€1F/ (2—F), 1, there exist positive constants €, and €,, such that
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|x,—%| <€ and [M;—M|<e (3.22)

imply the following statements:

(1) Algorithm (qN--AP3) is well defined in the sense that, for all n> 1, M,, is positive
definite and x%, and x,, lie in {1,.

(ii) The sequences {M,} and {M, '} are bounded and the sequence {|M,— M|} con-
verges.

(iii) The sequence {x,} converges linearly to X at rate r:

%41 —%| <rlx, —%|, Vn>1. (3.23)

Proof. Take r€ 17/ (2—7), 1[ # ¢ and let € >0 and &, > 0 be given by Lemma 3.3. Then
choose €,> 0 such that

B(M, 2ne,) C{Y, and 2736, <& ; (3.24)
here 7 is defined in (3.20), (2, is introduced in (BDA) and B(-, - ) refers to | - ||. Next,
choose €, > 0 such that

1
B(.f, 61) C;Qx, € < él and 2CBD 61(27762 + ].) 1 = < ne, , (325)
—r

where (2, and Cgp, were introduced in (BDA).
The positive constants €, and €, being determined, suppose that (3.22) holds and let us
prove by induction that for all n > 1:

M, — M| <27, , (3.26)

(X1 —F| <r|x, —X] . (3.27)
First, by (3.20),

M, —M|| <n|M, —M| <7ne, . (3.28)

Therefore, (3.26) is satisfied forn=1. As €, <& and €, <&, (by (3.24) and n>1), we
have

[x,—%| <& and |M,—M|<é.
By Lemma 3.3, this implies that the next iterate x, is well defined and that {3.27) holds for
n=1.

Now, assume for induction that (3.26) and (3.27) are satisfied forn=1, ..., m— 1. By
(3.27), (3.22) and (3.25), the points x, ..., x,, are in B(%, ;) C {2, and by (3.26) and
(3.24), the matrices M, ..., M,,_, are in B(M, 2ne,) CL,,. Therefore, we can use (BDA)
forn=1, ..., m—1 to obtain:

1M, 41 — M| — | M, — M| < Can 0, (| M, — M| + 1)
<2CBD |xn _f' (”Mn _M" + 1)

<2Cgpr™” 151(27752 +1),
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where we have used (3.22), (3.26) and (3.27). Adding up from 1 to m—1 and using
(3.28) and (3.25), we get

I, ~ 1 < 1M, = 1]+ 2Ca € (2mes +1) = <27,
This proves (3.26) for n=m. To get (3.27) for n=m, we use as before Lemma 3.3 after
having observed that |x, —X| < € (by (3.27) and (3.22)) and | M, —Ml <& (by (3.26)
and (3.24)). This completes our induction argument.

The boundedness of {M,; '} is given by Lemma 3.3.

Finally, the proof of the convergence of {||M,— M|} follows a classical scheme. The
sequence {M,,} being bounded, the sequence { | M,,— M||} has limit points, Then, we proceed
by contradiction, supposing that there are two limit points: [, </,. As the series X5 _; 0,
converges, there is an index n, such that

i o, < AZ—:AC“(Z e+1)7!
nS T3 BD(27€ .

n=ng

We can also choose an index n, > ng such that |M,, —M| <1, + (I,—1;)/3. Then, using
(BDA) and (3.26), we can write, for all n>n,,
-_ - n—‘l -—
M, —M| <M, —M| +Cpp ), (o:(IM;—M|+1))

i=n1

<M, —M| +Cyp(2n6, +1) T o

i=no

_ L, —1
<M, ~M|+ 2

glz_. .lz_—_ll..’

3

contradicting the fact that [, is another limit point. [

Let us point out that the ‘implicit’ form of (QN-AP3) allows a better rate of convergence
than the one obtained in [14] for ‘standard’ quasi-Newton formulae, namely r € ]7, 1{.

3.3. Characterization of superlinear convergence

In this subsection we characterize the g-superlinear convergence of a sequence {x,}
generated by Algorithm (gN-AP3) by comparing the effect of M, and H on (—s,). In
[14], M in (3.12) is used as an intermediate matrix in the comparison. A similar result can
be obtained here but, instead of assuming (3.12), we prefer to impose more regularity on
H. When H is linear, both results are similar to the well-known characterization of Dennis
and Moré [6].



30 J.F. Bonnans et al. / Mathematical Programming 68 (1995) 15-47

Lemma 3.5, Let H: RY — R" be positively homogeneous, continuous and injective. Then
the following properties hold:

(i) there exists a constant Cy such that |Hu| > Cylu| for allueR”,

(ii) for any two bounded sequences {u,} and {v,} in R",

Hu,-Hv,—»0 = u,—v,—0,
(iii) ifu,— 0 then
H(u, +o(|u,|)) =Hu, +o(|u,|) . (3.29)

Proof. (i) Let Cy=~=min , ,|Hu| > 0; by continuity there exists u, of norm 1 such that
| Huy| = Cy. Then the injectivity of H implies C > 0; the conclusion follows from positive
homogeneity.

