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Recently several new results have been developed for the asymptotic (local) convergence of polynomial-time
interior-point algorithms. It has been shown that the predictor—corrector algorithm for linear programming (LP)
exhibits asymptotic quadratic convergence of the primal-dual gap to zero, without any assumptions concerning
nondegeneracy, or the convergence of the iteration sequence. In this paper we prove a similar result for the
monotone linear complementarity problem (LCP), assuming only that a strictly complementary solution exists.
We also show by example that the existence of a strictly complementarity solution appears to be necessary to
achieve superlinear convergence for the algorithm.
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1. Introduction

Consider the linear complementarity problem (LCP):
min  xTs
st. s=Mx+gq, (x,5)=0,

where M €R"* " and g €R". As usual, we assume without losing generality:

(Al) The feasible region of LCP has a nonempty relative interior, i.e., there exists
(x° 5°) such that s°=Mx°+ g and x°>0, s°>0.

Note that M may not be symmetric. However, for (x, s) feasible in LCP, the objective
may be written as x “s = 1x* (M +MT)x+ q"x,and M+ M" is symmetric. The LCP problem
is called monotone (convex) if and only if M+ M7 is positive semi-definite, which we
assume throughout this paper:
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(A2) M is a positive semi-definite matrix, that is x "Mx=1xT (M +MT)x> 0 for every
xeR".

We call a feasible point (x, s) strictly feasible if it is feasible and positive. A feasible
point (x*, s*) is optimal (complementary) if and only if

b P -

xfsF=0 forj=1,2,.. n
A strictly complementary solution is an optimal solution satisfying
xF+sF>0 forj=1,2,..., n

Consider a sequence of strictly feasible points {(x* s*)} such that the (complementary)
gap (x*)Ts*— 0. Then we say that this gap sequence converges Q-superlinearly to zero if
( xk+ 1 ) T Sk+ 1

lim ——————=0,
klfolo (x*) Tsk

and Q-quadratically to zero if
) ( xk+ 1) T sk+ 1
11rknﬁs;1p () Tsh) 2 <+

In the context of the present work it is important to emphasize that the notions of conver-
gence, superlinear convergence, or quadratic convergence of the gap sequence, {(x*)"s*},
in no way require the convergence of the iteration sequence {(x*, s*)}. Of course, from
Hoffman’s lemma [7] and Luo and Tseng’s theorem [ 15] it follows that in a particular
sense the iteration sequence converges to the optimal solution set with the corresponding
R-rate.

Recently, there has been an exciting outbreak of activity in the area of constructing
primal-dual interior-point algorithms for either the linear programming problem (LP), or
the monotone linear complementarity problem (LCP) possessing a strictly complementary
solution, that are demonstrably superlinearly or quadratically convergent under certain
assumptions (e.g. Ji et al. [9, 10], Kojima et al. [11, 13], McShane [ 16, 17], Mehrotra
[18], Ye et al. [28-30], and Zhang et al. [31-33]).

The issue of the asymptotic convergence of interior-point algorithms was first raised in
Iri and Imai [8]. They showed that their multiplicative barrier function method (also see
de Ghellinck and Vial [4]), with an exact line search procedure, possesses quadratic
convergence for nondegenerate LP. Then, Yamashita [27] showed that a variant of this
method possesses both polynomial O(nL) complexity and quadratic convergence for non-
degenerate LP, and Tsuchiya and Tanabe [25] showed that Iri and Imai’s method possesses
quadratic convergence under a weaker nondegeneracy assumption. Zhang and Tapia [31]
showed that a primal-dual algorithm exhibits O(xnL) complexity, and superlinear conver-
gence, under the assumption of convergence of the iteration sequence, with quadratic
convergence under a nondegeneracy assumption. Kojima et al. { 13] also showed quadratic
convergence of a path-following algorithm for nonlinear complementarity problems under
the nondegeneracy assumption. Other algorithms, interior or exterior, with quadratic con-
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vergence for nondegenerate LP include Coleman and Li’s [3]. Some negative results on
the asymptotic convergence of Karmarkar’s original algorithm and a potential reduction
method (with separate primal and dual updates) were given by Bayer and Lagarias [2] and
Gonzaga and Todd [5], respectively.

