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We consider a pair consisting of an optimization problem and its optimality function (P, #), and define consistency
of approximating problem-optimality function pairs, (Py, 8y) to (P, 8), in terms of the epigraphical convergence
of the P to P, and the hypographical convergence of the optimality functions 6y to 8. We then show that standard
discretization techniques decompose semi-infinite optimization and optimal control problems into families of
finite dimensional problems, which, together with associated optimality functions, are consistent discretizations
to the original problems. We then present two types of techniques for using consistent approximations in obtaining
an approximate solution of the original problerns. The first is a ““filter’” type technique, similar to that used in
conjunction with penalty functions, the second one is an adaptive discretization technique that can be viewed as
an implementation of a conceptual algorithm for solving the original problems.

Key words: Semi-infinite optimization, optimal control, discretization theory, epiconvergence, consistent approx-
imations, algorithm convergence theory.

1. Introduction

The vast majority of semi-infinite optimization and continuous optimal control problems
cannot be solved without resorting to some form of discretization: domain discretization in
semi-infinite optimization and numerical integration in optimal control. There are basically
two, not altogether disjoint, discretization techniques in current use.

The first can be viewed as that of implementation of conceptual algorithms, and is
characterized by a theoretically justified numerical implementation of operations in a con-
ceptual algorithm. There is a moderate size literature dealing with the implementation of
conceptual algorithms, see e.g. [ 14, 15, 21, 22, 23, 27]. In fact, one can even find a theory
of implementation of conceptual algorithms, see [ 14, 18]. Properly constructed implemen-
tations of conceptual superlinearly converging algorithms remain superlinearly converging
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(see, e.g., [15, 23, 27]), but, in our experience, implementations of first order algorithms
perform poorly. A particular aspect of implementations is that the approximations used in
computing function values and gradients need not be coordinated, which permits the use of
implicit methods of integration of differential equations in the solution of optimal control
problems. However, the resulting approximate gradients are not gradients for the approxi-
mate functions, which explains the degradation of first order optimization algorithms.

The second technique, sometimes called diagonalization (see [7, 9] ), emulates the use
of differentiable penalty functions in nonlinear programming and hence is characterized by
the fact that it decomposes a semi-infinite optimization problem into an infinite sequence
of nonlinear programming problems, by domain discretization, and a continuous optimal
control problem into an infinite sequence of discrete optimal control problems, by explicit
numerical integration of the differential equations. Discrete optimal control problems are
nonlinear programming problems with special structure. Obviously, the gradients computed
for the approximating problems are gradients of the functions appearing in the approxi-
mating problems, which prevents the degradation of first order methods. As with penalty
methods, the solution of an optimization problem via diagonalization can be viewed as a
diagonal progression across minimizing sequences for the approximating problems, i.e.,
one solves an approximating problem until some test is satisfied, and then uses the resulting
end point to start the solution of the next approximating problem. The choice of termination
tests is important, since it has a considerable impact on computational effort. In [13] we
find some results on the construction of optimal discretization strategies, while in [22, 23]
rate-preserving strategies are presented for use with first order algorithms for convex prob-
lems.

In this paper we examine two major issues associated with the use of diagonalization in
the solution of a semi-infinite optimization and optimal control problems. The first is the
establishment of the concept of consistency for the approximating problems, while the
second one is the expansion of available ‘‘cross-over’’ tests for use with diagonalization.

In Section 2 we introduce two concepts of consistency based on epiconvergence of the
approximating problems, as well as on the convergence of stationary points, characterized
as zeros of optimality functions. As we will see, unless some constraint qualification is
satisfied, optimality functions may have zeros outside the feasible set. Hence the two
definitions make distinctions between whether a constraint qualification is satisfied or not.
In [8] it is shown that epiconvergence implies that sequences of global minimizers of the
approximating problems converge to global minimizers of the original problem. We
strengthen this result by showing that, in addition, sequences of ‘‘uniformly’’ strict local
minimizers of the approximating problems converge to a local minimizer of the original
problem. To conclude Section 2, we show that differentiable penalty functions in non-linear
programming, the most analyzed form of problem approximation, are consistent approxi-
mations in our sense.

In Section 3 and 4 we define sequences of approximating problems for semi-infinite
optimization and optimal control problems and show they are consistent in the sense of our
definitions. Finally, in Section 5 we present four new master algorithm models for use in
solving optimization problems via diagonalization.
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2. Preliminaries

Since we intend to examine more than one type of approximation effect, it is simpler, at
first, to deal with consistent approximations in abstract form. Thus let % be a normed linear

space, with norm || - ||, and consider the problem
P: min f(x) (2.1a)
xeX

where f: % — R is (at least) lower semicontinuous, and X C.% is the constraint set. Next,
let { % y}y~, be a family of finite dimensional subspaces of % such that &y =% if Z is
finite dimensional (R") and &y C%y..,, for all N, otherwise. Let N2 (1,2, 3, ...}, and
consider the family of approximating problems

Py:  min fy(x), NEN, (2.1b)

xEXN

where fy : y— R is (at least) lower semicontinuous, and X C % y.

The relationship between the Py and P becomes clearer if we restate them all in epigraph-
ical terms. Thus, let the epigraphs (actually subsets of epigraphs) ECRX.% and
EyCRX %, be defined by

E2{(x° x)|x€X, x°>f(x)}, (2.1¢)
Ey&{(x% x) |[xEXy, x°=fn(x) }. (2.1d)

Then the problems P and P, can be restated in the following, equivalent form:

Py: ( omi)n Exo, (2.1e)
Py: ( Om)inE 2. (2.1)
XY, x)€EEN

In the form (2.1e.f), we see that the problems Py differ from the problem P only in the
constraint set. Hence, it is intuitively clear that for the P, to be of any use to us at all, the
epigraphs Ey must converge to the epigraph E, in the sense that Lim Ey=Lim Ey=E in
the Fell topology. Because of the form of (2.1c,d), this requirement can be rephrased as
follows (see [3, 8, 26]).

Definition 2.1. We will say that the problems in the family {Py }y—, converge epigraphi-
cally to P (Py—> " P) if

(a) for every x € X, there exists a sequence {xy } v, wWith xy € X, such that xy — x and
lim sup fy(xp) <f(x);

(b) for every infinite sequence {xy}yex Where KCN, satisfying x, € Xy, for all NEK
and x5 —  x, we have that x € X and lim inf f y(xy) >f(x).
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The main consequences of epiconvergence are contained in the theorem below, which
requires the following definition.

Definition 2.2. A sequence {x; } -« of local minimizers for the P, is uniformly strict, if
there exists a p>0 such that f,(x;) <f.(x) for all x € X, x # x;, such that [[x — x| <p for
all k>k*.

Theorem 2.3. Suppose that Py, — =P P,

(a) If {£y Y v=1 is a sequence of global minimizers of the Py, and £ is any accumulation
point of {ZXx} w=1, then £ is a global minimizer of P.

(b) If {Xx} n=1 is a sequence of uniformly strict local minimizers of the Py, and % is any
accumulation point of {Xn} n—1, then £ is a local minimizer of P.

Proof. (a) A proof of this result can be found in {3, 8, 26], and is therefore omitted.

(b) Suppose that for some infinite subset K €N, we have that £, —* £. Let p>0 be a
common radius of attraction for the sequence {£y}y<x. If £ is not a local minimizer for P,
then there must exist an x * € X, such that |x* —£|| < 1p and f(x*) =f(£) — 38, with §>0.
By Definition 2.1(a), there exists a sequence {x¥ 1 v., with x5 €X,, such that x} — x*
and lim supycx fa(x3%) <lim sup fu(x5) <f(x*), and by Definition 2.1(b), we must
have that lim inf y c ¢ f y(£x) = lim inf £, (£y) = f(£). Hence there exists an N, such that for
all N> Ny, NEK, x5 —Zv|| <p.fn(x5 ) <f(X) —28 and f p(£y) = f(£) — 8, which contra-
dicts the local optimality of the x,. Hence the theorem is true. [

The above theorem is not conservative, as the following example, supplied by a referee,
proves: For any NeN, let fy(x) =x*/N+x>, with x€R. Then f},(0) =0 and f%(0) =
2/N>0. Hence 0 is a strict, but not uniformly strict local minimizer of f(-) for all N.
Now fx(x) = x2, and 0 is not a local minimizer of x;.