(i1) Having an arbitrary cluster point w of {u,—uv,}, extract a subsequence such that
u, > u, v, v and u,— v, —w=u—0o. By continuity, Hu, = Hu, Hv,,— Hv and by assump-
tion, Hu= Hv. Since H is injective, u = v, w=0; the result follows.

(iii) If H is continuous, it is uniformly continuous on the ball B(0, 2) cRY. When u,, #0,
u,/ |u,| +0(1) €B(0, 2) for large n. Hence, by uniform continuity,

un
[, |

Thanks to positive homogeneity, we have proved (3.29). O

H( “n +o(1))=H +o(l).

|4 |

Theorem 3.6. Let {x,,} be a sequence generated by the recursion formula (3.2) converging
fo a solution point . Suppose that (3.6), (3.7) hold and that H is continuous and injective.
Then

X, =X g-superlinearly < (M, —H)(—s,)=0( I$.1) - (3.30)

Proof. First, remembering that s, = —2M,, ' g%, we have, due to (3.10),
M,s,=—2gh=—2Hel +o(]e2|) .
Hence,
(M, ~H)(—s,) =28e —A(~s,) +o(|eZ]) . (331)
Let us prove the ‘=" part. As e, =0(|e,| ), we have
2ef=e,.1 te,=e,+o(le,]),
5=~ te, =6, to(le,]) .

The last estimate also implies that e, =O(|s,|). Combining these estimates with (3.31)
and using (3.29) with H=H, we get
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(M, —H)(—=s,)=0(]e,])=0(|s.1]) .
Consider now the ‘ < part. From (3.31),
H(—s,) +o(|s,|)=H(2eh) +o(|er]) . (3.32)
Taking norms and applying Lemma 3.5(i), we get
Culs.| <|H(=s,)| <|H(2eh) | +o(|eh]) +o(|s,]) .
Using the boundedness of H we conclude
Is, | =0C(len]) . (3.33)
On the other hand, after division of (3.32) by |e% |:

o(len) . oUs,|) _ H(2el) H(=s,)
len | len] lenl lex |
Thanks to (3.33), the left-hand side tends to 0. We are in a position to apply Lemma
3.5(ii) with u, =2e%/|e%| and v, = —s,/ | €% |. Thus

2eh +s,  2e,44
len | lef |

-0,

which can be written e,,; =o0(|e4]|)=o0(|e, .1 te,|)=0(|e,.1]|) +o(]|e,|). This
implies e, =0(]e,|) and the g-superlinear convergence of {x,}. [

With this result, the relation corresponding to the classical characterization of [6] can be
recovered. Note, incidentally, that the above proof still works for non-smooth equations
(instead of minimization) where g is not a gradient. When assuming more regularity on f,
we can also establish a very useful characterization:

Corollary 3.7. Let {x,} be a sequence generated by Algorithm (QN-AP3) converging to a
solution point %. Suppose that (3.6)—(3.8) hold and that H is invertible. Then

x, =X g-superlinearly < (M,,,—M,)s,=o0(]|s,]|) . (3.34)

Proof. Due to the quasi-Newton equation (3.1), the second statement in (3.34) isequivalent
to y,—M,s,=0(]s,|). Apply (3.8) with x=x,,,, y=x,: we have y,=Hs,+o(|s,|);
since (3.8) also implies the linearity of H, the conclusion follows from Theorem 3.6. [

3.4. Superlinear convergence of variational quasi-Newton algorithms

In this subsection, we go more concretely into the specification of the matrices M,, for
Algorithm (qQN-AP3). We propose an update scheme and show (Lemma 3.8) that it satisfies
(BDA) in Section 3.2, Then, the linear convergence follows from Theorem 3.4 (Theorem
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3.9). We also show (Theorem 3.10) that the scheme can provide the g-superlinear conver-
gence of the generated sequences.