Quadratic convergence for general LP was first established by Ye, Giiler, Tapia and
Zhang [29], Mehrotra [ 18], and Tsuchiya [24]. The algorithm of Ye et al., and Mehrotra,
is based on the predictor—corrector algorithm of Mizuno et al. [19]. Each iteration of the
algorithm needs to solve two systems of linear equations or two least squares problems —
one in the predictor step and one in the corrector step. Tsuchiya’s result is based on Iri and
Imai’s method, which requires knowledge of the exact optimal objective value in advance.
A standard way of dealing with this difficulty is to integrate the primal and dual problems
into a single LP problem, whose size is twice that of the original problem. The *‘currently
best’’ result, to our knowledge, was given in [28] where it is shown that the Q-order of
convergence of a variant of the O( \/; L)-iteration predictor—corrector algorithm for general
LP, counting each iteration as solving one system of linear equations of the size of the
original problem, equals 2.

While superlinear or quadratic convergence results for LP have been established with no
assumptions, all superlinear convergence results for LCP to date use some combination of
the following assumptions:

(A3) The LCP has a strictly complementary solution.

(A4) The LCP is nondegenerate, meaning it has a unique solution.

(A5) The iteration sequence {(x*, s¥)} generated by the interior-point algorithm con-
verges, and it converges to a strict complementarity solution.

(Note that (A3) automatically holds for LP.) The “‘currently best’” results for LCP are
given by Kojima et al. and Ji et al., and they can be cataloged as follows:

— global and quadratic convergence assuming (A3) and (A4) (Kojimaetal. [11,13]).

—O(nL) iteration complexity and superlinear convergence assuming (A3) and (A5)
(Jietal. [10]).

- O( \/Z L) iteration complexity and superlinear convergence assuming (A3) and (A5)
(Jietal [9]).

In these bounds L represents the data length for a problem with all integer data.

Certainly, the global property of polynomiality and the local property of superlinearity
are desirable. However, (A4) is not realistic, and ( A5) may not hold in general. Thus, the
current asymptotic convergence result for LCP is quite behind that for LP. In what follows
we consider the LCP extension of the predictor—corrector algorithm (e.g., Mizuno et al.
[19] and Sonnevend et al. [23]) suggested by Ji et al. [9]. We show that this O(\/ﬁ L)
iteration algorithm for LCP actually possesses Q-quadratic convergence, without assuming
either (A4) or (A5), where one iteration consists of two steps — one predictor and one
corrector. Of course, we assume (Al), (A2), and (A3). Among these assumptions, (Al)
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is the standard assumption for any interior-point algorithm, and (A2) is necessary for the
LCP to have a convex objective, but (A3) is restrictive since in general it does not hold for
LCP. We will actually show by example, however, that (A3) appears to be necessary in
order to achieve superlinear convergence for the algorithm. We also show that a modification
of the algorithm achieves Q-order of convergence equals 2 (i.e., Q-subquadratic conver-
gence), counting one iteration as one step. Our results thus completely fill in the asymptotic
convergence gap between LP and LCP.

The paper is organized as follows: In Section 2 we review the predictor—corrector algo-
rithm and collect several previously established estimates. Section 3 contains several tech-
nical results. Our main convergence results are given in Section 4. A summary and
concluding remarks are contained in Section 5.

2. The predictor—corrector algorithm

In this section, we briefly describe the predictor—corrector I.CP algorithm (Ji et al. [9]).
We employ the notation X = diag(x), S =diag(s), etc., and we let {2 denote the collection
of all strictly feasible points (x, s). Consider the neighborhood

A (a)={(x,5) €L |Xs/pn—e| <a},

where | - || represents the /, norm, y=1x"s/n, e is the vector of all ones, and « is a constant
between 0 and 1.