In the absence of convexity, nonlinear programming algorithms can only be shown to
compute stationary points that are, hopefully, local minimizers of the Py, but not necessarily
global minimizers of the Py. The worst outcome of such a process is illustrated in Figure
2.1, where a sequence of local minimizers converges to a global maximizer. In view of

L f solx)

T 1,-f 10(%)

-

X1o Xso X0 £ x

Fig. 2.1. Convergence of local minimizers x, to a global maximizer £.
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Theorem 2.3, we note that epiconvergence ensures, at least, that uniformly strict local
minimizers of the Py cannot converge to anything but local minimizers of P.

It is sometimes useful to replace either the problem P or the problems Py, N=1, 2, ...,
or both, by problems, P° and PY,, respectively, of the form. ~

P%  min f°(x), u (2.1g)
xeX0

PY: min fo(x), . (2.1h)
XEX?]

where °: % — R is (at least) lower semicontinuous, and X°C.%, f% : Zy—R is (at
least) lower semicontinuous, and X5 C %y,

The problems P° and P, need not be epigraphically equivalent to the original problems,
but they must be equivalent in the sense that they have the same local (and therefore also
global) minimizers. For example, as we will soon see, in the case of problems in R”, of the
form min{f(x) | g(x) =0}, with the approximating problems defined by means of differ-
entiable penalty functions (so that Py is given by min f(x) + N| g(x)| ?), we have to use
the equivalent form P°, defined by X° =%, and f°: % — R defined as follows: f°(x) =f(x)
for all x€ X, and f°(x) = + o otherwise. In this case, the problems P, converge epigraph-
ically to P® and not to P.

In the case of a globally calm optimal control problem P, of the form min{f(x) | g(x) =0},
it may be necessary to replace it by the unconstrained problem P° given by
min f(x) +¢| g(x) ||, where the exact penalty ¢ >0 is finite, but sufficiently high to ensure
that the global and local minimizers of P° coincide with those of P, and use approximating
problems P, of the form min fy(x) + ¢ gn(x) .., which converge epigraphically to P°.

In view of the above discussion, we obtain the following result. '

Corollary 2.4. Suppose that one of the following four statements is true (i) Py— P P; (ii)
Py —EPP°, and P and P° have the same local minimizers; (iii) P% — 5 P; (iv) P9 —Fei
P°, and P and P° have the same local minimizers.

(a) If () or (ii) holds, and {Zy}n=1 is a sequence of global minimizers of the Py and £
is any accumulation point of {Xx} N1, then % is a global minimizer of P.

(b) If (iii) or (iv) holds and {Xy} 5., is a sequence of global minimizers of the Py,
and X is any accumulation point of {£y} n=1, then £ is a global minimizer of P.

(¢) If (i) or (ii) holds, and {£} 5., is a sequence of uniformly strict local minimizers
of the Py and % is any accumulation point of {£y } v=1, then % is a local minimizer of P.

(d) If (iii) or (iv) holds, and {£y } y— | is a sequence of uniformly strict local minimizers
of the PR, and £ is any accumulation point of {£"}%_sthen £is a local minimizer of P. [

We will characterize stationarity of points with respect to the problems P, P, in terms of
the zeros of optimality functions, 6 : 2 — R for P and 8, : &, — R for Py, NeN, where
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D CF and Dy RBy, i.e., the optimality functions may not be defined on the entire space
(seee.g. [18, 19]). Quite commonly (see, e.g., Section 4), we have that & y=2 N.FB,.

Definition 2.5. We will say that a function 8 : & — R is an optimality function for P if (i)
XC9, (ii) 6(-) is upper semicontinuous, (iii) #(x) <0 for all x€ 2, and (iv) for £ EX,
0(£) =0, if and only if £ is a stationary point for P. Similarly, we will say that a function
Oy : Dy~ R is an optimality function for Py if (i) Xy C Dy, (ii) 6y( ) is upper semicon-
tinuous, (iii) fy(x) <0 for all x€ D, and (iv) for £y € Xy, Oy(Zy) =0, if and only if £,
is a stationary point for Py,

While all the optimality functions that we will see in this paper are continuous, there are
minimax and feasible directions algorithms that are based on upper semicontinuous opti-
mality functions (see, e.g. [ 18, 19]). Hence our assumption of upper semicontinuity in the
definition of optimality functions is inspired by practical considerations, rather than a search
for generality.

The epigraphical characterization of a problem is too coarse for our needs. For example,
consider the two problems min{f(x)|g(x) =0} and min{f(x)]|[g(x)||*=0}, where
f:R*>R and g: R"— R™ are continuously differentiable, and g,(x) has maximum row
rank for all x &€ R". These two problems are epigraphically indistinguishable, yet, from the
point of view of optimality conditions, the second problem is degenerate, while the first one
is not. To overcome this deficiency, our concept of consistency of approximations is
expressed in terms of properties of pairs, each consisting of a problem and a corresponding
optimality function.

Definition 2.6. Consider the problems P, Py, defined in (2.1a,b), and the problems P°, P,
defined in (2.1g,h), which are assumed to be such that P and P°, and P, and P%, have the
same local minimizers. Let 8( - ), Oy( - ), NEN, be optimality functions for P, P, respec-
tively. We will say that the pairs (Py, 8y), in the sequence {(Py, 8y) }v~, are weakly
consistent approximations to the pair (P, 0), if (i) Py—FP' P, or (ii) Py— "' P°, or (iii)
P - PP, or (iv) P$ — B PP, and for any sequence {xy}yex KCN, with xy € X, for all
N €K, such that xy — x, lim sup 8y(xy) < 0(x).

The next definition includes a requirement that a constraint qualification is satisfied.

Definition 2.7. Let 6( - ), 8y( - ), NN, be optimality functions for P, P, respectively. We
will say that the pairs (Py, 8y), in the sequence { (Py, 8y) } 5~ | are consistent approximations
to (P, 0), if they are weakly consistent approximations, and, in addition 6(x) <0 for all
x&Xand Oy(x) <Oforall x& Xy, NeN.

The best known examples of consistent approximations are not those used in semi-infinite
programming and optimal control, but those found in nonlinear programming, in the form
of various penalty function methods. It is useful to digress for a moment from our original
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charge and examine what can be said about penalty methods, so as to establish a yardstick
for comparisons. Thus, consider the simple case where

P: min{f(x) |g(x) =0}, (2.2a)

where f: R"> R and g : R"— R/, with [ <n are both continuously differentiable. Clearly,
for the above problem, X = {x €R"| g(x) =0}. The simplest approximations using penalty
functions have the form

P: min fy(x), NeEN, (2.2b)

reRn

where f : &y — R are defined by

Fn(0) 2A(x) +ienlg)]) (2.2¢)

with {cy )} 5= a strictly increasing sequence of positive penalties that diverges to infinity.
To obtain consistency results, we must restate P in the equivalent form

P min f%(x), (2.2d)

xeRn

where f:R—R is defined by f°(x) =f(x) for all x€R" such that g(x)=0, and
FP(x) = + o, otherwise.

Theorem 2.8. The problems in the sequence {Py)v=1. defined in (2.2b), converge epi-
graphically to P, defined in (2.2d).

Proof. First, since for any £ R”, £y (£) <f°(%), it follows that lim sup f(%) <f°(£).
Hence setting x,,= £ for all NEN, we see that part (a) of Definition 2.1 is satisfied. Next,
suppose that the sequence {xy}y—; converges to the point £. If g(£) #0, then we must
have that oo=Ttim inf fy(xy) =f°(%£). If g(£) =0, then we must have lim inf f% (xy) >
lim f(xy) = f(£). Hence we see that part (b) of Definition 2.1 is satisfied. [J

Next we will introduce optimality functions for the problems P and Py. Let 8: R" >R
be defined by

6(x) £ —min{ || £VA(x) —g(x)E?| (£ 2+ &2 =1}
— g.(x)Tg(x) >, (2.3a)

where £€ R, and, for any NN, let 6y : R” — R be defined by
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T CNg(x)

1
T Vf(x) +8:(x)
Vi+eilg(0l? Vi+cylg®)]?

2
P

On(x) £ - 2

1
- Vi(x) +g.(x)Tg(x)

N

1 1 :
= _1+czzv|lg(x)||2+c%¢] IVf a1 (2.3b)

Clearly, 6(x) =0 at any point that satisfies the constraint g(x) =0 and the F. John condition
of optimality; while 8y(x) =0 if and only if Vf(x)=0. Since the continuity and sign
properties of these functions are obvious, it follows that they are optimality functions.

Theorem 2.9. The pairs in the sequence {(Py, 6y) }n— . defined by (2.2b) and (2.3b),
are weakly consistent approximations to (P, 0), defined by (2.2a), (2.3a). Furthermore,
if g,(x) has maximum row rank for all xER", then they are consistent approximations
to P.