The analysis relies on a Hilbert matrix norm |- [, (e.g., a weighted Frobenius norm);
typically | -], depends on x, and x,, ,. With o, defined in (3.3), the norm |- |, is said
locally comparable to a fixed norm | « || if

oy >0, 3C >0, Vo, <oy c, YMERY*Y,
we have | |M|, — M| | <C.c|M|o,. (3.35)

Our approach follows that of [12]. Let % be a closed convex set of symmetric matrices
intersecting the set {M € R"*": Ms, = y,}, when o, is small. By a variational quasi-Newton
Sformula, we mean a method associating to the current matrix M, the (symmetric) update
M, =qN(M,,y,, s,), unique solution of

mkiln{|M—M,,|ﬁ:ME%, Ms,=vy,}. (3.36)
We state here a ‘technical hypothesis® expressing that a fixed matrix M is close enough
to the feasible set of (3.36):
IM e RV*N symmetric positive definite, oy >0, ICrex >0,
Yo, < rex, 3M, € RV*¥, such that (3.37)
M, €%, M,s, =Yy, an ~M|, < Crex 0, .

Before giving the convergence theorems, let us check that (BDA) is satisfied for the
scheme above.

Lemma 3.8. Suppose that Algorithm (QqN-AP3) updates the matrices M, according to the
scheme (3.36) and that conditions (3.35) and (3.37) are satisfied. Then Assumption
(BDA) holds with M given by (3.37).

Proof. Let

1

o:=min O1cs OTEX T4 -
( s » 3CLC

Since M, , , is the orthogonal projection of M,, onto a closed convex set containing M,, we
have

M, ~M, .\ |2+ M, —M, |2<|M,—M,|2. (3.38)
In particular,
M, —M,|,<|M,—M,]|,. (3.39)

Let us show that (BDA) holds with Cgp,:=3max(C; ¢, Crgx) and M given by (3.37),
when o, < 0. We have, using (3.39) and (3.37),
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M, =M|, < |Myys =M, |+ | M, ~ M|,
<M, _Mn [»+ Crex 0,
<|M,~M|, +2Crex0, .
Then, using (3.35), we get
(1~ Cre0,) [M, . —M| < (1+Cyc0,) |M, — M| +2Cex 7,
L e A B e
Since o, < o<1/ (3Cc):

1+CLC0‘n 2CTEX
——— <1+3C o0, d ——— <3Cgx.
I—CLC(T,, LcT an l—CLca‘,, TEX

Hence
1M, —M| < (1+3Cc0,) 1M, ~ M| +3Crex 0, ,
which is just a bounded deterioration property of the type (BDA). [

Then, we can show linear convergence under the assumptions of Theorem 3.9 and
superlinear convergence when (3.8) holds (Theorem 3.10).

Theorem 3.9. Suppose that (3.6), (3.7) and (3.12) hold. Suppose also that Algorithm
(qN-AP3) updates the matrices M,, according to the scheme (3.36) and that conditions
(3.35) and (3.37) hold, the latter with the same matrix M as in (3.12). Then, if (x,, M,)
is close enough to (%, M), Algorithm (QN-AP3) is well defined and generates a sequence
{x,} converging g-linearly to X and a sequence of symmetric positive definite matrices {M,,}
such that

(M, —M,)—0. (3.40)

Proof. According to Lemma 3.8, (BDA) is satisfied with the same matrix M as in (3.12).
Then, Theorem 3.4 gives the first part of the result (the linear convergence of the sequence
{x,}), as well as

M, —M|— 8. (3.41)

It remains to prove (3.40).
Due to the linear convergence of {x,} to X, we can suppose that o,, < min( oy ¢, orgx) for
all n> 1. As in the proof of Lemma 3.8, we have the inequality

M, ~M, |2+ M, —M,|2< M, — M, |2, (3.42)

and we proceed to show that both |M,,, , — M, |, and |M,—M,|, tend to 8. From (3.35),
(3.41) implies
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|M,—M|,—>8 and |M,.,—M|,—38. (3.43)
Using (3.37), we get
| 1M, ~M, |, ~ |M,~M|,| <|M,-M|, -0,
My =My |y = My — M|, | <|\M,—M|,—0.
From this and (3.43), we deduce
|M, ~M,|,~8 and |M,.,—M,|,—~8.
Then, (3.42) implies
M,y —M,|,—0
and by (3.35),
My =M, | 0. O

Theorem 3.10. Suppose that (3.6)—(3.8) hold and that H is positive definite. Suppose also
that Algorithm (qQN-AP3) updates the matrices M,, according to the scheme (3.36) and
that conditions (3.35) and (3.37) hold, the latter with M=H. Then, if (x,, M) is close
enough to (%, H), Algorithm (qQN-AP3) is well defined and generates a sequence {x,}
converging g-superlinearly to X.

Proof. Assumption (3.8) implies that H is linear, hence (3.12) holds with M = H; we can
apply then Theorem 3.9, which gives the g-linear convergence of the sequence {x,} and
(M,,.,—M,)—0. Now the g-superlinear convergence of {x,} follows from Corollary
37. O

3.5. Application to some quasi-Newton methods

We now apply the theory of the previous subsection to some particular quasi-Newton
update formulae. The main issue is to check condition (3.37), and it is here that assumption
(3.9) comes into play.