To begin with choose 0 < 8< L (a typical choice would be ). All search directions d,
and d; will be defined as the solutions of the following system of linear equations (Kojima
etal. [14])

Xd, +Sd, = yue — Xs, (1)
d,=Md,,

where 0<y<1. A typical iteration of the algorithm proceeds as follows. Given
(x*, s¥) € 4 (B), we solve the system (1) with (x, s) = (x*, s*) and y=0. Denote by d®
and d? the resulting directions. For some step length 6> 0 let

x(8) =x*+6d?, s(8) =s*+ 0d®,
and p(8) =x(9)"s(8) /n. This is the predictor step. Our specific choice for 8 will be stated
after we consider the following lemma [9, 19].
Lemma 2.1. If for some positive 8*< 1 we have

1X(0)s(8)/u(8) —e|| <a<l forall 0< <65, (2)
then (x(6%),s(8))ye(a)cD. O

Lemma 2.1 basically says that the interior feasibility of (x(8%), s(6%)) is guaranteed as
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long as (2) is satisfied. Thus, we can choose the largest step length 0% < 1 such that (2) is
satisfied for o= B+ 7, for some 0 <7< f3, and let

f=x(6% and §=4s(0").

We can compute the largest 6% by finding the smallest positive root, ¥, of a quartic
polynomial (if r* does not exist, then r*=c0) and assigning 6*=min(r% 1), or simply
choosing it as the lower bound in Lemma 2.2 below.

Next we solve the system (1) with (x, s) = (£, §*) e/ (B+ 1), u=(£5)T5"/n, and
y=1, resulting in d¢ and d¢. Let x* "' =%+ d¢ and s* 7' = §*+d¢. It has been proved [9,
19] that (x**!, s¥* 1)y € #(B) as long as 0 < B< } and 0 < 7< B. This is the corrector (or
centering) step.

Observe that the algorithm generates a sequence of feasible points satisfying

X5/ wt—el < B (3)
and
(£9)T5=(1— 6 (x") Ts*+ (6 2(dD)"a?, (4)
() Tsk = (89 T8+ (dD)d.
It has also been shown [9] that
(d®)TdP < (x*) Ts*/4, (5)

(d)Tds < (£ 75%/ (8n).

For convenience, let 8“=DPd?/ u*, where D? =diag(d®), in the predictor step. Then,
Mizuno et al. (Lemmas 1, 2 and 4 of [ 19]) showed that
Io" ) <ivan. (6)

Jietal. [9] and Ye et al. [30] essentially developed the following lemma.

Lemma 2.2. If 6% is the largest 8" < 1 satisfying the conditions of Lemma 2.1 witha= B+ 1
and 0< 1< B, then 6* =21/ (Y +47|8%|+ 7). O

Clearly, this lemma together with (4), (5) and (6) implies that the iteration complexity
of the algorithm, with a suitable initialization, is O(\/; L) for a constant 0 <7< 8. Note
that

l—gt<l— 2T =V7'2+4T||5k|—7'
T +418% + 1 VP44 84+
4 k k
7| 8% <||5 ||_

= < 7
(\/7'2+41'||<‘5k||-i-T)2 T 7

Relations (4), (5), (6), and (7), and Lemma 2.2, imply
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k
pEI< (14 1/(8n)) (PT—" M"+(dx")Td§/n)

< (1+41/(8n)) (LDi_ﬂ-l—(dﬁ)TdE/n). (8)

From (8), we see that if
Id2]|=0(u*) and |d2|=0(u"),

then the complementarity slackness sequence converges to zero Q-quadratically. (Here and
in what follows the ‘big O’ notation represents a positive quantity that may depend on n
and/or the LP original data, but which is independent of the iteration .) This fact was first
established for the LP case in Ye et al. [29], and will be established for LCP in the next
section.

3. Technical results

For a LCP possessing a strictly complementary solution, a unique partition B and N, where
BNN={1,2, ..., n} and BUN=0, exists such that x} =0 and s} =0 in every comple-
mentarity solution and at least one complementarity solution has x# >0 and s 3 > 0. Giiler
and Ye [6] have shown that for all , relation (3) implies that

E<xf<1/¢ forjeB, E<sh<1/¢ forjeN, 9)

where 0 < £<1 is a fixed positive number that is independent of k.
We now introduce several technical lemmas. For simplicity, we drop the index & and
recall the linear system during the predictor step

Xd, +Sd, = — Xs,
d, =Md,.

(10)

Let u=x"s/n, z=Xs and Z=diag(z). Note from (3) that we must have
(1-Bu<z<(1+B)p forj=1,2, .., n

Define D=X"25 ~!/2. We now estimate ||d,|| and |d,|. We start by characterizing the
solution to (10).