Proof. First, by Theorem 2.8, the problems P, converge epigraphically to P°. Next, let
{xy}~-1 be any sequence that has a limit point, say £. Then, because for all x,, we must
have that

—” Vi) ()T )
T+eyllgCxn |l I+eyllgCxm |
< —min{&Vf(xy) +g.(xx) TEI?| (E°) 2+ || €7 =1}, (2.4a)

and because

2= | g() g (D)% (2.4b)

1
— Vflxn) +8:(xx) Tg(xN)
Cn

as N — oo, it follows that lim sup 6y(xy) < 0(£), which shows that we have weak consistency.
Now suppose that g,(x) has maximum rank for all x€ R". Then 6(x) =0 implies that
g(x) =0, i.e., that x€ X. Since X,,=R", it now follows that we have consistency. [J

We will now proceed to show that we can construct consistent approximations to semi-
infinite optimization and optimal control problems.
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3. Consistent approximations for semi-infinite optimization

To avoid excessively burdensome notation, we will restrict ourselves to the following two
simple examples of semi-infinite optimization problems. The first is an unconstrained
minimax problem:

MMP: min ¢°(x), (3.1a)

xeRn

while the second one is an inequality constrained minimax problem:

ICP: min ¢°(x), (3.1b)
xeX
where
X2 {xeR"| ' (x) <0}. (3.1¢)
In (3.1a,b,c), for j=0, 1, the functions ¢ : R*— R, are assumed to be of the form
¥/(x) Emax ¢'(x, y), (3.1d)
yevy

with ¢/: R" X R — R twice continuously differentiable, and the set Y£ [0, 1].
Now, forN=1,2,3, ..., let Y42 [0, 1/N, 2/N, ..., N/N}, and let

Mx)Emax ¢(x,y), j=0, L. (3.2a)

yEYN

ForN=1, 2, 3, ..., we now define the approximating problems MMP,, and ICP, by

MMP,: min %(x), (3.2b)
xeRn
ICPy:  min (x), (3.2¢)
xeEXN
where
Xy = (xeR"|¢(x) <0}. (3.2d)

Lemma 3.1. For any bounded set S CR", there exists a constant L < such that for all
N=1,2,3,...,and x< S,

—LINS{(x) =/ (x) <0, j=0, 1. (3.3)

Proof. Let j< {0, 1}. First, since Y, CY, we always have that jy(x) < ¢/(x). Next, let
y* €Y be such that §/(x) = ¢/(x, y*). Then there exists a y¥, € Yy such that [y*—y% | <
1/N. Hence

Pi(x) = ¢/ (x, y3) = ¢/ (x, y) ~L/N, (3.4)

where L <o is a Lipschitz constant for ¢/( -,-) on §X Y, j=0,1. 0O

Theorem 3.2. The problems MMPy, and ICPy, converge epigraphically to the problems
MMP and ICP, respectively.
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Proof. We only need to consider the problems ICP, and ICP, because if we set ¢! (x, y) =0,
then these problems degenerate to MMP, and MMP, respectively.

Our first observation is that because of (3.3), ¥%(x) < ¥°(x). Hence, since X CX,, for
all N, given any x €X, we can define the sequence {xy}~—; by xy=x for all N, and we
immediately obtain that x, € X,y for all N and lim sup #%(xy) < ¢°(x), which shows that
part (a) of Definition 2.1 is satisfied.

Next, suppose that {xy } y—; is a sequence such that xy € X, and x,y — x as N — o, It now
follows from the fact that ¢r},(xy) < 0and (3.3) that ¢'(xy) <L/Nforall N. Because ¢'( - )
is continuous, we conclude that ' (x) <0, i.e., that x € X. Purthermore, again by (3.3),
lim inf ¥3(xy) =lim inf ¥°(xy) = ¥°(x), which shows that part (b) of Definition 2.1 is
satisfied. Hence our proof is complete. [

Before we can deal with the question of consistency, we need to introduce optimality
functions for the problems MMP, MMP,,, ICP, and ICP,. Optimality conditions for ICP
(ICPy) can be obtained from those for MMP (MMP),,), by making use of the parametrized
functions F..: R" >R, and Fy,..: R" =R, N=1, 2, ..., with the parameter x’ € R", defined
by

Fo(x) 2max{¢°(x) —¢°(x) =y () o, ' () =41 (x) 1 ), (3.5a)

Fy o (x) £max{$Q(x) — $(x') = ya(x') 5 Yip(x) = (x4 ), (3.5b)

where y>0, and ' (x) . £max{y'(x), 0}, and ¢}(x) . = {max ¢ri(x),0}. It is not diffi-
cult to see that £ is a local minimizer for ICP (ICPy) then it is also a local unconstrained
minimizer for Fy(-) (Fy:(-)). Hence, as in [19}, for y>0, let the set valued maps
G%x), G (x), G'(x), GA(x), with values in R" *, be defined as follows:'

00,y & PO(x) = P°(x, y) + v (x) & )}
Gy(x) —yCEOY {( VX(,‘bO()C, y) ’ (35C)

o s P2 — B(x, ¥) + YY) )}
Chax) 2 co {( V. 4°(x, ) ’ (3:5d)

TVRUN ¢'(X)+—¢‘(x,y))}

@ y‘éoy{( V' (xy) ’

_ 1 !

G2 e (M1 20 ) (35

We will denote the elements of these sets by £= (&,£), with £€ R". For the problems MMP
and MMP,,, we set y=0 and we define the optimality functions Gymp, Gvmey»> DY
Onvivp(X) £ — - mjn §0+%"§" %, Onanepy (X) £ n_loin ) §°+%II§H2- (3.6a)
) x

FeGY(x £€GRo(

'The parameter vy is not needed for the optimality conditions, but will be needed in the algorithms that we will
describe in Section 5.
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For the problems ICP and ICPy, we set y>0 and we define the optimality functions ¢p,
Bicey, bY

Bicp(x) £ — ~ A{)ﬂin - §0+ %"‘f" %
Feco(GYx), Gl(n)) (3.6b)
Orcpy(X) £ - min fo + % Il €1 2

Esco(GY (1), G0}

Theorem 3.3. (a) If £ is a local minimizer for MMP (xy, is a local minimizer for MMPy),
then 0€ 9y°(2) (0€ dty(xy)) (where dY°(-), ayS(-) denote the Clarke generalized
gradients [6]).

(b) if 2 is a local minimizer for ICP (£x is a local minimizer for ICPy), then (with y>0)
0€IFL(£) (0€ IFyq, (5))-

(¢c) Forany x€R",

0€ay°(x) = 0€G(x) = Oump(x) =0,
0€WR(x) = 0EGRH(X) = Oyupy(x) =0.
(d) Let y>0. Then, for any x€R",
0€0F (x) & 0€co{GY%H), G'(£)} © bicp(x) =0,
0€dFy.(x) = 0€co{GY (%), GMA} < Oicpu(x)=0.

(e) For y>0, the set valued maps G%(-), G¥(-) G'(*), GL(+), N=1,2,3, ...,
and the corresponding optimality functions Oyp(*), Gvvpn (), Oicp(+ ), Oiepy (),
N=1,2,3, ..., are all continuous (the set valued maps in the Fell topology).

(f) For every bounded set SCR", there exists a K< such that for all x&€ S and all
N=1,2,3,...,

| Ovinmipn(X) — Orvp(x) | <K/N, (3.7a)
| Bicpp(X) — Bicp(x) | <K/N. (3.7b)

Proof. The proofs of (a)—(e) can be found in Examples 5.2 and 5.5 in [19]. Hence we
only need to deal with (f). Thus, suppose that for xS, & €G%,(x) is such that

Oranepy (X) = = (€3 — 31 &v(|%). Then the vector (£ +¢°(x) —¥f(x), &) €GH(x). Tt
therefore follows from (3.3) that

~ bhavp(X) < EX +P0(x) — YR(x) + 3| &> < — Oypuapn(x) +K/N. (3.8a)

Next suppose that &, € G3(x) is such that Bypp(x) = — (£ + 1 £, ]|?). Then, by Carath-
eodory’s Theorem, there exist barycentric coordinates />0, j=1, ..., n+1, such that
Lot w=1, & =¢°(x) —L/L) W (x, y), and &, =Y wWV,9°(x,y,), with y,EY.