We first show that (3.37) holds for general quasi-Newton methods, provided f is suffi-
ciently smooth. Asin the previous subsection, % is a general closed convex set of symmetric
matrices.

Proposition 3.11. Suppose that f is twice Fréchet differentiable in a neighbourhood 4" of
%, with a Lipschitz continuous Hessian. If V*f(x) € ¥ for all x€ .4 and (3.35) holds, then
(3.37) is satisfied for M = V*f(%).

Proof. Let gy > 0 be given by (3.35) and take o€ 10, oy ] such that B(%, o) C.#". When
0, < o, the segment [x,, x,,, ;] is in ./, so that we can define
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1
M, = j V2f(x, + 75,)dT.
V]

Clearly, M, € .% and M,s,=y,. Furthermore, with M= V?f(%),

1
,\ _ — L
=M1 < [ 190+ ) Ml dr< o
0

where L is a Lipschitz constant of the map .# 3 x+> Vf(x). Combine this, (3.20) and
(3.35) to obtain

|M, — M|, <(1+Cic0,) |M, = M| < n(1+Cre0,) [M, — M|
Ly
< 7](1 + CLCo'Lc) _2"— gy, .
We recognize (3.37). O

We consider now the prox-versions of the PSB and DFP algorithms. Let % be the set of
symmetric matribes and take the Frobenius norm | - | for |+ |, and || +|. Then the solution
of (3.36) is given by the PSB update formula (see [7]): M,,., =PSB(M,, y,, s,.), where

(y—Ms)sT+s(y—Ms)T  (y—Ms, s) T
s

PSB(M, y, s) == M+ -
(9 BE 51

Recall that (u, v) and u v denote the same operation. We note here that more general scalar
products can also be used, as described for example in [11] and in the appendix of [10].
Reproducing the present theory in this framework is then an easy exercise.

For this method, we have

Proposition 3.12. Suppose that (3.6)—(3.9) hold and that H is positive definite. Assume
that Algorithm (QN-AP3) uses the PSB formula: M,, ., =PSB(M,, y,, s,). If (x;, M) is
close enough to (%, H), then the algorithm is well defined and x,,— X% q-superlinearly.
Proof, Take

M, =PSB(H, y,, 5,)
and define &, =1y, — Hs,. Then

8u5a +5,8n (B 8u) 4

M,—H= SaS, .
! |5, |2 s |* "

Taking x=x, and y=ux,,, in (3.9), we obtain 5,=0(|s,||a,|). Recall also that
|uv™| = |u| |v|. Therefore

|M,—H|=0(]0,]) .
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On the other hand, since M, € % and M,s,= ¥ condition (3.37) holds with |+ |,=|+|#
and M= H. We can now apply Theorem 3.10 to terminate the proof. []

Consider now the DFP formula ([7]):

—Ms)yT+y(y—Ms)" — Ms,
DEP(M, y, 5) = M+ OZMOIY TYO=M9)’ & S2S> T
s 8 Sy
This formula is well defined when (y, s) # 0 and gives a symmetric positive definite matrix
when M is itself symmetric positive definite and {y, s) >0. The updated matrix can be
characterized as the solution of a variational problem. For this, let us introduce the weighted

Frobenius norm associated to a symmetric positive definite matrix W:

M= Myp=|W2MW =12 .

Then, when {y,, s,,) is positive, DFP(M,,, y,, s,,) is the solution of problem (3.36) in which
Z is the set of symmetric matrices and |+ |, is the norm | « |y,  where W, is any matrix
satisfying W,s,=y, (see [7]). As we shall see in the proof of the next proposition, an
appropriate choice of the matrix W, will allow us to satisfy (3.35) and (3.37).

Proposition 3.13. Suppose that (3.6)—(3.9) hold and that H is positive definite. Assume
that Algorithm (QN~-AP3) uses the DFP formula: M,, . {=DFP(M,, v,, s,). If (x;, M) is
close enough to (%, H), then the algorithm is well defined and x,,— % g-superlinearly.