Lemma 3.1. If d, and d, are obtained from the linear system (10), and u=x"s/n, then
1D~ <I(XS) Pe| =Vnp,  |Dd,|<|(XS) 2| =Vnp.
Proof. The proof is straightforward, e.g., see Kojimaetal. [14]. [

Lemma 3.2. If d, and d, are obtained from the linear system (10), and u=x"s/n, then

I(dn=0(pn) and |(d)s]|=OCw).
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Proof. From Lemma 3.1 and (9), we obtain
1wl = IDxD5 (d)nl < IPxHID R ()| < 1PN O )
—1ZY28x ' 100V w) < 1ZY*10(1/ 90 )
=0(/mO(/ ) =0(w).
This proves that || (d,) v =O(u). The proof that || (d,)z]| =O(u) is similar. [

The proofs of ||(d,)g| =0(w) and ||(d,)y]| =0O(u) are more involved. Towards this
end, we first note

S(x+d,)=—Xd,, X(s+d)=—5d,,
and therefore
x+d,=— (XS Yd,=—D?d,, s+d.=—(X"'SYd.=—-D .. (11)

Before proceeding, we need some results regarding (non-symmetric) positive semi-definite
(p-s.d.) matrices that may be of independent interest. In what follows, we will consider M
to be partitioned (following a re-ordering of rows and columns) as

MZ(MBB Mgy ) (12)

Lemma 3.3. Let M be a p.s.d. matrix, partitioned as in (12). Then Mggxg =0 if and only if
MEpxp=0. Furthermore, Mypxp =0 implies that (Mygz+ Mg )x5=0.

Proof. Let x=(x}, 07) L. If either Mygx; =0 or M zxz =0, then x"™Mx=0, so x is a global
minimizer of the quadratic form y™y. Consequently (M -+ M")x =0, which is exactly

(Mpg +M;B)XB =0, (Myg +M;N)XB =0. Ul

Lemma 3.4. Let M be a p.s.d. matrix, partitioned as in (12). Then

R (MBB ;VIBN)z R(M§B A_L;v)

where R( ) denotes the range of a matrix.
Proof. From the fundamental theorem of linear algebra, it is equivalent to prove that

Mg ) Mg
N =N ,
(M EN I MNB -1

where N( -) denotes the nullspace of a matrix. To begin, assume that

Mg Xg | _
(MEN l ) (XN)—O' (13)

From Lemma 3.3, Mygxz=0. Also xy= — M}, x5, s0 showing that Mypxz —xy=01is equiv-
alent to showing that (M, + M5y)xz =0, which also holds by Lemma 3.3. Thus
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Mg X\
(MNB "I) (XN)‘—O. (14)

The argument that (14) implies (13) is similar. [
Lemma 3.5. If d, and d, are obtained from the linear system (10), and u=x"s/n, then
u=(d,)p and v=(dy) y are the solutions to the (weighted) least-squares problem

min 5[ Dg"ul*+ 3Dy ?

s.t. MBBu: —MBN(dx)N—i_(d:)B’ (15)

Mygu—v=—Myy(d,)n.

Proof. Note that from (10), u=(d,) 5, v=(d,) v 1s certainly feasible in the problem (15).
Next, from (10) and (11}, we see that

Xg+(d)s= _D%?Ms-dm sy T (don= —DA_/Z(dX)N- (16)

Since 5§ =0 for all optimal s*, with x3¥ =0, we must have gz= —MggxF ER(Myp).
Therefore,

Dygxp=s5=Mp.x+qp=Mpp(xp—x5) + Mpyxy.
Substituting this into the first equation of (16) obtains

D5 *(d)s=—Mpg(xg —xF +(d)5) = Mpn(xy + (d) n). (17
Also sy=D 5 *x,, which substituted into the second equation of (16) yields

Di(d)y=—xy = (d)y- (18)
Then (17) and (18) together imply that

(Dgz(d,ag) eR(MBB MBN)
Di(do)y 1

Applying Lemma 3.4, we conclude that
(Dﬁ(dag) ER(WB Mﬁg)
Di(dy)n -1/

which shows exactly that u = (d,) g, v = (d,) v satisfies the Karush—Kuhn-Tucker conditions
for optimality in the least squares problem (15). L[]

The LP version of Lemma 3.5 was first established by Adler and Monteiro [1] and
Witzgall et al. [26]. We are now ready to prove the following key result.