Clearly, there exist yy;,EYy, j=1, ..., n+1, such that |y;—yy;| <1/N. Let Evx €
GRo(x) bedefined by &« =y (x) —LZ1X! wd°(x, yn,), and &y = X723 1V, d(x, yny)-
Then we must have that
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| s — E% = (X)) +¢°(x) | <L/N, (3.8b)
[ — x| <L/N, (3.8¢c)

where we assume that L < is a common local Lipschitz constant for ¢( -,- ) and Vé( -,-)
on S X Y. Now, (3.8b), together with (3.3), implies that | £%+« — &5 | <2L/N. Since the set
valued maps G3(x), G%4(x) are bounded on bounded sets, we now conclude that (3.7a)
holds for some K <. A similar proof applies to (3.7b). [

It follows from Theorem 3.3 that the functions Oypp( - ) Gymp, ( * ) are optimality func-
tions for the problems MMP and MMP, (x), respectively; similarly, it is obvious from
Theorem 3.3 that the functions 8;cp( - ), ficp, ( - ) are optimality functions for the problems
ICP and ICP,(x), respectively. We are now ready to state our final result, which is obvious
in view of Theorem 3.2 and Theorem 3.3 (see parts (d), (e)). Referring to Proposition 5.5
in [19], we see that if ¢'(x) >0, then fcp(x) =0 if and only if 0 € d¢' (x) and similarly,
if ¢rp(x) >0, then Gycp, (x) =0 if and only if 0 € dipp(x) . The requirement that 0 & 9" (x)
for all x& X is known as the generalized Mangasarian—-Fromowitz constraint qualification
(see [17]) and we invoke it to ensure consistency (i.e., to ensure that whenever ¢r' (x) >0,
Oicp(x) <0, etc.).

Theorem 3.4. (a) Consider the problems MMP, MMP,,. Then the pairs in the sequence
{(MMPy, Oympy) YN=1 are consistent approximations to (MMP, Oyvp).

(b) Consider the problems ICP, ICP,, with the assumptions stated. Then the pairs in the
sequence {(ICPy, bicp,) } =1 are weakly consistent approximations to (ICP, Oicp). Fur-
thermore, if for all x such that ' (x) >0, 0€ 3" (x), and, in addition, for all NEN, and
Xy such that Yi(xy) >0, 0 0n(xy), then the pairs in the sequence { (ICPy, Oicp,) } v=1
are consistent approximations to (ICP, Op). O

4. Consistent approximations for optimal control

We can illustrate most of the issues related to optimal control problems by considering two
fixed time optimal control problems. The first is an unconstrained optimal control problem,
while the second one is an optimal control problem with control and inequality end point
constraints.

Optimal control problems always involve the controls and trajectories of a dynamical
system. We will assume that this dynamical system is described by the differential equation

d
d—tx(t)=h(x(t),u(t)), te[0, 1], x(0)=¢ (4.1)
where x(1) €R", u(t) €R™, and hence 7 : R"XR"—R". Since we will keep the initial

condition constant and only vary the control, we will denote the solution of (4.1) by x“(¢).
The following assumption is standard:
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Assumption 4.1. Let p,,... € (0, ®) be a given, very large number. The function A( -,-) in
(4.1) is continuously differentiable, and there exists a constant K € (1, ) such that
(1) forall ', x"€R", and ', v" € B(0, p,..,) the following three relations hold:

In(x', 0") =h(x", V)| <KX = X" + [l =", (4.2a)

2", 0") =B (&", ) | <KL |lx"=x"|| + 0" = V"|]], (4.2b)

B (', 0") = h(&", 0) | <KL fx" =x"| + 0" = o"| ] (4.2¢)
(il) for all x€R", v € B(0, pmax),

I12(x, o) | <KT|x]| +1]. (4.2d)

Referring to [ 1, 16 pp. 136-143], we see that under Assumption 4.1, the solution x*( -)
is Lipschitz continuously Frechet differentiable in u on the interior of the bounded subset,
of LZ[0, 1],

U£{ueLZ[0, 11] |ull- < Pmax }» (4.32)

Now LZ[0, 1] (the space of essentially bounded functions from [0, 1] into R™) is not a
Hilbert space, while R”, on which the approximating problems will be defined, is a Hilbert
space, a fact that causes considerable technical difficulties, because of the form of the
optimality functions that we use in R”". This difficulty can be removed by introducing the
pre-Hilbert space:

L7,10, 112 (L20, 11, (-, ), [-112), (4.3b)

1.e., the elements of the space L, [0, 1] are functions u €L [0, 1], but it is endowed with
the scalar product and norm used on L3 [0, 1]. The space L%, [0, 1] is not complete;
however, it is dense in L5 [0, 1].

Itis reasonably straightforward to deduce from [ 1, 16] that the solution of our differential
equation (4.1), x“(-), is also Lipschitz continuously Frechet differentiable in u on the
following subset of L™, [0, 1]:

UL {ueL?,[0, 11]]|u]lw < 80max ) (4.3c)

where 6€ (0, 1) is near unity. Clearly, U°CU. For each € [0, 1], the Frechet differential
Dx“(t;-) is defined on L7, [0, 1], and takes values in R".

For j=0, 1, ..., ¢, let g¢: R" >R be a locally Lipschitz continuously differentiable
function, and let

Fu)y2g/(x*(1)), j=0,1, ..., q, (4.42)
Y(u) £ max fi(u), (4.4b)
i€q
where g £ {1,2, ..., ¢}. We will consider the following two problems:
UP: rreli&fo(u), (4.4¢)
CP:  min {f°(u)|¢(u) <0}, (4.4d)

uelUc
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where
U A2 {uel?,[0, 1]|u(r) €U V[0, 11}, (4.4¢)

with UCR™ a compact, convex set contained in the interior of the ball B(O0,

Pmax) = {0 ER™| 0] < 8pnan}-
Problem (4.4c) can be restated in the canonical form (2.1a), as follows. Let

% 2 {uelU, | y(u) <0}, (4.4f)
then we can rewrite (4.4c) in the equivalent form
CP:  min f°(u). (4.4g)
UEH ¢

Computationally, the control constraint u € U, causes nontrivial complications because
it is not differentiable in the pre-Hilbert space L7, [0, 1], and hence prevents expressing
optimality functions in the rather convenient dual form (3.6b).

Since both the functions g/( - ) and the solutions x*( - ) are locally Lipschitz continuously
differentiable, the following theorem is deduced from the chain rule and the linearization
of the differential equation (4.1) (for a proof see [4]):

Theorem 4.2. Suppose that Assumption 4.1 is satisfied. Then the functions f7(-), j=
0,1,2,...,q, defined in (4.4a), have continuous Frechet differentials Df / : U°X L,. , » R"
that have the form Df 7 (u, 8u) = (Vf /(u), 8u),, where the gradients, Vf /(u) €LZ,[0, 1]
are locally Lipschitz continuous on U° and are given by

VF () (1) = h(x“(1), u())p(r), 0, 1], (4.52)
with p”*(t) € R" the solution of the adjoint equation

p(1) = —h(x"(1), u(1))"p(1), t€[0, 1],

p(1)=Vg/(x*(1)), U (4.5b)

Because there is no satisfactory Maximum Principle for discrete optimal control, the
Pontryagin Maximum Principle [24] is not a useful optimality condition in the context of
establishing the consistency of discrete approximations. Hence we propose to use the
following, rather basic, first order optimality conditions and corresponding optimality func-
tions to define stationary points.

Theorem 4.3. Suppose that Assumption 4.1 satisfied.
(a) Suppose that 4 is optimal for UP. Then
df’(d, su) =0 VYéusl?,[0, 1], (4.6a)

where df°( -, ) denotes the directional derivative.
(b) Let Oyp : U°— R be defined by

Oup (u) = —| Vfo(u) "% (4.6b)
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Then 6yp( - ) is continuous in the L%, [0, 1] topology, and for any € U°, (4.6a) holds if
and only if Oyp(1) =0, i.e., Oyp( +) is an optimality function for UP.
(c) Let y>0. Foranyu€L?,[0, 1], let

P(u) . £max{0, y(u)}, (4.6¢)
and for any u, u' €L7,[0, 1], let
F, () £max{f(u) —fO(u') —y(u') o, ) = du’) ;. . (4.6d)

If it is a local minimizer for CP, then
dF (Gu—17)>0 Yuel,. (4.6¢)
(d) Let y>0, and let Ocp : U.— R be defined by*

fcp(#) £ min {%IISMII%+max {(VfOw), 8uy, = yib(u) 4,
JEq

u+ducel,.