Proof. Because H is positive definite, it is easy to see that when oy, == |x, — %] + |x, . ; — %]
is sufficiently small, we have

s Sy zals,|? and |y, |<L|s,], (3.44)

for some positive constants o and L. From now on, we suppose that o, is sufficiently small
to have (3.44).
The matrix
M, =DFP(H, y,, 5,)

is positive definite and verifies M,s,=y,. Then M,,, is solution of (3.36) with
Folw= 1+ stor-

Defining 8, =y, — Hs,, we have

b T S
ns Su) s sy

By (3.9), §,=0(|s,| | 0.]). Therefore, using (3.44),

.- 8,
M,—H=

1M, —H|=0(|0,]) . (3.45)
It follows that M, '/? is bounded for o, small enough, then

\M,—H|,=|M;"*(M,— DM, ", =0(|M,-H|) .
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Since M, is symmetric and M,s, =y, condition (3.37) holds with M =H.
Let us now prove condition (3.35) with ||+ || = | * | g . Observe that

| M| = (tr(W ~2MW ~ 'MW ~V2))1 2= (a(MW ~1)2) V2,
Then, for M € RV*N with |M] =1,

|IM|7— M)

< [r(MM7Y?>—te(MH Y ?|,
], S M) (ME

1M1, —M]|| =
because |M|,+ [|M| >1. Now, A€ RY*¥>tr A is linear. Therefore, for some constant
C, >0,

| IM], — M| | <Ci | (MM )2 — (MH 12| .
Using the relation |B*—A?| = |B(B—A) + (B—A)A| <(]A| +|B|)|B—A]|, we get
M|, — M| <Cy MM+ H D M7 —-H7 .

Because the norms |+ | and ||« || are equivalent and A— A ~! is infinitely differentiable on
the set of non-singular matrices, one has for o, sufficiently small

M|, — M| =0(]o.]),

where we used (3.45). Now condition (3.35) holds by homogeneity in M.
The conclusion of the theorem follows from Theorem 3.10. [

4. A BFGS-proximal method

In this section, we study the particularization of the algorithm pattern (AP3), in which
the proximal point x% is computed exactly and the BFGS formula is used to update the
matrices M,. In this case, satisfactory global and g-superlinear convergence results can be
obtained, in the sense that, given any initial pair (x;, M), with M, symmetric and positive
definite, the generated sequence {x,} converges superlinearly to a solution of problem
(1.1). The precise results are given in Theorems 4.2 and 4.8 below.

To obtain these convergence results, fis always supposed differentiable (and therefore
finite everywhere). Then we will again use the notation g(x) for the gradient of f at x, as
well as g, =g(x,) and g% =g(x}).

For given vectors s and y in R", the BFGS update of an N X N symmetric matrix M is the
matrix

Mss™ T
BFGS(M, y, s) =M— o2 4 X (4.1)

T AMs,sy o (y, 8)
(see [7] for instance). Observe that the trace of the matrix M , =BFGS (M, y, s) is given
by

Ms® | Iy1

. 472
Ms. sy T o) (42)

tM, =tr M—
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When M is positive definite, the BFGS formula is well defined if {y, s) # 0. However, the
stronger condition

{y,5)>0

is generally required since this is a necessary and sufficient condition to have the updated
matrix positive definite.
The algorithm considered in this section is stated as follows:

BFGS-proximal algorithm (BFGS-AP3)

Step 0. Choose an initial point x, € R" and an initial symmetric positive definite matrix
M,. Take min ]0O, 1[. Setn=1.

Step 1. Given x,, and M,,, compute x4 :=p,, (x,) and set 55, :==x% —x,.

Step 2. Compute the next iterate by:

Xpr1 =X, +1,55.
The stepsize t, > 1 is chosen to satisfy the general descent condition (2.9) and

> 820 >0, (4.3)

where s,=x, ., —x,and y,=g, ., — g, We also suppose that #, =2 is taken when the line-
search conditions (2.9) and (4.3) allow it.
Step 3. Update M, by the BFGS formula:

Mn+1 =BFGS(Mn’ Yns sn) .

Increase n by 1 and loop to Step 1.

In Step 2, the additional condition (4.3) is only required to guarantee the well posedness
of the BFGS formula and the positive definiteness of the generated matrices. Note also that
from Section 3 it is important to take t,=2 whenever possible for the sake of superlinear
convergence. Step 2 is actually a line-search generating trial stepsizes 7> 1 until (2.9) and
(4.3) are simultaneously satisfied.

Remark 4.1. Feasibility of this line-search is easy to establish. First of all, the requirement
t> 1 is not classical but x%, obtained for ¢= 1, satisfies the descent test (2.9) with a strict
inequality. Then, by convexity of f, the stepsizes that satisfy (2.9) form a closed interval,
say ¥, containing 1 in its interior. As for (4.3), remark that the function

0<t—(g(x, +1s5) —g,, s5)y=2d(1)

is non-negative and non-decreasing and cannot be identically zero when fis bounded below
in the direction s%. This implies that the stepsizes satisfying (4.3) form an open interval
S o= 1t% +oof, with finite . We have to show that ¥, and .#, intersect. There are 2
cases:

1. Ift*<1, .7 N7, contains some neighbourhood of 1.
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2. If 1€1°< +x, the key is to observe that f(x, +ts5) has the constant slope (g%,
§s2y=~(M,s5, s5) atany t€ [0, t“] (recall (2.2)). Hence

(M, sh, shy=f(x,) —f(x7) > 86, .
Then, since t*> 1 >m, we can write
S(x, +1%58) =f(x,) —tM,s", s8> <f(x,) —mb, .