Theorem 3.6. If d, and d, are obtained from the linear system (10), and p=x"s/n, then
[d.| =O(w) and ||d,|| =O(w).
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Proof. Due to Lemma 3.2, we only need to prove

1(d) gl =O(w) and [(d)n]=0O(w).

Since the least-squares problem ( 15) is always feasible, there must be feasible i and & such
that

lal =0 (dInll +1(d)sl) and foll =0 (dInll +1(ds) sl

which together with Lemma 3.2 implies [|i| =O(u) and |0 =O(n). Furthermore, from
Lemma 3.5 and relations (3) and (9),

I(d)sl*+1(d)w®
=DsD5 " (d) ] >+ 1Dy Du(dn |
<IDEIID5 " (d) s>+ 1Px> | 1Dn(d) w2
=1Z5 ' X51D5 ' (ddsl*+ +1Z5 ' SHID N2
<UZs ' X3+ 1Z5 " SH D D5 ' (d) sl + IDx(d) w1 )
<UZz' X531 +1Z5 'Sk D (D5 "l >+ |1 Dyol *)
<UZg ' X301+ 1Zx " SX D UDE > 1al >+ 1D 1121 %)
<O/ wy(ID 52| @l * + DX o))
=0(w)(ID52 ]+ DX
=0(w) (|1ZsX5> |+ 1ZwSK 1D
=0(u?). O

4. Quadratic convergence

Theorem 3.6 indicates that at the kth predictor step, d% and d¥} satisfy
1@ =0(u") and | (d2)]=O(x"), (19)

where uf = (x*)Ts*/n. We are now in a position to state our main result.

Theorem 4.1. Let {(x*, s)) be the sequence generated by the algorithm. Then, with
constants 0< B< tand a=2p4:

(i) The algorithm has iteration complexity O( \/; L).

(ii) (x*)*s*—0 Q-quadratically.

Proof. The proof of (i) is due to Jiet al. [9]. This also establishes
lim uf=0.

k—cc
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The proof of (ii) directly follows from (8) and Theorem 3.6. [

According to the above analysis, we do not need to choose the largest step 6% in the
predictor step, but only the lower bound in Lemma 2.2. Thus, we are not required to find
the roots of a quartic polynomial.

As we mentioned before, each iteration of the algorithm needs to solve two systems of
the linear equations (1) — one in the predictor step and one in the corrector step. If we
count each iteration as solving one system of linear equations, as we usually do in the
analysis of interior-point algorithms, then the (average) order of convergence of the algo-
rithm is only \/5 Similar to the technique used for linear programming [28] we now show
how to construct a modification of the algorithm whose Q-order of convergence is at least
2. Recall that the Q-order of convergence of the sequence to zero is defined as

(xk+ 1 ) Tsk+ 1
>1: lim —————=0
P {" e (297557 }
or
k+1y T k+1
inf {0> 1: lim %i—:m}
kom ((x7)7s7) 7
(see Ortega and Rheinboldt [21] and Potra [22]). Potra further showed that the Q-order
of convergence equals

k+l)Tsk+l]

.. Jog[(x
lim inf
L 1ogl (59 54

(20)
The convergence with Q-order 2 is also called Q-subquadratic convergence [21].

Variant 1. An iteration of the variant proceeds as follows. Given (x*, s*) €.#(B), we
perform T3 1 successive predictor steps followed by one corrector step, where in the rth
predictor step, I <1< 7T, we choose 7= 7,> 0 such that

T
Y n=8 (21)
r=1

In other words, on the tth predictor step of these T steps, we solve (1) with (x, s) =
£k, 85 e(B+ 1 +--+7_,) (the initial (£, §%)=(x* s*)e/(B)) and y=0.
Denote by d* and d* the resulting directions. For some 6> 0 let

x(0)=£+0d,  s(0)=35"+06d.

Our specific choice for 0 is similar as before: The largest §* such that (2) is satisfied for
a=p+7+ 471, +T.