Fu) =), +(Vf(u), 514)2}}- (4.6f)

Then (i) Ocp( ) is negative valued, (ii) continuous in the L, [0, 1] topology, and,
(ili) any #€ U, satisfies (4.6e) if and only if Op(i) =0, i.e., Ocp(+) is an optimality
Sfunction for CP.

Proof. Since df°(u, du) ={(Vf°(u), du),, and since Vf°(-) is continuous, parts (a) and
(b) are obvious.

(c) Since any local minimizer of CP is a local minimizer for the problem min,, « ;;, F,; (1),
(4.6e) follows directly.

(d) First, since éu =0 is admissible in (4.6f), it is obvious that 6-p(u) <O forall uc U..
Next we will show that 6cp( - ) is continuous. Let F: U, X L™, [0, 1] — R be defined by

F, (1) 2 L [ul| 3 +max {(VFO(u), duys = yp(u) 4,

JjEq
Sy = d(u) .+ (VF(u), du), ). (4.72)
Then we can rewrite (4.6f) as
Ocp(u)= min F,(8u). (4.7b)

u+duelUc

Note that F,,, (u—u') is Lipschitz continuous in (#',u) € U. X U, in the L, {0, 1] topol-
ogy. We will denote the Lipschitz constant by L. Now suppose that {«;};, is a sequence
in U, that converges to u, in the LZ,[0, 1] topology. Let u' €U, be such that
Ocp(u) =F (u' —u), and let u} € U, be such that 0CP(u,~=F’ui(u,'» —u;), for all i€N. Then
we must have that

Ocp(u) <F,(u' —u;) VieN, (4.7¢)

*The fact that Ocp(u) is well defined follows directly from Corrolary II1.20 in Haim Brezis, Analyse Fonctionelle:
Theorie et Applications (Masson, Paris, 1983).
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and hence lim sup 6cp(#;) <lim I:”u,(u’ —u;) = Ocp(u), 1.€., Op( - ) is u.s.c. Next, we must
have that for all i€ N,

Ocp(u) <Fu(“f —u)
=[F(u,—uw)—F (u}~u) 1 +F,(u] —u) (4.7d)
<Lu—u |2+ F,(u —up).

Hence we conclude that Ocp(u) <lim inf 6-p(u,), which shows that 6p( -) is Ls.c., and
hence continuous.
Next, we will show that 8-p(#) =0 if and only if (4.6e) holds. Since for any u, éu,

F,(8u) >4 |8u)|3 +dF,(u, du), (4.7¢)

it follows that if 6p(i1) <0, then (4.6e) cannot hold, and hence, by contraposition, if 4
satisfies (4.6e) then we must have that 6-p(#) =0. Now suppose that (4.6) does not hold.
Then there must exist a u € U, such that dF; (i, u— i) <0. It is not difficult to deduce that
there must exist a A€ [0, 11, such that F,(A(u— @) — &) <0. Hence, again by contraposi-
tion, we see that 6cp(i) =0 implies that (4.6e) holds, which concludes our proof that
Ocp( - ) is an optimality function. [

The simplest set of consistent approximations to the problems UP and CP are obtained
by integrating the differential equation (4.1) using Euler’s forward method. This approach
turns out be computationally efficient when the differential equation (4.1) is not stiff. We
begin by constructing finite dimensional subspaces of L, [0, 1] on which the precision of
Euler’s method is easily established. For any integer N> 1 let I'(N) £2%. Then, for any
integer N> 1 and k=0, 1, 2, ..., ['(N), we define tN”kék/F(N), and for k=0, 1, 2, ...,
I'(N) —1, we define 7y, : R— R by

1 forall t€ [tysotnps ). £ k<I(N) —2,
(1) 231 forall 1€ [ty otyirr], if k=T(N) -1, (4.8a)
0 otherwise.

Next, for any integer N > 1, we define the subspace LY [0, 11 CLZ,[0, 1], by

Ny —1
L7]0, 1]é{u€L’;’_2[0, 1 |u(n (i ukwN,k(r)}, (4.8b)
k=0

where {1, } 7%~ is a sequence in R™. Note that the union of the subspaces L%[0, 1] is

dense in L5 [0, 1]. Since the functions my,( - ) are linearly independent, we see that Ly [0,
1] is in one-to-one correspondence with the finite dimensional space

Ly &2 R >m (4.8¢)

so that any u€L%[0, 1], with u(+) =X/ "'y .(-), corresponds to @€ Ly, with
= (Ugly, ..., Urny—1). Thus, for N=1, 2, 3, ..., we can define the linear, invertible map
Wy L%[0,11 > Lyby
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TNy —1 N
WN( Z Uy T (- ))': (Uo,ltys ..o MF(N)—I)- (4.8d)

k=0

Now, for/any uelLy[0, 1],

1 TNy —1 1/2
flull2 = F(N)( Z Ilukllz) . (4.8¢)

Hence, to retain a proper scaling balance between the continuous and discrete time problems,
we define the scalar product (-, Y, and norm | - | ,,, on Ly, by

iy, = (i, ', (4.8f)

F(N)
| (Tm— 1/2
Nl v = F(N)( Z ||”k”2) ) (4.82)

where the scalar product, (-, ), in (4.8f), is the usual Euclidean scalar product, and the
norm || - ||, in (4.8g), is the usual Euclidean norm. Consequently, if u, ' €L} [0, 1] and
= W,u, i’ =Wy, then we always have that {4, @'y, = (u, u' ), and ||uf, = ||&] s,

In addition, we will use the notation

UL 2U°NLE[0, 1],  Un2U.NLF[0, 1]. (4.8h)
Clearly, whenever N> N', we must have that Uy, C UN,,, and Uy, CU_ yn.
Next, given any u €Ly [0, 1], where u(-) = Z{Y0 " uymy,( - ), we replace the contin-

uous dynamics (4.1) by the discrete dynamics resulting from the use of the Euler integration
formula:

Htwger 1) =%(twge) + AN A(X(tn i) > W)
k=0, 1, ..., (N)—1, #0)=¢ (4.92)
where
A(N)21/I(N), | (4.9b)

so that fy, = kA(N). Clearly, (4.9a) has a unique solution for any i € Ly. We will denote
the solution of (4.9), corresponding to any =Wy, with u€Ly[0, 1], by
{X%(ty) YEE0 . We associate with the sequence {X%(ty,) } 120 , of vectors in R” the time
function
Ny —1
)= Y xTnltye) (). (4.9¢c)
k=0

Making use of Theorem 3.1.6 in [6] one can show that exists a constant K, << such that

I74(0) —x(8) | <K, AN) Vre[0, 1]. (4.9d)
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Also, it is straightforward to show that the solution xx(fy,) is continuously differentiable
in u.
Next, for N=1, 2, 3, ..., we define the functions f% : L%[0, 1] » R, j=0, 1, ..., g, and
Yy LY[0,1] >R by
) 2g(xu(1)),  tn(u) =max fi(u). (4.10a)

JEq

Then we define the approximating problems as follows:

UPy:  min f(u), (4.10b)
ueU‘z

CPy:  min {f3(u)|¢w(u) <0}. (4.100)
usUen

If we now define
#en = U Uy | Pn(u) <0}, (4.10d)
then we can transcribe (4.10¢) into the canonical form (2.1b), as follows:

CPy: min f%(u). (4.10e)

HEX N

As in the continuous case, it follows from the chain rule that the gradients V4 (u) (-) €
L3100, 11,j=0,1, ..., g, exist and are locally Lipschitz continuous, uniformly in N&N.
They can be expressed as follows:

) Ny —1 ]
Vi) (=Y h(Titne)s w) P Unaer D Tine(1), t€10,11,  (4.10f)
k=0

where, for k=0, 1, ..., N, p*/ (ty ) is determined by the adjoint equation

Pltng) = P(tyir ) = AN AN Ena) s ) P Enger 1)

k=0,1, ..., [(N)—1, (4.10g)
p(1) =Vg/(x3(1)). (4.10h)
Let
) Ny —1 )
PN = Y PR (v mnalD). (4.10i)
k=0

Making use of Theorem 3.1.6 in [6], one can show that there exists a K, < such that
Ipa (1) —p™/ ()| <K, A(N). (4.105)

It should be clear that the following theorem is just a special case of Theorem 4.3.