Thus, there is €> 0 such that any stepsize in J#°, t“+ €] satisfies (2.9) and (4.3).

Exploiting these properties, the line-search can then be implemented by a simple brack-
eting algorithm as in [ 17]. Start from #= 2 and, at the current trial stepsize > 1,

(i) perform the descent test; if it is not satisfied, # is too large, compute a smaller #;

(ii) if satisfied, test ‘d(z) >0’; if yes, we are done; otherwise ¢ is too small, compute a
larger ¢.

4.1. Global convergence

Our global convergence result is a simple consequence of Theorem 2.3.

Theorem 4.2. Assume that the convex function f has a nonempty bounded set of minima
and that its gradient mapping is locally Lipschitz continuous. Let {x,} be the sequence
generated by Algorithm (BFGS-AP3). Then, all the accumulation points of {x,} and
{x2} minimize f.

Proof. In view of Theorem 2.3, we only have to prove (2.14). Let L be a Lipschitz constant
for g on the set {x: f(x) <f(x;)} which, as already seen in the proof of Theorem 2.3, is
compact. Applying for example [25] or Theorem X.4.2.2 of [ 13], we obtain

LYus 529 2 19nl?s
and the trace relation (4.2) gives
tM, sttM,+L t My +nlL<(n+1)C,

where C:=max(tr M, L).
As the largest eigenvalue is less than the trace, we get

1 1 1

Ain(M7 1) = > > —.
( ) Amax(M)) — M, nC

Therefore, the convergence condition (2.14) holds and the result follows., [
4.2. The r-linear convergence

To prove superlinear convergence, it is known that a technically useful property is the r-
linear convergence. This last property, interesting per se, can be established for (BFGS—



40 J.F. Bonnans et al. / Mathematical Programming 68 (1995) 1547

AP3) under rather mild assumptions on f. We start with a result of general interest in convex
analysis.

Lemma 4.3. Assume that the convex function f is differentiable. With X minimizing f, let
a>0and x€R" satisfy

f(x) =f(0X) + a|x—~x|>. 4.4)
Then
) <f(x)+ (1 a)|g(x)|?. (4.5)

Proof. Write the subgradient inequality at x and obtain with the Cauchy—Schwarz inequality
S <flx) +]g(x) | |x —x|,
so that with (4.4) and the non-negativity of f(x) —f(X),

) —f(%) < gD |VIf(x) —f(x) V.

The result follows. [

The next lemma is part of the theory of BFGS updates and can be stated independently
of the present framework. We denote by 6, the angle between M,s, and s,
M, S, 5 M,s5, sh
cos 6, = Mo, 50) M5 S>,
IMusal1sa] | Musi|ish]

and by [+ ] the roundup operator: fx]=1i, wheni—1<x<iand i€N.

Lemma 4.4. Let {M,} be generated by the BFGS formula using pairs of vectors (V,, S,)
satisfving
Om sy =enls | and  (ay su) 2|yl (4.6)

foralln>1, where a; >0 and o, > 0 are independent of n. Then for any r& 10, 1, there
exist positive constants y; and vy, such that

cos ;= v, 4.7
M.s,
I's;
Sor at least [rn]indices jin {1, ..., n}.

Condition (4.7) on cos 6; was proved by [25], when the BFGS update is used for
unconstrained problems with the Wolfe line-search. Byrd and Nocedal [ 3] showed that this
result is true independently of any line-search: it can be stated, as above, only in terms of
the updated matrices M,, and the vectors y, and s,. We found condition (4.8) also in [3].

We recall that the differentiable function fis said strongly convex on a domain D CR",
if it satisfies the equivalent properties for some a>0 (see [13] Theorem V1.6.1.2):
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f) =f(x0) +{g(x), y—x)+ g ly—x|? forallx,yeD,

(g(y)—gx),y—x)>a|ly—x|? foralx,yeD.

Theorem 4.5. Assume that {x,} converges to a minimum point %, in the neighbourhood of
which f is strongly convex and has a Lipschitz continuous gradient mapping. Then the
convergence of {x,} is r-linear; this implies in particular that ¥, .. | | x, — %| <o°,

Proof. Since this is an asymptotic statement, we limit our attention to large enough » in all

the proof below. The Lipschitz property of g ensures the second condition in (4.6) (see

again [25]). The first one, as well as the growth condition (4.4), are ensured by strong

convexity (i.e., strong monotonicity of the gradient mapping). Then our proof is based on

an over-estimation of f(x,) —f(x) and begins by over-estimating f ?(x,,) —f(%).
Inequality (2.8) gives (M, s%, s5)/2< 6, =f(x,) —f ?(x,), so that

1
F700) =) <fx) =fx) = 5 (M7, 555 (4.9)

To obtain an over-estimation of f 7(x,) —f(X), we under-estimate (M, s%, s7 3, first in terms
of | g% |? and next in terms of f ?(x,) —f(¥), using (4.5).
We start from

(M, sh, shy=|M,sh||sh|cos 6,, forallnx1.