From (8) and Theorem 3.6, on the rth predictor step we have

x(0%) Ts(0%) <R[ (£ 784712/, (22)



Y. Ye, K. Anstreicher / Convergence of an algorithm for LCP 547

where R>1 is a fixed number that is independent of the iteration count k. Now update
£F:=x(0%) and §*:=5(6%).

After T predictor steps we have (£, §*) €.#(2 8). Now we perform one corrector step
as before to generate

(xk+1’ Sk+1)€///(,8).

Based on the previous results, each predictor step within an iteration achieves quadratic
convergence for any positive constant sequence {7,} satisfying (21). For example, one
natural choice wouldbe 7,= B/Tfort=1,2, ..., T. Since each iteration solves T+ | systems
of linear equations, the (average) Q-order of convergence of (x*)Ts* to zero in Variant 1
is 27/¢T 1 per linear system solver for any constant 7> 1.

We now develop a new variant where eventually we let 7=, that is, no corrector step
is used on the remaining iterations of the algorithm. The algorithm becomes the pure Newton
method or the primal—dual affine scaling algorithm (e.g., Kojima et al. [11] and Monteiro
etal. [20]).

Variant 2. After (x*, s%) €.#/(B) for some finite K, we perform only the predictor step,
where we choose 7= 7,> 0 satisfying (21). A particular choice which we will consider is

T,=B(3)" for t1=1,2,...
For simplicity, let us reset K:= 1. Then, in the kth iteration we solve (1) with
k—1
(x7 S) = (xk’ Sk) EM (ﬁ+ Z Tt)a
r=1
and y=0. Denote by d* and d* the resulting directions. For some 6> 0 let
x(0) =x"+ 6d*, s(8) =s*+ 0d~.
Our specific choice for 6 is again the largest 6% such that (2) is satisfied for
k
a= B+ Z .
r=1
Now directly update

*Th=x(6%) and s*¥'i=s(6%).

Theorem 4.2. Let (x*)Ts* >0 be sufficiently small such that
0.5 log, ((x®) Ts®) +log,(R/B) +1<0 and  0.25 log,((x%) Ts¥) +1 <0,

where R is as in (22). Then, Variant 2 generates a sequence (x~, s*), with k = K such that
(i) The Q-order of convergence of (x*)'s* to zero is at least 2;
(ii) {x*, s*} is a Cauchy, and therefore convergent, sequence.

Before we prove the theorem, we prove a technical lemma.



548 Y. Ye, K. Anstreicher / Convergence of an algorithm for LCP

Lemma 4.3. Let the sequence {I'*}, k> 1, be generated as follows:
" '<or*+ L' +k

where L' >0 is a fixed number. Furthermore, let I'' be given such that
05" +L'+1<0 and 025I"+1<0.

Then, forall k> 1,
rt<1.5r*

and

05 '+ L'+ (k+1) <0.

Proof. We use mathematical induction to prove the lemma. For k£ = 1, the result is obviously
true due to the choice of I'!. Assume the result holds for k. Then we have

" '=2I*+ L' +k=15"+05I""+ L'+ k< 1.5
and
0.5 '+ L'+ (k+1) <075+ L'+ (k+1)
=(0.5I*+L' +k)+0.25I"+1
<0.25T"+1<0.

This concludes the induction. [l

Proof of Theorem 4.2. Again we reset K:= 1. At the kth iteration (k> 1) we have from

(22)
kxT_ k12
(xk+l)Tsk+l<R[(x )__S ] =R[(xk)Tsk] 22/(/3’
Tk
or
log,[ (x**1) Ts**11 <2 log,[ (x*) Ts*] +1log,(R/B) +k. (23)

Using Lemma 4.3 with I*=log,[ (x*)Ts*] <0 and L' =log,(R/B), we conclude that
{log, [ (x*)Ts*]} is a geometric sequence, bounded above by { —4(1.5)*"'}, tending to
—, Since L' is fixed and k is just an arithmetic sequence, we must have
i L' +k < lim L' +k .
im <
e 10zl (X TS | i 4(1.5)%1

Then (23) and (24) together imply that

0. (24)

k+l)TSk+l]

Jim inf 108LX .
PR log[ (x*) "]

= L.