Theorem 4.4. Suppose that Assumption 4.1 is satisfied.
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(a) If iy is a local minimizer for UPy, then
dfS iy, Su) =0 VéuesL}[o, 1], (4.11a)

where df%( -, ) denotes the directional derivative of fa(-).
(b) ForN=1, 2, ..., let Oyp,,: U3, — R be defined by
Ouey() 2 — | VI3 |13 (4.11b)
Then Byp, ( -) is continuous in the L7, 10, 1] topology, and, for any i€ U° (4.11a) holds

if and only if Oyp, (4) =0, i.e., Oyp, (- ) is an optimality function for UP,,
(c) Let y>0. Foranyu€L;,[0, 1], let

Yn(u) + 2max{0, Yy(uw)}, (4.11¢)
and for any uu’ € L5[0, 1], let

() Smax {fR(u) =fR(u") = yh(u') 4, Yi(ue) = (') 1 ). (4.11d)
If 4y, is a local minimizer for CPy, then

dFy (i, u—id) >0 YueU,y, (4.11e)

where dFy ; (-, ) denotes the directional derivative of Fy (- ).
(d) Let y> 0, and, for any NEN, let Ocp,,: U, y— R be defined by

fcpy(u) £ min {%H&AII% +max {(Vf(u), Suy, — yu(u) .,

u+oucslUcyn iEq

i) = () 4 + V), 5M>z}}- (4.11f)

Then (i) Ocp, () is negative valued, (ii) continuous in the L [0, 1] topology, and, (iii)
any iiy€ U, y satisfies (4.11e) if and only if Ocp, (liy) =0, i.e., Ocp, () is an optimality
Sunction for CPy. [

Next we obtain the following approximation results.

Lemma 4.5. Suppose that Assumption 4.1 is satisfied. Then there exists a constant K, <
such that for allu€ U3, and NEN (with Nz 1),

i) —f(u) | <KAN), j=0,1, ...,q, (4.12a)
[dn(u) — ¢(u) | <KA(N), (4.12b)
IVFi(u) — VF ()|, <KAN), j=0,1, ..., q. (4.12¢)

Proof. The existence of a K<« such that (4.12a) holds, follows directly from the Lipschitz
continuity of the g/( - ), in (4.4a), and (4.9d). Hence,

Un() <max f(u) +KA(N) = g(u) + K, AN). (4.12d)

j€q
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Reversing the roles of ifiy(#) and ¢/(u) in (4.13), we obtain (4.12b). Next, the existence
of a K,< (possibly larger than needed for (4.12a)), such that (4.12c) holds, follows
from (4.10j) and the formulae for Vf%4,(u) and Vf(u). O

In proving consistency, we will need two assumptions. The first is that é and p,,,, have
been chosen to be sufficiently large to ensure that the function f°(u) has no minimizers on
the boundary of the set U°. The second consists of a constraint qualification which, among
other things, rules out conversion of equality constraints into inequality constraints, and is
closely related to the Mangasarian-Fromowitz constraint qualification [17]:

Assumption 4.6. (a) Let Z denote the closure of U°. We will assume that all the global
minimizers of the problem
UP:  min f°(u), (4.13)
I73=374
are in U°, i.e., that the problems UP and UP are equivalent.
(b)For every u € U, such that $s(u) <0, there exists a sequence {uy } v, such that for
all N, uy € U, , Y(uy) <0, and uy— 1 as N— .

Theorem 4.7. Suppose that Assumptions 4.1 and 4.6 are satisfied. Then for N=1,2,3, ...,
the problems UPy and CPy converge epigraphically to the problems UP and CP, respec-
tively, in the LE, [0, 1] topology.

Proof. We begin with the problems UP,. Since the union of the subspaces Ly [0, 1] is
dense in L, 5[0, 1], it is clear that for any u € U*® there exists a sequence {uy } y—;, With
uy€US, such that uy—u as N— o, It now follows from (4.12a) that lim f(uy) =
£(u), which shows that part (a) of Definition 2.1 is satisfied. Clearly, if {uy}%_, with
uy€ Uy, 1s such that uy—u as N—oo, then ue U° and, again by (4.12a), lim
£ (up) =f°(u), which shows that part (b) of Definition 2.1 is satisfied.

Next consider the problems CPy. Let u € % be arbitrary. Then, by Assumption 4.6, there
exists a sequence {uy } v—, such that u,y— u as N — o, and ¥s(uy) <0 for all N. Clearly, for
each N there exists a jy€N and a ujy €Uy, such that (a) kA(jy) < — 3¢(uy), (b)
lufy —unl) <1/N, () ujn) <5¢(uy), and (d) jy<jw., for all N. It now follows from
(4.12b) that ¢y, (ujy) <0 for any k, NEN, N>1. Now consider the sequence
{ui}r_,,, defined as follows: if k=j for some N, then u =ujy, for k=jy, jy+ 1, jx+2,
<.y Jya1— 1. Then we see that i (uf) <0 for all k, uf —u, and by (4.12a), that lim
F(uy) =f°(u), which shows that part (a) of Definition 2.1 is satisfied. Clearly, if
{unt =, with uy €%, is such that uy —u as N— o, then u €% and, again by (4.12a),
lim £ (uy) =f°(u), which shows that part (b) of Definition 2.1 is satisfied. Hence our
proof is complete. []

Theorem 4.8. (a) Suppose that {uy}y—, is such that for all NEN, uy€U°, and uy— i,
as N—x, then Oyp,, (uy) —> Oyp(ii), as N>,

(b) Suppose that {uy}5—, is such that for al NEN, uy €U, , and uy— i, as N>,
then Ocp,, (uy) = Ocp(id), as N— o,
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Proof. (a) This part follows directly from (4.12¢).
(b) Forany NeNand u, u' €U, ,, let

Fu ()25 —u)}

+max {(VfR(w), u' —u), = yiu(0) 4,

jEq

H) = () o+ V), 0 =10 ), (4.14a)
where vy is as in (4.6d,f) and (4.114d,f). Without loss of generality, we will assume that
v 1. Now suppose that the sequence {uy} y-, is such that for al NEN, u, €U, , and
uy—u, as N—oo. For all N, let uy €U,y be such that OCPN(uN)=I3N,MN(u}V). Then
Ocp(uy) <I7’,,N(u}v), where F, (1’ —u) is defined in (4.7a). Now, (i) because of (4.12b)
[ v (un) + — P(uy) . | <KA(N) for all N, and (ii) because U. is bounded in LZ[0, 1],
there exists a b <, such that {luy —uy||, <& for all N. Hence making use of (4.12a,b,c)
and the fact that ¥ (uy) 4 >0, we find that

Ocp(un) <F,(ub)

= 3luk —uy |3 +max {(VfOQu), uly —un )y — vlun) 4,
isq

fj(“N) - l/f(uzv)+ +<ij(u1v), Uy —MN>2},

= Uuk —uy |3 +max {(Vf3(u), uh—uy)s
iEq

+ (VFO(u) = VfR(u), uly —un s — yp(uy) &,
fJN(uN) + [fj(uN) "ij(”N)]
—iuy) + +<Vf§v(“N), UN— U2

+ <ij(uN) - VfJZ;V(uN)v Uy _”N>2}
<Fym(uy) +K(1+ y+b)A(N) (4.14b)

Hence, since 8-p( - ) is continuous, we conclude that
gcp(ﬁ) =lim inf GCP(MN) <hm inf OCPN(MN)‘ (4140)

Now, let &’ € U, be such that 0-p(#) = F,(ii'), and let ii}, € U. » be such that i}, — ', as
N -, Then for every N, Ocp,(ity) < Fy,,(fiy). Proceeding as for (4.14b), we conclude
that

Ocp, (un) F, () + K(1+y+b) A(N). (4.14d)

Consequently, since F,,(u) is continuous in (u’, u).
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lim sup Ocp, (1y) <lim sup[l:"uN(ﬁ,’V) +K(1+vy+b)A(N)] = 0p(1). (4.14e)

Combining (4.14c) and (4.14d) we conclude that Oy(uy) — 6(4), which completes our
proof. [

At this point, the following result is obvious:

Corollary 4.9. (a) The pairs in the sequence {(UPy, Oyp,) } v— are consistent approxi-
mations to (UP, 6p).