Fixing rin ]0, 1, we denote by N the set of indices j in {1, ..., n} for which (4.7) and
(4.8) hold. Using successively (4.7), (4.8) and (4.5), and remembering from Lemma 2.1
that gh = — M, st we write for all jEN 7,

Y Y _
Mysf, 57y >y M7 571> 2 IMysf |7= 2~ 1 1> Culfa) =AE))
2 2
where C, = ay,/y,. Adding (C,/2)(M;s?, s? to the extreme sides and using (2.6) give
C
(1 + —21)<Mjs;’, sy > Cl(f (x;) —f(%)), foralljENT,
so that, as wished,
1 P opP P = . n
5 (Mys7.57)> Colf 7(0) =fL)),  forall jENT,
where C,= C,;/(2+ C,). Combining this with (4.9) gives
1

fP(x) —f(x) S(FE;)U(XJ) ~f(x)), foralljeN?.

Now, using the line-search condition (2.9), we have forjEN?,
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J(x461) —f(X) < (1=m) (f(x) —f(X)) +m(f7(x) —f(X))

mC, _
<(1— 1+CZ)(I‘(x,) —f(x)).

Remark that we can write 1 —mC,/ (1+C,) =:7!'" for some 7 in ]0, 1[. Furthermore, as
N7 | > (Lemma4.4) and f(x;,. 1) —f(X) <f(x;) —f(%X) for all j, we have

fGtair) =f(X) <7V (f(xy) =f(X)) <7"(f(x) —f(%)), foralln>1.
Finally (4.4) allows us to deduce

. 172 V)
|x,,—f|<[f(x")_f(x)] <[f(xl);f(x)] Jort

o

This implies that lim sup,,_, ., |x, —%]'/"< \/;< 1, characterizing the r-linear convergence
of x, to £. Finiteness of X, .., | x,,— | follows. []

4.3. Acceptability of the ideal stepsize

An important point for fast convergence is whether the stepsize ¢, = 2 is accepted asymp-
totically by the line-search conditions (2.9) and (4.3). For this, and in particular for the
descent condition (2.9), the candidate

x,7 =x,+2s% (4.10)
must be ‘superlinearly closer’ to the minimum point % than x,. This is the last condition
involved in the next result.

Theorem 4.6. Assume that X is a minimum point of f at which (3.6) and (3.7) hold, and
such that the directional-derivative operator H of g satisfies the following property:

Aa>0 such that (Hz, z) » e|z|* forall zeR" . (4.11)
If

I ~Fl =o(|x,— %) , (4.12)
then the point x,} of (4.10) is accepted by the line-search of Algorithm (BFGS-AP3) for
n large enough.

Proof, From (3.10), we have for z arbitrary in the neighbourhood of %:

g(x)=H(z—%)+o(|z—%), (4.13)
so that in particular,

(g7, shy=(Hel, sty +o(len| [sh]) -

For n large enough, we write (4.13) with z=%+ 7(x,—%); we multiply by x, — X and we
integrate from 7=0to 7=1:
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- 1 -
fCe) =fE) + 3 (He,, e,y +0(le,|?) .
The same operation with x%, instead of x,, gives
1 -
fxn) =fx)+ 5 (Hel, ehy+o(len]?) .
These three relations give an estimate of §, =f(x,) —f(x5) + 1{g%, s5):
1 - - )
o=7 (He,, e,)— 5 (Hez, ey to(le,|%),

where we have used (4.12): s% and e% have the order of magnitude of e,. In the second
term, use the relation

e,=2eb —(x7 —X)=2e5 +0(|e,|)
to obtain
8,= = (He,, e,)— (He®, ety +0(]e,|?) .
In summary, we have the following estimate for the right-hand side in (2.9):

FCan) ~mdy, =) + T2 (e, e+ miflel, eny o)

1—m
2

2f(x)+ ale,|*+o(le, ),

because m € ]0, 1[. On the other hand, (4.13) can again be used to obtain the estimate (we
setef =x, —X)

1 -
) =fx) + E(Hen*,e,f)‘FO(le,T 1) =f(x) +o(le.|?) .

Because (1 —m)a/2 >0, we conclude that our g-superlinear assumption ensures that (2.9)
is eventually satisfied.