(Note log[ (x*)Ts*] <0 so that the inequality direction is reversed here.) Then, using (20)
proves (i) of the theorem. Now from Theorem 3.6,
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I — x5 = 04| d5 )| < |ldk | =O(u")
and
[ 5551 =¥l = 641 d5 || < lld5 ] =O(um").

Hence, {x*, s*} must be a Cauchy sequence, because { u*= (x*)"s*/n} converges to zero
superlinearly from (i). This proves (ii). [

To actually achieve the Q-order 2 of convergence of the gap (x*)"s*, we need to decide
when to start the primal—dual affine scaling procedure described in Variant 2. Although R
in Theorem 4.2 is unknown, we can start the procedure when 0.25 log,[ (x*)Ts*] +1<0
or log, [ (x*)Ts*] < —4. Again for simplicity, let K := 1. Then we add a safety check to see
iffork=1,2, ...,

log[ (x*+1) Tsk*17 < 1.5 log[ (x*) Ts4]. (25)

(We choose 1.5 in (25) because it is used in Lemma 4.3. Actually, 1.5 can be replaced by
any positive constant strictly between 1 and 2 to guarantee that (x*) s* converges to zero
Q-subquadratically.) If (25) is satisfied, we continue the primal—dual affine scaling pro-
cedure. Otherwise we conclude that (x*)Ts* was not sufficiently small, do one corrector
step, and then restart the primal-dual affine scaling procedure. This safety check will
guarantee that the algorithm maintains O( \/; L) polynomial complexity, and achieves the
Q-order 2 of convergence of the gap to zero, since eventually no corrector (or centering)
step will be needed, according to Theorem 4.2 and Lemma 4.3.

Note that we have now shown that after the gap (x*)Ts* becomes sufficiently small, the
pure primal-dual affine scaling algorithm, or Newton method, with the step size choice in
Variant 2 generates an iteration sequence not only polynomially converging to an optimal
solution pair, but one whose convergence is at least Q-subquadratic. It is also interesting to
see that the step parameter ° of the primal—dual affine scaling procedure, or Newton method,
in Variant 2 converges to 1 superlinearly, while the solution sequence {x*, s¥} remains
“‘centered’’ without any explicit centering. For linear programming (M is skew-symmetric),
if the step size equals 1, then from (4) the new iterate is a complementary solution and it
must hit the boundary of the feasible region (2. Thus, our step size eventually becomes
larger than the step-size choice commonly used in practice: a fixed fraction (say 0.99, or
0.9995) of the way to the boundary.

Note that although the Q-order of convergence of the gap sequence to zero in Variant 2
is at least 2, this sequence fails to meet the standard quadratic convergence criterion, since
possibly

( xk-l— 1) T Sk+ 1

lim sup ————— =
k_)wp [(xk) T.Sk] 2
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5. Concluding remarks

Recently, several researchers have proved that an interior-point algorithm, while maintain-
ing O( \/; L) iteration complexity, exhibits quadratic convergence for LP without the
assumption of nondegeneracy or the assumption that the iteration sequence converges. In
this paper we have demonstrated a similar result for monotone LCP, which includes convex
QP. As we see in the above analyses, such an extension is not trivial due to some fundamental
differences between LP and LCP. One of these differences is the guaranteed existence of a
strictly complementary solution. A related question is whether or not assumption (A3) can
be removed in our analysis. In the following we show a negative resuit:

Proposition 5.1. There is a monotone LCP problem, where a sirictly complementary
solution does not exist, for which the predicior—corrector algorithm or affine scaling algo-
rithm possesses no superlinear convergence.

Proof. Consider the simple monotone LCP with n=1, M= 1 and ¢=0. The unique com-
plementarity solution is s =x=0, which is not strictly complementary. Note, the feasible
solution s=x= ¢ is a perfectly centered pair for any &> 0. The direction in the predictor
step (or affine scaling algorithm) is

1

do=—4%x and d;=—1ls.

X

Thus, even taking the step size 8= 1, the new solution will be s =x = . Thus, the comple-
mentarity slackness sequence is reduced at most linearly, with constant £, which proves the
proposition. [
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