(b) The pairs in the sequence {(CPy, 0cp,) }v-1 are consistent approximations to (CP,
bpp). U

5. Master algorithm models for use with consistent approximations

Now that we have seen that we can construct consistent approximations for both semi-
infinite optimization and optimal control problems, we need to address the question of how
such approximations are to be used in the construction of an approximate solution of the
original problem. We recall that the experience with penalty functions in nonlinear pro-
gramming indicates that it is a bad idea to simply select a large penalty and solve the
resulting unconstrained problem. The reason for this is that large penalties produce serious
ill-conditioning. Hence the commonly used strategy is to solve approximately a sequence
of progressively more severely penalized problems, which produces starting points for the
successive problems from which Newton’s method converges quadratically, and hence
overcomes the ill-conditioning. While increasing discretization of semi-infinite optimization
and optimal control problems does not lead to ill-conditioning, it does increase the com-
putational complexity of the resulting problems. Referring to the literature (see, e.g. [9, 13,
14, 22]) we find reports that in the case of semi-infinite optimization and optimal control
problems, there is also a considerable benefit to be obtained from increasing the discreti-
zation in a preplanned manner. We will now describe two strategies, in the form of algorithm
models, for increasing discretization in solving semi-infinite optimization and optimal
control problems via consistent approximations.

The constraint set X in problem P can have a variety of characterizations. We will deal
with only two: the first is when X =27, where 27 is a *‘simple’” convex set, as in minimax
problems on R” and control problems with or without control constraints, but no trajectory
constraints, while the second is more complex, and has the form X={x€ 27| i(x) <0},
where & is a ‘‘simple’” convex set and (-) is a continuous function. To make this
distinction explicit, we define the two cases as follows:

P,: min f(x). : (5.1a)

e

P.: min {f(x)]|y¥(x) <0}. (5.1b)
xe
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Similarly, for N=1, 2, 3, ..., the approximating problems P, acquire the following form

P,y min fp(x). (5.2a)
xXEFN
Pyt mj;l {f m(x) [ (%) <0}, (5.2b)

In view of the results in the preceding two sections, we make the following assumption.

Assumption 5.1. (i) The functions f, ¥ : % — R as well as the functions f y, ¢y : Zn— R,
N=1, 2,3, ..., are continuous.

(ii) The set £ is either a convex, closed subset of .Z, or 2=.%, and, for N=
1,2,3,..,. Zy=FN%y\

(iii) There exist continuous optimality functions 6,: & — R for P,, 6. : 2 — R for P,,
as well as continuous optimality functions 8, : Zy—R for P,y and 6,5 : Zy—R for
P.aN=1,2,3, ..

(iv) There exist a strictly positive valued, strictly monotone decreasing function
A :N—R, such that A(N) — 0 as N— o, and constants K< (0, ), Ny&N, such that for
all N> N,, and all x€ 2y, (or at least for all x in a sufficiently large, bounded open subset
of Zy),

[fn(x) —f(x) | <KA(N), (5.3a)
[ n(x) — t(x) | <KA(N). (5.3b)

(v) If {xy}y—, is such that xy€2°y for all N, and xy,—% as N—, then
un(xy) = 0,(%), and 6, n(xn) = 6.(£), as N>,

(vi) For every x € 27 such that s(x) <0, there exists a sequence {x, } v~ such that for
all N, xy € £y, Uy(xy) <0 and xy—xas N—>o,

Assumption 5.1 ensures that the pairs (P, 5, 6.x), N=1, 2, 3, ..., are weakly consistent
approximations to (P, 6,), and similarly, that the pairs (P, 6.4), N=1, 2, 3, ..., are
weakly consistent approximations to (P,, 6.). Hence the following theorem is a direct
consequence of Corollary 2.4 and Assumption 5.1.

Theorem 5.2. Suppose that Assumption 5.1 is satisfied.
() If {xn}v=, is a sequence of global minimizers of Py n (P.y) such that xy— % as
N — oo then £ is a global minimizer of P, (P,).

(ii) If {xn}n=) is a sequence of strict local minimizers of P, 5 (P.y), with radius of
attraction py =0, such that xy— £ as N ~> , and there exists an infinite subset K CN, such
that py=p >0, for all NEK, then % is a local minimizer of P, (P.).

(iil) If {xy} -1 is a sequence of local minimizers of P,y (P.y), such that xy— % as
N—oo, then 6,(£) =0 (6.(£)=0). O
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We will now describe our first strategy for increasing discretization in solving ‘‘concep-
tual problems’” such as P, and P, via consistent approximations satisfying the conditions
of Assumption 5.1. This strategy has the advantage that it can be used with a very broad
class of nonlinear programming algorithms. Its disadvantage is that convergence results can
be stated only about rather sparse, ‘‘filtered’’ subsequences of all the points constructed.
We will present our strategies for solving the problems P, and P, in the form of algorithm
models in which we will define the “‘outer’’ iterations. The “‘inner’’ iterations are defined
by user supplied iteration maps A, v, A.  : 2 —> 27", that define one iteration of a nonlinear
programming algorithm that can be used for solving the problems P, , and P, . We begin
with the unconstrained problem P,.

Master Algorithm Model 5.3.
Data: NyeN, xy € 2y,
Step 0. Set i=0, N=N,.
Step 1. Compute a x| €A, v(x;).
Step 2.1 0, v(x;41) = — 1/N, setx¥ =x,, |, and replace Nby N+ 1.
Step 3. Replace i by i+ 1 and go to Step 1.

The following result is a direct consequence of Assumption 5.1:

Theorem 5.4. Suppose that (a) Assumption 5.1 is satisfied, and (b) that every accumulation
point % of a sequence {x;}i—, constructed according to the rule x; ; €A, n(x;), satisfies
0,5(%) =0. Consider the sequences {x;} and {x}¥} constructed by Algorithm Model 5.3.
(i) If the sequence {x} } is finite, then the sequence {x;} has no accumulation points.
(ii) If the sequence {x};} is infinite, then every accumulation point £ of {x}}, satisfies
0,(£)=0. O

For the constrained problem P, we modify the above as follows:

Master Algorithm Model 5.5.
Data: Ny €N, xg € 2 y,.
Step 0. Set i=0, N=N,,
Step 1. Compute ax; .| €A y(x,).
Step 2.1 0, p(x;. 1) > —1/N, and (x;,) < 1/N, set xF=x,,,, and replace Nby N+ 1.
Step 3. Replace i by i+ 1 and go to Step 1.

Again because of Assumption 5.1, the following result is obvious:
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Theorem 5.6. Suppose that (a) Assumption 5.1 is satisfied, and (b) that for every N = Ny,
every accumulation point £ of a sequence {x;};-,, constructed according to the rule
X1 1 €A n(x;), satisfies 6, (%) =0, and PY(£) <0. Consider the sequences {x;} and {x} }
constructed by Master Algorithm Model 5.6.
(i) If the sequence {x}%} is finite, then the sequence {x;} has no accumulation points.
(ii) If the sequence {x}5} is infinite, then every accumulation point £ of {x} }, satisfies
0.(2)=0and Y (£)<0. O

We now turn to our alternative approach, which we believe to be computationally more
efficient, and which can be used with almost all unconstrained nonlinear programming
algorithms. However, for constrained problems, only the unified method of feasible direc-
tions, in [21] has so far been shown to be compatible with our alternative approach. Again
we begin with the unconstrained problem P,. For this problem we require that the nonlinear
algorithms used for solving the problems P, 5 satisfy the following monotone uniform
descent condition:

Assumption 5.7. For every x € &, such that 6,(x) <0, there exist p, >0, N, €N, and §, <0
such that

In(x") =fa(x") <8, (5.4)
for all x' € B(x, p,) N &y, for all X" €A, p(x"), and for all N> N,.

Referring to Theorem 1.3.10 in [ 18], we find that Assumption 5.7 is a generalization of
the assumption in the following theorem.

Theorem 5.8. Suppose that Assumption 5.1 is satisfied. Let N be given and suppose that
{x;}io is a sequence in &y constructed using the recursion x; ., €A N(X;), iEN, in
solving P . If for every x € &y, such that 0, y(x) <0, there exist p,>0, 8, <0 such that

Fu(X") —fu(x') <6, (5.5)

Jor all X' €B(x, p) Ny, for all xX"€A \(x"), then every accumulation point Xy, of
{x,- } ?;0, Satisﬁes HUW(J?N) = O. [:'

The assumptions of Theorem 5.8 are satisfied by most unconstrained optimization algo-
rithms, including the Armijo gradient method [2, 18], the Polak-Ribiére method of con-
jugate directions [ 18], Newton’s method [12, 18], the BFGS method with back-stepping
step-size rule [5], and the Pshenichnyi~Pironneau—Polak minimax algorithm [19, 20, 25];
however, there is no proof that the Fletcher—Reeves method of conjugate directions satisfies
these assumptions. Thus, to show that Assumption 5.7 is satisfied, one only needs to show
that one can find a p, and a 8, that are the same for all N> N,. This is relatively easy to
show both for semi-infinite optimization problems and for optimal control problems.