It remains to take care of (4.3). From (4.13), setting 5,7 =x,, —x,= —e,+0(|e,|),
we write

@x), 53 y=(Hey, st y+o(leS st ) =o(le.|?)

(8(x,), 7y =(He,, s, Y +o(]e,|?) = = (Hen, e,y to(le,|?) .
We therefore obtain

(8(x,7) —8(x,), s y=(He,, e,y +o(|e,|) > ale,|>+o(le,]?) -

and this again is eventually positive. [
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4.4. The g-superlinear convergence

Let us give one more general result from the theory of BFGS updates (see [3]).

Lemma 4.7. If {M, } is generated by the BFGS formula using pairs of vectors (¥,, S,) such
that

n—M,,
<yna sn>>0 fOralln>1 and E l_}i____s_.l_ <OO’

a1 Isal

where M is a fixed symmetric positive definite matrix, then
M, —M)s,=o0(|s,|) . (4.14)

We now have all the necessary material to give our superlinear convergence result.

Theorem 4.8, Assume that the sequence {x,} generated by Algorithm (BFGS-AP3) con-
verges to an optimal point %, and that (3.6), (3.9) hold. Assume also that H is positive
definite. Then, the convergence of x,, to X is q-superlinear.

Proof. First of all, we establish the necessary local properties of the gradient mapping. Take
x and y in the neighbourhood of % and apply (3.10):

g(x) —g(y)=H(x—y) +o(|x—y|) .

This implies the Lipschitz continuity of g near . Multiply this last relation by x —y: because
H is positive definite, g is (locally) strongly monotone, i.e., fis (locally) strongly convex.
Thus, starting with Theorem 4.5 (all the assumptions required are satisfied) : {x, } converges
r-superlinearly to £.

Now, since (3.9) holds, we have

Iyn "'HS,,I

S <L A e )

Therefore, by the r-linear convergence of {x,},

¥ lynl:ﬁlsnl < 4o
nx>1 n
This and Lemma 4.7 give (M,;— H)s,=o0(|s,]).
Finally, the latter estimate and Theorem 3.6 imply that x, +2s% —X=o0([e,]|). Then
Theorem 4.6 shows that the stepsize f,=2 is accepted by the line-search. Hence
e,.1=0(|e,|) and the convergence is g-superlinear. []

Let us conclude this section by a consequence of Theorems 4.2 and 4.8: if g is locally
Lipschitzian, and if f has a minimum point £ satisfying the assumptions of Theorem 4.8,
then Algorithm (BFGS-AP3) is globally and g-superlinearly convergent.
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5. Conclusion

The essential content of this paper is a theoretical investigation of algorithms for non-
smooth optimization combining quasi-Newton techniques with Moreau—Yosida regulari-
zations. When doing so, we have privileged approaches lending themselves to
implementations via bundle methods.

Ideally, this should be achieved by the algorithmic pattern AP2; see [18] for imple-
mentable proposals. However, the local properties of this algorithm turn out to be rather
hard to analyze; as for AP1, studied by [20], some technicalities are needed when turning
to implementation aspects. We have therefore adopted here AP3, which appears as a geod
compromise between theoretical simplicity and practical significance.

As stated in Sections 3 and 4, AP3 is quite comparable to a standard quasi-Newton
algorithm. By analogy with differential equations, AP3 could be viewed as a trapezoidal
integration scheme: two successive iterates are computed using the derivatives g and H at
their mid-point x%. As a by-product, the tools of the present work could therefore be applied
to standard quasi-Newton algorithms (i.e., explicit integration schemes). Keeping this in
mind, our local theory of Section 3 is then fairly comparable to that of [ 14]. In particular,
it should be pointed out that the relevant smoothness assumptions are basically the same.
Our role in this matter has been to extract from [ 14] the key properties of f; to be satisfied
at the solution point £ only. In other words, we used the conclusions of Theorems 3.1 and
3.2 instead of their premises.

On the other hand, such a local study with weakened assumptions is related to the
resolution of non-smooth equations, studied in [23,27,16,26,24 ], among others. There exist
Newton formulae which converge superlinearly under fairly general assumptions (semi-
smoothness of g). Indeed, a Newton scheme uses directly the Hessian V2f(x, ), which gives
by definition reliable second-order information at x,,; the role of semi-smoothness is then to
ensure that this information remains valid all the way to convergence. By contrast, we need
here apparently restrictive assumptions such as (3.8); in a quasi-Newton context, however,
they seem rather minimal. For the quasi-Newton equation (3.1) to be any good, the values
g(x,) and g(x, ;) must reflect the values g(x) at neighbouring x’s; this is precisely the
role of (3.8).
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