Now consider the following master algorithm for solving P,, which uses the strictly
monotonically decreasing function 4 : N — R introduced in Assumption 5.1.
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Master Algorithm Model 5.9.
Parameter: B (0, 1).
Data: N_ €N, xe €2y_,.
Step 0. Set i=0.
Step 1. Compute N; and x; ., such that N; =N, _ |, x; | €A, n,(x;) and

fN,-(xi+1) —fN,'(xi) < —A(Ni) A, (5.6)

Step 2. Replace i by i+ 1 and go to Step 1.

Lemma 5.10. Suppose that Assumption 5.1 is satisfied, and that Master Algorithm Model
5.9 has constructed an infinite sequence {x;};—, that has an accumulation point £. Then
the accompanying sequence {N,}7_, is such that N;~>® gs i — .

Proof. For the sake of contradiction, suppose that the monotone increasing sequence
{N;}7_o is bounded. Then there exists an i, €N, such that N;=N,, AN* <o forall iz io.
Then, by the test (5.6), for all i > i,

(i) —Fas(x) < —AN*) P, (5.7)

which implies that f«(x;) = —, as i — . However, since f+(-) is continuous and
since by assumption, x; — £ as i — oo, for some infinite subset ICN, f«(x;) = fx«(£) as
i— 0, which is a contradiction. Hence we must have that N;—»>® as i > . [

Theorem 5.11. Suppose that Assumptions 5.1 and 5.7 are satisfied. If {x;} 7— is a sequence
constructed by the Master Algorithm Model 5.9, then every accumulation point £ of
{x;}7= satisfies 6,(£) =0.

Proof. Suppose that x; — % as { — o, for some infinite subset I CN. For the sake of contra-
diction, suppose that 6,(£) <0. Then, by Assumption 5.7, there exist 8, <0, N; €N, and
Py > 0 such that

Fa(x") —falx") <8, (5.8a)

forall x’ € B(%, p;) N &y, forall X" €A, y(x'), and for all N> N,.

Since x;— % as i — 0, it follows from Lemma 5.10 that N, — o, as i — o and hence that
A(N;) >0 as i—> Let iy&N be such that for all i<i, with K as in (5.3a,b), (i)
2KA(N;) < — 18, (ii) 2KA(N,)) '~ B<1, (iii) x,€ B(%, ps), if i €1. Next, let i, be such that
N;, > max{N_.N,}. Then, for all i>i,, i€, because of (5.3a), (5.8a), and the fact that
A(N;i1 1) <A(N) <A(N;),

S ) =f(x) < = 8. +2KA(N,)) < — 38, (5.8b)

Now, forall i =i, because A(N, . |) <A(N;) < A(N,,), we obtain, making use of (5.3a)
and (5.6), that
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fxis 1) —f(x) <2KA(N,) — A(N) P= — A(N) {1 -2KA(N)' 7P} <0, (5.8¢)

and hence we see that the sequence {f{(x;) } /=;, monotone decreasing. Since, by continuity
of f(-) this sequence has an accumulation point, f(£), it follows that the entire sequence
{f(x;)};<,, converges to f(£). Since this is contradicted by (5.8b), our proof is com-
plete. O

Next, we will construct a natural extension of the Master Algorithm 5.9. First, we define
the parametrized function F,, : 2 — R, with x’ €27, by

Fox) Emax{f(x) —f(x') = y(x') ., P(x) —P(x') , }, (5.9a)

where y>0 is a preselected parameter. Similarly, for every N> N,, we define the parame-
trized function F . : 2y — R, withx’ € &y, by

Fyo(x) £max{fn(x) =fu(x') = yn(x) o, () = () 1 }. (5.9b)

We need the following extension of Assumption 5.7.

Assumption 5.12. Consider the problems P., and suppose that for any Nz N,,
Acy: &y—2%" is an algorithm map for P, y. We assume that for every x&€ 2 such that
0.(x) <0, there exist p, >0, N, €N, and 6, <0 such that

Fuo(X) <8, (5.10)

forallx' € B(x, p,) N &y, forall x" €A_(x'), and for all N> N,.

Now consider the following master algorithm which uses a strictly monotone decreasing
function 4 : N - R, satisfying the conditions of Assumption 5.1.

Master Algorithm Model 5.13.
Parameter: B€ (0, 1).
Data: N_, €N, x,€Zy_,.
Step 0. Set i=0.
Step 1. Compute N, and x; . ; such that N;=N,_ |, x;, €A n(x;) and

Frw(Xi11) < —A(Ny)”~. (5.11)
Step 2. Replace i by i+ 1 and go to Step 1.
Lemma 5.14. Suppose that Assumptions 5.1 and 5.12 are satisfied, and that Master Algo-

rithm Model 5.13 has constructed an infinite sequence {x;}7—q that has an accumulation
point £. Then the accompanying sequence {N;} 7 is such that N;— ® as [ — .
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Proof. For the sake of contradiction, suppose that the monotone increasing sequence
{N;}i<o is bounded. Then there exists an i, €N, such that N;=N,, EN* <o for all i1,
Then, by the test (5.11),

Fyuy (X)) < —ANF)# (5.12)

for all izi,. Since Yy (X, ) —Pn (X)) 4 < Fysy Xy 1), for all iz, it follows from
(5.9b) and (5.11) that there must exist an i, > iy, such that ¢y = (x;) <0 forall i > i,. Hence
for all izi, Yy«(x;), =0, and therefore, in view of (5.9b), fy«(x;4 1) —fr+(x) <
Fy .y (%:41). Taking into account (5.12) we now conclude that £ «(x;) = — o as i— oo,
However, since by continuity, f y « (x;) = ¥ f y (%), as i — %, where K CNis such that x, —> %
X as i >, we have a contradiction. Hence we must have that N; > asi—c, [

Theorem 5.15. Suppose that Assumptions 5.1 and 5.12 are satisfied, and that Master
Algorithm Model 5.13 has constructed an infinite sequence {x;};_, that has an accumu-
lation point X. Then 6,(%) =0.

Proof. First we note that for V= N,, because of (5.3a,b),
Fo(Xis1) <Fnn(Xis 1) = 2+ Y)KA(N)). (5.13a)
Hence, because of the imposed condition (5.11),
Fo(xi51) < —AN) P+ (2+ Y)KAN,)
= —AN)P(1—(2+ y)KA(N) ' —P, (5.13b)

Since 1 — B> 0, it follows from (5.13b) and the fact that by Lemma 5.14, A(N,) =0 as
i — oo, that there exists an i; such that for all > i,,

Fo(x:4 1) <0. (5.13¢)

Consequently, if §(x;) > 0for all i > iy, then { §(x;) } 7_,, is a monotone decreasing sequence
with an accumulation point ((£). It therefore follows that s(x;) — (%) as i — . Alter-
natively, if there exists an i, > i, such that ¢(x;, ) <0, then, because of (5.13¢), (x,) <0
forallizi, and {f(x;)};=,, is a monotone decreasing sequence with an accumulation point
f(X), and hence that f(x;) = f(£) as i = o0,

Now, for the sake of contradiction, suppose that 8(£) <0, and that K CN is such that
x;—% £ as i > . Then, because of Assumption 5.8, there exists an i,, and a 8, <0, such
thatforalli€KX, i>i,,

Fro(Xir1) <06, <0, (5.13d)
and hence, because of (5.13a) and (5.13¢),
F.(x;:1) <2+ y)KA(N,) + 8, <0. (5.13e)

Since by Lemma 5.14, A(N,) >0 as i » o, it follows from (5.13¢) that there exists an
i3> 1y, such that for all i€ K, i > i3, F,,(x;,.,) < 18;. But this contradicts the fact that either
W(x;) = P(X) as i —> o, or f(x;) = f(£) as i = o0, Hence we must have that (%) =0. [
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6. Conclusion

We have addressed three issues related to the use of discretizations in the solution of semi-
infinite optimization and optimal control problems. We have shown that discretizations of
semi-infinite optimization and optimal control problems are consistent approximations to
the original problems in the same sense as penalty functions are consistent approximations
to constrained nonlinear programming problems, viz., they converge epigraphically to the
original problems, and hence that their global minimizers can converge only to a global
minimizer of the original problem and their uniformly strict local minimizers converge to
a local minimizer of the original problem. Next we have shown that if we express stationarity
in terms of zeros of continuous optimality functions, then the stationary points of discreti-
zations of semi-infinite optimization and optimal control problems converge to stationary
points of the original problem. Finally, we have proposed several master algorithm models
that can be used in constructing algorithms, based on consistent approximations, for solving
semi-infinite optimization and optimal control problems.
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